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ON THE THEORY OF AN ABSOLUTELY ELASTIC 
IMPACT ON MATERIAL SYSTEMS 


(K TEORIT ABSOLIUTNO UPRUGOGO UDARA 
MATERIAL’ NYKH SISTEM) 


PMM Vel.25, No.1, 1961, Pp. 3-8 


v.I. KIRGETOV 
(Moscow) 


(Received October 10, 1960) 


An investigation of an absolutely elastic impact arising in a system on 
which a unilateral constraint is imposed, initiated in [1], is here 
continued. A certain property of the impact connected with a minimum of 
a certain function is derived, and a generalization of the theory to 
embrace the case of arbitrary smooth constraints is also presented. 


1. We shall consider a system of n material points, subjected to 
smooth time-independent constraints whose equations are 


fa (2%, = 9 (1.1) 


where Xj, «++, %3, are the coordinates of the points with respect to a 
certain fixed Cartesian coordinate system (x,, x,, *,; are the coordinates 


of the first point, X4, Xe, Xe are the coordinates of the second point, 


and so on). 


5’ “6 


At a certain instant of time we impose on the moving system a smooth 
unilateral constraint 


P >O (1.2) 


The system then experiences an impact. While investigating the impact 
in [1] the following equation was used by the author: 


> Vio) bz; > 0 


where m is the mass of a point (m, = m, = m, is the mass of the first 
point, m, = m, = m, is the mass of the second point, and so on); vj» and 
v, are the velocities of a point immediately before and immediately after 
the impact, respectively; 5x; are the "possible" displacements of the 


system at the instant of impact. The quantities dx, satisfy the 


. 


> 
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relations 
of, 
and also the auxiliary relations which arise from the constraints (1.2) 


~ bai > 0 


In order to complete the system of conditions of the impact the 
principle of conservation of the kinetic energy [vis viva ] has been 
used. It has been demonstrated that under these conditions the jumplike 
changes of the velocity of each point caused by the impact are expressed 
by 

Vi — Vig = ph; (1.3) 


(1.4) 


(1.5) 


besides A,, are the algebraic cofactors of the elements a,, in the de- 
terminant A = lal, and a, 2 and a, are given by 


(1.6) 
It is easy to show that the quantities R,; satisfy the following 


identities: 


Indeed 


Af, 


and further 


on the strength of the above identities. This is what was required. The 


2 
; where 
(> A Oz; a5 Vol. 
OL. . 
196 
4 at. ar ote 
4 af a4 
— = Ag — ag = 0 
4 = dz, — Be, 
| A af a a 
= > A ag oz, R; Ox, R= or, 


Elastic impact of material systeas 


conditions used in [1] for the problem of an absolutely elastic impact 
were completed with the condition of conservation of the kinetic energy. 
However, this is not the only condition which can be used to obtain the 
desired results. We shall prove now the following theorem: 


Theorem. After an impact the real state of a system satisfies the re- 
lation 


(1.8) 


and differs from other possible states consistent with the constraints 
(1.8) in that it also satisfies the equation 


mi — vio) ba; = 0 (1.9) 
with all 5x; subjected to the conditions 


af, 
D =0, =0 


Indeed, by (1.3) we have 


If we substitute in the above equation the values of » as given by 
(1.4), and if we take into account the last identity from (1.7), we 
verify the validity of Equation (1.8). 


Thus the first part of the theorem is proved. To prove the second part 
it is sufficient to establish that the state of the system after the 
impact is uniquely determined by the conditions of the theorem and that 
this state is real. 


Introducing undetermined multipliers A, and y» we derive from (1.9) 
and from (1.10) 


é 
m (01 + Sha get = 0 (3.23) 


Ox 
i i 


Substituting the values of v,; as found in (1.11) in the equations re- 
sulting from (1.1) 


yey, = 0 


— Ox, 


and using symbols from (1.6) we obtain 


-} pag = 0 


3 
dg 
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Since the determinant A = | a4! does not vanish we have 


A, 
he = — ag (1.12) 


Therefore Equations (1.11) can be transformed into 
Yi — Vig = uk; (1.13) 


where R; are in accordance with (1.5). 


In order to find » we use (1.13) to eliminate the quantities v; from 
Equation (1.8). We obtain 


19 p__ 
R; 2 >) Vio 


If we take into account the last identity from (1.7) we can see that 
the expression for » resulting from it agrees with (1.4). Thus the 
theorem is proved. 


The above theorem leads in turn to some interesting conclusions. If 
the velocities v; and v;* vary and assume all values, real or otherwise, 
which the constraints (1.8) permit after the impact, then on the strength 
of (1.10) we have 


Hence Equation (1.9) can be written in the form 
my (vi — Vio) — vi) = 0 


Thus, using the identities 


ms, 
In this way, among all the states consistent with the constraints and 
which satisfy the condition (1.8), the real state is the one for which 
the function 


2 
4 
= 
q 
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— — Vig) vi) — —(% — Vio)* + % )*] 

we find 

end obtain fine} ly 

Mm; 
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assumes the minimum. 


2. Let us assume for the moment that the constraint imposed on the 
system remains after the impact. 


The impact resulting from imposing a bilateral constraint on the 
system has been investigated in detail in [2,3]. It is governed by the 
equation 

m; (uj — vio) Sa; = 0 


where u, are the velocities of the system after the impact and 6x; are 
subjected to the conditions 


af, 
> Oz, 0, 
Following the steps taken in the previous paragraph almost exactly, 
we find that the velocities after the impact are expressed by the equa- 


tions 
uy — = VR; (2.1) 
‘ol. 25 
1961 which are analogous to the equations (1.3), with the difference that the 


undetermined multiplier in this case is 


6@ 


The above formula has been derived from the equation 


which in turn has been obtained from the bilateral constraint (1.2) by 
eliminating u; through (2.1). 


Now let the bilateral constraint again become unilateral. Let the 
system which responded to this constraint be subjected to impulses 
m,v R,; which equal the reactions caused by the constraints (the con- 
straint (1.2) among others), as was so in the other case. We want to find 


the state reached by the system caused by this second impact. 


Here we deal with a system subjected to an impulsive action with some 
of the constraints unilateral. This kind of impact has been investigated 
by Mayer [4]. Following Mayer we shall seek the minimum of the expression 


5 
(2.3) 
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with conditions 


The presence of an inequality among the conditions (2.4) means that 
the region D of the possible values v; determined by this inequality is 
bounded. This fact introduces a certain special feature, namely, that 
the problem can be solved by initially neglecting the inequality and is 
then checked if v, obtained in this way satisfies the neglected inequal- 
ity (2.4) or not. If it does, then the investigation is finished; if it 
does not, then -the minimum of (2.3) must be sought on the boundary of the 
region D. From (2.3) and (2.4) we find 


(vi — — + = 0 


In order to find the undetermined multipliers A, from these last equa- 
tions we eliminate v,; from Equations (2.4); we obtain 
9 
}: hates — p >} vR; = 


6x; Ox; 


Since a,, are as given by (1.6) the above system has a non-vanishing 
determinant, and because of the identities 


fe 
Oz; 


Ox; 


R, =0 


the free terms equal zero. It means that all A, = 0. It means also that 


vir (2.5) 
Substituting the resulting values of v; in the left member of the in- 
equality (2.4) we obtain 


must be satisfied before the impact. 


In this way, the state of the system after the impact, as expressed 
by (2.5), satisfies the inequality (2.4); hence, as we have just observed, 
the state of the system must be real. The resultant of the two considered 
impacts is found by eliminating u,; from Equations (2.1) and (2.5). It is 


4 
4 Vol... 
4 
= since the inequality 
0 
a 
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expressed by the equation 
Vig = 2vR; 


which happens to be the same as the one from an impact caused by a uni- 
lateral constraint. (This can be seen by comparing Formula (2.2) with 
(1.4)). This fact leads to an interesting conclusion. Let us re-examine 
briefly our procedure. We investigated two impacts one after another. 
The first one was caused by imposing on the system a new constraint 
which was assumed not to vanish after the impact. After the first impact 
occurred the constraint was again made unilateral, and the system was 
then subjected to impulses equalling the reactions caused by the first 
impact. It was found that after the second impact the system assumed the 
same state it would have reached if the constraint (1.2) had been uni- 
lateral from the beginning. 


Unifying both impacts into a single process and giving the impacts a 
physical interpretation, we can say that an impact represented by a uni- 
lateral constraint consists of a sequence of two phases. The first is 
the non-elastic one, when the impact is propagated absolutely non- 
elastically and the reactions accumulate, the second is an elastic one 
where the impulse of the reactions accumulated in the first phase ex- 
plosively releases the system of the unilateral constraints. 


3. The physical interpretation of the absolutely elastic impact has 
been formulated on the assumption that the constraints are time-independ- 
ent, and that a constraint imposed on a system is expressed by a single 
inequality. The obviousness of this physical interpretation suggests 
that in the general case of holonomic or nonholonomic constraints ex- 
pressed through more than one inequality the resulting impact would also 
behave the same way. 


This is, of course, a hypothesis. When accepted, it permits the calcu- 
lation in a general case of the state of a system after an impact. So 
doing we consider the impact in two consecutive phases and proceed as 
shown above, or use the method given in [5 ]. 


The results obtained in the first section of this paper are applic- 
able also to a general case. 


The state of a system after the impact satisfies the reletions 


byivi + by = — byivio + (3.1) 


if the unilateral constraints imposed on the system are expressed by the 
inequalities 
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t+ bh >O 


The actual state differs from all other states of the system per- 
mitted by the constraints and satisfying the relations (3.1) by the fact 
that all 5x; subjected to the conditions 


> Cri 62; = 0, > bui bz; = 0 (3.2) 


must satisfy the equations 
> m; (vj — Vio) da; = O 


The first relation in (3.2) comes from the equations of constraints 
and the second one results from Equations (3.1), which express the 
elastic properties of the constraints. 


From the theorem previously proved it follows that after the impact, 
among all possible states of a system permitted by the constraints and 
satisfying (3.1), the state which is real is the one for which the func- 
tion 


m; 


— Vo)? 


assumes a minimum. 
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A gyrostat [1] is a mechanical system’S which consists of a solid body 
‘Ss; and other bodies S, which are connected to it. These other bodies are 
either variable or solid, but their motion relative to the body S, does 
not alter the geometry of the mass system 'S., 


Examples of such systems are: a solid body to which there are con- 
nected axes of several (or of one) symmetric gyroscopes; or a solid body 
with a cavity of arbitrary shape entirely filled with a homogeneous 
liquid; and similar systems. 


It is obvious that for a given distribution of masses in a gyrostat 
no change can occur in the position of the center of gravity of the 
principal axes and of the moments of inertia of the gyrostat with re- 
spect to any point of the solid body S, as the result of the internal 
motion of the bodies So. 


In the present work there is investigated, by the use of the second 
method of Liapunov, the stability of certain motions of heavy gyrostats 
with one fixed point. 


1. Let us suppose that the solid body S, has one fixed point O which 
we take as the origin of two rectangular coordinate systems: a fixed 
system O&n ¢ with the axis O¢ directed upward, and a moving system 
Oxyz whose axes coincide with the principal axes of inertia of the gyro- 
stat S for the fixed point 0. 


By the theorem on the addition of velocities, the velocity vector of 
any point of S, relative to the Of ¢ -coordinate system is equal to the 
geometric sum of the transfer velocity of this point (in its motion with 
S,) and its relative velocity (in its motion with respect to S,). The 
vector of the moment of the entire motion of the S, body can be repre- 
sented as the geometric sum of the vectors of the moment of the transfer 
motion and the moment of the relative motion of this body. In view of 
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what has been said, the moment of the entire motion of the gyroscope re- 
lative to the point O can be represented as the geometric sum K + k, 
where K is the moment of the motion of the entire system S considered as 
one solid body, and k is the moment of the relative motion of the body 
S,. The projections of the vector k on the x, y, z-axes will be denoted 
by k,, k, and k,, while the projections of the vector K upon the same 
axes are given, respectively, by 


AK, = Ap, K, Bq, K, => Cr 


where A, B and C are the principal moments of inertia of the gyrostat S 
for the point O, and p, q and r are the projections on the moving axes 
of the vector w, the instantaneous velocity of the body S,. 


By the theorem on the moment of momentum we obtain the following equa- 
tions for the motion of a heavy gyrostat with one fixed point: 


+ (C — B) qr + qks — rk, = P — Yors) 


= (A —C) rp + rk, — pks = P — 2071) (1.1) 


(B — A) pq + — hy = P — 2072) Vol. 


Here P denotes the weight of the gyrostat; the constants x), y, and 


Zz) are the coordinates of its center of gravity; y,, y, and y, are the 
cosines of the angles between the vertical axis O¢ and the moving axes 
x, y and z which satisfy Poisson’s equations 


= 971 — PY2 (1.2) 


Equations (1.1) and (1.2) do not, in general, suffice for the complete 
analysis of the motion of a heavy gyrostat with one fixed point. In 
addition one has to have equations of the relative motion of the body S, 
which can have different forms depending on the form of the body S,, on 
the nature of the imposed connection and on the acting forces inside the 
system S. For example, if the body S, is a homogeneous liquid filling a 
cavity of the solid body S,, then the equations of the relative motion 
can be written in the form of the hydrodynamic equations of Euler or of 
the Navier-Stokes equations, and of the equations of incompressibi lity, 
together with the boundary conditions on the walls of the cavity [6 ]. 
If the body S, represents a symmetrical rotor with an axis that is fixed 
relative to S,, then the equation of the relative motion will have the 
form of the equation of motion of a solid body with a fixed axis, and so 
on. 


Equations (1.1) and (1.2) will suffice for the study of the motion of 


= 
= 
a dq , di 
a B dt 
a C dr , dks 
} dt ' dt 
= 
4 
q 
L 
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a gyrostat in the case where the vector k is known at the start, i.e. in 
the case where the k;(i = 1, 2, 3) are given functions of time, or, in 
particular, if they are constants. For example, the k,; = const in the 
case of nonturbulent motion of an ideal liquid filling completely a 
multiply-connected cavity of S,. 


It is possible to give some first integrals of the motion of a gyro- 
stat. Let us assume that the internal forces acting on the body S, have 
a force (potential) function U and that the connections are stationary. 
Then on the basis of the theorem on the kinetic energy, one can obtain 
the following integral of the kinetic energy: 


Ap? + + Cr® + 2 (pk, + + rks) + 
+ 2(T,—U) + 2P + + 207s) = const (1.3) 


where T, denotes the kinetic energy of the body S, in its relative 
motion. 


If k; = const (i = 1, 2, 3), them the integral on the kinetic energy 
can be obtained by means of Equations (1.1) and (1.2). Indeed, let us 
multiply Equations (1.1) by p, q and r, respectively, and add the result. 
Then, in view of (1.2), we obtain the first integral 


Ap* +- + Cr® +- 2P + + = const (1.4) 


which has the same form as it would have if the gyrostat S had been a 
solid body. 


Let us multiply (1.1) by y,, y, and y;, respectively, and add the re- 
sult. Then, by (1.2), we obtain the integral of the planes 


(Ap + ky) 11 + (Bq + ke) ¥2 + (Cr + ks) vs = const (1.5) 


In the case where the motion of the gyrostat is by inertia, when 
X_ = Yo = 29 = 0, one can also obtain, in addition to the integrals of 
the form (1.5), integrals of the constancy of the moment of momentum of 
the system. With this in mind, let us multiply Equation (1.1), whose 
right sides are now zero, by A, + k,, B. + k,, and C, + ky, respectively, 
and add the results. After this we can easily obtain the integral 


(Ap + k,)* + (Bq + kq)* + (Cr + ks)* = const (1.6) 


Concurrently we note that in [1, p. 223] it is mistakenly stated 
that the integral of the constancy of the moment of momentum, when K; = 
const, has the form 
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A*®p* B*q* +- C*r* = const (1.7) 


One can easily reveal the mistake by taking the derivative with respect 
to time of the left-hand side of Equation (1.7). In view of (1.1), with 
%9 = Yo = 29 = 0, the obtained derivative will, in general, not vanish. 


Equations (1.2) obviously admit the geometric integral 


=1 (1.8) 


2. Let us examine the stability of the permanent rotations of the 
gyrostat which is moving under inertia (x) = y) = z) = 0), im the case 
when the k,(i = 1, 2, 3) are given constants. 


It should be noted that Zhukovskii [2] has given a geometric inter- 
pretation of the motion of a gyrostat for this case. A detailed investi- 
gation of the permanent rotations and their stability for a gyrostat 
moving under inertia was made by Volterra [3]. For the investigation of 
the stability we shall make use of the direct method of Liapunov. 


Suppose the permanent axis has a fixed direction in the body, which 
is given by its direction cosines a, f and y in the moving coordinates. 
Then the projections of the angular velocity of the S, body upon the 
moving axes will be 


Po = @4, Jo = 08, ry = oY (@ = const) 
Hereby, Equations (1.1) will take on the form 
(C — B) Byo* + (Bks — = 0 
(A — C) yaw? + @ (yk, — aks) = 0 
(B — A) + w (ak — Bk,) =0 
and they will serve for the determination of the corresponding value of 


the angular velocity w. Multiplying these equations by k,, k, and k,, 
respectively, and adding them, we obtain after cancelling out w” 


(C — B) Byk, + (A—C) ayk, + (B— A) aBky = 0 (2.3) 


In terms of the variables a, § and y, this is the equation of a cone 
of the second order [1 ] with its vertex at the fixed point 0. Equation 
(2.3) coincides with the cone of Staude-Mlodzeevski if one replaces k; 
by the coordinates of the center of gravity x», yo, z9 of the heavy 
solid body [5 ]. 


The investigation of the stability of the permanent rotations of the 
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gyrostat can be accomplished by means of the construction of a ‘Liapunov 
function analogous to the one for the case of a single solid body [4,5]. 
Setting in the perturbed motion 


P=Pot = + r=r,+&s 


one can easily see that the equations of the perturbed motion admit the 
following first integrals: 


= A (Es? + + B (Ba? + + (Es? + = const 


A®(E,? + + + 2452) + (Es? + 2r,§s) +: 
+. 2(Ak,E, + + Chg&s) = const. (2.4) 


The Liapunov function can, for example, be constructed in the form 


where, in view of Equation (2.2) 
APoth _ Booths _ Crot hs 


1961 
Obviously, the function (2.5) has one definite sign if the ratios 
have the same sign, which establishes the stability 
of the permanent rotations under these conditions. 


Of greater interest are permanent rotations of a gyrostat with an 
arbitrary angular velocity w around its principal central axes of inertia, 
which are possible under the condition of collinearity of the vector k 
with the permanent axis of rotation. 


Suppose, for example, that k, = k, = 0, k, = k = const. Then Equation 
(2.2) admits the solution 
=0, | (Po = Go = 9, = @) (2.6) 


for an arbitrary value of w. Let us consider the function 


V=V,—(C+ (C.=C+<) 


= + B(B—C,) + C(Cr—*) - 


Here the dets stand for omitted terms of the third and fourth degree 
in €,, €, and €,. It is obvious that if 


BEC, (2.8) 
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where in both inequalities one uses simultaneously either only the upper 
signs or only the lower signs, then one can always choose such a value 
# = const that the function (2.7) will be of definite sign. On the basis 
of Liapunov’s theorem, the motion (2.6) will be stable under the condi- 
tions (2.8). 


Next, let us consider the function 
W= (2.9) 


and its time derivative taken with the aid of the following equations of 
the perturbed motion: 


AS + (C — B)E,(@ + + Eek = 0 


BT + (A—C)E, (@+ — bik = 0 


We thus obtain 


—C 
= (95 4 + + (2.10) 


Let us suppose that during the entire time of motion, the variable ¢, 
preserves the order of smallness of the quantities €, and ¢,. In the 
opposite case we would have instability with respect to this variable. 


Then, if the inequalities 
C,2 A, B2>C, (2.11) 


hold simultaneously with both upper signs or with both lower signs, the 
function W’ will be of definite sign in the variables €, and €,. On the 
basis of a theorem of Chetaev [4] we can conclude that the unperturbed 
motion (2.6) is not stable in this case. 


The quantity C, has the dimensions of a moment of inertia, and for 
the given angular velocity w it can be considered as a "fictitious" 
moment of inertia of the gyrostat with respect to the permanent axis z 
if C, > 0. By introducing into our consideration the ellipsoid 


Az? +- By? + C,z? = 1 (2.12) 


We can formulate the results obtained, obviously, in the form of a known 
theorem [4] on the stability of the permanent rotations of a solid body 
with the ellipsoid of inertia (2.12). 


One should, however, keep in mind that in the case of opposite signs 
of the quantities k and w, the quantity C, can be non-positive. Then the 
condition (2.8) will be satisfied with the upper sign, and, hence, the 
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undisturbed motion (2.6) will be stable. 


Thus [3] if the ratio k/w lies within the bounds (A - C) and (B - C), 
the corresponding permanent motion (2.6) is unstable; in the opposite 
case it will be stable relative to the variables p, gq and r. 


Hereby it is easy to establish the stability of the undisturbed motion 
with respect to perturbations of the quantities k; = const [3] if it is 
stable with respect to the quantities p, q and r. 


3. Let us consider the case when 
AD>B, %=—y=0, = ks = k = const (3.1) 


Equations (1.1) and (1.2) admit a particular solution 
p=q=9, r=, %3=1 


which describes a uniform rotation of a gyrostat with an arbitrary 
angular velocity w around the vertical axis z. We shal] take this motion 
for the undisturbed motion and shall investigate its stability by setting 
‘ol. 25 in the disturbed motion 
1961 


r=o-+&, 
We shall use the previous notation for the remaining variables. 
The equations of the disturbed motion admit the first integrals 
V, = Ap? + Bq? + C (§? + 2w§) + 2Pz,¢ = const 


Va = + Bare + CE + C + = const 
(3.3) 


Let us construct the functions 


V =V, — 2oV, + (Cw* + kw — Pz,)V, + —pV,? = 
= Ap* — 2A@py, + + kw — Pz,) + 
+ Bq? — + (Cw? + ko — Pz,) + 
+ CE* — 2CwEt + (Cw? + ko — Pz, +p)? + --- (3.4) 


where the repeated dots denote infinitesimals of the third or fourth 
order; the constant p> Pz, - kw. 


According to Sylvester’s criterion the condition for the positive- 
definiteness of the function (3.4) is the inequality 
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(C — A) ow? + kw — Pz, >0 (3.5) 


When this condition (3.5) holds, the undisturbed motion (3.2) of an 
asymmetrical gyrostat will be stable with respect to the variables p, q, 


Tr, Vy» Yor 


4. Let us now proceed to the consideration of the stability of the 
rotation of a symmetric gyrostat when the following conditions hold: 


A=B, %=y%=0, 0, k=k=0 (4.1) 


and the projection of the vector k on the z-axis is some bounded func- 
tion of the time k, = k(t) determined by the equation of the relative 
motion of the body S,. 


Equations (1.1) take the following form in this case: 


dp 
+ (C— A)gr + 


d ’ 
A + (A C)rp pk (t) = — P27; (4.2) 
,dr , dk(t) Vol. 
196 


From the third of these equations we obtain the integral 
Cr + k(t) = const (4.3) 


Multiplying the first of Equations (4.2) by p and the second by q, 
and adding the result we obtain, in view of Equation (1.2), the next 
first integral 


A + + 2Pz 73 = const (4.4) 


The equations of motion (4.2) and (1.2) admit the following particular 
solution 


0, 0, Cr k (t) = K, 1 (4.9) 


which describes the rotation of a gyrostat with a variable angular velo- 
city 
K 1 
around the vertical z-axis. We take this motion as the undisturbed 
motion, and shall investigate its stability by setting in the perturbed 
motion 
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Cr+k(th=K+6§; (4.6) 


and retaining the previous notation for the remaining variables. 


The equations of the perturbed motion, which can easily be derived 
with the aid of (4.6), admit the following first integrals: 


= A(p?+ g*) + 2Pz,¢ = const 

+ + AE +E+ EC = const 
17 + 127 + 67+ 25 = 0 
— = const 


Let us construct the function 


V =V, + 2V,— (Pz, + Ka)V3— 2, + 


= + — (P2y + KA) + Ag? + — + Kh) + 
+ 208 — (Px + 


(4.8) 
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1961 In accordance with Sylvester’s criterion the condition for the 
positive-definiteness of the function (4.8) will be the inequality 


Ad? + Ki + Pz, <0 
which can be satisfied by the appropriate choice of the constant A if 


K? — 4APz, >0 (4.9) 


This is a generalization of the known Maievskii condition [4]. 


When the condition (4.9) holds, the unperturbed motion (4.5) will be 
stable with respect to the quantities p, q, Cr+ k(t), y,, ¥, and y3. 


In the case where k(t) is a given continuous bounded function we will 
also have stability with respect to r in view of the existence of the 
integral (4.3). 


It is easy to see that the condition (4.9) is also necessary for the 
stability of the undisturbed motion (4.5). Indeed, let us consider the 
function 


W = 


and its time derivative, evaluated on the basis of the equation of the 
disturbed motion 


17 
(4.7) 
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K 
W! = g?) (1+ 0) + + + 


According to Sylvester’s criterion the function W’ will be positive- 
definite with respect to the variables p, q, y, and y, if the next in- 
equality holds: 


K? — 4APz, <0 (4.10) 


Here it is assumed that the variable ¢ always preserves the order of 
smallness of the variables p and g; in the opposite case we would have 
obvious instability of the undisturbed motion (4.5) with respect to y;. 
Hence, if condition (4.10) holds, the undisturbed motion is unstable, 
since the function W would then fulfill the conditions of Chetaev’s 
theorem on instability. 


Thus the inequality (4.9) is a necessary and sufficient condition for 
the stability of the undisturbed motion (4.5). 


In the case where k, = const the integral (4.3) takes the form 


r= const 


and in place of the particular solution (4.5) we will have the solution 


(3.2). 


In this case the condition for stability (4.9) becomes 
(Cow + k;)? —4APz, > 0 


This inequality can be fulfilled by a proper selection of the quantity 


k, = const, and in the case where w= 0, i.e. the unstable equilibrium of 
a heavy gyrostat can be stabilized by a rotation of the body S,. 


5. We note that the results obtained above on the stability of per- 
manent rotations of a gyrostat for the case when k; = const (i = 1, 2, 3) 
are applicable, in particular, to a solid body with multiply-connected 
cavities which are completely filled with an ideal homogeneous liquid in 
a state of irrotational motion. 


Zhukovskii [2 ] has shown that the equations of motion of such a gyro- 
stat have the form of Equations (1.1) where A, B and C now denote the 
principal moments of inertia of the transformed solid body (obtained by 
connecting to S, solid bodies to replace the liquid masses), and the 

k; = const are the sums of the projections of the moments of the non- 
turbulent motions of the liquids in the multiply-connected cavities of 
the solid body. The latter are expressed by means of linear functions of 
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the principal circulations. For example, in the case of a ring-shaped 
cavity of rotation [2] around the z-axis 


where m is the mass of the liquid, x is the circulation of the velocity 
determined by the initial motion of the liquid. 


If at the initial moment when the body is at rest the liquid is at 
rest too, then al] the k. are zero and we have the case of one trans- 
formed body [1 ]. For the case of vortex motion of a liquid within the 
cavity of a solid body, the stability of the rotation of the gyrostat 
about the vertical axis is investigated in [6]. 
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Let us consider the system of differential equations 


where the f, are real functions given in some region 


(h) jz] = 


are continuous in t and satisfy the Cauchy condition relative to x,, 
furthermore, 0, 0, ..., 0) = 0. 


Suppose that ¢(r) is a real continuous function when r > 0, which has 
a continuous derivative that satisfies the following two conditions: 


(1) p(t) =1 when TCA (2) g(t) =0 when A, 


Let us introduce the functions 


F,(t,2%,...,%n) =f, (t,%,.--, In) 


where for the sake of definiteness we assume that f(t, Bay cee, x,) = 0 
when || x|| > R. It is not difficult to see [1 ] that the functions F, 
are continuous in t and satisfy the Cauchy condition relative to 

+++, in the region 


(H) t>0, 
Let us consider the system of differential equations 


‘dz, 


(om 4,...,8) (2) 


It is obvious that through each point *)9, of the 
region H there passes a unique solution 
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(t, ty, Zr, » Zno) (3) 


of the system (2). It is well known [1,2] that the relation (3) can be 
solved for *,o in H and that 


In the region 


the solution of the system (2) coincides with the corresponding solutions 
of the system (1). Therefore, the zero solutions of the indicated systems 
of equations are equivalent to each other with respect to stability in 
the Liapunov sense [3 ] . 


Definition 1. Suppose that in some region 
(g) *>0, (r< Ry) 


there is defined a continuous single-valued function V(t, TTY x,) 
which is of a definite sign and positive for any fixed value t > 0. let 
us assume that the function V(t, %), +++, %,) is such that there exists 
some real constant a > 0 (a < r) such that for every initial value 

t = t, > 0 and for every given « > 0 there exists a value t = T (e,t,)> 
ty such that in the plane t = T of the region g one can always connect 
the point O(T, 0, 0, ..., 0) with the surface || x|| = a by means of a 
continuous curve I‘ at all of whose points 


Then we shall say that the given function V(t, x,, ..., x,) is a positive- 
weakly definite function. 


Definition 2. Let V(t, x,, ..., x,) be a positive-definite function 
in the region g, and let 7 > 0 be an arbitrary given number. We denote 
by D(n) the set of all those points of the region g at which the follow- 
ing inequality is satisfied: 


V (0,2, (6) 
Let t = t* > 0. The intersection of the set D(y) with the plane t = t* 
in the region g we shall denote by o(n, t*). 


If for every sufficiently small 7 > 0 the maximum norm of the points 
(t*, x), ..., %,) € oly, t*) satisfies the condition 
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max|z||—>0 when 7° oo 
then we shall say that the given function V(t, x,, ..., %,) is positive- 
strongly definite. 


For example, let 
n 


V = Dj Gey (t) = 4s) (7) 


8, k=1 


be a quadratic form which is positive-definite for any fixed t > 0. We 
shall denote by A,(t) the smallest root of the equation det |a,,(t) - 
Ad.,| = 0. 

sk 


It is easy to show [4] that the quadratic form (7) will be positive- 
strongly definite if and only if 


lim A, = co when co 


In order that the considered quadratic form be positive-weakly definite 
it is necessary and sufficient that 


lim A, (t) =0 when 00 


Let t, > 0, and let us denote by 


Zq = by, Zr9 (8) 


the solution of (2) which passes for t = ty through an arbitrary given 
point (t), %)9, +++» %,9) of the region H. Let us solve (8) for x,, (in 
accordance with Formula (4)) and set 


n 


V (t, = >) (tos ts En) (9) 


8=1 


It is obvious that the considered function V(t, Bye sees x,) is 
positive-definite for every fixed value of t > 0, while in the region H 


V’ (@, 2%, m0 (10) 
because of (2). 
1. We shall show that if the zero solution of the system (1) is un- 
stable then the function 


n 


Vo = Dy (11) 


s=1 
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defined by the relation (9), with t, = 0, will be positive-weakly de- 
finite in the region hp. 


Indeed, if the zero solution of the system (1) and hence of the system 
(2), is unstable then there exists a real constant a > 0 (a < R,) such 
that among the possible solutions of the system (2) 


= Uy (t, Zig, » Zuo) (12) 
which satisfy for t = 0 the initial conditions 


= (13) 


there exists at least one solution 


Ls = Us (t, Ero, - Sno) (il Goll => (14) 


and one value t = T (¢ ) > 0 such that an arbitrary solution (12) will 
satisfy the inequality 
u(t, Lo. . Zno) a (15) 
‘ol. 25 


for all values t@(0, T), and the solution (14), with t = T (e), will 
satisfy the condition 


ju (T, E10» Eno) | =a (16) 


Furthermore, if t = t, > 0 is an arbitrarily chosen fixed value of t, 
then, in view of the continuity of the solution of the system (2) with 
respect to the initial values, one may always assume that the positive 
number ¢« in (13) has been chosen so small that the above mentioned 
T= T (€) is greater than t,. It is obvious that the geometric locus of 
the points which for t > 0 lie on the integral curves (12) form the sur- 
face 


Vo(t, ™ (17) 


It follows from (16) that there exists a point M(T, x,’, ..., x,°) on 
the indicated surface, with t = T, at which || x’ || = a. 


When t = T (ec), the surface (17) determines some connected closed set 
y(3«/4, T) for which the points of the surface (17), with t = T, are 
boundary points and at all of whose points it is true that 


Te (18) 


Here, the point O(T, 0, 0, ..., 0) is an interior point of the set 
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y(3«/4, T) while the point M(T, ..., x,°), at which ||x*|| = a, is 
a boundary point of this set. From (18) it follows that the indicated 
points O and M can be connected in the plane t = T (€ ) by some contin- 
uous curve I’ at all of whose points the following inequality holds: 

3 


Hence, in the case under consideration, the function V, is positive- 
weakly definite, and it follows from (10) that V’ = 0 in the region hy, 
because of the system of equations (1). 


2. Suppose that the zero solution of the system (1), and hence also 
of the system (2), is asymptotically uniformly stable with respect to 
the coordinates x,5, ..-, %,9- We shall show that the above-considered 
function Vy(t, +++, %,) 18 positive-strongly definite in the region 


h. 
Let us denote by 


Ls = Us Ly Ino) (20) 


the solutions of the system (2) which satisfy for t = 0 the initial con- Vol.’ 
ditions 196 
Lo n (21) 


where 7 > 0 is an arbitrary given sufficiently small number such that the 
solution (20) satisfies the following condition: 


which are connected by the relation (21). 


uniformly in the Bigs 


Let t = t* > 0. The intersection of the set of all those points where 
Vi(t, x), ..+, %,)< 9 with the plane t = t* will be denoted by o(n, t*). 
It is obvious that this set is the geometric locus of the points which 
for t = t* lie on the integral curves (20). Since the integral curves 
(20) satisfy condition (22) uniformly in the X19» +++» X,_9, Which are 
connected by the relation (21), it is obvious that the maximum of the 
norms of the points (t*, Bye sees x,) ¢ o(n, t*) satisfies the condition 


Furthermore, it is well known [1,2] that in the case of stability of 


the zero solution of the system (1), the function V(t, Zp +++, Za) is 
positive-definite in the region hp. 


Thus in the case under consideration the function V(t, Bye ceey x,) 
is indeed positive-strongly definite in the region hp. 
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| 
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Theorem 1. In order that the zero solution of the system (1) may be 
unstable it is necessary and sufficient that in some region 


there exist a positive-weakly definite function V(t, Eye cess x,) such 
that x), ..., *,) > 0 on the basis of Equations (1). 


Sufficiency. Let us assume that the zero solution of the system (1) 
is stable. Then for every given t, > 0 and for the real constant a > 0 
which appears in the definition of the weakly definite function V, there 
exists a number 6 = 5(a, t,) > 0 such that the integral curves 


= (bt, bo, » Sng) (24) 


of the system (1) which pass for t = t,y through the points of the 
spherical surface 


(25) 
will satisfy the inequality 


Z(t, to, - » | <— (26) 


for all t > to. 


let 1 = min V(t,, x,, ..., x,) if || x|| <5. Then, in view of the fact 
that V’> 0 at all points which for t > ty, lie on the integral curves 
(24), we shall have 


V (¢,2,..- (27) 


By the hypotheses of the theorem, the function V is such that for 
every given > 0 < 1) there exists a value t = T t,) > tg such 
that in the plane t = T of the region g the point O(T, 0, 0, ..., 0) can 
always be connected with at least one point M(T, x,°, ..., x,°) lying on 
the surface || x|| = a by means of a continuous curve [I at all of whose 
points the next inequality holds: 


(28) 


The integral curves (24) form in the plane t = T some surface S(5, 
ty, T) at all of whose points condition (27) is satisfied, and which is 
homeomorphic to the spherical surface || x, || = d(a, t,) of the plane 
t = ty) of the region g. The surface S(5, t,, T) determines in the plane 
t = T some closed set y(5,t,, T) which contains the points of the sur- 
face S(5, ty, T) in its boundary; furthermore, the point O(T, 0, 0, ... 
0) € y(6, ty, T) is an interior point of this set. 


(g) 
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From this, and on the basis of (26), we conclude that the above- 
indicated curve I’ must have at least one point in common with the sur- 
face S(5, ty, T), and that at this common point the contradictory condi- 
tions (27) and (28) must both be satisfied. The obtained contradiction 
establishes that the assumption on the stability of the zero solution of 
the system (1) is not valid. 


Necessity. In Section 1 it was shown that the function V,(t, x), .--, 
x,) defined by the relation (11) is (in case of instability of the zero 
solution of the system (1)) a positive-weakly definite function in the 
region h, and that V’ = 0 in this region in view of the system (1). It 
is not difficult to see that in the given case the function W(t, x,, 
= Bye x,)(2 will also be a positive-weakly 
definite function in the region hy and that W’ > 0 when ||x|| > 0, in 
view of the system (1). 


This completes the proof of the theorem. 


As an example of the application of Theorem 1 we shall investigate 
the stability of the zero solution of the differential equation 


(29) 


It is not difficult to see that the function 


is positive-weakly definite and that in view of the system (29) we have 


V’ (t, y, z) + + 3 


” 


yt (t+ 


2 
t+-2 


Hence, the zero solution of the system of equations under considera- 
tion is not stable. 


Theorem 2. In order that the zero solution of the system (1) may be 
asymptotically uniformly stable with respect to the coordinates 
Xi9* «++» X_g, it is necessary and sufficient that in some region 


(8) t>0, 


there exist a positive-strongly definite function V(t, x,, ..., x,) such 
that V’(t, x), ..., x,) < 0 in view of Equations (1). 


Sufficiency. Let ry > O(rg < r) be given arbitrarily. The function 
V(t, x), «++, *,) is positive-definite. Therefore there exists a suffi- 
ciently small number 7, > 0 such that the points of the set D(y,), which 
consists of all those points (t, Bye cece x,) € g at which 
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will belong to the region g,: 
(£0) t>0, 


Furthermore, it is obvious that for every 7 < 7, (y > 0) all the 
points of the D(7) will also belong to the region g,. let 7, > 0 
(7; < 9) be an arbitrarily chosen number such that the maximum of the 
norms of the points (t*, x,, ..., x,)€ o(m,, t*), where o(n, t*) is the 
intersection of the set D(y,) with the plane t = t* > 0, satisfies the 
condition 


max ||z||—>0 whens’ — co (31) 


(such a choice of the number 7,, obviously, is possible because of the 
fact that V(t, x,, ..., x,) is a positive-strongly definite function). 


Let t, > 0 be an arbitrarily chosen value of t. We select a number 
5 = 5(ty, 7,) > 0(8 < ry) such that 


V (to, Zn) <M (32) 


whenever || x|| < 5(t,, 7,). Since in the given case the zero solution of 
the system (1) is stable by a theorem of ‘Liapunov [3 ], we shall assume 
that the indicated number 5(t,, 7,) is chosen in such a way that all 
solutions 


== Lq(t, bo, Zao) (s (33) 


of the system (1) which satisfy, for t = ty, the initial conditions 
|| Zo |] [8 (fo, M) (34) 


will lie in the region g, for all t > ty. By the hypothesis of the 
theorem, V’(t, x,, ..., %,)< 0. Therefore, on the basis of (34) and 
(32), we can conclude that the set of all points (t, Bye core x,) which 
lie for t >t, on the integral lines (33) belong to the set D(y,). But 
then it follows from (31) that the solutions (33) of the system (1) 
satisfy the condition 


|| to, no) || > O when t (35) 


uniformly in x,9, «++, %,9, which belong to the region 
t= lo, Zo (to, 


27 
V (t, 2,..., Zn) < Ne (30) 
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Necessity. In Section 2 it was shown that in the case of an asymptotic 
zero solution of the system (1), which is uniform in the coordinates 
X19 +++» %_q, the function V(t, x,, ..., x,) defined by the relation 
(di) will be peers -strongly definite in the region hy, while in the 
same region V’ = 0, in view of the system (1). It is not difficult to 
see that in this case, also, the functions 


= ae Zp) (1 + 


are positive-strongly definite in the region hy, while in the same region 
U’ < 0 if || x|| > 0. This completes the proof of the theorem. 
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The propagation of acoustic waves of frequency w in a waveguide can be 
described by the equation 


(0.1) 
where ¢ is the velocity potential (v = grad d), c = c(x, y, z) is the 
sound velocity which depends on the properties of the medium at the point 
(x, y, z). The normal derivative vanishes on the boundary of the wave- 
guide, namely 


(0.2) 


In the present article periodic waveguides are considered. If | is the 
period of the waveguide, then a translation of the waveguide through a 
distance | along the x-axis will transform the waveguide into itself. 
This means that 


e(z +1, y, 2) = c(z, y, 2) 


Many problems involving electromagnetic waves in metallic guides can 
be reduced to an equation of the type (0.1). Let us consider, for example, 
a waveguide filled with some homogeneous dielectric and bounded by two 
metallic surfaces y = y,(x) and y = y,(x) (- «< x < «). Denoting by ¢ 
the z-component of the electric field, we obtain Equation (0.1) where c 
is the velocity of light in the dielectric in the waveguide. In this case 
the following condition is satisfied on the boundary surfaces of the 
waveguide: 


= (0,3) 


The variable coefficient c can appear in Equation (0.1) also when one 
considers waveguide processes in a uniform medium. Let us consider a 
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two-dimensional waveguide of variable cross-section in which the velo- 
city of propagation is c = 1. The xy-plane of the waveguide can be con- 
sidered as the plane of the complex variable z. Let us make a conformal 
representation w = f(z), which transforms the region bounded by the 
walls of the waveguide into the strip 0 < lm v < 1 in such a way that 
the point at infinity remains fixed. The function f(z) will be deter- 
mined up to within an additive constant. It will, therefore, have the 
property that f(z + 1) = f(z) + const, and the function f(z) will be a 
periodic function. In terms of the new variables u and v(w = u + iv) 


Equation (0.1) will have the form 


while the boundary condition (0.2), because the transformation is con- 
formal, can be written in the form 0¢/dv= 0 when v = 0, and v= 1. 
Thus we again obtain an equation of the type (0.1) with a variable 
coefficient before ¢. 


The properties of waves in periodic waveguides are in many respects 
analogous to the solutions of ordinary linear differential equations 
with periodic coefficients. It seems that many concepts and methods used 
for the investigation of solutions of such equations can be applied with 
success to the study of periodic wave guides. 


We note that for a two-dimensional waveguide bounded by two parallel 
lines y = 0 and y = 1 Equation (0.1) can be replaced by an approximating 
system of differential-difference equations with periodic coefficients: 


Anm@m +4 Pam @m = 0 (n =0, 1,..., (0.4) 
where 
Pn (x) = Anm = — N?® (8n+441, m — 20am + Sn—1. m) 
nm — 


Depending on the type of the boundary conditions, we assume here that 
either dy = dy(x) = 0 or do(x) = G(x), dylx) = dy_ (x). We call atten- 
tion to the fact that the matrices || A), || and || P,, || are positive- 
definite. 


A particular case of the system (0.4) with A.. = 0 is rather well in- 
vestigated [1,2,3 ]. 


It is interesting to note that even though (0.4) is simpler in struc- 
ture than Equation (0.1) some results obtained for Equation (0.1) cannot 
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be carried over to the system (0.4). 


In the sequel we shall consider only these solutions ¢ of Equation 
(0.1) which satisfy the boundary condition (0.2) or (0.3) and possess 
the following property: 


p(z+l, y, 2) = y, 2) 


The last property is equivalent to the requirement that the function 
be expressible as the product of some periodic function ¢(x, y, z) by 


etks 


(2, z) = 2), 2) = (x, z) (0.5) 


_ Such solutions are natural generalizations of planar waves f(x,y,z) = 
ethz u(y, z) which exist in uniform cylindrical waveguides. On the other 
hand, waves of the form (0.5) are analogous to those solutions of ordi- 
nary linear differential equations which occur in Floquet’s theorem. The 
role of the multiplier is played by p = ett! The number k is called the 
wave number. 


We call attention to the fact that just as in the theory of differ- 
ential equations so also in the theory of waveguides a special role is 
Played by the multipliers which are equal to unity. Indeed, the solution 
of Floquet is bounded if the modulus of its multiplier is unity and it 
is unbounded in the opposite case. On the other hand, for waveguides, a 
solution of the type (0.5) has a physical sense if the multiplier 
p= ett! is equal in modulus to unity, and it must be discarded (as not 
satisfying the boundary conditions with xs = + «) if |p| # 1. Together 
with this similarity there exists also a great contrast. In the theory 
of waveguides it is important to determine whether a field of a given 
frequency @ can be propagated or, in other words, whether there exists 
at least one multiplier with modulus one for the given frequency @. In 
the theory of differential equations with periodic coefficients it is 
important to find out whether all solutions of a given equation are 
bounded, i.e. whether all multipliers are unity in absolute value (in 
modu lus). 


Let us set ourselves the problem of finding those frequencies 


@, (k) < (k) [@n(k) Imk = 0 


for which Equation (0.1) has a solution of the type (0.5) satisfying the 
boundary condition (0.2) (problem A, ). The analogous problem with the 
boundary condition (0.3) we shall call problem A,. 


The function d(x, y, z) determines the wave number k with an accuracy 
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up to within the additive constant 27/1. Hence, the frequencies w, (k) 
are periodic functions of k with period 2”/l. It is easy to see that 
w,(k) is an even function of k. The interval of values through which 

w,(k) runs when k varies from 0 to w/l is called the nth transmission 


band. 


In the sequel we shall establish some properties of these transmission 
bands, especially of the first transmission band. 


1. Maximal property of the frequencies w,(k). Let us consider 
a single "cell" V of a waveguide bounded by an arbitrary smooth surface 
S which intersects the waveguide, and a surface S’ which is obtained from 
S by means of a parallel translation over a distance L along the x-axis. 
From the relation (0.5) it follows that at an arbitrary point (é, 7, ¢,) 
lying on the surface S, and at the corresponding point (€ + l, n, ¢) of 
the surface S’ the following relations hold: 


q l, C) = (E, ¢), oa P(E ur = —-@ (E, (1.1) 


Conversely, every function which satisfies the conditions (1.1) can 
be continuously extended over the entire waveguide so that the function 


will satisfy condition (0.5). 196 


Therefore, one can replace the problem A,(A,) by the problem A,(S) 
(A,(S)), which consists of finding the frequencies w,(k) and the func- 
tions ¢, satisfying Equation (0.1) inside the cell V, the boundary con- 
ditions (0.2) ((0.3)) on the lateral surfaces and the condition (1.1) on 
the surface S. 


We note that under the indicated boundary conditions the boundary- 
value problems A,(S) and A,(S) are self-adjoint problems. If, addition- 
ally, we take into account the fact that 

\ pAgdr <0, 

(the function ¢ satisfies the boundary conditions (0.2) or (0.3) and the 
condition (1.1)) we can conclude that all the numbers w,(k) are real. We 
shall take them to be positive as is customary*. 


For what follows it is convenient to introduce the notation 


Jy{u} = \ (grad u |? dv, 


* When k= 0, the problem Ay has, obviously, the solution ¢= const, 
which corresponds to the frequency @) which is equal to zero. 
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Since the numbers w,*(k) are characteristic values of a self-adjoint 
boundary-value problem which by a known procedure can be reduced to a 
weighted integral equation, it follows that these numbers have the mini- 
maximal properties. Namely 


@,,” (k) = max i (1.3) 


where the maximum is taken over arbitrary sets of u,, ..., u,_ , square- 
integrable functions, and the infimum is taken over al] differentiable 
functions u which are orthogonal to the functions of the selected set 
\ uu; =0 
and satisfy on the surface S the first of the boundary conditions (1.1). 
On the lateral surface of the cell V the function u is arbitrary in the 
case of problem A,(S). In the case of the problem A,(S) the function u 
satisfies the condition (0.3). 


The maximum of the infimum is attained when Jak, 
and u = dp: 

Following Courant [4] it is possible to establish a number of proper- 
ties of the spectrum by means of (1.3). 


1. The characteristic frequencies w,(k) are monotone and depend con- 
tinuously on the coefficient p(x, y, z) = c~ 7(x, y, z). Furthermore, the 
increment dw ,*(k) corresponding to the increment 5p satisfies the in- 
equa lity 

(k) 


| 


If the increment 5p is of the same sign at all points, then the in- 
crement 5a ,7(k) has the opposite sign. 


2. Every deformation of the surface of a waveguide, which does not 
change the length of the period and which decreases the region V, leads 
to an increase of all the characteristic frequencies w,(k) of the prob- 


lem A,(S) (and hence of the problem A,). 


3. The characteristic number w,(0) is a simple one, and the correspond- 
ing characteristic function is positive within the region V under the 
appropriate normalization. 


The following asymptotic formula describes the gorwth of the numbers 
(k): 
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@,, (k) 
lim — =| 


aed 6x? 


2. Boundary of the first transmission band. Let us pose the 
question on the change of the frequency when one replaces the boundary 
conditions (1.1) on S by the conditions 


n, =9, n, o)=0, (2.1) 
or by the conditions 


= ©, = 0, n, (2.2) 


Let us denote the characteristic frequencies of the problems A;*(S) 
and A,” (S) (i = 1, 2) thus obtained by © ;, (S) and w,;,(S). These fre- 


quencies also have the mini-maximal properties 


Ji {v} 
Js {v} 


{w} 


whereby on the surface S the function v satisfies the condition (2.1) 
while the function w is arbitrary; the functions J,(w) and J,(w) are de- 
termined in accordance with (1.2). 


The class of functions v is smaller than the class of functions u, 
and this class in turn is smaller than the class of functions w. There- 
fore 


@n (S) < @n (k) Qn (S) (2.3) 


i.e. the transmission band with the index n is contained among the 
characteristic numbers w,(S) and 2, (S) of the problems A’(S) and A” (S) 
(the index i = 1, 2 has been omitted). 


Relation (2.3) was obtained by Vladimirskii [5 ] in 1946* and somewhat 


Viadimirski’s derivation is based on the assumption that the set of 
characteristic frequencies of a very long resonator obtained from a 
waveguide with two partitions coincides practically with the trans- 
mission bands of the waveguide. 
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later by Karaseva and Liubarskii [6 ]*. 


Naturally, there arises the question for what values of k the fre- 
quency @,(k) will take on the minimum or maximum values. One can also 
ask for what choice of the surface S will the frequency w,(S) attain its 
maximum value and for what choice of the surface S will the frequency 
0 , (S) take on its minimum value. 


Let us consider these questions in relation to the first transmission 
band. Suppose that ¢,(x, y, z, #/l) is a wave which corresponds to the 
wave number k = 2/1 (p = = 1) and to the frequency = 
The function ¢,(x, y, z, #/l) is skewperiodic, i.e. ¢,(x + l, y, z, a/l) 
= — $,(x, y, 2, m/l). Furthermore, since the boundary conditions are 
real one can assume without restricting the generality that the function 
¢, is real. Therefore, there exists a surface o which intersects the 
waveguide and at all of whose points the function ¢,(x, y, z, #/l) 
vanishes. If one chooses for S the surface o, then the function ¢,(x, y, 
z, m/l) will be a solution of the problem A’(S). Hence 


@, (+) = Q, (3) 


Making use of this equation and relation (2.3) we obtain 
max @, (k) = @, (+), min Q, (S) = Q, (3) 
k Ss 


This establishes the first part of the following theorem. 


Theorem 2.1. The first transmission band is bounded from above by the 
frequency w,(7/1) which corresponds to the "w-wave" (i.e. to the skew- 
periodic function ¢,(x, y, z, 7/l) and is bounded from below by the fre- 
quency @,(0) which corresponds to the function ¢,(x, y, z, 0). 


* In the article of Karaseva and Liubarskii there is considered the 
propagation of electromagnetic waves of a general type (i.e. of waves 
which fail to have certain types of symmetry). The initial equation 
is rot rot E /e 7)B, which for all O guarantees the fulfil- 
ment of the fourth equation of Maxwell, div E= 0. If w= 0 the equa- 
tion rot rot E = 0 has infinitely many solutions, i.e. the frequency 
@= 0 is a degenerated value of infinite multiplicity, and relation 
(2.3) is not valid, which was pointed out by the authors of [6] after 
its publication. The difficulty that is connected with the indicated 
circumstance can be alleviated by narrowing the statement of the prob- 
lem: namely, by starting with the initial equation AE + (a? /c? E = 0 
and restricting the problems to those cases when this equation is re- 
duced to a scalar form. 
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Let us prove the second part of the theorem. We consider the multiple 
period L = Nl, where N is an arbitrary integer. Let us denote by w,*(k) 
those frequencies for which the differential equation (0.1) has a solu- 
tion of the form 


®, (2, y, 2, (x, y, 2, 


It is clear that all the functions 


@n(z, y, 2, K+ 2am / L), 2a/L, (m=0,1,..., N—1) (2.6) 


are contained among the function ® (x, y, z, k). On the other hand, the 
functions (2.6) exhaust all possible functions (2.5), for in accordance 
with a theorem of Gel’ fand [8] one can express any function whose square 
is integrable within the waveguide as a Fourier integral in terms of 
either the functions (2.5) or (2.6). In particular, the periodic func- 
tion ®,(x, y, z, 0) which corresponds to the characteristic number w,*(0) 
coincides with one of the functions 


y, 2, 2am/L) (m= 1,..., (2.7) 


Since one can assume without restricting the generality that the func- 
tion ®,(x, y, z, 0) is positive, it is clear that it must coincide with 
the function ¢,(x, y, z, 0). All remaining functions (2.7) coincide with 
the functions ® (x, y, z, 0). The frequencies which correspond to them 
are greater than the frequency w, (0) 


@, (22m / L) > @, (0) 


Since m/N is an arbitrary rational number smaller than unity, it 
follows from continuity that w,(0) < @,(k), k > 0. This completes the 
proof of the theorem. 


We note that we have shown simultaneously how one should select the 
surface S in order that the problem A’(S) might have the smallest first 
characteristic number w,7(S): one should take for S the nodal surface of 
the m-wave ¢,(x, y, z, 7/l) = 0. 


Let us apply this rule to a cylinder of arbitrary cross-section by 
assuming the propagation velocity c = c(y, z), namely, that c depends 
only on the coordinates y and z. In such a cylinder all waves of the 
type (0.5) are plane waves, i.e. they are of the following type: 


Zz, k) (y, 


@ (2, 


4 
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Furthermore, in addition to the wave d(x, y, z, k&) there exists also 
the wave d(— x, y, z, k). 


It is easy to see that the function 


y, z. k)+@(—z, y, 2, k)] = p(y, 2) coskz 


is a m-wave when k = 7/l. The nodal surfaces of this wave are planes 
x = const, which are perpendicular to the generator of the cylinder. 
Hence, the following theorem is true. 


Theorem 2.2. Let C be a cylinder of volume V and having a cross-section 
x = const which is fixed in size and shape. The cylinder is bounded by 
two parallel surfaces S and S’. The first characteristic number @,(S) of 
the problem 
w? 


on Sana 5’ 


(on the lateral surface of the cylinder the function ¢ is zero or it has 
a vanishing normal derivative) will take on the smallest value if the sur- 
face S is a normal section of the cylinder. 


If c = const this theorem follows directly from the principle of sym- 
metrization presented in [7 ]. By means of the proper generalization of 
the principle one can obtain the present result. 


3. Group velocity. An important physical characteristic of a wave- 
guide is the group velocity*, namely, the derivative dw/dk. For the com- 
putation of the group velocity, when k= ky, it is sufficient to know 
the function w(k) in an arbitrarily small interval (k,, ky + «) and then 
only with a accuracy up to the first-order terms in «x. Therefore, it is 
natural to use the methods of the theory of perturbation for the computa- 
tion of the group velocity. The application of the theory of perturbations 
is simplified because of the mini-maximal properties of the frequencies 
w,(k). 


We note, first of all, that the functions u, which may enter into re- 
lation (1.3), satisfy the first condition of (1.1). Therefore, the set 
M of admissible functions u is different for different k: M= M(k). If u 


In the Appendix it will be shown that the functions @, (k), which are 
arranged in increasing order, are sectionally analytic functions; 
their analiticity is violated on the real k-axis only at those points 
where (hk) = @, 4 or (k) = _ (*). 
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is an arbitrary function from the set M(k), then the function v = e“*u 
obviously belongs to the set M(k + x). Conversely, every function v from 
M(k + x) can be represented in such a form. Hence, in view of (1.3), we 
have (in the notation of (1.2)) 


@,?(k,+%)= max inf J, (Jg{u}=1) (3.1). 


Wy? (kg + *) = max inf {J, {u} + 
(41 Uns ) - 
v 


It is easy to show that the function u = u, on which this maximum of 


the infimum is reached depends continuously on « and hence differs little 
from the function u = ¢,(x, y, z, ky). Therefore 


do, i 9G, = 


We note that under the integral sign in this equation there stands an 
expression which differs only by a normalization factor from the projec- 
tion of the Umov-Poynting vector on the x-axis. The flux S(¢,, k) of this 
vector is the same through every cross-section of the waveguide. Equation 
(3.2) can therefore be rewritten as 


5— 5 (Pn, k), S k) = = } [on~ — 


do, 
dk 20, (ko) 


The group velocity is thus seen to be proportional to the flux of the 
Umov-Poynting vector, and hence to the energy flux. 


We note that this fact is well known for the particular case when the 
waveguide is homogeneous and cylindrical. 


We will call the multiplier p, = ett g multiplier of the first kind if 
S(¢,, k) > 0 and a multiplier of the second kind if S(¢,, k) < 0. Rela- 
tion (3.3) shows that a multiplier of the first kind moves counterc lock- 
wise around the unit circle when the frequency @, is increasing; a mlti- 
plier of the second kind moves in the opposite direction under the same 
circumstances. 


From the physical point of view a multiplier of the first kind corre- 
sponds to a wave which carries energy in the positive direction, while a 
multiplier of the second kind carries energy into the opposite direction. 


— 
=> 
1 
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Relations (3.2) and (3.3) require refinements when the point k = k, 
corresponds to several equal frequencies*, 


@n(k)=@, (n= m,m+1 


i.e. in case of degeneration. Hereby there will correspond to the fre- 
quency @ and to the wave number k, a space ®, .(k,) of functions 

Gs, y, z, ky). When k = k, the frequencies w, tk), n=m, ...,ma+p-1 
have no derivatives in general. Nevertheless, there exist left and right 
derivatives 0) and w’ + 0). They are given by 


l + 
On (ky +0) > ho) (3.4) 


where the ¢, + (n= m, ..., m+ p— 1) are some functions from o,. (ko). 
The function ?,” has the following extremal property: if the function u 
belongs to ®, p(ko) and is orthogonal to the functions ¢,*, A 
n »» then the flux of the Umov-Poynting vector S(u) has a minimum when 
u= ?,” Hence the problem of determining the function ¢,* in the space 
®, pike) is an elementary algebraic problem. The function ¢, can be 
found in an analogous way. We note that all functions ¢ and d* are con- 
nected by the relation? , = (r= 1, ..., p). Because to 
this the curve a, , mnie is, when k> ky, a smooth continuation of the 
curve @ 


When k<k 


a+r- 0° 


Relation (3.2) makes it possible to estimate the absolute value of the 
group velocity. Indeed 


@,J2{®, } 2 


Pdv <maxe(z z) 
SN 2 Pn 


z,y,2 


i.e. the group velocity does not exceed the greatest local velocity of 

propagation of small signals 

do, | 

| maxc(z, y, 2) (3.5) 
z,y,2 


From this follows the next estimate of the width of each transmission 
band: 


* In this connection see the work of Vishik and Liusternik [10]. 


4) 
m-+- p 


=) 
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max (zx, y, 2) (3.6) 


4. Collision of multipliers. Up to now the frequencies a, (k) 
(n = 1, 2, ...) have been considered as functions of a real variable k. 

However, another viewpoint is possible. Indeed, just as for real so also 
for complex values of w one can define a set of multipliers p, = p,(o) 

as those values for which Equation (0.1) with the corresponding boundary 
condition (0.2) or (0.3) has a nontrivial solution satisfying the condi- 
tion d(x + l, y, z) y, z). 


Such an approach connects the theory of periodic waveguides with the 
existing theory of systems of differential equations with periodic coeffi- 
cients, and thus facilitates the establishment of an analog between these 
theories. 


It appears that there exist theorems which are analogs of known results 
in the theory of Poincaré and Liapunov [1,3 ]. 


Theorem 4.1. The multipliers p,(w) are distributed symmetrically re- 
lative to the unit circle if the quantity @ is real. 


This proposition can be proved rigorously for multipliers p,(w) which 
are obtained by an inversion followed by an analytic continuation of the 
function w,(k) (p = ett!) For this it is sufficient to make use of the 
principle of symmetry in the theory of analytic continuation, on the 
basis of which there correspond to those values of w which are symmetric 
to each other with respect to the real axis values of p which are sym- 
metric relative to the unit circle. 


Theorem 4.2. The multipliers p,(w) are distributed symmetrically re- 
lative to the real axis. 


This follows from the fact that Equation (0.1) and also all boundary 
conditions are real. Hence, alongside the solution ¢({x, y, z), there 

exists also a complex-conjugate solution ¢(x, y, z). These solutions cor- 
respond to complex-conjugate multipliers. 


It follows from these symmetry properties that a multiplier can lie on 
the unit circle or the real axis only under the condition that there is 
another oppositely moving multiplier on the unit circle or on the real 
axis. Therefore, we have the next theorem. 


Theorem 4.3. A multiplier cannot coincide with the unit circle or with 
the real axis unless it meets another multiplier. 


Let us consider the meeting on the unit circle of two multipliers when 
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@ = Wp. As @ increases these multipliers can either leave the circle or 
continue to move along the circle for some time. In the kw-plane there 
are certain graphs which correspond to these possibilities (see Fig. 1). 


Pig. 1. 


The cases (a) and (c) represent the meeting of two multipliers of 
different kinds, the cases (b) and (d) of two of the same kind. In cases 
(a) and (b) the multipliers leave the circle, while in cases (c) and (d) 
they remain on it. The case (b) can obviously not occur because the func- 
tion @, (k) is definite and continuous for all real values of k. Hence the 
multiplier can leave the circle only in consequence of a collision with a 
multiplier of a different type. 


In the cases of (c) and (d), with w= Wo, two transmission bands touch 
each other. We shall show that these cases are unstable in the sense that 
the slightest disturbance of the conditions of the problem will result in 
the disappearance of the point of intersection of the curves w(k). Hereby 
one obtains in the plane (k, w) curves which are represented in Pig. 2. 
We see that if two multipliers of different kinds meet then the slightest 
disturbance can cause the multipliers to leave the circle, and the fre- 
quency a, will not belong to any transmission band. Relative to multi- 
pliers of the same kind, it can be said that the very fact of meeting 
(collision) is "unstable"; the slightest disturbance will cause the meet- 
ing not to occur. 


An entirely analogous situation may also take place when several multi- 
pliers meet. 


/ 
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This situation does not differ in essence from the well-known quantum- 
mechanics effect of the non-intersection of two terms [9 ]. 


Let us establish instability in the cases (c) and (d), represented in 
Fig. 1, under a small change of the local velocity b(x, y, z) which does 
not destroy the periodicity of the waveguide. Denoting the disturbance 


of the velocity by co(x, y, z) we obtain 
Co (z, y, 2) = + es (z,y, 2)], e¢i 
[s(z,y.2)|<1, |grads|<1 


Let us associate with each function u of M(k) the function 
Co 
u u [1 + es (z, y, 2)} 


It is clear that the function u also belongs to the set M(k) and that 
if u is normalized relative to the velocity c, then Up is normalized re- 
lative to the disturbed velocity Co: If one substitutes Up for u the ex- 
pression (3.1) takes on the following form: 


(ko + = max inf {u) + 2e | grad u dv + 


+ 2e \ (u grad u + ugradu, grads) dv + ix \ [u oe —7%| dv } (J2{u} = 1) 


Ox Ox J 


(here terms which are proportional to «7, €x« and K? have been dropped; 
Jy and J, are given by (1.2)). We note that if « = 0, x = 0, the maximum 
of the infimum is attained on an arbitrary function Uo of .,. (ko). One 
can prove that for small ¢ and « the function uw on which the maximum of 
the infimum (4.1) is attained differs but little from some function ¢ of 
® (ky). Setting u= ¢@ in (4.1) one can see that the integral J,(u) be- 


m,P 
comes equal to @,? (ko) and will not depend on the choice of GED, p'ko): 


FX 


Pig. 2a. Pig. 2b. 


the sum of the remaining three terms reduces to the sum of two Hermitian 
forms in the p-dimensional space 


Vol. 
196) 


1 42 
a 
4 
| 
4 
4 


ol. 25 
1961 


On the theory of transmission bands of periodic waveguides 43 


C (@, = eA (@, + *B (gq, 


If the corresponding Hermitian matrix = = has multiple 
roots then the degeneration is preserved; in the opposite case we obtain 
the picture shown in Pig. 2. 


Let us next make use of the following proposition of linear algebra. 


There exist m(m + 1)/2— 1 linear relations which are satisfied by 
the matrix elements of an arbitrary Hermitian matrix of the nth order 
that possesses at least one a-multiple characteristic number. 


For the simplest (double) degeneration the number of these relations 
is two. Therefore, by changing only one parameter «x one cannot achieve 
these conditions for the matrix elements Cip if the matrix Bip is not of 
a special form, 


5. Estimate of the boundary of the first transmission band. 
The minimal property of the frequencies w,(k) permits one to obtain the 
following lower estimate of the upper boundary @,(7//) of the first trans- 
mission band under the assumption that the waveguide has the form of a 
cylinder of arbitrary cross section S. Namely 


> (y, 2) (5.1) 


where u(y, z) is the first characteristic number of the one-dimensional 
problem 


— Ayu + pp (x, y,2)u = 0, = —u(0) 


u'(l)=—u'(0), 


while A, is the first characteristic number of the problem 

+ or + hv =0 (5.3) 
(v = 0 on the boundary S in the case of problem A,; in the case of prob- 
lem A,, the number A, is zero). 


For the proof of the inequality (5.1) we start from the obvious iden- 
tity 


Vv 
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where ¢, is a characteristic function which corresponds to the frequency 
@, (7/1) and 


From (5.4) it follows that 


l 2 I 
| du | ~ 
> min inf / dx 
0 


\ (z, 2) 
(v.z) 


inf + dyads /\\v*dyaz ) 
s 


ey! 


The infimum of the right-hand side of Expression (5.5) is taken over 
all skewperiodic functions, and is nothing more than the first character- 
istic number yp, of the problem (5.2). The infimum (5.6) is taken over all 
functions v which satisfy on the boundary of the region S the condition 
Odv/dn = 0 in the case of problem A,, and the condition v = 0 in the case 
of problem A,. In the first case A, = 0, while in the second case A, is 
the first characteristic number of the problem (5.3). The inequality 
(5.1) has thus been established. 


Let us now consider the fact that the first characteristic number p, 
of problem (5.2) coincides with the upper boundary of the central zone 
of stability. In the case of problem A,, when A, = 0, it follows from 
the classical criterion of Liapunov’s stability that 


l 
dz 


c* (x, y, 2) 
0 
From this inequality follows the next lower estimate for the frequency 


@, (a/1): 


° 1 4 d. 
of (7) > min 4) 
0 
which holds for the problem A,. 


Making use of other estimates of the upper bound of the central zone 
of stability one can obtain a large number of estimates for the frequency 


(2/1). 


An estimate of the first transmission band in the case of problem A, 


a 
4 | Oqy P | {2 d / 2 
where 
3 (9-8) 
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(A,) is given by the inequality 


(k) <V 2 
where A(p°, k) is the first characteristic number of the problem 


t gat u = 0; u= 0, = 0 on the boundary S 
° al 1 dx 
\ 
0 


The inequality (5.8) follows from the obvious relation 


{| grad u (y, P + u dy dz 
w,* (k) [in 


i 
{ dx 

6 
By the same procedure one can obtain any convenient estimate @,(k) in 
the case of a circular cylinder of radius R. Choosing for the test func- 
tions u in (5.9) functions which depend only on the radius r of the 


cylinder, we obtain 
o os du | 
(k) < ry \ + k* rdr / 


0 


\ lul?p(r)rdr (5.10) 


0 


0 


Finally, replacing p(r) by its smallest value p,, we find that 


«,*(k) < +k? u |*} rdr / 


| \* +. 

J 
where 2.405... is the first root of the Bessel function J,(r). Thus, in 
the case of a circular cylinder, the lower boundary of the first trans- 
mission band w,(0) is bounded from above by the sanquateey 


.2.405.. 
@, (0) 


| min \\ 
00 
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6. Appendix. Analiticity of the function @, (k). The analiticity of 
the function @,, (k) can be established with the aid of general theorems 
of the theory of perturbations [10,11 ] if the function ¢ vanishes on 
the surface of the waveguide, i.e. in the case of problem A,. In the case 
of problem A, one can use the theory of perturbations only then when the 
surface of the waveguide is cylindrical. In this connection we shall 
first treat these two simple cases, and then later we shall indicate the 
proof of the analiticity of the functions w,(k) for all cases. 


In the nature of the first step we make the substitution 
(x,y, ko + %) = y, 2) (6.1) 


It is easy to see that W(z+ Il, y, z)= etholy cy, y, z). Hence the 
function W(x, y, z) satisfies the boundary conditions (0.5) when k= kp. 
It is also clear that the function W also satisfies the boundary condi- 
tion (0.3) in the case of problem A,. In the case of problem A, the func- 
tion ¢, generally speaking, does not satisfy the boundary condition (0.2). 
An exception is the case of a cylindrical waveguide in which the normal 
to the surface lies in the (y, z)-plane. Thus, in the two considered 
cases when k = ky, + x, the function W(x, y, z) satisfies the same bound- 
ary conditions as the function f(x, y, z, k,). Purthermore, the follow- 
ing differential equation is satisfied: 


which is obtained through the substitution of (6.1) into (0.1). 


Making one more substitution, //c = y, we can rewrite the last equa- 
tion in the form 


Ay + By + wx = 0 (Ax = cAcy, By = 2ixe ee — xc ) 


It is easily seen that 


where K is some constant. Therefore, by a theorem of Riesz-Nage (11, 
(Chapt. 9, Sect. 136)] the characteristic number @,” is an analytic func- 
tion of «x and hence of k. 


Let us consider next the case of a periodic waveguide. Let us indicate 
by L, the set of square-integrable functions inside the waveguide. The 
Laplace operator is defined on the dense, in Ly, set of differentiable 
functions which satisfy the boundary condition (0.2) (condition (0.3)); 
furthermore, the form (Ad, ¢) is not positive ( & L,). Therefore, the 
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operator — A+ a(a> 0) has an inverse operator R,- Applying the operator 
R, to the d-function 6(r —p), we obtain Green’s function 


G, (r, = 


The Green’s function G(r, p) decreases exponentially as |r-—p| in- 
creases. Hence, the series 


oo 


converges absolutely and uniformly in r and p and is analytic in k in 
some neighborhood of the real axis (1 is here a vector of length | 
directed along the x-axis). 


It is easily seen that G(r, p, k) is the Green’s function of the 
operator — A+ a operating on functions u(x, y, z) defined within the 
cell V and satisfying the boundary conditions (0.2), (0.3) and (1.1). 


The problem A, (Ay) is therefore equivalent to the integral equation 


The analiticity of w(k) now follows from the analiticity of the kernel 
G(r, p, k). 
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The fundamental tensor for the dynamical equations of the theory of 
elasticity for nonhomogeneous isotropic media is constructed. This prob- 
lem was posed in [1]. The construction is carried out along the lines 
of the developments in [2]. The immediate application of the results of 
[2] is not possible here, because the three-dimensional equations of 
elasticity possess multiple characteristics. 


In problems in the theory of elastic vibrations an important role is 
played by the so-called point sources of vibrations: concentrated forces 
in infinite space, centers of expansion, double forces, concentrated 
couples, concentrated moments, and so forth. 


The known fundamental solution of Volterra for the equations of 
elasticity represents, as may be easily shown, a combination of a center 
of expansion and concentrated moments, with corresponding moment axes 
along the coordinate axes. 


A knowledge of the displacements corresponding to an arbitrary con- 
centrated force enables one to determine easily the displacements cor- 
responding to an arbitrary point-source. 


For a homogeneous elastic medium, the problem of the determination of 
the effect of a concentrated force varying in an arbitrary manner but 
always directed along the x-axis has been solved in finite form in [3]. 
The corresponding problem for a nonhomogeneous medium is considered 
be low. 


1. Formulation of the problem. Suppose that a concentrated 
force acts at a point M,, its magnitude being given by the function y(t). 
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It suffices to consider the special case of a concentrated impulse when 
x(t) = 5(t), where 5(t) is Dirac’s delta function, since the displace- 
ment vector u. in the general case of the function X(t) is given, in 
terms of the displacement vector h; corresponding to a concentrated im- 
pulse, by the formula 


u(M, t) =\hj(M, 


The components of the vectors h,(M, t) constitute the elements of a 
tensor H(M, t) = || h, (Mm, t)||, which is called the fundamental tensor 
of the theory of elasticity. 


Let us formulate the mathematical problem of the determination of the 
vectors h.. Let u(x, Xo, Xz, t) be the components of the displacement 
vector A= A(x), x,) andp = p(x), Xp, x,) be Lamé’s parameters, 

p = p(x), Xj, x,) be the density of the medium. It will be assumed that 
A, #, p are analytic functions of x,, %5, %;- 


The equations of the theory of elasticity may then be written (see 
{1 ]): 


Lu = — + p) grad div u — pAu — divugrad — 2Dgrady = K (1.1) 
where 
=Teul= He 
is the strain tensor. 


let us set u = 0 fort < 0 and consider a sequence of body force 
vectors K. such that 


K, = 0, r=|MM,|>e, M = M (4, 22, 23), My = Mg (x,°, 22°, Zs") 
Kedz, dx, dx, = ij 


Then, in the limit as « + 0, the corresponding displacement vector 


will correspond to a concentrated force directed along the x,-axis and 
having magnitude ;(t). The limiting vector of these body forces is 


K = 6(M — M,) x(t) ij (1.2) 


where 5(M — M,) is a 5-function with singularity at the point M,- Putting 
x(t) = 5(t) in (1.2) we obtain the body-force vector which corresponds 
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to the vector h;.* 


The vector h; may be sought as a solution of the Cauchy problem 


oh; 
Lh; = 0; by |t = 0, — Mo) 1j (1.3) 
since this vector, when defined to be 0 for t < 0, yields, when operated 
upon by the operator L, the body-force vector (1.2), with y(t) = 5(t). 


By means of the fundamental solution tensor the integration of the 
Cauchy problem for the equations of elasticity is reduced to quadratures. 


Indeed, for the equations of the theory of elasticity one has the 
analog of the formula of Green for harmonic functions, the Green-Volterra 
formula 


\ (vL (u) — ul (v)) dz,dx,dz,dt = \(vp (u) — up (v)) dS 
(pu = pu, — (1.4) 
where 0, are the components of the stress tensor, n; are the components 
of the four-dimensional normal, S is the hypersurface which bounds the 


four-dimensional volume T and here and in the following repeated indices 
indicate that a summation is to be performed. 


Let T denote the half-space t >0, and 
v= h; (M My, to — t), M = M (2, Te, Z3), M, = M, (z,°, Zs, 23°) 
and u be the solution of the Cauchy problem 


Lu = K; U = Uo, == Uy (1.5) 


Lv = 8(M — M,)8(t, —2) 


Other point-sources correspond to other "delta-like" body forces. For 
example, a center of expansion corresponds to 

grad 6 (M — M,) x(t) 
while a double force corresponds to 


a 
x (4) (M — My) i; etc. 
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the integration of the expression uLh; yields the jth component of the 
vector u, and we have 


(Mo, to.) = 2 hijuoidM \ M + \ hyjKjdMdt (aM = 


Oty 
or, what is the same 
H (M — My, to) (M) aM + (M — Ms, to) u,(M)dM + 
+ | H(M—Msg, (1.6) 


o<i<t, 


where H = || hi; || is the fundamental tensor. 


In order to construct the fundamental tensor it is only necessary to 
solve the Cauchy problem (1.3). Let us now express the 5 ;- function in 
terms of plane waves (see [2,5,6 ] ) 


c 
6 — — — = — (@; (2, — x,°)) dw 


(@;* + + @ = 1) Ad 


and suppose that h,, 5 is the solution of the Cauchy problem 


L (h,,;) =0 (1.7) 


= 0), =- (M,) 6 (@, (x; )) (1 .8) 


Then, obviously, the sought vector h; is given by the formula 


h; t) = \ h,,;dw (1.9) 


The solution of the Cauchy problem (1.7), (1.8) will be constructed 


by means of "ray" solutions. 


2. "Ray" solutions of the dynamical equations of elastic 
body (see [6,7 ]). Let f, be an arbitrary function and f, be a 


sequence of its iterated integrals 


=\ fea (2) (2.1) 


We shal] seek solutions of the equation Lu = 0 of the form 
w= >) 21, 25, t) fe (¥ (21, (2.2) 
k=0 


» 
. 
‘| 
ve 
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where y is a certain fixed function. Setting K = 0 in (1.1), substituting 

for u its expression from (2.2), and then equating the coefficient of 

each function f, to zero, we obtain 

(2.3) 

where the operator L is the same as in Equation (1.1) and the operators 

N and M are defined as follows: 


Nu = (py:? — (grad 7)*) u — + grad (grad yu) 
Mu = 2puyy; — (A + p) [div u grad y + grad (u grad y)} — 
—  [uAy + 2 (grad u, grad y) ix] — grad A (u grad y) — 
— (grad pu) grad y — (gradu grad y) u (2.5) 
grad = Tx.) (2.6) 


Setting k = - 2 in (2.3) we obtain Nu, = 0. It is natural to assume 
that u, # 0, hence the determinant of the coefficients of this linear 
system of algebraic equations must be zero. From this it follows that we 
must have one of the following relations: either (longitudinal wave case) 


(grad 7)? = a= , Uplgrady 2.7) 


or (transverse wave case) 
(grad 7)? = | grady 


An important role in the study of the equation 


1 ° 
(grad = 
is played by the extremals of Fermat’s functional 


(2.10) 
M, 
If M, is a fixed point and the integral (2.9) is taken along extremals, 
then the quantity r may be used to characterize points on the extremals. 


A curve in four-dimensional space (x,, x, x3, t) 


= Ty (t), Ze Ze (T), T3 = t t+ const (2.11) 


will be a characteristic of Equation (2.9). 


Let us pass through each point M, of a fixed surface = a perpendicular 
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extremal of the integral (2.10); a point of each such extremal is 
characterized by the corresponding value of the parameter r, while the 
points M, are characterized by the two surface parameters a and f. Thus, 
in a neighborhood of the surface = which constitutes a regular field of 
extremals we may introduce curvilinear coordinates a, B, y such that 


4,=%(a,8,t) (i =1, 2, 3) or x = x(a, B, (2.12) 


Consider the longitudinal wave case. From Formulas (2.3) to (2.7) it 
follows that 


= 0, 0, = 


where u,° is the component of the vector uy which is perpendicular to 
the ray. 


Now suppose that the vectors u_,, U_j, , are known 
(where u,°, , is the component of the vector u,, , which is perpendicular 
to the ray). If we make use of (2.3) and 


= + grad 7, = + Pape grad Vol. 2 
Ux+1, grad y, Pits = Pros (t, Tir Loy (2.13) 1961 


we obtain 


grad (M (ux+1 + grad 7) + = 0 (2.14) 


M (u,, ,) + 
(4 + (grad 7)? 


The first of these equations may be rewritten 


2p (grad 7)*(5; 57 — grad grad 7) + Agus: + 
+ grady(M + L(u,+2)) = 0 (2.15) 


where A is a regular function of the coordinates which does not depend 
on u, and which will not be written explicitly, in order to save space. 


If the equation x = x(r_) represents an extremal of the integral 
(2.10), then the curve in four-dimensional space which is given by the 
equations 


X = (2, = X (Ta), = T, + const 


will be a characteristic of the equation 


= a? (grad 7)? 


4 
| 
: 
4 
4 
4 
4 (2.16) 
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and, consequently, a bicharacteristic of Equation (1.1). 


Equation (2.15) may be rewritten as follows: 


dq ° 
2p (grad + + grad (M(u,+1) + L (uy)) = 0 
where 


The derivative d/do is indeed a time derivative, taken along a bi- 
characteristic. Equations (2.13), (2.14) and (2.17) enable us to deter- 
mine uy, , and u,°, , once the initial conditions for Equation (2.17) are 
prescribed. Thus, all the vectors u, of the sequence may be determined. 


Consider now the case of the transverse wave. We shall seek the com- 
ponents of the unknown vectors along the directions of the vectors X_,, 
%,, %g (see Equation (2.12)) as functions of the coordinates a, f, 1; 


the operator M of (2.5) takes the form 


M (u) = 2p w) (2divugrad 7 + wAy) — 


grad + wb + — 
— grad ) (u grad 7) — (grad pu) grad y — (grad » grad 7) u (2.18) 


From Equations (2.3) to (2.8) it follows that u_,= 0, u_,= 0, 


u,’ = 0, where u,° denotes the component of the vector uy along the ray. 


Now suppose that the vectors u_,, W_,, Uo, ---, Uy, U,° , are known 
(where u,°, ; is the component of the vector u,, , along the ray). Then 


Ui = + + (2.19) 


| grad Tp, | Xp | 


From Equations (2.3) and (2.8) it follows that 


M (uy L (uy) | grad y 


or, what is the same 
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2u 
b ds 


(2.20) 


where A, B, C, D denote regular functions whose explicit expressions are 
omitted. 


If (2.20) holds, then (2.3) implies that 


+M (uy ,,) 
= (grad 7) 


(2.24) 


3. Construction of the solution of the Cauchy problem (1.7), 
(1.8). Let us now denote by Yoq Yop) the solution of the equation 
(grad 7)? = (= (3.1) 


satisfying the following conditions: 
for t=0, 7% >0; for t=0, 7, >0 


We shall seek the solution of the Cauchy problem (1.7) and (1.8) in 
the form 


hy > Uoxa (2, Lo, t) (Ya (t, Ly, Le, — fe (Ya (— t, Te, Zs))] + 


k=0 


Uokd (x, Tz, t), (Yo (t, Xo, — fr (Yo (— t, Z2, (3.2) 


where u.,, is determined by means of the recurrence relations (2.13) to 
(2.17) and u,,, is determined by means of Formulas (2.18) to (2.21). 


The initial condition h, = 0 for t = 0 and Equation (1.1) with K = 0 
are obviously satisfied. Let us consider the second initial condition 


(1.8). We have 


2 >} + — 21) = 8" — 21°) 


k=0 


for t= 0 (3.3) 


In order that this equation be satisfied it is sufficient that the 
first term in the sum equal the right-hand side and that the remaining 
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terms on the left-hand side equal zero. 


It is natural to put f,(t) = 5°(t). Then 


k—2 —2 


where «(t) is the Heaviside function, which equals one for t 2 0 and zero 
for t < 0. 


In order that (3.3) hold it is then sufficient to require that 


+ = for t= 0) (3.4) 


~~ Bato (M,) 


Uppal -+- (k > 0) for t=VU (3.5) 


For t = 0 the solutions y, and y, coincide. For t = 0 the vector u,9, 
is parallel to grad y, = w and the vector u,,5, is perpendicular to w. 
By decomposing the vector on the right-hand side of Equation (3.4) into 
its components in the direction of w and perpendicular to @ we obtain 
uniquely defined initial data for Equations (2.17) and (2.20) for k = -1, 
and then and and and are uniquely determined. Sub- 
stituting the following two equations into (3.5) 


,.we obtain unique initial data for %,), u,,, and U4; at the same time 
Yorb? are uniquely determined, etc. 


Thus, all the vectors u,,, and u,,, are uniquely determined and are 
analytic functions. The convergence of the series (3.2) can be established, 
using the method of majorants, exactly as in the case of the general 
hyperbolic equation with non-multiple characteristics. 


It is easy to show that y(-t, x,, @)=- y(t, @). 


Using these relations we obtain finally 


@| <1 


+- Vuaj (t, 21, Te, Ty) (Yua)| do \ [Uuonj 21, Lo, (Yun) + 


== 


Vij (f, T1, Le, & (Yur)] d@ = hg; hy; 
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_ {i fory>0 
(1) = \0 for + <0 


where Yoaj and Vp; are vectors with regular components. 


4. On the singularities of the fundamental tensor. Thus, 
the fundamental tensor is expressed, by means of (3.6), as a sum of 
generalized plane waves of the form (3.2). 


Using Equation (3.6) the analytic properties of the fundamental tensor 
may be studied. We shall content ourselves here with a statement of the 
results, inasmuch as, using the methods of Borovikov [9], the author 
studied the fundamental tensor of an arbitrary system which is hyperbolic 
in Petrovskii’s sense [2,11 ] and the analysis of the fundamental tensor 
in our present case may be carried out analogously. 


4 In particular, the components of the fundamental tensor 

4 H(M, Mo, t) =|hij\; M = M 22, 23), My = Mo (%°, 22°, 23°) 

ot Vol. 2 
- are defined in the neighborhood of the point M, and are equal to zero 1961 


for « r M,). 


Forr, <t<r, andr, < t they are analytic functions of their argu- 
ments, and for t = Ve and t = Th they have a 5-function-like singularity, 
name ly 


hy, (t, M, Myo) = V jxad (t — Ta) + V d — + 
W jxat (t — Ta) W (t — Tp) &=4, 2, 3) (4.1) 


where V., , Vike Wikw W kb are regular functions of t, M, My, ande is 


Ae 
Heaviside’s function. 


In the plane case the equations of elasticity are hyperbolic in 
Petrovskii’s sense, since the non-multiple characteristics are then ab- 
sent. The fundamental tensor for systems which are hyperbolic in 
Petrovskii’s sense was obtained in [2] and [11 ]. By means of consider- 
ations similar to those just carried out in the three-dimensional case, 
one arrives, instead of (4.1), at a formula where the singularity of 
(4.1) is replaced by a singularity of the form 1/ y x, namely 


hin = Vina (t, M, My) + Vinw (t, M, Mo) (t — ” 


(x > Q) 


<0) 


=... - 
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where Vike and Vik’ are regular functions of their arguments. 


If the Lamé parameters A and yw and the density p are not analytic 
functions but are just sufficiently smooth functions of the coordinates, 
then the considerations of the present section remain in force, while 
the functions V and W are than no longer analytic but merely sufficiently 
smooth functions of their arguments. 
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(Moscow) 


(Received July 25, 1960) 


On the basis of the concepts presented in [1,2], some problems of equi- 
librium and propagation of rectilinear cracks in an anisotropic medium 
are studied.* 


1. Fundamental relations. Let us study the motion of an elastic 
anisotropic medium under the conditions of plane strain. The equations 
of motion are 


(1.1) 


Here and throughout this paper summation is implied by repeated Greek 
indices having the values of one and two; o,;, are the components of the 
stress tensor, u; are the components of the displacement vector, x, are 
rectangular Cartesian coordinates, t is the time, and p is the density 
of the medium. For an anisotropic body, where the plane x,x, is the 
plane of elastic symmetry, the generalized Hooke’s law has the form [3 ] 


The authors would like to take this opportunity to introduce some 
clarification in [2]. Formula (4.4) should be written in the follow- 
ing form (h= — 


h 
The above correction is of no significance to the subsequent presenta- 


tion. 


0s, Ou, 
(i = 1, 2) 
ou ou 
\ | | 
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Here « jj @7e components of the strain tensor. The quantities b, ijBy 
represent the elastic constants of the material, where 


= = Dijvp = 


Thus, in the general case the studied body is characterized by six 
independent constants, which we shall choose to be 6b,,,), 643), VETTE 
In the orthotropic body = 59192 = 

For the isotropic body the following is also true: b,,,; = by999, 
= - 2 by 

After substitution of (1.2) into (1.1) we obtain the fundamental 
dynamic equation 


Liatg =0, Ly = + — — (1.3) 


where 855 is the Kronecker delta, so that Li; = Li: 
The general solution of the system of equations (1.3) has the form 


uy = La, — Li), ug= (1.4) 


where the functions ¥, and ¥, satisfy the equation 
(Ly,L22 — L,,*) ¥ =0 (1.5) 


For the purposes we have in mind here it is sufficient to study the 
case VY, = Y, V, = 0. Below we study in different versions the mixed 
problem of the dynamic theory of elasticity for the anisotropic half- 
plane, which is stationary in a system of coordinates ¢,, €, moving with 
a constant velocity v in the direction of the negative x,-axis: 


= 2% + vidi, (1.6) 
(as a special case, the static problems are obtained for v = 0). 


In the stationary case, the function ¥ depends only on €, and €,, and 
does not depend mee on time, so that 


Li¥ = Aijas Aijap = (biapj + biaip) — (1.7) 


and the basic equation (1.5) becomes 


Bapye 9E. 0, Bapye (1.8) 


= 
62 
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The corresponding characteristic equation can be written in the form 


The subsequent analysis will be only restricted to the elliptic case, 
where there are no real roots of (1.9). As was shown by Lekhnitskii [4], 
the static problem always corresponds to the elliptic case. Because of 
continuity considerations, the elliptic quality also holds for suffi- 
ciently small velocities. For an orthotropic body, if the boundary of 
the half-plane is a line of elastic symmetry, Equation (1.9) becomes bi- 
quadratic: 


Lut + =0 (1.10) 


L = N = (0.111 — (Or212 — pv*) 
M = — bude — 2by 2121122 — (i212 + 


Note that in the case of the orthotropic body the roots of the 
characteristic equation are not necessarily purely imaginary. 


Using the method for the static problem of the two-dimensional theory 
of elasticity of an anisotropic medium proposed by Lekhnitskii [5], and 
later applied by Galin [6 ] to the problem of the punch which moves along 
the boundary of an isotropic half-plane, we shall write the general 
solution of Equation (1.8) in the form 


where F,, F, are arbitrary analytic functions, and are 
the roots of the characteristic equation. By substituting (1.11) into 
(1.4) and (1.2) we obtain expressions for displacements and stresses of 
the form 


= 2 Re [diaPa (Za)], Sig = 2 Re [eijaPa’ = (1.12) 


, are given by the formulas 


Here the coefficients dij, 


dy; = — — + — 


= — Oy + — 9441141222) + 
+ 22D: 212 — — 20? + 


63 
where 
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= — bits) — + + 


T Bj + pj = 2124122)| 
2925 = — Y111241122) + — 22 (Oi122 + by212) + 
+ + + (O1212b2222 — baiz2)| — + 


2. The general problem for the half-plane. Rayleigh sur- 
face waves. The moving punch. 1. Assume that on the boundary of 
the lower half-plane €, < 0 normal and shear stresses, distributed in 


some manner, are applied, and these distributions of stresses move uni- 
formly along the boundary of the half-plane with a velocity v. 


According to Galin [6], we introduce the analytic functions 
uw, (2) = \ U, — iV,, (2) \ 


U,—iV, (2.1) 


where o(€,) and r(,) are the distributions of the normal and shear 
stresses at the boundary, respectively. We have 


3 = 2 Re 1’ (E1) + C2222’ (E1)] (2.2) 
From this and from (2.1), we obtain 
| 
+ Cy22P2' (2) = W2(Z), C2219," (2) + 2222" (2) = W, (2) 


When we solve this system with respect to ¢,“(z) and ¢,°(z) we find 


(2.3) 
(2)= [2222 (Z) — (2)], Po’ (2) = — (Z) — (2)] 
where 
A = — €122€221 (2.4) 


Differentation of (1.12) with respect to €, and going to the limit as 
€, = — 0 results in 


\ 2niA 


where w,(€,) and w,(é,) are the limiting values of the functions when 
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the points on the abscissa are approached from below, and, according to 
the formulas of Sokhotskii-Plemelj [7], are equal to 
— (Ex), wa =v. p. | — ine (2.7) 
Formulas (2.5), (2.6) and (2.7) allow us to reduce the stationary 
mixed problem of the dynamic theory of elasticity for the anisotropic 
half-plane to the well-studied Hilbert problem of the theory of analytic 
functions (the methods of solution of the Hilbert problem can be found 


in the monographs of Muskhelishvili [8 ] and Gakhov [9 ] ). 


In the particular case of the orthotropic body, the boundary of the 
half-plane being a line of elastic symmetry, the quantities 


( — — = —— 
D 2nA (2 8) 


are real, even if the roots of the characteristic equation (1.10) are 
not purely imaginary, so that Formula (2.6) becomes 


= CU, + (2.9) 
2=0 


2. Keeping in mind future usefulness, let us study as an example the 
surface waves at the boundary of an anisotropic half-plane. This problem 
was studied by a number of authors by means of other methods; a review 
and discussion of these papers from one point of view is given by Scholte 


[10]. 


If an instantaneous disturbance is created on the free surface of a 
half-space at rest, then a long time after the creation of this disturb- 
ance, the dilatational waves go to infinity and damp out there. There 
remain only the surface waves (if they exist) which progress, without 
changing their form, along the boundary of the half-space with a constant 
velocity v. 


The study of the surface waves is a simple case of the general mixed 
problem formulated before. From the condition of the absence of normal 
and shear stresses at the free surface and from Equations (1.13) we find 


In order to satisfy the boundary conditions (2.10) by non-trivial 
solutions it is necessary to satisfy the following condition: 


A = 21222 — = 


Ou, 
_| 

(2.11) 
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Together with the characteristic equation (1.9), relation (2.11) de- 
termines the velocity of propagation of the surface waves, if these 
waves exist. In the case of the orthotropic body, if the boundary of the 
half-space is a plane of elastic symmetry, the characteristic equation 
(1.10) is solved explicitly. By substituting its solution into the 
appropriate equation (2.11) we obtain the equation for the velocity of 
propagation of surface waves in the form 


pr—Ps™ + (PS+QER)Y F=0 (2.12) 


Here 
P = — pv’, Q = 
R = — 00”) — Doors + 


5 = 2202 


and the quantities L, M, N are the coefficients of the characteristic 
equation (1.10). In the case of the isotropic body we obtain from here 
the ordinary Rayleigh equation [3 ] 


v 


where c, is the velocity of propagation of the deformation waves in the 
body and vy is Poisson’s ratio. Equation (2.13) is known to have a unique 
real root m) < 1 for - 1<w <1/2. In the case of a general type of 
isotropy Equations (1.9) and (2.11) give complete values of v*. This 
means that with an arbitrary anisotropy surface waves do not exist. Of 
great interest is the complete analysis of the cases, so far not carried 
out, where Equation (2.12) has a real root, i.e. the cases where surface 
waves exist at the boundary of the orthotropic body. Note that from the 
existence proof of a unique positive root of the Rayleigh equation [11 ] 
and from the continuity expressions follows directly the existence of a 
unique positive root of Equation (2.12) for slightly anisotropic bodies. 


3. As a second example, let us study the problem of the punch which 
moves along the boundary ¢, = 0 of an anisotropic elastic half-plane, 
taking into account Coulomb friction at the boundary of contact of the 
punch and the body. The boundary conditions for this problem have, of 
course, the form 


Gis Gao 0 (— < <a, b< < w) (2.14) 
Gyo = \ (b) do P (@& 


where a and b are the coordinates of the boundary points of the line of 
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contact of the punch and the half-plane, k is the coefficient of Coulomb 
friction, f(t) is a function describing the form of the punch, and P is 
the force pressing the punch against the body. The corresponding bound- 
ary conditions of the Hilbert problem for the determination of the func- 
tion w,(z) = w,(z)/k are found from Formulas (2.6) and (2.7) to be 


q <_ 61“ a, b< $1 &) 


Re ((C + = SE (2.15) 


The parameters C and D, which are determined from the expressions 
(2.8) are complex in the case of anisotropy of the general form. We de- 
termine the constants p and q from the relations 


Re (C + ikD) Im (C+ ikD) = (2.16) 


Then the second condition of (2.15) can be rewritten in the form 


apf’ = Uy + (2.17) 


so that for the determination of the function w,(z) we obtain the same 
1961 boundary problem as in the case of the punch which moves along an iso- 
tropic half-plane [6 ]. The solution of this boundary-value problem can 
be found in [6]. By using Formulas (1.12) and expressing the functions 
$;“(z) in terms of w,(z) by means of Formulas (2.3), one can write the 


stresses in the elastic body in the form 


(Es, &2) 

where ® is some function which remains finite as the speed of the punch 
approaches the speed of the Rayleigh waves, if such waves exist, whereas 
the quantity A, which is determined from Equation (2.4), tends at the 
same time to zero. Thus, just as in the case of the isotropic body [12 ], 
when the speed of motion of the punch approaches the speed of the surface 
waves, if such waves exist, unusual resonance phenomena appear, which 
are connected with the unlimited growth of the stresses in the elastic 
body. Actually, this is connected with a radical change of the motion at 
near-Rayleigh velocities, which limits the statement of the present prob- 
lem in terms of sub-Rayleigh velocities. If the character of the aniso- 
tropy is such that surface waves do not exist, then the resonance does 
not appear and the adopted formulation of the problem as well as the 
method of solution are applicable up to the maximum velocities, which 
requires an elliptic form for Equation (1.8). 


3. The isolated rectilinear crack in an orthotropic body. 
Let us study the isolated rectilinear crack in an orthotropic infinite 
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body under the conditions of plane strain, which propagates along some 
line of elastic symmetry which we shall call x,. The crack is maintained 
in the open state by some system of loads which is symmetric with respect 
to the x,)-axis. Completely analogously to the corresponding analysis for 
the isotropic body [1 ] it is sufficient to study the case where the 
crack is maintained by symmetric normal stresses — p(x,), which are equal 
in magnitude and opposite in direction to the tearing stresses p(x, ), 
which would exist in place of the crack in a continuous body. It is 
natural to assume the crack to be fixed regardless of the fact that the 
relations given below yield a solution for the problem of a crack moving 
with a constant velocity v and only as a special case, for a fixed crack. 
The problem of a moving crack of fixed length in a uniform field was 
studied for the isotropic body by Yoffe [13 ]; however, even the state- 
ment of such a problem appears to be physically unrealistic. 


The problem studied here is symmetric with respect to the crack line, 
and thus it is sufficient to analyse only the lower half-plane ¢,< 0. 
The corresponding boundary-value problem of the theory of elasticity for 
the lower half-plane €,< 0 is formulated in the following fashion: 


<b) (3.1) 


Here -g(,) is the distribution of the acting loads and forces of 
cohesion. In the case at hand the function w,(z) is identically equal to 
zero. From the relations (2.6), (2.7), and (3.1) we obtain the boundary 
conditions of the Hilbert problem for the determination of the function 
w,(z): 


Re [Cw, = 0 (— <a, b 


For the orthotropic body and a crack that propagates along a line of 
elastic symmetry, the constant C, given by Formula (2.8), is real, and 
can thus be cancelled. For the determination of the function w,(z) the 
same boundary problem is obtained as in the case of the isotropic body. 
The difference appears only later in the expressions for the stresses 
and displacements. According to the Keldysh-Sedov formla [7 ], we have 


b 
1 


a 


The fundamental hypotheses on the smallness and the autonomy of the 
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end region of the crack, where forces of molecular cohesion are acting 
[1,2 ], and the condition of finite stresses at the ends of the crack 
can be applied in the present case just as in the case of the isotropic 
body. Thus, similarly to [1 ], the condition which determined the posi- 
tion of the ends of the cracks is valid, i.e. the tearing stress o,, 
near the end of the crack, computed disregarding the forces of molecular 
cohesion, approaches infinity as 
G(t)dt 


A (3.4) 


Here s is the distance from the end of the crack, K is the cohesion 
modulus [1 ], G(t) is the distribution of the forces of molecular cohesion 
in the end region of the crack, where these forces are acting, and d is 
the longitudinal dimension of the end region. 


Condition (3.4) holds for all equilibrium cracks in the orthotropic 
bodies, which lie along the line of elastic symmetry. Note that in con- 
trast to the case of the isotropic body, the value of the constant k de- 
pends on which of the planes of elastic symmetry the crack lies on. 


In particular, in the present case of the isolated equilibrium crack, 
the conditions which determine the ends of the cracks a and b have the 
form 


b 
\ p(t) ek p(t) dt=KVb—a (3.5) 


Superficially, these conditions coincide with the corresponding con- 
ditions for the isotropic body [1]. The difference appears in the fact 
that with an application of tearing stresses inside the body instead of 
at the surface of the crack, the distribution p(x, ) for the anisotropic 
body differs considerably from the distribution for the isotropic body. 
Further, the cohesion modulus K depends on the direction of the crack. 
Note that the problem of the isolated rectilinear crack in an anisotropic 
body was studied by Stroh [14 ]. However, because of his complicated 
energy approach, Stroh did not obtain a final solution. 


4. The cleavage of an anisotropic body. |. Assume that an 
orthotropic body with planes of elastic symmetry and parallel axes x, 
and x» is wedged open under the conditions of plane strain by a thin, 
absolutely rigid, infinite wedge which moves with a constant velocity v 
in the direction of the negative x,-axis. In front of the wedge a free 
crack is formed. We choose as the origin of the coordinate system the 
point of closure of the crack (see figure). Coulomb friction forces are 
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acting at the surface of contact of the wedge and the splitting body. 


Because of the symmetry of the problem with respect to the ¢,-axis 
one can study the motion in only the lower half-plane , < 0. The fact 
that the wedge is thin allows us to bring the boundary conditions down 
to the €,-axis. Thus, the boundary conditions of the corresponding mixed 
problem of the dynamic theory of elasticity for the lower half-plane can 
be represented in the following manner: 


—! >< < 00) 


Here k is the Coulomb friction coefficient, f(t) is a function de- 
scribing the form of the wedge in a system of coordinates with its 
origin at the forward point of the wedge, 1, is the distance from the 
forward point of the wedge to the end of the crack, and 1, is the dis- 
tance from the initial point of contact of the crack with the wedge to 
the end of the crack. Using Formulas (2.7) and (2.9), we obtain for the 
determination of the function w,(z) the following boundary-value problem: 


DkV — - < (4.2) 


If function w,(z) is known, then the determination of function w,(z) 
in the given case is elementary. Let us recall that for the present con- 
ditions the constants C and D, which are given by Equations (2.8), are 
real. If one introduces the notation 


D ‘ 
p at’ q = (4.3) 


then the boundary-value problem (4.2) coincides with the corresponding 
boundary-value problem which was solved earlier in the study of the 
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cleavage of an isotropic body [12 ]. An analysis of additional conditions, 
which determine the constants entering into the solution of the elasti- 
city problem, shows that in the solution of the problem of cleavage of 

an orthotropic body one can utilize the formlas from [12] by choosing 
in these formulas values of p and q which were determined by relation 
(4.3), and keeping in mind that the modulus of cohesion of the material 
depends on the direction in which the cleavage proceeds. 


2. Let us look in greater detail at the important problem of the 
splitting of an orthotropic body by means of an immobile wedge of con- 
stant thickness 2h, neglecting the forces of friction at the sides of 


the wedge. 


Using the results of [12 ], we obtain the following expression for 
the length | = 1, = 1, of a free crack before the wedge: 


where C, is the value of the constant: C given by Formula (2.8) at v = 0. 


We have, according to (2.8) and (1.14) 


Wiss 
nC, = 


— 


where ¢, and ¢, are the roots of the characteristic equation (1.10) di- 


vided by i. Their values depend only on the elastic constants of the 


material 
Me + VM@—4LN, 


nay 


Relation (4.4) can be utilized for an experimental determination of 
the cohesion modulus, as was done in [1] for the isotropic body. A thin 
wedge of constant thickness, made of a material considerably more rigid 
than that of the one under study, is driven into a small plate made of 
the material in question, which is sufficiently thick for the state of 
stress in it to be assumed to be that of plane strain. The wedge should 
be driven in until the distance from the end of the wedge to the end of 
the crack | remains constant, which will indicate that the influence of 
the ends of the plate is insignificant. By measuring ! and knowing the 
elastic constants of the material we can find the cohesion modulus by 
means of the formula 


iLoNo 


— 


(& V V ‘ 
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In the case of an isotropic body we obtain the previously known re- 
sult 


Eh 
4 


Note that the realization of this experiment in anisotropic materials 
is simpler than in isotropic ones, since the cracks bend more readily in 
the latter. 


3. Let us return now to the dynamic problem. As was shown in [12 ], 
the length of the free part of the crack 1, tends to zero for p+ 0. But 
from Formulas (4.3) and (2.8) it follows that p is proportional to the 
determinant A and tends to zero when the velocity v of the wedge 
approaches the speed of the Rayleigh surface waves corresponding to the 
given direction, if such waves exist. Thus, the length of the free part 
of the crack tends to zero as the velocity of motion of the wedge 
approaches the Rayleigh velocity; and thus, just as in the isotropic 
case, the velocity of propagation of a crack cannot exceed the Rayleigh 
velocity. 


It can be shown completely analogously to [12 ] that when approaching 
the Rayleigh velocity the stresses near the end of the crack increase, 
at which time the tearing stress o,, grows faster then the tearing stress 
Yy_- This shows that when the speed of motion of the wedge approaches 
the Rayleigh velocity transverse cracks appear and the picture of motion 
changes considerably. Thus, the present statement of the problem is known 
to be applicable only for velocities of wedge motion below the Rayleigh 
velocity. 


The upper velocity limit to which the formulation of the cleavage 
problem adopted in this paper applies, also depends on the ratio of the 
cohesion moduli in the direction of splitting and in the direction per- 
pendicular to that. For the crack to be rectilinear it is necessary that 
this ratio be not greater than unity. Otherwise the crack in front of 

the wedge will curve under the influence of incidental factors even with 
a motionless wedge. In the frequently encountered case when the cohesion 
modulus in the direction of the cleavage is considerably smaller than 

the cohesion modulus in the transverse direction (as, for instance, in 
the splitting of wood along the fiber) one can assume the rectilinearity 
of the crack to be assured and the accepted formulation of the problem 
to be correct up to the wedge velocity equal to the Rayleigh velocity. 

If the cohesion moduli in the direction of the cleavage and in the trans- 
verse direction are equal to each other, then one can show completely 
analogously to the isotropic case that there exists still another sub- 
Rayleigh critical velocity, up to which the direction of the cleavage 
lies along the line of maximum tearing stresses. When this velocity is 
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exceeded, then the crack will begin to curve. 
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The problem of elastic equilibrium of an isotropic cylinder acted upon 
by forces applied to its lateral surface and represented by an integer 
algebraic function of the coordinate measured along the generator has 
been studied by many authors: Almansi [1], Pearson and Pilon [2], 
Michell [3 ], Kolosov [4], Zvolinski and Riz [5], pDzhanelidze [6], 

and others. Some cases of the analogous problem for an anisotropic solid 
have been discussed by Kosmodamianskii [7], Uzdalev [8 ] (mainly bend- 
ing) and Dzhanelidze [9 ] (general case of anisotropy, loading of general 
and special character). The question of torsion of anisotropic rods has 
been the subject of less elaborate studies; only the case of loading uni- 
formly distributed over the length of the rod has been discussed in a 
paper by Luxenberg [10 ]. 


The present contribution deals with the torsion of a rod of recti- 
linear or cylindrical anisotropy by tangential forces, varying over the 
length of the rod according to the law of an integer polynomial of the 
nth degree with respect to z; a general theory is developed and certain 
special cases are investigated in some detail. 


1. General case of torsion of a rod with rectilinear 
anisotropy. Consider a rod having the shape of a cylinder or prisma, 
of elastic homogeneous rectilinearly anisotropic material, fixed at one 
end and carrying tangential loads t distributed over its lateral surface. 
Assume that: 


1) the anisotropy is characterized by the presence of one plane of 
elastic symmetry normal to the generators; 


2) the material obeys Hooke’s generalized law and experiences small 
de formations; 
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3) body forces are absent. 


We locate the origin of the system of coordinates at the centroid of 
the free end of the rod with the z-axis directed parallel to the gener- 
ators (Fig. 1). Furthermore, we assume that the loads t are acting at 
each point tangentially to the boundary line of the cross-section through 
that point, that, in general, they are distributed along that line non- 
uniformly, being, however, reducible to a torque and expressible by an 
integer polynomial of arbitrary degree N with respect to z. 


N (t. is a function of the arc 
(1.1) 
t= p> t, (s) (=) s of the contour of the 
n=0 cross-section) 


We shall treat the problem with the same degree of mathematical rigor 
with which the common torsion problem is being treated; in other words, 
we shall require that the equations of the problem be fulfilled rigor- 
ously on the lateral surface and approximately, by means of integrals, 
at any cross-section (including the end sections) where we thus confine 
ourselves to the condition that the acting inner forces be equivalent to 
a resultant force and moment. 

1961 

Using the conventional notations for the components of stress, strain 
and displacement, we may write the system of equilibrium equations of the 
solid under consideration and the boundary conditions for its lateral 
surface in the form 


(1.2) 


(xyz) 
x = + + A435, 

= + AgaGy + AagTxy 

= AygGx + AggGy + AggTxy 
= + » Yyz + yz 
3x COS (nM, + Tx, cos (n, y) —tcos(n, y) 


Txy CoS (m, Z) +- Gycos(n, y) = tcos(n, z) 


Tx; cOS(m, + Ty: cos(n, y) = (1.3) 


Fig. 1. 


where the a,, are elastic constants, while n denotes the normal to the 
boundary line of a cross-section. 


The moment of the external forces acting on the region of the lateral 
surface between the free end and the cross-section at distance z from the 
free end is 
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N 


(m, = \t,[xcos(n, x) + ycos(n, ds) (1.4 
~ (n, 2) + ycos(n, 


where m, is the moment of the forces t, distributed over the contour y 
of the cross-section. For any cross-section the conditions 


\\ = \\ tuedady = 0, \\(- Txz¥ + Ty:t) dady + M,—0 (4.5) 
= \\ — 0 (1.6) 


must be fulfilled, with the integrals taken over the cross-sectional 
area. 


In order to investigate the state of stress produced by the loading 
(1.1) it is obviously sufficient to study the case when the loads are 
proportional to z", where n is an arbitrary integer number, so that we 
have 


t = (1.7) 
For the more general case (1.1) the stresses and displacements will 
be found by means of superposition. 


Starting from Formula (1.7) for the external loading we use for the 
displacements and stresses hypothetical expressions in the form of sums 
of decreasing powers of z, namely 


u = 2" 2y, -+- 2" 


The quantities appearing in these expressions as multipliers of the 
powers of z are functions of x, y. The last terms of the sums are 


a) in the case of n even 


Uy, Uy, 


7 
+ . 
= -+- —-2+... 
Txz = 2” “T 2 Tx, 
a a a 0. 
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b) in the case of n odd 
Wo: 2 2T xy; Txz; Tyz 


Substituting (1.8) and (1.9) into Equations (1.2) and equating the 
coefficients of equal powers of z on the left- and the right-hand sides 
we find 


=> — On+ An+e Un+2 > On 4 + (1.10. n-+ 2) 


where 0, A, B are arbitrary constants and the following systems of equa- 
tions: 


(1.10. n + 1) 


as 


k 
K+ AgeTxy) 


(k 


Gy* k 4. + Bistxy 1) Wr Ly 


-+ BooSy” BasTxy + (A + 1) 


ky, 436 
BigSx SagSy* -+- + + 1) we 


., 0 for n even \ 


(1.10k 1) 


a 1 I 
Ugatyz t 7 AgsTx 


xz 


, 2 when n even, and | when n odd 


The functions o.", o.", , t._™ satisfy the boundary conditions as 


well as the conditions bic Setite from (1.6), and they are to be de- 
termined in the region of the cross-section. 


2. The general course of the solution of the problem. Equa- 
tions (1.10) show that the determination of the solution of the problem 
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under discussion reduces to successive solution of two types of problems 
similar to the problems of simple torsion and of plane strain. For n even 
we have 1/2(n + 2) problems of the first type and the same number of 
problems of the second type; for n odd it is necessary to solve 1/2(n+ 3) 
problems of the first type and 1/2(n + 1) problems of the second type. 


We introduce the following notation: 


represent a particular solution of the first two 


equations (1.10.k); 


represent a particular solution of the first equation 


of the system (1.10.k- 1); 


Ly = Ay 2445 * 455 dy? 


L,= Bas — + (2812 + Bes) dzdy® * Bu dy* (2.1) 


Furthermore, we introduce the stress functions Fy by 
setting 
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n+) 
961 xz Tye 


1 
Oz 3 


Then we obtain on the basis of (1.10) the following equations for the 
stress functions: 


ri 2(n + 2) r2 (2.3. n +1) 
2.3. 
1) wy +1 — — — | 4 (2.3. k) 


| + 1) We 41 — — Biase Bist 
1) Wy 41 — Bred, Boe Ss Ses | 
(k= a, a—2,...,0 oF 1) 


, 2 or 1) (2.3.k—1) 


Transformation of the boundary conditions by means of contour 
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integration analogous to that used in the theory of the plane problem 
and of torsion (see e.g. [1l, p. 103 ]) leads to the following conditions 
for the boundary line y: 
Wnti = 2.4.n42) 
aF bd t 
= —\ (Rady + | 
(2.4.n) 
OF 


jx 


/ 


0 


8 
. 


OF, 4 
=— \ — thdy)+-c,’, iy = \ (vide — 6,*dy) + c,” 
0 


(k= n—2, n—4,-..,0 oF 1) 2.4.k) 
Wr—1 — t,*—*dy) + ; p (2.4.k—1) 


0 


The integration constants Cn» Cp_y cam be fixed arbi- 
trarily on one of the contours representing the boundary of the multiply 
connected region of the section; the integrals are taken along the con- 
tour between the starting and the current points, thus representing func- 
tions of the arc s. 


The conditions (1.6) at the cross-section resolve into 


rdy rdy Tx: Y+ Ty, 2) dady 
(2.5. n- 


\\ ‘dady = ‘drdy = 0, \\ tr: 'y +1. 'x) dady = 0(2.5. 


(k 


\\ \\ \\ 6,*ydrdy=0 (k—n, (2.5. k) 


Consider, in particular, the case when the cross-sectional domain is 
simply connected. For the latter we may assume that W,, , = 0 along the 
contour. Then the following course of solution of the problem may be 
contemplated for an arbitrary integer n> 1: 


1. Solve the problem of simple torsion, i.e. determine & pats 


xz 
- leading to 


= + 2) 9,409 (2, y) (2.6) 
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The constant *#,,. follows from the third equation (2.5. n+1), lead- 


(n + 2) (mn + (2.4) 


where C denotes the rigidity in the usual sense (i.e. for a like aniso- 
tropic rod twisted by moments applied to its plane ends). The first two 
conditions (2.5. n+ 1) will be fulfilled identically, because / = 0 along 
the contour. 


2. Determine w,, , and o,", o,", r” from Equations (1.10. n+1) and 
(1.10. n), leading to 


Watt W nas (n 2) 4 Baroy n+1 (2.8) 


where = ; is a function free of indeterminate constants, while C,, 
is a constant of integration. 


3. Solve the plane problem, i.e. find o,", o r a and o.". The first 
three functions will be free of indeterminate y hd whi le 


(n + 2) (#4 
~~ 


ax 


3," D Anset + Busey + (2.9) 


The three arbitrary constants will be found from the conditions 
(2.5. n) for o,”. 


4. Determine u,, v, from (1.10. n) as well as 2, i we find 


Un Ony + Aa, Un B., (2.10) 


where U,, V, are known functions, while #,, A,, B, are new arbitrary 
constants. 


5. Determine 7 from (2.3. n—1), leading to 


Se 2nd, 


where known functions; of the conditions 
(2.5. n—1) the first two are fulfilled identically, while the third 
gives 


On =e \\ — (2.13) 


Then we find 
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4) 


The arbitrary constants are to be determined from the conditions 
(2.5. k-—1) and (2.5.k). 


Having arrived at the last terms of the sums (1.8) and (1.9) we ob- 
tain three indeterminate constants representing “rigid" displacements: 
Bo, Ay, By (in the case of n even) or A,, B,, Cy (for the case of n odd). 
Adding to the displacements the missing terms representing "rigid" dis- 
placements and containing three constants, we find all six constants from 
the constraint conditions of an element of the terminal cross-section. 


The same order of operations in the process of solution is preserved 
in the case of a cross-section of multiple connection, with the differ- 
ence that the formulas for }, become more complicated. 


Adding to the obtained stresses and displacements the solution for 
the case of a rod with a free lateral surface acted upon by moments M’ 
applied to the end sections, we can obtain the solution for a rod with 
both ends fixed; the unknown moment reaction M’ is then to be determined 
from the constraint conditions of the end z = 0. 


Entirely analogous is the procedure of solution for the torsion prob- 
lem of a rod of cylindrical anisotropy, with an axis of anisotropy 
parallel to the generators and a plane of elastic symmetry normal to that 
axis. In this case we have to start from the fundamental system of equa- 
tions in cylindrical coordinates analogous to (1.2) 


03, 1 Or 


or rp OH 


The axis of anisotropy is used here as the z-axis. The order of the steps 
for determination of the unknown functions and constants remains the same 
as in the case of rectilinear anisotropy; it leads to equations of the 
second and fourth order for the stress functions ¥,_,, F,, similar to 
the equations of the theory of torsion and plane strain (see [11, pp.179, 
182, 201 ]), which must be solved consecutively. 
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3. Torsion of a rod of elliptical cross-section. The treat- 
ment of actual problems may be simplified by use of complex representa- 
tion of stress functions, stresses and displacements by means of func- 
tions ®5,(2;) of the complex variables z, = x + p-y (j = 1, 2, 3; Reo, 
n- 2, ..., 0 or 1), as in the theory of torsion, and of the plane prob- 
lem ({11, pp. 112,150 ]). The problem is then reduced to the determina- 
tion of the functions ®;,(z;) in the region of the cross-section (the 
total number of the functions is 1/2(3n+ 6) if n is even and 1/2(3n+5) 
if n is odd); these functions must fulfil known boundary conditions along 
the contour, and the number of these conditions secures correctness in 
the statement of the problem and the uniqueness of its solution. 


If the rod has the shape of an elliptical cylinder (Fig. 1) and the 
loading is uniformly distributed along the contour of each cross-section 
so that 


(3.1) 


where t, = const, then the solution of the problem is elementary for any 
degree n in terms of integer polynomials. The functions ¥,_,, F, become 
integer polynomials of degree n + 4-— k; the coefficients of the poly- 
nomials are determined by Equations (2.3), the boundary conditions and 
the conditions (2.5. k-—1) of the cross-sections. We give here the ex- 
pressions for the constants and the coefficients of the first terms in 
the expressions for the stresses and the displacement w of an orthotropic 
rod (a), = 4, = a3, = a,, = 0), one end of which is built-in: 


2) (n+ 1) (444+ Anj2= =U (3.2) 


11" 


(3.3) 


(3.4) 
n 
= 


[(@i3-+ 455) C7 — ZY, ( — zy 


(3.5) 


1" 


In these formulas a and 6 denote the semi-axes of the ellipse and 
c = a/b. 


In the particular case of a uniformly loaded rod we obtain the known 
result [10 ] 


z\n" 
t tn(+) || 
0,1.= 
ts — * 
(n - : (n + 1) in" a* 
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2to ‘ - 
52= Fas + 55) (3.7) 


The stress components, with the exception 
of o,, are in this case independent of the 
elastic constants; in other words, they are, 

Fig. 2. respectively, identical to the corresponding 
components for the isotropic rod. 


4. Torsion of a hollow cylinder by symmetrically distri- 
buted loads. Consider a hollow circular cylinder (tube) characterized 
by cylindrical anisotropy with an axis z of anisotropy coinciding with 
the axis of the cylinder. Assume that one of its ends is fixed and the 
other is free, while twisting tangential forces are applied to the 
cylindrical surfaces (Fig. 2), these loads being proportional to a 
certain power of z and uniformly distributed along the contour of every 
cross section, so that 


n 


z\" t 
ta= tna(7) ty = tn» 


are constant (4.1) 
coefficients) 


This problem is easily solved if there is one plane of elastic sym- 
metry at each point — normal or radial; however, in order to avoid simple 
but cumbersome computations we shall concentrate on the case of an ortho- 
tropic cylinder (a,, = aj, = a3, = a,, = 0 in Equations (2.14)). 


We introduce the following notations: a, 6 are inner and outer radii 
of the cross-section, respectively, c = a/b, 1 is the length of the rod, 
Gp, = 1/a,, is the shear modulus corresponding to changes of angles be- 
tween direction @ and the axial direction, i.e. for planes parallel to 
the axis and normal to a radius of a cross-section,G, = l/a,, is the 
shear modulus corresponding to changes of angles between the directions 
r and @ in the planes of the cross-sections 


’ 
Gy / Gro 


In the case under consideration we may put 


= 
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The fundamental system (2.14) assumes the form 


In these systems of equations u, v, w are the projections of the displace- 
ment on the directions r, 0, z, respectively. 


We seek the displacement v and the stresses in the form of sums 


ot 2" + +... (4.4) 


’ n 
Tre 2" Tre + 2 (4.9) 


The last tome in the sums will be vp, r 9 arb, in the case of n even 
and zu), @ oa, 3, in the case of n odd. The coefficients of z™ are func- 
tions of r only. 


Substituting these expressions into Equations (4.3) we obtain 
ol. 25 = Daniel (4.6. n +2) 


961 
== (n + 2) (4.6. n 44) 


dr, m= Our - (4.6. k) 


-2,...,0 OF 4) 
. 
Vv; (t= nm, an—2,..., 3 (4.6. k —2} 


The conditions for the outer and inner surfaces of the cylinder are 


tre =tw/l, tre = 0 when r= 6 (4.7) 


: Tro. =Q when r=a 


The conditions for the plane end faces (and for any cross-section) 


lead to the relations 

b 

\ r°dr —— rdr=0 (4.8) 


Knowing the type of the function roe we find from Equations (4.6.k) 
-3 
consecutively the functions r 9”, v,, ro, 
and so forth. The determination of the unknown constants #, and B, takes 


place with the aid of the conditions (2.7) which permit all constants 
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except one to be found, namely 3, for n even or *, for n odd; the former, 
expressing a "rigid" displacement (rotation), will be found from the con- 
dition for the fixed end, the latter from the second condition (4.8) for 
T 9 °(k = 1). In the case of n odd it will be necessary for the sake of 
definiteness, to add v’ = U,’r to the displacement; the constant 3,’ will 
be determined from the condition for the fixed end. The simple structure 
of Equations (4.6.k) permits the construction of general expressions for 
displacement and stresses corresponding to an arbitrary n. In the case 
of a tube these expressions become quite cumbersome; we give here only 
the first two or three terms of the sums: 


n-+- 2) (n+ 1) 


an 
2r 

n(n (n + 2)(n+ 1) n(n —1) , 


n(n—1)B, g* 
rier 


a9 4 


Tre =Gu}| et ) (a + } — 


, (n+ 2)(n 


6. 4.2 


In the case of a solid rod of circular cross-section (a = 0) displace- 
ment and stresses can be represented for an arbitrary integer n by the 


expressions 
| 
( 1)" | } Pink n+ 2M—2k r2m +1 2h 
k+1 


r 
> 2k) | (4.10) 


2m +1] _n—2h--1! 
Zz 


n¢ 2.” 
Pio® n t 
k+1 


m=1 


where 
n 2m — 2k) (n 4- 2m — 2k —1) ---(n +1 
Pmk = - (m + 1)! m! 


== 4, 2,3,..:; 2,8 
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The upper limits of summation in the first two sums of Formulas (4.10) 
are 1/2n in the case of even n and 1/2(n — 1) in the case of odd n. 


If the free end of the hollow or solid cylinder is acted upon by a 
twisting moment M’, then to the displacements and stresses (4.9) or 
(4.10) one must add 

2M’ 


rz + dr, 
(b* — a4) 


2M" 
’ 


tro’ (4.12) 


respectively. If the rod is fixed at both ends, then the unknown moment 
reaction M’ and the rotation + %,' (or *,’) are to be determined from 
the conditions at the end faces. If we assume that the outer contours of 
the plane end faces are fixed, then the conditions mentioned are 


v(b, 0) = v(b, =0 (4.13) 


5. Particular cases of distribution of torsional loading. Let us con- 
sider in greater detail the case, discussed in Section 4, when the inner 
surface of the hollow cylinder is not subjected to loads, while the load- 
ing, applied to the outer surface, is distributed according to the quad- 

ol. 25 ratic law 
t= te +) (5.1) 
where Go,» 2), G, are given dimensionless coefficients. This loading re- 
duces to a twisting moment 


3M 
= | xtyb? Se — (5.2) 


We give in the following the formulas for displacements and stresses 
obtained on the basis of (4.9). 


Case 1. One end fixed, the other free. 


tyb? { 2a, 7 
v= G,, — a) + (B — 2%) + 
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2? 2a 23 
2 w) r+ 
b* + a*b? + 4a 2aez 
tb? 22 a‘ 


ah? (3a? — b?) 


| a%? + 4a*) 4+ ———,———. — + a) (r* + 


+8 + at) 
The twist angle in any cross-section is a variable quantity depending 
on r and z; we shall call the twist angle for a given cross-section the 
angle by which the outer contour of the section rotates: 
v (b, 2) 
In the case under consideration we obtain the maximum twist angle at 
the free end: 


MI 6a, + 2a; + + Ge (+-) | 
Pmax ~ nG,,b* (1 —c4) Gay + 3a, + 2a, 2 69 + a2 (5.6) 


where 1961 


(1 + 3c?) (1 — c?)? 


The maximum stress appears at the outer surface of the fixed end: 


+y | (5.8) 
Tmax = | ~ (1—e4) + 3a, + 2a, \ 


The complete twist angle and the maximum stress in a rod with its 
cylindrical surface free, but twisted by moments of the same amount M 
applied at its ends are, as is well-known, respectively equal to 


2MI1 2M 
(1 — 4) tu (1 — e4) (5.9) 


These formulas permit comparison of distributed and concentrated twist- 
ing loads with each other and an estimate of the changes in _ and eo 
which take place if the moments, acting at the ends, are replaced by dis- 
tributed loading. 


Case 2. Both ends fixed. 
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a® (b* +- + 4a*) + (b? + 3a*) — a*)* 
— + a?) |rt+ 
+ | 2 (U4 + + ha’) (7° — br) + 


b2 \ b } 
(> —r) — + a?) (br + + In — if (5.10) 


The stress T .6 is again determined by Formula (5.4) given above, while 
oe, is to be obtained by differentiation of v (4.3). 


If a rod with fixed ends is acted upon by a concentrated torque 
applied to it at its center cross-section, then the maximum twist angle 
(at the central cross-section) and the maximum stress are 


Ml M 544 
= 0 (1 tu = (9-83) 


(as in the case of a rod of length 1/2 Il twisted by a torque of magni- 
tude 1/2 M). 


Here are a few particular cases. 


1. Rod with one end fixed, acted upon by loads uniformly distributed 
over its length (Fig. 3) 


a = i, de = as = 0, = (5.12) 
The same results are obtained for rods with both ends fixed. 
2. Rod with one end fixed, loaded linearly along its length (Pig. 4). 


If the fixed end is z= l, then ay = 4,= 0, a,= 1 


If the fixed end is z = 0, while the other end is free (Pig. 4), then, 
of course, both the twist angle and the stress are larger than in the 
case of the end z = l being fixed, and we find 
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= |14 T) | Tmax = + Ty (9-14) 


Pmax 


In the case of a long thin rod the ratio 6/l is a small quantity, and 
if the ratio g of the shear moduli is small or comparable with unity, the 


second terms in Formulas (5.13) and (5.14) can be neglected, and we then 


find 


1 
Tmax tu and Pinax 39y OF Pmax = Pm 


3. Rod with both ends fixed, carrying loads distributed according to 
the parabolic law (Pig. 5). 
At, 


t= (lz — 27) 
Here we have a,= 0, a@,=-@,= 
5 
\2 ] 


Pig. 5. 196] 


In the case of a solid cylinder we have to use the same formulas after 
having substituted into them c= 0, f= 1. 


Take as a further example the case of a solid cylinder with one end 
fixed and carrying the load 


t (5.47 


Using the general expressions (4.10), (4.11) with n = 6 we determine 
from the boundary conditions consecutively the constants and 
from the constraint condition the constant %, . The ultimate result is of 


the form te {r 
5 g \2 2 g\3 
+ 3 [(5b4r — 12b?r ur) + + > [(26b%r — 75b*r® -- 
4. 60b2r5 — 15r?) 22 + 4b7/7] 4+ | (-£) (— 52b%r? + 50b*r® — 20b?r? 4- + 1909} 
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All given formulas become formulas for an isotropic rod if we sub- 
stitute Gy, = G, g= 1. 
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The equations of the theory of thin elastic shells possess a character- 
istic symmetry which has enabled an intrinsic analogy to be established 
between the elastic constants and the static and geometric elements 
which appear in the formulation of the theory. This is the so-called 
static-geometric analogy which was formulated by Goldenveizer for iso- 
tropic shells [1]. The present authors later generalized the static- 
geometric analogy to cover the cases of orthotropic [2] and anisotropic 
shells [3 ]. 


The static-geometric analogy enables us to write down the equations 
of the theory of shells in complex form. The results obtained by 
Novozhilov in this field are well known [4 ]. 


In the case of cylindrical isotropic shells of arbitrary section, 
Novozhilov reduced the set of equations of the theory of shells to a 
single equation [4 ]. 


An analogous result was obtained for a thin spherical shell [5] by 
Goldenveizer, who derived a set of equations in complex displacements 
for an isotropic shell. 


In [7] the static-geometric analogy is used to reduce the general 
equations for thin isotropic shells to a single complex equation of the 
fourth order. 


With the aim of applying these methods to the case of orthotropic 
shells, the authors found that the factor 
V ELE, 
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enables the sets of equations of equilibrium and continuity to be com- 
bined to form a single complex set, and Hooke’s equations to be reduced 
to a set of three linear non-differential equations in complex forces 


[8]. 


Tt is well known that the static-geometric analogy enables each rela- 
tion found to be duplicated. These results then suggest the formulation 
of a single theory of thin shells in the complex domain which would re- 
duce the number of unknowns and the order of the equations by half. 


1. Quasi-invariants. The static-geometric analogy shows that the 
forces, moments, stress functions, displacements and strain components 
which appear in the homogeneous equations of the theory of thin shells 
can be divided into two groups (see appendix): so that each element of 
the first group containing forces, moments and stress functions corre- 
sponds to an element of the second group containing displacements and 
strains. 


A fraction comprising analogous elements, in which the numerator be- 
longs to the first group and the denominator to the second, has the di- 
mensions of a force. 


An expression relating the elements of one group only, will be con- 
sidered as belonging to this group, so that the equilibrium equation in 
terms of forces, for example, might refer to the first group, and the 
equation of continuity of deformation in terms of strains to the second, 
etc. There are, in addition, equations which do not belong to the first 
or the second group. Hooke’s law, for example, would come within this 
category. 


Let us suppose that e is an element occurring in the first group (a 
force, a stress function or any homogeneous relation between the ele- 
ments of the first group), and that e* is its corresponding element in 
the second group. 


We shall define a complex element as an element of the form 


S,=e+ it (ee (1.4) 


In the static-geometric analogy a quantity which corresponds to it- 


self can be called an invariant. For example, 1/3 h2(1 - p*) is an in- 
variant. The concept of an invariant imposes considerable restrictions, 
and having in mind the investigation of a set of homogeneous equations 
of the theory of shells we shall introduce the following more general 
concept. 


We shall define a quasi-invariant as a complex element of the form 
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(1.1) which in the static-geometric analogy corresponds to the same ele- 
ment multiplied by a constant coefficient. We shall find the condition 
for which the complex element S, is a quasi-invariant. 


Let us suppose that in the static-geometric analogy &*(e) is a quantity 
corresponding to €(e), and S,* is a quantity corresponding to S,. For 
(1.1), applying the static-geometric analogy, we obtain 


S, =e + it (ee (1.2) 


The condition of quasi-invariance for the element S, can be written 
as 


S,= KS, (1.3) 
or alternatively 
e+ it(e)e = K [e + i€ (e)e} 


From this, after identifying the coefficients of the elements e and 
ol. 25 e*, we have 


1961 1=Kit'(e), it()=K (1.4) 
and consequently, eliminating K, we obtain 
1 

(1.5) 


Since the complex element S, must be homogeneous dimensionally, 
according to the remarks made at the beginning of the present section, 
it follows that &(e) has the dimensions of a force. Thus 


(1.6) 


A more general expression for é(e), composed of all the constants 
appearing in the static-geometric analogy [3], is of the form 


(e) (42)" ( Ag (2 Aj3 y (2 Ags (2 Ag, (2 


Azz Ay Ax, Ag: Ag Ag 


Expressions (1.5), (1.6) and (1.7) show that a further requirement 
must be satisfied, that €(e) is independent of the chosen element e. In 
this case it is necessary that 
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From this 
Ao* As } 


= (F,F,)™ Dz)? (4 (4 An As (44 


ay" / ay," / / ay) 


In future we shall write & for &(e). 
We shall apply condition (1.6); noting that 


(LF ] is the dimension 
= = (22) = of a force, [L] of a 
length) 


and that the remaining parentheses in Expressions (1.8) are dimension- 
less quantities, we have 


m 


the other indices remaining indeterminate for the time being. 


If we apply condition (1.5), on the basis of the relations derived in 
[3], we have 


so that 


It will be noted that gq, r, s, t remain arbitrary. 


Note. If the coefficient € is determined such that 


is a quaSi-invariant, then 


iEAe 


is also a quasi-invariant if A is dimensionless, and it satisfies in the 
static-geometric analogy the condition 


96 

196 

x 


1961 


Static-geometric analogy for thin elastic shells 


(1.10) 


The proof of this is obvious. 


In this connection we can discard in Expression (1.9) the indeter- 
minate factors, which, as can easily be shown, satisfy condition (1.10). 
Consequently, we can take 


(fre (1.41) 


Making use of the notation described in the appendix, we have for the 
general case 
= 2h (1.12) 
or, if we make use of the engineering constants, 
(1 — n,v,) (1 — 


1 | 


| 
n. | 


(1.14) 


In particular, we have from this that for isotropic and orthotropic 
shells, respectively, 


2h? 


2. Formulation of the equations of the theory of thin 
elastic homogeneous shells in complex quantities. It follows 
from the above that groups of relations which correspond to each other 
in the static-geometric analogy can be combined to form quasi-invariant 
complex systems, the new functions introduced being quasi-invariants. 


For example, the sets of equations of equilibrium in terms of forces 
and the equations of continuity of strain can be combined in this way to 
form a single set, and the new unknowns are complex quantities. Thus* 


* For simplicity, an orthogonal system of coordinates has been used, but 
the results remain valid in any other system. 
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52 


+ (BM,) + (AM) + ABZ = 0 


0A OB 
+ Gi — (AG) — 5-H + ABN, = 0 


OA aB 
(BG1) — + — — ABN, = 


S, + 4 Ry + Ry =0 


T, = + = S, + Ni = Ni — 
T, = T, + = + ifr), Nz = + (2.2) 
+ = H, — iE@) 


G, = G, + ife,, H, = H,— 


It should be noted that to the set (2.1) must be added a further 
equation 


H,+ H,=0 (2.3) 


The set of equations (2.1) is analogous in form to the set of equi- 
librium equations in the isotropic case. 


The relations between the forces and stress functions on the one hand, 
and those between strains and displacements on the other, can also be 
combined to form a single set of relations between the complex forces and 
complex stress functions in the following manner: 


Oa! Ry’ Rx) Rie \B 08 
b a 1 1 de a b 


R,’ 
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1 On 1 
1 dn 1 { 
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1 da i oB 
BOB” AB da 
1 0b 

A Oa 


H,= 


H;=— 


a=a- itu, =b+itv, e=c+ itw 


and m is denoted as 


(Aa) — (Bo) | 


The functions @, 6, ¢ satisfy the condition of the homogeneous complex 
system (2.1), which is the reason why they are called complex stress 
functions. In view of (2.6) the complementary equation (2.3) is satis- 
fied identically. 


We shall consider now the case of equations containing heterogeneous 
quantities. 


Two analogous equations can be combined to form a quasi-invariant 
complex in the form of a single equation expressed in quasi-invariant 


unknowns. 


Suppose that 
5 (ej) + 2 (ex’) = 0 (2.7) 


is some homogeneous expression in which L, and M, are linear operators 
not containing the geometric or elastic constants which appear in the 
static-geometric analogy (they may contain coefficients of the first or 
second quadratic form of a surface), and e,; and e,* are the elements of 
the first and second groups, respectively, multiplied, perhaps, by 
dimensionless constants. 


On the basis of the static-geometric analogy there exists a homo- 
geneous relation duplicating Expression (2.7): 


XL; (e;7) + My (ex) = 0 (2.8) 


where f,* is a quantity analogous to f,. Multiplying Equations (2.8) by 
i€ and adding the result to Equation (2.7), we obtain 


ZL; + + Mx + = 0 
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\ 


It is apparent that the quantities e; + ige,* are quasi-invariants 


and, in accordance with previous notation, we can write S; =e; + ige;* 


We shall show first of all that 
@ 
Ef, 


are quasi-invariants. To do so, we note that 
Sy | 
| | 
and consequent ly 
(2.10) 
Here A, is a dimensionless constant satisfying the conditions of the 
note in Section 1. Thus 


CK 


are quasi-invariants. In accordance with the previous notations we have 


ex + = *[(1+ hg) + (1 — Ax) Sy] 


Consequently, Equation (2.9) can be written in the final form 
DL; (Sj) + My (1 + Se + (1 — Ay) S,] =0 (2.14) 


where A, is given by (2.10). 


Example. For a shallow shell referred to the lines of curvature (a,B) 
we obtain a first equation in the form 
1 #e 1 &c 2Eh* 
Ry +R, “OB? — — py =9 
in which c is the third stress function and w is the displacement normal 
to the middle surface. This equation can be represented in the form 


L (ec) + {M (w) = 0 


1 i 


+R, M= AA, 
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By the static-geometric analogy f* = 1/2 Eh and, consequently, from 
(2.10) we have 


3 (1 2Bh | ~ 


Thus, from (2.10), we find that 


ih 


since c+ + w, because 


0 
R, * R, OB + OO° 


3. Complementary equations in the theory of thin aniso- 
tropic shells. The result of the previous section enables us to write 
down Hooke’s equation in the form of three non-differential linear equa- 
tions, relating the complex moments G,, Gy, Hy and the complex forces 
T,, T, and S,. We shall call these the complementary equations. 


We shall make use of the relations 


Employing the method given above, we can now write down the complement- 
ary equations in the form 


{gy [(1 + Ay) + (1 — Ay) + [(1 + Te + (1 — 4 
[(1 + As) Sy + (1 — As) 
Flan |(4+ + + (3.1) 
“+ Aq) + (1 — Aq) To) + ais ((1 + + (1 hs) Sil} 


[(1 + A6) 7, (1 he) Ws] + Te (I Az) + 
[(1 Ag) S; (1 — Ag) Si 


4a 11429 2 Ay Ax 
: 22 441429 2 Ags 441422 
2 32 4); 42 4Asa V 
. he 22 
’ a33 Ay Aw 
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4 Thus, the sets of equations (2.1), (2.4) and (3.1) combine all the 
’ basic equations of the theory of thin homogeneous sheils. 
q Appendix. Using the notation given in [1], we can write down the ex- 
pressions for Hooke’s law [3]: 
shear forces 
Aj. P 
T; 2hAze ( Ags Aes ) 
Ag A 
= 2hAg (- + &2 + 
Aa Ag 
moments 
2h* Aj, Ais ) Ajs3 
2 
Ge wl i. Ke + 24") 
A; A32 Ags 
Vol. 2 
i In terms of the strain components, Hooke’s law can be written in the 196) 
form 
431 / a22 Qo3 
2h (= i+ a 2+ ay 51) 
3 433 3 a2) a22 23 
3 a3) a32 433 
q Hooke’s law expresses the fact that there is a plane of elastic sym- 
4 metry, tangential at every point in a three-dimensional medium occupied 


by the shell, to a surface equidistant from the middle surface {[3,9,10]. 


The elastic constants Ajj and the strain coefficients aij are given 
9 by the formulas 


4 Na 
a “a ‘a 
i4-j 42 443 | 
= 
A ( 1 ) a;; I | Ue Ng 
f f 
Va Vp 
a31 = » 433 G 
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where (- a, is an algebraic complement of the element @ij° 


The physical meaning of these constants {9 ] is obvious. 


The relations of the static-geometric analogy for the anisotropic case 
are [3 ] 


F, = 2hAy, Dy = 


a 
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In a paper by Korenev [1] the problem of the indentation of a general- 
type elastic foundation by a circular planar stamp was reduced to a pair 
of integral equations for a certain auxiliary function. 


In the case of the contact stress this problem is directly reduced in 
the present paper to a Fredholm integral equation of the first kind. 
Further, for certain types of elastic foundations, in particular a homo- 
geneous elastic half-space, this integral equation is simply transformed 
into a Wiener-Hopf equation which admits an exact solution. 


It is shown that in certain cases the method presented allows one to 
obtain an exact solution of the axisymmetric contact problem, with the 
surface structure of the contacting bodies taken into account {2}. 


l. The results which are obtained here are based on a formula which 
allows one to compute the settlement w(r) of the surface points of an 
elastic foundation which is subjected to a vertical line load distributed 
over the circumference of a circle. It is not difficult to derive this 
formula for a foundation of a very general type. One needs only to inte- 
grate the relation 


co 


wy (r) = (rt) at (1.4) 


Here J 


(x) is a Bessel function of the first kind, w)(r) is the 
settlement of a surface point of the foundation located at a distance 
r= y (x? + y*) from the point of application of a unit load. 


One is easily convinced, for example, that for a homogeneous elastic 
half-space 
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(t) = (1 — pg?) 


For a half-space with a modulus of elasticity which varies according 
to a power law E = Ez” 


v 


—vi2) 


A table for the coefficient a, has been compiled by Klein [3]. It 
can be verified further that the relation (1.1) is also valid for an 
elastic layer (0 < z <h). Likewise, it is valid for a half-space with a 
modulus of elasticity which varies according to the law [4 ] 


= E,exp (72) 


If the foundation is subjected to the load p(x, y) then the settle- 
ment is determined by the formula 


co co 


w(r, y) = \fo (t) dt \\.V@ — §)?+(y—n)*) (1.3) 


0 —oo 


A load of unit magnitude, distributed over the circumference of a 
circle of radius p, can be represented in the form 


P(x, y) = 5(r—p) = (V + y* — p) (1.4) 
where 5(x) is the delta function. 


We shall denote by w(r, p) the settlement of the foundation under the 
load (1.4). 


Substituting from (1.4) into (1.3), making the change of variables 
r=rcosg, y=rsing, —=pcos#, n=psind 


and using the well-known properties of the delta function, we obtain 


co Qn 


w(r, p) (t) dt \ J, — 2pr cos (p+ 0) + p*) dd 


0 0 


Finally, expanding the integrand in the second integral into a series 


of Besse] functions and carrying out the integration, we find 
co 


w(r, p) = 2ap | fy (t) Jy (rt) J, (pt) dt (1.5) 


Q 
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For the case of a homogeneous elastic half-space this formula coin- 
cides with the formula deduced by Egorov by other means. 


The formula obtained permits one to reduce the axisymmetric contact 
problem, both in the case of the circle and of the ring, to the follow- 
ing integral equation (tangential interaction along the contact surface 
is not taken into account): 

a 


| p(p)dp =w(r) <a) (1.6) 


a ‘ 


In the case of a circular contact region (a) = 0), and for certain 
types of elastic foundations, a straightforward transformation takes 
Equation (1.6) into a Wiener-Hopf equation for which it is not difficult 
to find an exact solution. 


However, it seems to us that in the case of an approximate solution 
it is also advantageous to be able to reduce the problem of finding the 
contact stresses directly to an equation of the form (1.6). We also note 
that the relation (1.6) obtained above is convenient for the calculation 
of the settlement under a planar circular or annular flexible foundation. 


2. We shall show that the contact problem for a circular region in 
the case of homogeneous half-space or a half-space which satisfies (1.2) 
can be reduced to the solution of a Wiener-Hopf integral equation. In 
doing this we shall pose the problem in a somewhat wider sense than in 
the preceding section. 


We consider two contacting elastic bodies with different elastic pro- 
perties and close to half-spaces in shape. Then, following Shtaerman 
[2, p. 175 ], we may write 


= w,(r) + 2,(7)+22(r) — w,(r) (2.1) 


where a is the approach of the elastic bodies upon compression, z = z,(r) 
and z = z,(r) are the equations of the surfaces which bound the compress- 
ed bodies (the first body is defined as the body into whose interior 
passes the positive z-semiaxis), w,(r) and w,(r) are the vertical elastic 
displacements of the points of contact. As usual, we shall make the 
approximation that the displacements w, and w, are the same as if the 
pressure induced over the surface of contact were acting on upper and 
lower elastic half-spaces with the same elastic properties as those of 
the compressed bodies. 


Then, assuming perfectly smooth bodies, we may use Formula (1.5) for 
the calculation of w, and w,. For an elastic foundation of type (1.2) a 
suitable representation is of the form 


co 


ky (z) = (s) J, (sz) ds 


In the case of a homogeneous elastic half-space one should place into 
Formula (2.2) 


i= 0, = He) (2.3) 


Retaining the previous notation p(r) for the contact stress, one may, 
in view of (2.2), write 


= dp 


Substituting this expression for w, and w, into (2.1) we arrive at Vol. 2 
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a 

\ (r/p)p—*p(p) dp = f(r), 


0 


— 21 


(r) Cy + 
As a result of the change of variables 


r=ae*, p=ae*, = ae—*p(ae) (2.6) 


the integral equation (2.4) passes into a Wiener-Hopf integral equation 
of the first kind: 


(2.7) 


0 


In the case at hand 


= (e-*), g(t) = e~**a"f (ae—*) (2.8) 


The solution of Equation (2.7) is easily constructed by a method which 
has already been applied by us [6,7 ] and which was presented at the All- 
Union Congress of Theoretical and Applied Mechanics. 
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In this method it is first necessary to find a solution of the equa- 
tion with a special right-hand side 
dE =e, >0 (2.9) 
0 
and then, expressing g(x) as a generalized Fourier integral [8, p. ll ] 
g (2) = \G(w) dw, G (w) = \g (2) ede (2.10) 


0 


one may obtain the solution of Equation (2.7) in the form 
= \ GC) (x) (2.11) 


However, the solution of the key equation (2.9) is given by the 
formu la 


2x 


In this case the functions ¥,(w) should be regular and different from 
zero in the upper and lower half-planes, respectively, (excluding the 
point at infinity) and should satisfy the relation 


'L(u) = \ d(t)e™dt| =p, (u)p_(u) (— 00 < u < 00) (2.13) 


—oo 


At infinity the functions ¥,(w) should behave in the following manner: 
(w)=O(ur), Imw20, pol (2.14) 


The contour of integration is understood to be a line («,- «) 
parallel to the real axis in the lower half-plane and located a suffi- 
ciently small distance away from it; more exactly, such that all singular 
points of the integrand lie below the ingration contour. 


The problem of finding the functions corresponding to the given func- 
tion carries the name of the factorization problem, and has a solution 
for a sufficiently wide class of functions which are continuous over the 
entire interval (w,- «)[9]. 


By direct substitution (compare [6,10 ]) it can be verified that the 
function (2.12) satisfies the equation (see also [9, p. 109 ]). 


3. In the case at hand, the Fourier transform of the kernel of the 
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integral equation (2.7) can be computed in finite form 


r C/ev — 1/giu) + 
L(w) = — 3.4 
(u) 2—T (1 + I (*/2 1/giu) ) 


Here it is necessary to use a well-known formula [11], p. 259 ] twice: 


co 
( Jp (ax) dx + 2/9) 


(3.2) 


In view of the analytic properties of the gamma function of Euler 
[12 ] we readily find that in the present case 


2!—"T (1 + — 
Using the well-known asymptotic representation of ['(z) at infinity 
[12 ] it may be verified that conditions (2.14) are satisfied. 


Hence, the function y, (z) is found. Substituting it into Formula 
(2.11) we obtain the solution of the contact-problem integral equation 
for the case of a general right-hand side. By means of a number of trans- 
formations this solution may be brought into the form of one of the known 
solutions [1,13 ]. 


At the end of the paper a simpler form will be found for the solution 
of the problem at hand with an arbitrary right-hand side. However, having 
only the solution Xz (x) for a special right-hand side, one can examine 
the majority of cases of practical interest in a contact problem. 


We shall denote the right-hand side of Equation (2.7) corresponding 
to this solution by fr(r). Thereby, on the basis of (2.8), we have the 
equation 


fe(r) = (3.4) 


We denote the contact stress in this case by p,(r). It will be asso- 
ciated with the solution of Equation (2.9) by the relation 


(x) = ae~*p, (ae~*), ac* (3.5) 


By the proposed method the solution of the contact problem permits 
one to find the magnitude of the force P compressing the bodies without 
first determining the contact stresses and integrating them over the 
interval (0, a). 


Although this is true in the general case we shall restrict ourselves 
in the proof to the case (3.4) for which 
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= 2x (r) dr (3.6) 


The generalized Fourier transformation of the function x, (x) [8 ] 


(u) = \ (x) de 


will have on the basis of (2.12) the form 


(—t 
=i (4) (—9 (3.7) 


The compressive force P, is very simply expressed in terms of this 
function 


P, = 2naX;, (i) (3.8) 


In order to verify this it is necessary to consider the relationship 


aX, (u = al xc(2) ef (urt)x dy 

0 
substitute therein (3.5) and make an obvious change of the variable of 
integration; as a result one obtains 

(u +i) = rp. (a/r)™ dr 
Thus, taking (3.6) into account, (3.8) follows also. In view of (3.7) 

and (3.8) we find 


P, = 9 


In order to obtain a formula for oll which will be convenient in 


the sequel we transform the right-hand side of (2.12). With this goal in 
mind and taking into account (3.3) we represent it in the form 


te (2) = p_(— 2) 1S; (2) + (2)) (3.10) 
where 


(3.11) 


(3.12) 


ill 
a 
0 


Here we have used the identity 


u+iv (v — iu) (u + 


> 


and the well-known relation for the gamma function [12 ] 
r(i + z) = 2 (z) 


The integral (3.11) is the sum of residues 
(—1)"e— 


S, (2) 
On the basis of the well-known relation 
(z) (1 — = acosecz 
the following equality holds: 


al + —n) = (— 1) 


‘sin ("/2 — "/av) — "/av + 


Taking into account the latter, as well as the series representation Vol. 2 
for the hypergeometric function [12 ], one may write 196] 


S, (x) = sin (*/, — */2v) aT (*/2 — */2¥) ("/2 — "/av, B, B, 


whence [12, p. 329 ] 


S, (x) = sin — al 


— e-* (1 (3.16) 


/ 


If one uses the indentity 
1 
(u - —i\ 


then, after a change in the order of integration, Expression (3.12) takes 
on the form 
S,(z) = (v- it)\n dn \ + — ( ) idu 
Y 
Making the change of variables — iu = s in the inner integral and 
using the relation [14, p. 88 | 
€+i00 
2ni r(a+B+s/2)° 0 (a > 1) 


we find 
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1 
+ av) \n (1— FF) (3.17) 


(xz) = 


By virtue of (3.5), (3.10), (3.16) and (3.17) we obtain the contact 
stress p,(r) 


4. In order to encompass most of the examples of axisymmetric contact 
problems for the case of a homogeneous body which are considered by 
Shtaerman in his monograph, it is sufficient to restrict ourselves to 
the case 


2, (7) + = Ar? 


where o is an arbitrary positive number. In this case 
f(r) = (¢1 + — 


961 and, therefore, on the basis of (3.4) 


Aa*t* 


T(r) = lhe =iv — le jv+ ic 


and hence 


[Pr (r), nin aon [Pr (7), Pr miv+io (4.1) 


a” 
C1 


p(r), P= 


From this, using the obtained formulas (3.18) and (3.19), we find 


a r (4 + 1/43) a® 2 

a 


(4,2) 
4 AT (1 + 3/2) a? ] 


ey + ee + + Mov + 1/95) 


From the condition that the contact stress is finite at r = a we find 


A + + (4.4) 


+ + 1/93) 


Substituting (4.4) into (4.3) we find the radius of the area of con- 
tact 


113 
Pe (r) = [a (a? — (y dt] (3.18) 
ol. 25 


114 G.Ia. Popov 


gitvts v(i+v+ 


3) 


By virtue of (4.5) and (4.2) the formula for the contact stress in 
this case may be transformed into the form 


1 
2 


2na* 


r/a 


We consider now separate particular cases. We arrive at the case of 
the indentation of a stamp with a plane base if we substitute into the 

above formulas A = 0, o = 0, c, = 0, c, = c. Thereby, Formula (4.2) goes 
over into the formula obtained by Mossakovskii [13 ], and Formula (4.6) 
takes on the form 


For v = 0 we obtain the Boussinesq formula. 


Further, we examine the indentation of a cone into an elastic body 
which is close to a half-space. If the generators of the cone form the 
angle y with the axis of symmetry z, then [2, p. 43 ] 


2, (r) + 


(r) =rcot 7 


Hence, setting o = 1, A= cot y, in Formulas (4.4) to (4.6) we find 


1 .. 


2 
p(r) P(i-+ v) | v) \ (12 - r dt 


a* 


rja 
_Va I 2+ a? + ¢2) (1 Vv) (2 Vv) r 
"2 tany sev) 91 


« cot 7% 


(‘/o+"/av)P (1+ 


We note that in contrast to the case of a homogeneous body (vy = 0) the 
contact stress in this case does not have a singularity at the origin. 


As in the case of homogeneous bodies for z,(r) + z,(r) = Ar?” i.e. 
for o = 2n, the contact stress here can also be expressed in terms of 
elementary functions. Indeed, proceeding in the present case as in [2 ], 
we obtain 


(r) (1 + +v-+ 2n) PT 2n 2 (Z 
P 2na* Lv+2n—i1 ' (v + 2n —1)(v- 2a 5) 


(2n — 2) (2n — 4)... 6-4-2 fp p2 \ ‘et 
+ 2n —1) (w+ 2a 3)... \a) 


Formulas (4.4) and (4.5) correspondingly take on the forms 
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P (4 vit+v+2 


q?"+1 


We shall give now another formula, different from (2.11), for the 
solution of the axisymmetrical contact-problem integral equation. In 
this we start with the following result of Krein. He has shown [15 ] 
that the solution of the integral equation of the type 


8) <a) (4.7) 


0 
is given by the formla 


fd 
(7) = (s; a) (s)ds| a) — 
0 
u) du Pars (s; u) f(s) ds du 
where q(r; a) is the solution of the integral equation (4.7) with 
f(r) = 1, and q*(r; a) is the solution of the associated equation. In 


this case 
a 


M (a) = a) dr 


We apply Formula (4.8) to the solution of the integral equation 
(2.4)*. With this goal in mind we represent it in the following form: 


\ K (r, p) pp (p) dp = f(r) (4.9) 


K (r, p) = pk, (r/p) = \ Jy (sp) Jy (sr) ds 


The idea of applying Formula (4.8) to the elastic contact problem is 
due to Krein, who used it on the plane elastic contact problem in the 
case of a homogeneous half-plane. This material has not been published 
by him. 
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h.8) 
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where 


Taking as the unknown function 


(r) = rp(r) 


it is easy to verify that K(r, p) = K(p, r) and therefore 
g(r; a) = q(r; a). 


The solution g(r; z) of Equation (4.9) for f(r) = 1 is not difficult 
to find by the use of the results obtained above. Indeed, in view of 


(2.8), (3.5), (3.18) and (4.10), it can be seen that 


q(r; a) = a'r [p, (r)|-_,, = 2) + — (4AM) 
whence 


“a” rl 


M (a) = M’ (a) (4.12) 


’ 


In addition it is not hard to verify that 


1 


a 
d AN sf (s) ds a” (at) (A + vi?) 


Substituting (4.10), (4.11) and (4.12) into Formula (4.8) and taking 
into account (4.13), we find after some obvious transformations that 


(4.14 
2 (s) + sf” (s) . 


r 0 


a u 


« / 


a 


r= 10) +a} 


In conclusion, we show that the method which has been presented here 
allows one to construct the exact solution of the axisymmetric problem 


when the form of surfaces of the contacting bodies is taken into account. 


Indeed, if one assumes contact along a circle in this case, the integral 
equation (1.6) will have the form 


a 


kp(r) + \ w(r, p) p(p) dp = w(r) (0<r <a) (4.15) 


0 


If one restricts oneself to the homogeneous half-space and assumes 
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that a coefficient k, depending on the structure of the contacting sur- 
faces, has the form k = xr, k = const, then, as a result of the change 
of variables (2.6) and because of (2.2) and (2.3), Equation (4.15) may 
be transformed into the following Wiener-Hopf integral equation of the 
second kind: 

(2) + aE = < (4.16) 


where 


x(x) = ae~*p(ae~*), pg?) (KE), f (x) = 


As is well known, one can construct an exact solution of an integral 
equation of the type (4.16) [9], and hence one can obtain an exact solu- 
tion of the problem which has been formulated. 
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References [1,2] suggest a model for description of soil motions and 
similar media. For determination of detailed properties of such a model 
and development of qualitative properties of motions described by the 
model, it is necessary to consider simple formulations of problems which, 
while allowing a complete analysis under most general assumptions about 
the model characteristic functions, permit one to study the general 
qualitative properties of the motions for these simple formulations with- 
out concretely defining the functions considered. Among such functions 


is the function f from the relation p = fi(p, p.) describing volumetric 
deformation of the medium and the function F from the plasticity condi- 
tion Jy = F(p) characterizing shear deformation. 


This work carries out a general investigation of one such simply for- 
mulated problem, namely, the one-dimensional motion of a medium under 
slowly varying externally applied loadings when it is permissible to 
neglect accelerations in the equations of motion. Such motions are termed 
quasi-statical. The following qualitative properties of the problem have 
been established resulting from analysis of problem solution. First, con- 
sideration of the plane one-dimensional problem leads to the conclusion 
that with the increase of the axial compressive stress — oy after the 
elastic shear deformation is exceeded and further deformation is plastic, 
there will be an instant when in the presence of sufficiently large 
stresses the shear will again occur elastically. If in addition one makes 
a natural assumption that the shear elastic region F(p) remains bounded 
for p+ o (of the order of G, the shear modulus) then with the increase 
in compressive stresses there will occur (now under elastic shear condi- 
tions) a drawing together of the axial and lateral stresses o. and Fy: 
The state of stress will approach a state of hydrostatic compression. 

It is worth noting in this connection that such an effect, apparently, 
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actually takes place under the conditions of natural stratifications in 
rocks: there exists an opinion that at great depth the lateral rock 
pressure is close to the vertical pressure. 


Further, the study of the centrally symmetrical problem leads to the 
conclusion that if the function F(p) is such that ¥ (3F(p)) — F’(p) < 0 
for certain values of p, then in the region of motion there occur limit 
lines, similar to the analogous problem in gasdynamics (stationary gas 
flow of the source or sink type). In the given situation the occurrence 
of the limit lines is not permissible on physical grounds. Therefore one 
should accept the assumption that for any real media the function F(p) 
should satisfy the condition y (3F(p)) > F’(p) for all values of p 
(analogous to gasdynamics, for example where it is necessary to assume 
that for all gases the adiabatic characteristic y > 1). 


Finally, the consideration of the centrally symmetrical case shows 
that if in the infinite space, filled by a medium, there is a spherical 
cavity in which the pressure is slowly increasing, then the equilibrium 
is possible with the finite radius of the cavity only for the pressures 
not exceeding some limit value. With pressure approaching the limit 
value the radius of the cavity tends to infinity. This indicates that 
the medium cannot sustain arbitrarily large values of pressure within 
the cavity; with increase in pressure the resistance of the medium de- 
creases. Its characteristics tend to approach those of a liquid. If the 
initial radius of the cavity is zero, then for pressures less than the 
limit values the cavity is not formed at all. In approaching the limit 
pressures a cavity of an arbitrary radius is formed, while for pressures 
above the limit an equilibrium is not possible (in any case a symmetric 
form of equilibrium). These results are somewhat unexpected and their 
prediction would have been difficult. 


1. We shall consider the motion in the Cartesian, cylindrical and 
spherical system of coordinates corresponding to the motions with the 
plane, cylindrical and central symmetry. In these three cases we shall 
have the following expressions for the components of stress tensors and 
deformation velocities (x is everywhere a linear coordinate): 


for v = 
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= G, Sue = Gy, = Ge, Sp 4 Go + 33) 
Ou u 
Cxx = = 2° >= 0 (1.1) 
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Sp = — + 


Here u is the only nonzero component of the velocity vector. 


One-dimensional motion is described by the following system of rela- 
tionships [2 ]: 
up 
=0, 


d(s+ p) Ou 


p =f (p, p,)e(p, — p) e(p — po) = 7° (p, p,) 
‘ol. 25 
where J, < F(p) and 


= + p)? + + p)? + (62 + 
J, = +2 + for v1 


In these formulas 


2GW — (p) dp/ dt 
ots, — F (p)\e _ F'(p) 


2GW = + p) for: y 


2GW = 2G| (s+ p) + (a +P) for vat 


i, a>0, 
oro, 


If the shear occurs elastically, i.e. J, < F(p), then A = 0, if not, 
then A > 0. 


Let us pass to the Lagrangian variables by using 


r= x(a, t), 


From (1.2) we have ((1.4) is transformed analogously) 
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for v = 2 
Sxx = 5, Gyo = Go, 
Ou 
= Coo = = 
1 /du ,.u 
Tle t* ~)| (1.2) 
Ou u 
+ 
\ 0x 
dp (dp 
for | 
(1.3) 
0, v=0 
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) = PLelit Ga Vv La 


(1 + p) +4 + p) = 


Substituting 


we obtain from (1.6) 


py — 

[Iny, — ny] 


a 2G 


Considering further the motion to be quasi-stationary and originating 
from the state of constant density py,, we finally obtain the system 
(1.8), with the first two equations of the form 


PY,= Poo» by = (1.9) 


Let us consider the plane case (v = 0). If shear occurs elastic- 
i.e. A= 0, then from (1.8), (1.9), considering that G = G(p) and 


= 0, P = Poo, + p= 0, we obtain 


0 Gi(p 


3 


p=p(t), 


where p(t) and y,(t) are arbitrary functions to be defined by two bound- 
ary conditions. It may happen that before shear becomes plastic p will 
attain a value p,, and p, will begin to vary. This variation may be 
easily determined from the p_-equation in (1.2). Plastic shear will 
occur when the following condition becomes satisfied: 


G pres. «1 
\ dp =+V FF IP 
Foe 
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Here the upper limit corresponds to the compression of the medium, 
i.e. the condition o < o,, and the lower limit to rarefaction, i.e. the 
condition > 


If shear is plastic then 3/4(o + p)* = F(p) and the solution is obtain- 
able by simple substitution of the first two formulas in (2.1) by 


= —f°(9, F2V3F (p, 
3, = —/°(o, p.)++V3F (2.3) 


Consider the expression for A . When J, = F(p) the value of A is non- 
zero if 2GW-— F’(p)dp/dt > 0. In this case 
2GW — (p) = 26(s + p)(— 2.4) 


p 
do 


1961 This expression shows that if plastic shear began during rarefaction, 
i.e. when dp /dt < 0, then it will persist to the end of rarefaction up 
to the point of loosening (p = p,) since (2.4) is positive (lower sign). 
If, however, the shear began during compression (upper sign) then, de- 
pending on the function f° and F, it may persist indefinitely, since 
there will occur such a time when A becomes zero and thereafter shear 
will occur elastically. The latter will take place particularly if p in- 
creases without limit with the increase in p, but F(p) remains bounded. 
In this case the solution should be continued with the aid of the equa- 
tions describing the elastic shear. It is easily verified that in this 
case J, < F(p). 


3. Let us study the spherical case. We will consider monotonic pro- 
cesses of loading and unloading from the initial homogeneous condition. 
In this case one may assume that p and p are well defined by some rela- 
tionship p = d(p) (see (1.2)). Initially shear will occur elastically, 
i.e. A= 0 and J, < F(p). At this stage, integrating the corresponding 
equations in (1.8) and assuming for simplicity that G = const, we obtain 


p= 4G(Iny, -In “Gin (3 1) 


z 


2 


For determination of y(z) we obtain further the equation 
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p(y.) 


y 


iGy, 


(Poo 


Solving from this for y(z) under corresponding boundary conditions 
we will obtain a complete solution for the elastic shear problem. 


let us investigate this equation. Since W(y,) > 0, y, > 0 and the ex- 
pression in the brackets of Equation (3.2) is negative for all values of 
zy ,/y on which it depends only (except one value zy_/y = 1), we conclude 
that 


y., <0, i.e. (3.4) 


This indicates that at the stage when shear occurs elastically dens- 
ity is a nondiminishing function of the distance from the center. 


This result appears somewhat paradoxical in the case of deformation 
due to a pressure rise in a certain spherical cavity in the medium when, 
it would appear, the medium should condense. The result derived is con- 
nected with the law of elasticity assumed in the model considered. How- 
ever, since an elastic response takes place for sufficiently small de- 
formations, as we shall see later, for which the density variations are 
generally unimportant and for which, neglecting small quantities, one 
may obtain a solution by way of the solution for the theory of elasti- 
city problem, the result obtained should not be too disturbing. 


Equation (3.2) permits extension along y and z an equal number of 
times, therefore a lowering of order is possible. It has a particular 
solution y = cz. At the same time dp/dz = 0, zy ,/y = l,the above noted 
root of the right-hand side of (3.2), o = 0, = — d(p) = const. This so- 
lution corresponding to hydrostatic compression (rarefaction) is real- 
ized under specially given boundary conditions (similar deformation). 


For investigation of the remaining solu- 
tions of (3.2) introduce variables 
y/z=4 (3.5) 


Then (3.2) is transformed into an equa- 
tion of first order 


(3.6) 
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It is easily shown that h(v)>0 for 0< v < 1 and A(v) < 0 for 1 < v, 
and A(1) = 0. Therefore the field of integral curves of (3.6) is as 
shown in Fig. 1. If for unlimited increase in pressure p the density re- 
mains limited (bounded), then the field of the integral curves will be 
limited from below by a limit straight line, i.e. solution qg = q. = 
Po0/P.. = const, where p. is the density at p = ~, and in the opposite 
case by the axis q = 0. At the left it is bounded by the solution a = 0. 


If the relation q = q(a) is known, then all the other characteristics 
are found from the formulas 


P=Po/7@, P= P(Poo/ 
—o(p,,/9)++Gint, o,=— 
P / 1 P (Poo / 9 (3.7) 


da 
nz =\——, y= za 


The qualitative nature of the relationships in (3.7) is shown in Fig. 
2. The distribution of the quantities gq, p, p, 7, along a is nonmono- 
tonic. For q = a the first three quantities possess an extremum while 
the quantity o is a strictly diminishing function of a. The latter stems 
from the formula 
d3 4G ain(q/a) ( 
—4G <0 (3.8) 
a4 q/a—l 
following from (3.7) and (3.6). The distribution character for o,(a) is 
established in an analogous manner. 


The solutions for elastic shear investigated above are valid only for 
J, < F(p). The condition J, = F(p) on the surface q, a will determine 
the boundary for the region of elastic shear. It can easily be shown that 
this condition yields the following equations for the boundary: 


1 AY ‘ 
a, = = V SF (Poo (3.9) 


= gexp V 3F [9 9) (3.10) 


so that the region of elastic shear is defined 
by the inequalities 


(9) [4 (9g) 
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We will consider that F(0) = 0 and that the loosening occurs when 
p = 0, p = py. Then the lines (3.9), (3.10) on the plane q, a will meet 
at the point q = dg = 49 = Poo/Po- In decreasing q from q, to q,, the 
line (3.9) is monotonically lowered into the point q = q,, a= 0 if 
F(p) + « for p+ «, or merges with the straight line q = q,, for nonzero 
a = a,(q,,) < q,, (Fig. 1, dotted line) if F(p) is limited. Curve (3.10), 
generally speaking, is nonmonotonic. It will approach the straight line 
q,,. asymptotically if F(p) + «~ for p+ ~, or will merge with it for a 
finite a = a,(q,,) > q,, and limited F(p). To the left of the curve (3.9) 
and to the right of (3.10) on the plane q, a, it is necessary to construct 
a solution with plastic shear. In approaching the line (3.9) from the 
region of elastic shear o + p+ 2/3 ¥(3 F(p)) (stretching), while in 
approaching (3.10) o + p + — 2/3 ¥ (3 F(p)) (compression; see (3.7)). Tran- 
sition to the plastic state occurs for a certain z = z,, whereby tie 
relations 


(3.11) 


expressing the continuity of deformations and radial normal stresses take 
place (e denotes a quantity from the elastic solution and p from the 
plastic one). Since in this case 


J, p*) —F (p*) 0, J (o?, p) F (p?) = 0 


then for z = 
sequent ly p* 


the relation p* = p? will also be fulfilled, and con- 


z 
* 
= p?, yf = y?. This means that 


at=apP (3.12) 


i.e. in the plane gq, a the integral curves must pass continuously from 
the elastic into the plastic region. 


4. For the state when shear is plastic, J, = F(p) and we have 


s=—pttV 
Substituting (4.1) into (1.9) and taking into account the relation 
p= Hp oo/y,) we will obtain a basic equation for plastic shear 


— ( Yer + 3k 
L (P) Yee - 3 V (P) 


This equation written in the form 


F’ (p) ) 2 
| = VSR (p) 
V 3F (p)! dz 


diny 


U 
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is integrated 


A 3¢ dp } 
where A = A(t) is a constant of integration. In principle, the dependence 
of y on z, containing two constants of integration, can be obtained by 
inverting the relation p = O(p) = O(poo/y,), substituting in the result 
the inversion (4.3) and carrying out the quadrature. However, it is more 
convenient to obtain this dependence in a parametric form. Namely 


dp dpy, Po V 3F (p) exp} + 2 

-~—|1 >= ——*—Ie: — \ —— -d Bit 


Formulas (4.3) and (4.4) yield the solution of Equation (4.2) with 
two arbitrary constants A and B; however, in coupling with the solution 
for the elastic shear it is convenient to use the variables gq and a. 
Making this transformation we will obtain from (4.2) ((4.2) has no solu- 
tion y = cz)) 


3 


) 
da 3 PooP’ (Poo / g) a (q — 3F 


The integral curves of Equation (4.5) should continuously match on 
the lines (3.9), (3.10) with the integral curves of Equation (3.6), in 
accordance with the conditions (3.12). On the strength of (3.7) a+ p>0 
on the line (3.9), while on (3.10) o + p< 0. Therefore, because of con- 
tinuity in o + p on (3.9) and (3.10), it follows from Formulas (4.1) 
that in the plastic region to the left of (3.9) one should choose the 
upper sign in (4.1) and the subsequent formulas and to the right of (3.10) 
the lower sign. Equation (4.5) shows that to the right of (3.10) dg/da<0 
and to the left of (3.9) dg/da < 0 if F(p) is such that 


| — F’(p)/V 3F (p) >0 (4.6) 


If the latter inequality can be violated, then to the left of (3.9) 
the integral curves (4.5) can have regions with positive slope. 


Since at the point on an integral curve where the slope changes from 
negative to positive the sign of da is changing (see (4.5)), then at that 
point the sign of dz will also change (see formula for z in (3.7)), i.e. 
at that point z will obtain a minimum value Zeia’ Beyond this point the 
solution becomes double-valued. A limit sphere z = Reae corresponds to 
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this point, the solution in the interior of which cannot be continued. A 
boundary (limit) line appears in the region where the solution is being 
constructed. The analogous phenomenon is well known in gasdynamics. In 
the case considered, this effect is tied to the properties of F(p) for 
small p (in the region considered q increases, i.e. p and p decrease on 
the surface of a). For example, if F(p) = (kp)?, which is equivalent to 
a, = co, the condition for the appearance of the limit line will be 

k< 1/2 Vy 3, or C > 0.25. In future we will assume that the inequality 
(4.6) is satisfied and the limit line does not appear.* 


Integral curves of Equation (4.5) are defined below the straight line 
9 = 19 = Poo/P, which corresponds to loosening of the medium (p = 0). 
Since q is monotonically decreasing with increase in a along the integral 
curves of Equation (4.5), while along the boundary of the elastic region 
(3.9) q increases, then each of the integral curves (4.5) intersects the 
boundary (3.9) at one point for q > a, i.e. each of the integral curves 
can be continued in only one way from the elastic into the plastic region 
for q > a, so that in further motion along the curve we shall remain in 
the plastic range up to the loosening condition. Analogously for q > a 
and increasing q moving along any integral curve in the elastic region, Vol. 2 
we will reach the boundary (3.10), after which we pass continuously on a 196] 
certain integral curve of Equation (4.5). In moving along (4.5) q will 
decrease, but since (3.10) has regions with negative slope it is not 
clear that we will not reach the boundary (3.10) again. In order to prove 
that this cannot happen for any integral curve of Equation (4.5), we will 
write down the general solution of this equation, dividing (4.3) by (4.4) 
and recalling that y/3 = a(p,,/q); the result is 


exp[+*/2Mi(p)] 1 


(4.7) 


dp 


(p 
p) 


(4.8) 


F’ (p) 
V 3F (p) 


jexp| +>-®, (p) || dp (4.9) 


Pa 


Here p and B/A are arbitrary. If a point is given on the boundary 
(3.10) (or (3.9)) through which the curve (4.7) should pass, then this 


* Note that the function F(p) constructed as the result of experiments 
with sandy soils in [3] satisfies this condition. 
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yields the conditions for determination of p, and B/A. Indeed, condi- 
tions a = 9, 9 = 4, yield p = = Pp, which determines p, and 


2) 2 = A/By (3 F(p,)); whence B/A = l/a, 9 V (3 F(p,)). Substituting p, 
and B/A into (4.7) we obtain 


Poo? V 3F (p)+1 


Substituting here in place of a, , Expressions (3.9) and (3.10) 
= 9, exp V3F( = Po exp BF (pp | 
L2 = OX} = OXI (Pi) | 


we finally obtain 
Poot 
V3F (Pi) Dax (Pp) + pr exp [+ V 3F 


a= (4.11) 
Choosing now the lower sign for the case q < a we evaluate the inte- 

gral in the denominator of (4.11), using the inequalities p> p > p, 

which are satisfied on the integral curve for q < a; as the result, using 


(4.9) and (4.8) we obtain 


-1 (p) < 


F’ (p) 


| 


Therefore the following inequality is satisfied for the denominator 
D of the right-hand side of (4.11): 


Poo |p, XP | — V (px) | — Fp) xp| (p) 


D<p, lexp |— V3F(p)]—1+ exp| (p)|} (4-12) 
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Analogously, substituting p, for p(p) we obtain 
»a/Fo 3 
K >—p, i! Toa exp|— (Pp) |} 
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The p-dependent components on the right-hand side of (4.12) tend to 
zero for p + « in the case when F(p) is bounded for p + ~ as well as 
when F(p) + « for p+ «; consequently, the right-hand side tends to 


{! — exp V 3F (p,)|} <0 
for p> 


Therefore D becomes negative for sufficiently large p. This means 
that there exists a value of pressure p*(p, < p* < « ) for which D = 0, 
i.e. a = «. This indicates that the integral curves have horizontal 
asymptotes q, = q(p*) <q, fora< q. 


We will show now that the integral curve, having its origin at the 
point on the boundary (3.10), does not cross this boundary anywhere else. 
For q, < q < q, and using (4.12) we obtain from (4.11) 


~ pr texp [— V 3F (p,)] —1 + ¥ (p) (p))) 


On the other hand, we have along the boundary 


= = gexp V3F (p)| < =) V3F (p)| 


Therefore in order to prove that a > a, it is sufficient to show that 


Poo'Y (p) exp [— */2 (p)] ~ 


exp [— */2®, (p)} 


Instead of the last inequality it is sufficient to show a stronger 
one 


ine 


fi 


for the condition 0 < x, < x. But d(x) is decreasing monotonically for 
x > 0, which is the proof required. The statement that the continuation 
of any integral curve from the elastic into the plastic region realized 
uniquely remains completely in the plastic region is proved by the same 
argument. Thus, the half-strip a > 0, q, > q > q,, of the plane q, a is 
covered by the single-parameter family of integral curves, where at the 
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same time, at each point in this region, one and only one curve passes 
through it. An example of curve distributions is shown in Fig. 3. 


Figure 4 shows an example of p, p, a, etc. distributions along a. 


5. We will show that in the plastic region A > 0 everywhere. For the 
case considered Formulas (1.4) give 


‘ol. 25 


= In V 3F (p)|}e — F (p)| x 


e{+ 5 [2¢n2 + (5.1) 


In this expression differentiation with respect to t is for fixed z 
and is equivalent to differentiation with respect to the monotonically 
varying boundary parameters. It is necessary to verify that, in fact, in 
the plastic region, i.e. for J, = F(p), the expression 


(0 / At) (2G In (q / a) V 3F (p)| = GA / at (5.2) 


is everywhere negative. For the given boundary conditions the solution 
of the problem is defined by the value of the parameter which isolates 
q, a and by the values of a at the ends of the part of this integral 
curve corresponding to the boundary-value problem. If one takes the value 
@ = Go, as such a parameter for which q = ao,, and takes into account 
that the deformation corresponding to any boundary-value problem may be 
considered as the succession of hydrostatic deformation leading to the 
attainment of the parameter a,,, and further deformation at constant 
@o9, then, since for hydrostatic deformation J, = 0, it is not necessary 
to consider the dependence of A on ay, in evaluating dA/dt. The values 
of the parameter a at the ends of the considered part of the integral 
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curve were worked out by monotonic change (during monotonic deformation) 
from their initial values, equal to ap, at the end of the hydrostatic 
stage of deformation. In the region q > a, where a < apo, these values 
could be obtained, apparently, only by decrease from a,,. In the region 
q > a, where a > ayy, they were obtained by increase from ap). Thus, one 


may consider that 
aA aA On 


dl al 


where ay, is taken constant in differentiating A and a is considered as 
the boundary value of a corresponding to the end of the part in the inte- 
gral curve considered. Carrying out the differentiation in (5.2) we ob- 
tain 
Ga ( 9G 4 = 2G | om (5.3) 
L@ \ 2q V 3h a jot 
Here the upper sign refers to the region q > a. In this region the 
deformation after the hydrostatic stage is a rarefaction and, as just 
mentioned, the boundary value of a should decrease monotonically, i.e. 
da/dt < 0. Inasmuch as, in addition q, < 0, then in this region dA/dt> 0, 
i.e. A> 0. In the region gq < a there should be da/dt > 0, therefore for 
A to be positive the following condition must obtain: 


26 4 Va (3F’ pooh’ 2G ) 0 (5.4) 
a q 2q } 3F 


Substituting in the above the expression for 9, from (4.5) and per- 
forming certain transformations we obtain 


V3F 3F’ q 
i+ F’/V3F L4G V3F Poo J) 


To prove (5.5) it is sufficient, apparently, to show that a,(q) < 
a,(q) where a,(q) is a function from (3.10), since the inequality (5.5) 
must take place only in the plastic range to the right of the boundary 


of (3.10). The candition a, <a, is reduced to 


\°XP V / 3G V 3! 


which is always satisfied, apparently, since the left-hand side is always 
smaller than and the right-hand side is always greater than unity 

(F’> 0). This fully proves the assertion that A > 0 everywhere in the 
plastic region. 
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Pig. 5. Pig. 6. 
6. Let us consider the construction of boundary-value problems. 


For the solution of such problems it is necessary to integrate the 
equation 


q(y/z,c) = q (2, ¢) (6.1) 


where C is a parameter for the family of integral curves on the plane q, 
a. The general solution of this equation is given by the quadrature 
v/z 
da 
In — 
Zo 


Ve/ 


(6.2) 
where and are arbitrary. 


Let us consider the field of integral curves for Equation (6.1). We 
will select some integral curve from the plane q, a@ and will choose for 
the parameter C a value a = ay, at the intersection point of the integral 
curve and the bisector of the coordinate angle q = a. Along this curve a 
and q will change in the region ay < a< ~,q) > q > q,, where ao, qo 
correspond to the point of soil loosening, 9, is the asymptotic value of 
q for given ay,. The curve is shown in Fig. 5. Points with abscissas a), 
a, correspond to the boundaries between the elastic region a, < a < a, 
and the plastic regions. On the plane y, z the lines a = const are rays 
running from the origin of the coordinates with constant field slope. 

The angle 0 <z < y/a, is the region where the solution (6.2) is defined. 


The ray y = @g9z is a solution of (6.2). For the lower rays, i.e. 
a@< 4p, g(a) > a, while for the rays with a > apo, g(a) < a. In view of 
the homogeneity of (6.1) all integral curves for a < a), can be obtained 
from any one of them by means of similarity transformation. It will be 
analogous with the curves for a > ay. All this permits one to conclude 
that the origin of the coordinates contains only one particular solution 
¥Y = @y9z, while all others, starting on the straight lines a = a, and 
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ec, are asymptotically approaching the particular solution. The slope 
of the integral curves is discontinuous on the rays a = @,, @ = a». An 
example of these curves is shown in Fig. 6. 


The particular solution y = ag9z corresponds to the condition of 
homogeneous deformation with constant density, pressure and hydrostatic 
stress 0, = o = — p. On the one hand it describes solutions of special 
boundary-value problems allowing such deformation, and on the other hand, 
since all integral curves for given ay, approach asymptotically this 
solution for z + «, it expresses the natural property of the external 
solutions for the region z) < z < ~ existing in the damping of disturb- 
ances at infinity. 


Since q(a) > q(ay.) = ay, for a < agg, the density increases from the 
loose density at = to the undisturbed density P59 = = 
Po9/499 at z+ ~ on the integral curves inside the angle a, < a < ago, 
these integral curves describe rarefaction. Thereby, the shear is elastic 
for the angle a, < a < ao, and plastic for a, < a < ay. 


Inside the angle ay, < a < » the integral curves describe the deform- 
ation resulting from the application of additional compressive boundary 
stresses (0 < a), < 0). Then, as was noted above, the medium elongates 
(angle a), < a < a,) during elastic shear, and only in passing to the 
plastic state does compressive deformation occur with compression of the 
medium resulting. 


The end parts of the integral curves correspond to the problems of 
deformation in spherical layers of a finite thickness medium for given 
displacement of the boundaries, corresponding to the given end points on 
the integral curve, or under the action of stresses o applied on the 
boundaries corresponding to these points. If the end of a part of the 
integral curve considered is on the ray a = ay, this means that the soil 
on the inner surface of the layer has been loosened. If the curve end is 
located on the ray z = 0 this corresponds to the problem when the initial 
radius of the inner boundary for the medium was equal to zero. 


It is interesting to note that since on this ray a = « and p, p, o 
etc. depend only on a for given ayy, this means that for all integral 
curves originating on the axis z = 0, the same o, the same pressure p, 
etc correspond to the initial point. This indicates that for given app, 
i.e. given initial states, there must be a fully determined value of the 
cavity-enlarging stress o = o[ q (ay.)] = 0, for a cavity to be formed 
from a point. For o > a. no cavity is formed at all. For o = o, the 
cavity appears with an arbitrary radius and for o < oa balanced de- 
formation of the medium is not possible at all. 
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Let us draw a vertical z = z, on the plane y, z (Fig. 6) and consider 
the external problem for the region z) < z < «. The section of the ver- 
tical between the rays a = ay, and a = ay is a set of points correspond- 
ing to the various degrees of removal of the initial stress 0), up to 
complete removal leading to loosening. The section between a = ao, and 
a = a, corresponds to the application of additional compressive stresses 
- o for which, however, the medium outside the cavity remains everywhere 
in the elastic state (in shear). The section above the ray a= a, corre- 
sponds to the application of still larger compressive stresses leading 
to the transition of a certain layer in the medium around the cavity into 
the plastic state (in shear). It is important to note here that for un- 
limited recession upward along this vertical the compressive stress 
— o(z9) remains bounded, tending to the above-mentioned limit - o,. This 
indicates that in the case when the cavity is widening in an infinite 
medium from a finite (and not zero as above) initial radius, the stress 
which is creating the balanced widening of the cavity is bounded from 
above. If o > o, an equilibrium is possible and a finite radius is 


formed: 
3 
V y (2) 
For 0 + a. we have y(z,) + «, i.e. the radius of the cavity is in- 
creasing without limit. 


We will show, finally, how to construct the solution in the general 
case when two points Zo, y, and z,, y, are given, through which one must 
pass the integral curve (problem with given displacements). Clearly, 
these points should be given such that the inequalities z, > Zz», ¥; > Yo 
or Z, < 29, ¥, < Yq would take place. 


In this case one should first choose ay, so that both points would 
fall into the region 0 <z < y/ay- At the same time a certain integral 
curve will pass through the point “0. Yq- Should it pass above the second 


point z,, y, (if z, > z,) or below (if z, < z,) then it is necessary to 
decrease a), until the second point falls on the integral curve drawn 
through the first point. In the opposite case it is necessary to increase 
@o9 and thus make the integral curve pass through both points. 


The fact that with the indicated changes in a it is possible to con- 
nect both points with a solution stems from the monotonic dependence of 
slopes in the linear elements of the field of Equation (6.1) on the 
parameters a),. Indeed, the smaller ay, the lower is the corresponding 
integral curve in the plane gq, a, i.e. it diminishes monotonically with 
decrease in ao, for fixed a. . 


Therefore for fixed z and y (fixed a) the slope q = dy/dz will 
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decrease with decrease in a),. This monotonic property accounts for the 
assertions made previously in regard to the possibility of solving the 
problem with arbitrary z), y, and z,, y,. The uniqueness of solution is 
established as follows. Should two integral curves corresponding to two 
different a), pass through two different points (only one curve passes 
through each point for given a),) then, as it is clear from geometry, 
the following inequalities should be satisfied: 


” 


q (2%); oo ) q Hoo q (ao; ) q (ao; ) 


This is impossible since the curves q = q(a; a),.°) and q = q(a; ag,”) 
cannot intersect. 


7. Let us investigate the solution for elastic shear in greater de- 
tail. From the relations (3.9) and (3.10) it appears that if the elastic 
stresses are small compared to the shear modulus G, i.e.,as is usually 
the case for elastic deformation, the stresses are relatively small, then 
a,(q) and a,(q) will differ but slightly from q, so that the region in 
the plane gq, a in which the solution is described by the integral curves 
of Equation (3.2) will be quite narrow in the direction of the a-axis. 
Inside this region for a = q the integral curves possess horizontal tan- 
gents; therefore, everywhere in the indicated region the curves will 
differ but slightly from these tangents. 


196] 


This shows that the elastic shear is sufficiently accurately described 
by the simple relation q = const in the variables q, a. But this corre- 
sponds to p = const, p = const. Formulas (3.1) here become 


(7.1) 


taking into account the relation c,/cz << 1 stemming from the narrowness 
of the elastic zone in the plane q, a (i.e. from the condition |a, , -q| 
<< q). But the relation (7.1) is none other than the problem solution in 
the ordinary theory of elasticity. 


In this solution the above-established (see (3.4)) effect of density 
decrease in elastic shear during loading (along 7) or unloading does not 
now take place, i.e. it appears connected with small quantities of higher 
order compared with those which are important in the investigation of 
elastic shear. Complete solutions of boundary-value problems can be con- 
structed joining the solution for plastic shear (4.9) not with the exact 
solutions of Equation (3.2) but with the simple relation q = const, 
sufficiently well defining the elastic shear. Also, the solution of the 
problem is obtained in the form of finite formulas with a number of 
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arbitrary constants required for the solution of boundary-value problems, 
and it is given by the relations (4.3), (4.4), (4.11) and (7.1). 


In all the considerations above we assumed that the process of volu- 
metric deformation occurred in such a way that the pressure could be con- 
Sidered a well-defined function of density, i.e. processes of monotonic 
loading were considered in which the existence of numerous branches of 
unloading in dependence p = f° (p, p.) did not occur. In considering un- 
loading and nonmonotonic processes of loading in general, the solution 
of the problem becomes more difficult, although not in principle. If the 
loading program is given the solution of the problem will be constructed 
by means of consecutive considerations of subsequent monotonic components 
of the loading program, However, it is clear that for a sufficiently 
fanciful program such a consideration may represent quite an unwieldy 
problem. One may note also that in contrast to the monotonic processes 
for which one can construct a general solution in the form of finite re- 
lationships and carry out a full qualitative analysis, this cannot be 
done for nonmonotonic processes and the problems should be considered 
concretely. 


We do not consider here the cylindrical problem which is midway be- 
tween the plane and the spherical. It can be treated analogously, and it 
appears that the qualitative effects of this problem will be midway be- 
tween those of the two cases considered. 
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When a strong shock wave propagates through a gas the density of the gas 
increases significantly. The region of disturbed motion next to the wave 
may be considered as a peculiar boundary layer, which is in many ways 
analogous to the boundary layer in a viscous fluid*. In the calculations 
of gas motion in this layer behind the shock wave integral methods may be 
used, which are basically similar to those used in the theory of bound- 
ary layers in a viscous fluid. The integral relationships in various 
special cases have already been used by the author in the solutions of 
problems of flows with strong shock waves [1,2 ]. Below is given , in 
brief, a general approach to the use of integral methods in such prob- 
lems together with new examples of solutions. 


1. We shall consider gas flows with plane, cylindrical and spherical 
waves arising from the propagation of a shock wave into a stagnant gas. 
Let a gas be confined in some volume V between a shock wave and some 
surface located inside the region of motion and composed of the same gas 
particles (this surface will be referred to as the piston surface). To 
this gas we shall apply the laws of conservation of mass, momentum and 
energy. We shall denote by M, K and E the mass, momentum (more precisely 
the intégral of moduli of elementary momenta) and the energy of the gas, 
respectively, in the volume under consideration. Let us assume 


M =\pav, K=\pedV, E =\p(F+e)av (1.1) 
Vv 


* G.G. Chernyi. Boundary-layer method in problems of ideal and viscous 


gas motions with a surface discontinuity Dissertation, Moscow State 
University, 1956. 
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Then from the laws of observation we obtain 


M= s° or M= -+- const (1 .2) 


K = p,S, — p°S° + \ pds (1.3) 


where p is the density, v is the velocity, p is the pressure, e is the 
internal energy of a gas per unit mass, (for an ideal gas e = p/(y — 1) 
where y is the ratio of specific heats), R and S denote the radius and 

the area of the surfaces bounding the chosen volume of gas, and V is the 
volume inside the surface S. Here the superscript ° denotes the shock 

wave and the gas parameters in front of it, the subscript asterisk , de- 
notes the second bounding surface and the gas parameters on it, and primes 
denote differentiation with respect to time t. 


If we approximate the distribution of gas parameters along the radius 

ol. 25 or along the Lagrangian coordinate by some functions which contain these 

1961 parameters, then the dependence of these parameters on time may be found 
by using Equations (1.2) to (1.4), and some additional conditions, in a 
manner similar to the integral method of boundary-layer theory. In par- 
ticular, the differential equations of motion in their various approxi- 
mate forms may serve as additional conditions. Naturally, if a sufficient 
number of other conditions is available it is not necessary to satisfy 
all the integral relationships (1.2) to (1.4); one or even two of them 
may not be satisfied. 


We shall investigate some variants of the use of integral relation- 
ships. 


2. First we shall make the simplest assumption, namely, that the 
pressure and the velocity are the same for all gas particles between the 
shock wave and the piston, i.e. they depend only on time. For definite- 
ness we shall further assume that the gas is ideal with constant specific 
heats. The equations of conservation of momentum and of energy may be 
written in the form 


Mo +- Mv = (p— S° 


d{Mv? p(V°—V,) 


di| = Me? pV, 


where the quantity M is determined by Formula (1.2). 


Two equations, (2.1) and (2.2), connect the three functions of time p, 
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v and V° for the known piston expansion V(t). To determine these func- 
tions another relation between them is necessary. In [2 ] this addition- 
al relation was derived from the assumption that in this form of the in- 
tegral method the gas velocity v is equal to the velocity of the gas 

immediately behind the shock wave, 

’ which in turn is determined by the 

relationships at the shock (or even 
by assuming that the velocity v be 
equal to the velocity of shock-wave 
propagation). On this assumption so- 
lutions were presented in [2] for 
the problem of a point explosion 
followed by piston expansion at con- 
stant velocity for the cases of plane 
and cylindrical waves, and for the 
approximately equivalent problems of 
the flow of a jet of large supersonic 
velocity past a thin blunt wedge and a thin blunt cone. Let us compare 
the exact solution for a piston expanding according to a power law and 
the solution obtained by using this method for p® = 0 and y = 1.4. Figure Vol. 2 
1 shows in dashed lines the approximate values of ratios of the piston 1961 
volume to the volume bounded by the shock wave and the ratios of the 
pressure on the piston to the pressure behind the shock wave p*, corre- 
sponding to formulas 


Fig. 1. 


2n 


where v = 1, 2, 3 refer to flows with plane, cylindrical and spherical 
waves, respectively, n is the exponent in the expansion law of the piston 
R ~t"+!. Exact values were obtained from various sources, cited 


in (2 ]. 


Taking into account the simplicity of this approximate solution, its 
accuracy in the case under consideration may be considered to be satis- 
factory. A satisfactory accuracy is reached also in the solution by this 
method for the problem of the piston expanding with constant velocity 
(n = 0) for various values of the ratio of the sound velocity in a stag- 
nant gas to the piston velocity. 


3. Use of the "automodel" solutions [i.e. solutions based upon 
similarity relations ]. Additional relations between the quantities which 
enter into the relationships (1.2) to (1.4) may be used, namely, those 
which exist between these quantities within the region of validity of 
similarity relations, which arise if the piston expands into a gas at rest 
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with zero initial pressure according to the power law R~ ght 5. 

We may, for example, assume that the volume distribution of the gas 
parameters in the region between the shock wave and the piston is deter- 
mined by equations of the form 


p= p'Q| (3.1) 


where the asterisk * denotes the parameters of the gas immediately be- 
hind the shock wave, 2(A) is the function taken from the similarity 
solution, where A = V/V°. This function, as well as the quantity A, 
(least value of A), is a known function also on the exponent n in the 
law of piston expansion (and also on v and y). Using the assumed dis- 
tributions we obtain 


M=p' (V )u(n), K = Mv*x(n), == Mv"*e (n) 
p, = a(n) p, \ pds (S° — s(n) 


where yz, K, €, m and o are known functions of n. The substitution of 
these expressions in Equations (1.2) to (1.4) yields, for the known law 
of piston expansion R(t), three relations between the quantities R°, n, 
p*, v* and p* by which their dependence on time t is defined. 


Two missing relationships may be taken from the three conditions at 
the shock wave, which connect p*, v*, p* and R°. On the other hand we 
may use all three conditions at the shock wave. Then one of the three 
integral relationships (1.2) to (1.4) remains unsatisfied. 


The method just described is analogous to the method of Kotchin and 
Loitsianski for the use of similarity solutions in the theory of bound- 
ary layers in a viscous fluid. However, it requires quite cumbersome com- 
putations, and is therefore replaced by a simpler method described in 
the next section. 


4. Shock-layer method. As is known [1 ], the calculation of the 
gas motion behind strong shock waves may be carried through by means of 
representation of the solution in terms of Lagrangian variables in the 
form of power series in the parameter ¢, which characterizes the ratio 
of densities of a gas in front and behind the wave. All the terms of 
these series are found from the equations by means of quadratures which 
contain the law of shock-wave propagation R°(t). For the determination 
of the function R°(t) the law of energy conservation (1.4) may be used. 
Here the function R(t) must be represented also in the form of a series 
in «. When substituting the series for R (R being an Eulerian coordinate), 
p and p in Equation (1.4) and, after a suitable transformation, equating 
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the terms of the same power of ¢ on both sides of the equation, we ob- 
tain ordinary differential equations for the determination of the terms 
of the series for Rt). This method may be made to assume the form of 
integral relationships, as was done in [2], if the approximate velocity 
and pressure distributions are used in the leading terms of the corre- 
sponding series in «¢, if all the boundary conditions are satisfied, and 
if the function R°(t) which appears therein is determined from the in- 
tegral energy relationship (1.4). 


Following [2 ] we substitute the following approximate expressions of 
velocity and pressure: 


(4.1) 
a) + _. 
v 
(a° is the sound velocity in the gas at rest, mis the Lagrangian co- 
ordinate proportional to the mass of a gas, contained inside the surface 
under consideration) in the integral energy relationship, disregarding 
in the formula for E the term 


which is of the order «. As a result we obtain the following equations 
for the determination of the function R°: 


_ 


p® (A? — a®) + 


For simplicity it is assumed that initially the gas occupies all 
space. 


In [2 ] Equation (4.2) has been used to solve the problems of a piston 
moving at constant velocity (in this problem the solution coincides with 
the one obtained according to Section 2 of the present paper), of a 
piston moving according to a power law into a gas with zero initial 
pressure (see solid curves in Fig. 1), and of a strong explosion. In all 
these problems the approximate solutions come out in an elementary form 
and their coincidence with the exact solutions turns out to be quite 
satisfactory up to values ¢€ = 0.2- 0.3. 
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We shall present the solution of the problem of the explosion when the 
initial pressure is taken into account. 


The basic equation (4.2) may be in this case integrated once, and 
thereupon it assumes the form 


where E is the energy of explosion (£ is the energy, per unit area and 
per unit length of charge, respectively, for vy = 1 andyv= 2), w= 2, 
a7, 4/3 m forv = 1, 2, 3 respectively. When using the substitutions 


a”? 
je = 
this equation and the expressions for P, are reduced to the following: 
9 


It is interesting to note that the system of relationships obtained 
does not contain v, that is, it has the same form for the explosions of 
plane, linear and point charges. Consequently, the volume dependence of 
the propagation velocity of a shock wave (and, consequently, of all the 
gas parameters behind it) and of the pressure at the center of the ex- 
plosion is the same for all three cases. The initial condition gq = 0, 

= 0 for the solution of Equation (4.3) corresponds to a singular point 
of this equation. In the neighborhood of this singularity the required 
solution has the following asymptotic form: 


1 


v= 


These first terms of asymptotic expansions approximately describe a 
strong explosion (without taking into account the initial gas pressure) 
and satisfactorily agree with the exact relations [2] up to the values 
€ = 0.2 — 0.3. The dot-dash curve 3 in the Fig. 2 was obtained by 
numerical integration* of Equation (4.3), namely, of the function q from 


9) 


* The calculations were carried through by G. Orlova and R. Burmistrova. 
The variable Il was introduced for convenience of comparison with al- 
ready existing exact solution for v = 3. 
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The dashed line 2 in this figure shows the results of the solution of 
the linearized problem of an explosion when the initial gas pressure is 
taken into account. The solid line 1 gs 
shows the values found for the conm- 
plete numerical solution of the prob- #}— 
lem of a point explosion [3], line 
4 shows the corresponding similarity 4 
solution. Unfortunately, data on the 
complete solution of the problem of a2 
the explosion of linear and plane 
charges does not exist to date. 

Figure 2 is evidence of the fact that 
the approximate solution of the prob- 
lem of the explosion using the inte- 
gral method is approximately of the Pig. 2. 

same accuracy as the solution of the linearized problem, but differs from 
the latter by its simplicity. 


Also, the solutions presented for the problems of the piston and of 
the explosion lead to the conclusion that in these problems there is an 
approximate equivalence of motions of plane, cylindrical and spherical Vol. 2 
waves. When the law of plane cross-sections of supersonic aerodynamics 1961 
is used it leads then to the equivalence of corresponding problems on 
streamlining of profiles and bodies of revolution (also slightly blunt 
bodies). 


Next, we shall give a more complete example in which the integral 
method may be used. 


We shall investigate the particular problem of a nonstationary super- 
source in a compressible gas, which arises in the study of shock 
with an expanding nozzle. 


An exact solution is known of the equations of steady motion of a 
compressible gas, in which the gas particles move along the rays origin- 
ating at a singular point, and the values of all the gas parameters are 
the same on any concentric sphere about this point which is the source 
in the compressible gas. In the case of adiabatic motions of an ideal 
gas the solution may not be continued into the very center as it exists 
only outside the sphere of "critical" radius r , where the gas velocity 
v. at any point of this sphere, which is called nucleus of the source, 
equals the sound velocity. If the pressure and the density (or the tempe- 
rature) of the gas on the surface of a source nucleus are given and equal 
P, and Pi. then there exist two continuous flows extending to infinity. 
In one of them the gas velocity decreases with the distance from the 
center to become zero at infinity; pressure and density on the other hand 
increase from 
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(case of a sub- 
sonic source) 


P. 
In the other flow the gas velocity increases with the distance from 
the nucleus 


¥+1. (case of a sub- 
from to V sonic source) 


at infinity, while pressure and density here correspondingly decrease to 
zero. This is the case of a supersonic source. A cylindrical source in a 
compressible gas may be treated in the same way. The two solutions here 
exist outside the nucleus, the shape of which is a circular cylinder. 


If the pressure p®° is greater than zero at infinity, but less that Pr 
then a continuous flow is not possible and a shock wave arises in the 
stream. The flow here consists of a region of supersonic source flow ad- 
joining the nucleus source, which by discontinuous change in the shock 
wave at a certain r= r* is converted into a region of subsonic source 
flow. The latter extends to infinity. With increase of pressure p® from 
zero the shock wave moves from infinity to the nucleus; when the shock 
wave approaches the nucleus its intensity decreases until at p® = Pr the 
shock wave becomes infinitely weak and coincides with the surface of the 
nucleus, while the flow everywhere becomes subsonic. 


Let us consider now a tube consisting of cylindrical and conical 
portions. 


Let the conical portion of the tube be filled with a homogeneous gas 
at rest, and let the parameters in the cylindrical section initially be 
such that subsequently the gas starts to flow from it at supersonic velo- 
city into the conical section, The calculations of the motion generated 
under these conditions may approximately be reduced to a special case of 
the following problem of a nonsteady source. 


Initially let the gas be at rest outside the sphere of radius ro and 
let its pressure be p° and its density p®. Inside the sphere between rp 
and - < ro initially the gas moves according to the law corresponding 
to the supersonic source. Its stagnation pressure and density equal Pr 
and Pr: Let us investigate the motion which arises from such an arbitrary 
discontinuity, under the condition that on the surface r= r_ the velo- 
city v , pressure P, and density - remain constant. The investigation 
will be confined to the cases of those values of the characteristic para- 
meters p°/p,, p°/p, (or T°/T,), ro/r, (or My), y and y° for which the 
shock wave propagates in both directions from the contact discontinuity, 
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and for which the asymptotically established discontinuity occurs at 


> 


In formulating the equations which approximately describe the motion 
of the gas we shall apply the integral relationships. 


As before let M, K and E denote respectively the mass, momentum and 
energy of a gas confined between the contact surface of the discontinuity 
and one of the shock waves. The equations of mass conservation in the 
region outside the contact surface (index "plus") and inside of it (index 
"minus") have the form 


aM, ce adM_ 
di =p R°S°, (Vo — Fo) So 


or following integration 
V, 
M, = p° (ve Voo), qt j Po (V) dV 


Veo 


where q is the strength of the source, the indices “double zero" and 

"zero" denote, respectively, the values of the gas parameters in front of Vol. 7 
the shock waves, propagating to the outside and to the inside (following 196) 
the particles). The quantities with index "double zero" are known con- 

stants, the quantities with index "zero" are known functions of Ry (super- 

sonic source), Yoo is the volume inside the initial discontinuity. 


The momentum equations have the form 
s° s, 
= pS, — p°S* + \ pds PoSo + pore (vo — Ro) So—p.S, + \ pdS (4.5) 


From the law of energy conservation we obtain 


+ R,S,. PoSo (ve — Ro) r + PovoSo— p,R,S, (4.6) 


We shall apply the law of integral relationships in its simplest form. 
We assume that p, = py = - (t), ¥) = % = R (t). When using the integrals 
(4.4) Equations (4.5) to (4. 6) thereupon assume the form 


p° (V° —Voo) R, + p°S°R°R, =(p, — S° 


si \ polV) R, + poSo (vo — Ro) (R, — vo) = (po — p,) So 


2° (V? — Veo) R, + p°S°R? 


(Pe — P°) — = 0 
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—Vo. pe 


The four equations (4.7) contain an equal number of unknown functions 


Ro, R, , P.- The initial conditions for the solution of system (4.7) 
have the following form: 


fort=0 
where p is determined from the solution of the system of the following 
algebraic equations, which are obtained if in Equations (4.7) we assume 


R =Pp.= 0, S— 1, and introduce notations Ry (0) =D, R (0) = U, 
= : 


p°D,U = p— Po (% — D_)(U — v%) = po — 


2 f dD, 1 pl 0 


> Po — D_) (ve? — U*) +- pu + 


0 


The system of equations (4.7) may be integrated numerically for any 
set of determining parameters for which the accepted scheme of the flow 
takes place (i.e. for which D > 0). 
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At the instant t = 0 let there be a discontinuity on the plane x= 0 in 
the parameters p, p, H, b of a medium. Since the relations for the laws 
of conservation are not satisfied on that plane, the discontinuity can- 
not continue to exist in that form. The aim of this paper is to deter- 
mine the motion of the medium in the subsequent moments of time. 


A variety of problems can be reduced to the problem of the resolution 
of an arbitrary disturbance: the collision of masses of gas moving to- 
wards each other; various collisions of plane discontinuity surfaces; 
gases flying apart from each other; problems in which two motionless 
gases, in contact with each other at the initial instant, are compressed 
to different pressures and are in different magnetic fields; and so on. 


The surface of the initial disturbance is not necessarily plane. In 
that case, our investigation at the initial moment of time is correct 
for sufficiently small portions of the surface of the initial discon- 
tinuity, each of which can be considered to be plane. 


From the similarity properties of the problem, it follows that the 
motion must be composed of various combinations moving in both direc- 
tions: fast (s*) and slow (S ) shock waves; fast (R*) and slow (R ) self- 


similar expansion waves; vorticity discontinuities (A); they are sepa- 
rated by a contact discontinuity (K). The symbols S*, S, R°, R, A, K 
denote the corresponding waves and discontinuities. The speed of propaga- 
tion of these waves is such [1 ] that an s*- or R*-wave goes ahead, 
followed by an A-discontinuity, and this in turn by an S - or R -wave. 
Thus, there can be three waves propagating in each direction, separated 
by a contact discontinuity. The problem of the resolution of an arbitrary 
disturbance is shown schematically in Pig. 1. If it is considered that 
some of the seven waves may be missing, then there are 648 different 
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possible combinations of waves and discontinuities which may be realized, 
depending on the initial parameters of the medium to left and to right 
of the discontinuity. 


In gasdynamics, the problem of the resolution of an arbitrary discon- 
tinuity was first solved by Kotchine [2,3 ]. 


In [4] the problem of the resolution of a discontinuity in a conduct- 
ing medium was investigated for the case where there is a jump only in 
the tangential component of velocity in the plane of the discontinuity. 

All the other quantities are continuous, 
while the magnetic field is normal to the 
plane of the discontinuity. This problem is 
equivalent to the problem of a piston moving 
with a known velocity parallel to itself and 
normal to the field. Ahead of the piston 
there can be only one combination of waves, 
Pig. 1. s*r. 


In [5 ] it was shown that if the magnetic 
field at the initial instant is parallel to the plane of the discontinu- 
ity, the problem reduces to a gasdynamic one. The problem of the resolu- 
tion of an arbitrary discontinuity was investigated under these assump- 
tions in [6,7,8 ]. 


The case where the initial disturbance, and therefore the secondary 
disturbances, is small was investigated in [9]. By virtue of the 
assumptions made it becomes possible to solve the problem by solving 
seven equations with seven unknowns; these were obtained by equating the 
sum of the jumps across the seven infinitesimal waves of each magneto- 
hydrodynamic quantity to the initial jump. 


Since the fluid is at rest relative to a contact discontinuity, then 
for a perfectly conducting medium the contact discontinuity may be con- 
sidered to be a perfectly conducting piston moving with a velocity equal 
to the velocity of the contact discontinuity. In [10], assuming 
H/82<< p, |Ab| << e, where ¢ is the speed of sound and Ab the jump 
in velocity at the initial instant, it was possible to express the velo- 
city of the contact discontinuity in terms of the parameters of the 
medium on either side of the discontinuity and thus reduce the problem 
to a piston problem, solved in the same paper. 


In the general case of the resolution of an arbitrary discontinuity 
it is not possible to solve the corresponding system of equations, nor 
to reduce the problem to a piston problem [11 |. 


In the present paper there is presented a method of solution which 


149 
‘ol. 25 


V.V. Gogosov 


consists of the construction of a diagram in the space Au = Up — Uy 
Av= % - Aw= — with the help of which, knowing Au, Av, 
Aw, it is possible to determine the combination of discontinuities which 
makes up the solution of the problem; then, writing out the relations at 
the discontinuities, there are no major difficulties in obtaining a final 
numerical solution. 


The parameters characterizing the medium at the initial moment will 
be denoted by 0. The parameters of the medium lying to the right of the 
discontinuity at the initial moment and to the right of the contact sur- 
face at later times will be written with a prime, Those lying to the 
left of the corresponding surfaces will be written without a prime. 


The parameters of the medium behind the first wave, going to left or 
right, will be denoted by 1, those behind the second wave by 2, and those 
behind the third wave by 3. 


1. Conditions at shock waves. Kulikovskii [1] noted that the 
conditions at a shock wave may be solved in terms of the parameters of 
state ahead of the wave and the tangential component of magnetic field 
behind the wave. The corresponding expressions were obtained in [12 ], 
and are given below in a form due to A.A. Barmin. 


Pr = P(Po, Heo, Ha) = (hy |Z, — (ha + 


(U Uy)” = h,Z 
Uy = +/,, — = FQ, sign H- 
Uy = — vy = +@_ sign H., 


QO. = = > 
V Vi+hZ, 


4nyp 


0 


The upper sign in Equations (1.4) and (1.5) corresponds to a wave 
travelling to the right, the lower one to a wave travelling to the left; 
Z,(h,) is a physically sensible root of the equation 
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Here 
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— 


— 


+ 1) ho — — 1) hy] — 2Z (Po — + — 
— (hy, + ho) = 0 
The root Z,, which corresponds to the inequality hy | - |ho| > 0, 


applies to the S*-wave, the root Z_, which corresponds to <0, 
applies to the S -wave. 


If H, > 0, then h, ~ hy > 0, Z, > 0 in the S-wave, and h, ~ hy < 0, 
Z_< 0 in the S-wave; therefore f, > 0. If H, < 0 then h, - hy < 0, 
0 


Z, < 0 in the S*-wave, and h, — hy > 0, Z_ > 0 in the S -wave; again 

f, > 0. Here, and in what follows, u, v, w are absolute speeds of the 
gas, U is the speed of a shock wave, V is the Alfven speed, zero in the 
index in this and the following two sections refers to conditions ahead 
of the wave, the index 1 to conditions behind the wave. 


2. Conditions at expansion waves. The conditions at expansion 
waves were solved by Friedrichs [4 ] 


| H.,| = Hs(po, =V —1)(P— 94) 
Up = FY¥,, — % = ty, sign H., 
Uy — Ug = — = + sign H., 
_tt 


P, = 
= \ q(Po, %, P)dP 


Y+1 1 


where c, is the speed of propagation of weak, fast and slow magnetohydro- 
dynamic waves, and q, = q(P), q9, P) is the solution of the equation 
dP 


3 


The values of q, = q(P5, qo, P) which have physical sense are greater 
than unity, while the values of q_ = q(P,, q9, P) which have physical 
sense are less than unity. 


The upper sign in (2.2) and (2.3) corresponds to an expansion wave 
going to the right, the lower sign to one going to the left. 


It should be noted that the pressure behind a shock wave or an 
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expansion wave, as well as Au, for a fixed absolute value of H, , does 
not change with a change of sign in fH, . . 
0 


3. Conditions at vortex and contact discontinuities. At a 
vortex discontinuity [13 ], there are jumps only in Hl and b,, the tan- 
gential components of the magnetic field and the velocity; but their 
magnitudes remain unchanged. The change in the field and in the velocity 
are coupled by the relation 


b,, — b,, = —h,) (3.1) 


The upper sign corresponds to a wave going to the right, and the lower 
Sign to one going to the left. 


At a contact discontinuity [13 ] 


H.,. = Hi.., Pi = Po» b., = b., (3.2) 


The density and the other remaining thermodynamic variables may undergo 
a jump. 


In what follows,the case of a tangential discontinuity (H, = 0) will 
not be considered, since, for all discontinuities the normal component 
of the magnetic field is continuous, while the case of the resolution of 
an arbitrary discontinuity, when the field at t = 0 is parallel to the 
surface of the discontinuity, reduces to a case of pure gasdynamics [5 ]. 


We will first consider the plane problem of the resolution of an 
arbitrary discontinuity, when w) = w)° =H, =H, *=0. 
79 70 


4. Combination of two waves and a contact discontinuity. 
Let us investigate the possibility that an arbitrary discontinuity be 
resolved into two shock waves or self-similar waves separated by a con- 
tact discontinuity. At the contact discontinuity Equations (3.2) must be 
satisfied. We shall see whether these conditions can be satisfied by any 
two shock waves or self-similar waves. 


Let us investigate the possibility of the combinations R KR and 
R* KR*. From the conditions at a contact discontinuity, (3.2), and from 
(2.1), it follows that (q,, — 94,°)P,94;94,; -— 1) = 0. It is not diffi- 


cult to see that P,q_,g_,° < 1 in an R-wave and P,q,,9,,° > 1 in an 


R*-wave. Therefore 9+; = This means that the KR - and RY K Rt - 


combinations are possible only in the case where the point pp’, a, 


lies on the curve relating p and Hy in R’- and R*-waves, respectively, 


and goes through the point pp, Hy - 
0 
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It is 8 also clear thet these combinations are mutually exclusive. When 
H, > lH,” , the R* KR*-combination is possible; when p, > 


Yo 
*|, the R-KR-combination is possible. 


In what follows we shall assume for definiteness that 


Po> Po: | H,, > 0. 


Let us examine the curves giving the relation between p and Hy 
-, R*-, R-waves (Fig. 2), which are 
described by Resetions (1.2) and (2.1), 
spectively. The dotten line in Fig. 2 Aone 
the possible form of the line corresponding 
to the S*-wave. From an examination of these My, | 
curves it follows that the combinations of 
two shock or self-similar waves and a con- 
tact surface that are possible are the 
following (Figs. 3 to 6): 


‘ol. 25 1) RKS*, R*KS’, S*KS*, R*RK, 
if po>p.(pe, A,’, Hy = H,), H,.’> (Po, Hy, P= Pe) 
2) R*KS*, R*KS, KR'S* (4.2) 
if po<p.(p, Ay’, Hy = Hy), H,’> (pe, Hy, P= Pe) 
3) R*KR, SKS*, KR'S’, RS K 
if po<p.(po, Hy=H,), Hy’ < Hy, p= 
4) R-KS*, S*KS*, R*KR, R*KS*, KS’S*, 
if po>p.(po, Hy = M,,), Ay! (po, Hyu,, Po 


The S” ve? combination is possible if p_(p,’, 
P-(Pq, Hy , Hy = 0). 
In ~ case described by the inequalities (4.2) and (4.3) the point 
P,(P,’, » Ay = Hy »? (Fig. 4), and also in the case described by in- 
My, 


equalities (4. 1) (4. 2), the point H,(p,, H p= (Figs. 3, 4), 


may even not exist. 


Figs. 3 to 6 in the Hyp-plane, and Figs. 7 to 10 in the AuAv-plane 


apply to the cases defined by the inequalities (4.1) to (4.4), respect- 
ively. 
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Fig. 3. Pig. 4. 
For definiteness, it has been assumed that Ay, > 0, A, > 0. 
If in the case described by inequalities (4.2) and (4.3) there is an 


S*KS* combination, then in Figs. 4, 5, 8 and 9 there will be correspond- 
ing point. Cf. the remark at the end of Section 6. 


Po 


Pig. 5. 


If Hy, < 0, Hy.” < 0, then Figs. 3 to 6 and 7 to 10 will not be 


changed if the values -H, and —Av are plotted on the vertical axis in- 
stead of the values H and Av, respectively. The arrows indicate the di- 
rection of the change of quantities in S*-, S’-, R*- and R’-waves. 
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In all these cases, if a combination of two waves is possible, then 
specification of pp, Ay» My uniquely determines p,, My» 


it follows, also Au, Av. In the AuAv-plane combinations of the type 
considered correspond to discrete points. 


and, 


If the inequalities (4.1) to (4.4) become equalities, then the aggre- 
gate of combinations, corresponding to those equalities, becomes partic- 
ular cases of those considered, as may be easily seen from the figures 
in the Hp-plane. 


5. Combinations consisting of three waves and a contact 
surface. We will now consider combinations consisting of three shock 
waves or self-similar waves and a contact discontinuity; we shall show 
that in the AuAv-plane such a combination corresponds to a line. 


In fact, in the AuAv-plane, combinations of two waves correspond to 
points, i.e. Au and Av are constants depending only on Po» Hy - Pe» 
0 


Hy *, Addition of another wave means the addition of another term in the 
0 

equation for Au, Av, and an additional parameter characterizing the 
strength of this wave. These one-parameter equations map a line in the 


AuAv -plane. 


We shall show how to construct these equations, for example the 
R’ KR S*=combinations. From Equations (1.4), (1.5), (2.2) and (2.3) we 
have 


Vv; = % + = Vy 


From this 


Au =u,—u, = Av=vu—v, (5.1) 


From the conditions at the contact discontinuity, p,” = p,“(po, Hi 
Hy. 
meter defining the strength of the R waves. If p, = p,” the strength of 
the rightward-propagating R -wave is equal to zero. For this value of 


the parameter on the curve describing Equations (5.1), we find ourselves 
at the point which corresponds to the combination R KS". 


Yo’ 
*), while p, = p,” in these equations is an independent para- 


= 0 a point is obtained which corresponds to the combination 
a when the strength of the R -waves is a maximum. In going 
across them a vacuum is attained. It is not difficult to see that, in 
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addition to the line R KR'S*, there terminate at the point RKS* the 
lines corresponding to the combinations R*R KS*, S*R KS*, R KS'S"*, 
where the strength of the leftward-going R*-, S*-waves and of the S -wave, 
respectively, are equal to zero. 


From the equations of these lines, constructed similarly to Equation 
(5.1), it follows that they are arranged as shown on Fig. 7. Let us ex- 
plain where the line S*R KS*, emerging from point R KS*, ends. From 
Fig. 3 it is evident that in going along this line the strength of the 
R-wave will decrease to zero. Thus the S*H KS*-line comes to the point 
corresponding to the S*KS*-combination. From similar arguments it 
follows that the lines R°R KS* and R KS'S* end at points which corre- 
spond to the combinations R*RK and KS'S*, respectively. At each of those 
points three more lines can arrive, and so forth. 


From the above it follows that combinations consisting of three shock 
or self-similar waves and a contact discontinuity correspond to lines in 
the AuAv-plane. The points at the intersections of the lines correspond 
to the combinations, considered earlier, consisting of two shock or self- 
similar waves and a contact discontinuity. Every such point separates one 
line from another. The lines may extend to infinity, for example the Vol. 2 
S*S'KS*-, S*KR’S*-lines on Fig. 7. Also, lines may terminate at points 1961 
corresponding to maximum wave strengths. Thus, for example, it is evident 
from Figs. 3 and 7 that the line R*R KR* continues until the strength of 


the R*-waves is a maximum, and the lines KS R*, S KS S*KS'S* 
terminate at points where the strength of R*-, S -waves is maximum, that 
is, where the tangential component of the magnetic field behind the R*- 
or S -waves is equal to zero. Lines joining points corresponding to 
maximum strength of R*- and S -waves we will call dividing lines. 


6. Combinations with a vortex discontinuity. Inasmuch as 
lines corresponding to certain combinations are continuations one of the 
other, there are (Figs. 7 to 10) four distinct lines corresponding to 
the combinations investigated, of three waves and a contact discontinuity. 
For instance, (Fig. 7) one line corresponds to the combinations R KR'S*, 
R KSS*, SKSS*, SKS’, another to RR KR, RR KS, RS KS, 
S*S"KS", etc. Examining the equations of these lines it is easy to see 
that the maximum ordinates of these lines are points on a dividing line. 


Above those points our lines can be continued only by including vortex 
discontinuities in the combinations considered. Since the investigation 


is for the case Hy Hy, “> 0, a vortex discontinuity must exist on both 
0 

sides of the contact discontinuity or be absent entirely. In the plane 

case being investigated, a vortex discontinuity rotates the tangential 


component of magnetic field 180°, and, while changing the tangential 
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component of velocity, leaves the remaining parameters unchanged. For 
every line or point lying below a dividing line there is a line or point 
above the dividing line which corresponds to a combination of the same 
waves as for the lower point plus two vortex discontinuities. 


Consider, for example, the line which corresponds to the R°P KR*- 
combination (Fig. 7). Its equation, constructed like Equation (5.1), will 
be 


Au =u,—u, = 


Let us construct the equations of the line which corresponds to the 
R* AR KAR*-combination. From (2.2), (2.3) and (3.1) it follows that 


As is evident from an examination of the equations constructed, for 
given initial parameters Au is the same on both lines, since the pres- 
sure and the absolute value of the field in the region between the waves 
do not change, while Av differs by the quantity 


2 (x. + + 


It can be shown that this sum is the distance between the lines 
R°R KS* and R* AR KAS*, S*R KS* and S*ARKAS*, and 
S*AKR AS*, except of course that hy, hy’, V,° will be differ- 
ent. The distance between the points S*KS* and S*AKAS* is equal to 
2h, (V, + V,°), since xy. = 0 and h, = h,’. 


We will show that the lines R°R KR and R*AR KAR®* come to a common 
point on a dividing line, that is, the distance in the Av-direction be- 
tween lines is equal to zero on the dividing line. 


From the relations for expansion waves it follows that: 
1) if H, = 0 in an R*-wave, then P < 1 at that point; 


2) if P< 1 and H, = 0 ahead of an R-wave, then this wave is purely 
a gasdynamic one, i.e. the jump in the tangential component of velocity 
is equal to zero. Now on the dividing line after the R*-wave going left- 
ward the tangential component of the field is equal to zero (H, = 0), 


that means P < 1. Consequently, behind this R*-wave comes a gasdynamic 
expansion wave in which y_ = 0, from which it follows that in the right- 
ward-moving R*-wave H, must also change to zero (H, “ = 0), i.e. the 
lines R*R” KR* and R* AR"KAR* come to one point oA the dividing line. 


It can be shown that on the dividing line the coordinates of the lines 


V.V. Gogosov 


R*KSR* and R*AKS AR coincide, etc. (Fig. 7), and also those of the 
corresponding lines on the other figures. 


We note that in the AuAv-plane there may be, generally speaking, 
two or more of the points S*KS*, S‘'AKAS*, SKS ,AS KSA, and thus 
of the lines S*KS S*, S*R KS*, etc., if the lines S*, S” emerging from 
the points pp, Ay Po’) i respectively, have two or more points of 


intersection with each other. 


The question of intersections of S*- and S -lines in the -plane 
was not investigated in general. 


7. Combinations of four waves and a contact discontinuity. 
It is not difficult to see that the combination consisting of four waves 
and a contact discontinuity corresponds to a region in the AuAv -plane, 
since each combination of four waves and a contact discontinuity corre- 
sponds to a system of two equations for Au and Av, depending on two 
parameters; the lines investigated above are the boundaries of these 
regions. 


Analogously, every combination of four shock or self-similar waves, 
two vortex discontinuities and a contact discontinuity also corresponds 
to a region in the AuAv-plane, since the addition of a plane vortex 
discontinuity does not introduce any new parameter. The boundaries of 
such regions are lines which correspond to combinations of three shock 
or self-similar waves, two vortex discontinuities and a contact discon- 
tinuity, investigated in the preceding article. The equations of such 
lines are constructed quite analogously to Equation (5.1). 


8. The dividing line. The dividing line separates the regions 
and R* AR KS AR‘, and KS etc., and 
is shown in Figs. 7 to 10 by a dotted line. It is convenient to write 
the equation of the dividing line separately for each pair of regions 
which are separated by it. 


Let us write the equation of the portion of the dividing line between 
the regions R*R KR and AR KR AR*: In the region KARR’, Au 
and Av satisfy the equations 


Au = —,—¥,'—¥.— 4, +2 — (8.1) 


which are obtained analogously with Equations (5.1). On the dividing 
line the strength of the R*-wave is a maximum; the R-wave is a purely 
gasdynamical one; therefore p, is expressed in terms of py, Hy,» and p,* 
*; Pp = Py” (an independent parameter 


is expressed in terms of p,’, H 


Yo 
which changes from zero (the point of intersection of the dividing line 
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with the vacuum line) to p,” (the point of intersection of the dividing 
line with the lines KR* and R* ARKAR*)). 


From the preceding it follows that the system 
Au = — yp’, Av %.max L mes (8.2) 


is obtained from (8.1); it is the system of one-parameter equations of 
the portion of the dividing line under consideration. It is clear that 
this portion of the dividing line is straight. 


The equations of the other portions of the dividing line are con- 
structed in exactly the same way; they will not be straight lines. 


9. The vacuum line. Points on the vacuum line, as well as points 
lying beyond the vacuum line, correspond to combinations containing two 
R’-waves of maximum strength. Going through them, a vacuum is obtained. 
let us write the equation of the portion of the vacuum line which bounds 
the region corresponding to the R°R KR R*-combination. Au and Av in 
this region satisfy Equations (8.1). In these equations, p, = 0, 
ol. 25 Py” = Py (Po, Hy» Pe: P,) on the vacuum line (Fig. 7). We again 
961 obtain a one-parameter family of equations with the independent para- 


meter p,, which will also be the equation of the portion of the vacuum 
line under consideration. 


The equations of the other portions are obtained analogously. The 
vacuum line is bounded on the left, but extends to (upper and lower) in- 
finity on the right. In Figs. 7 to 10 the vacuum line is distinguished 
by cross-hatching. 


10. The case p, > p,’, \H 


|< Hy “|. As before, let 
0 
Hy Hy “> 0. From an examinatior of the curves which depict the relations 
0 “0 
between H. and p in S*-, S-, R*-, and R--waves (Figs. 11 to 14), it 
follows that in this case the following combinations of two shock or self- 
similar waves and a contact surface are possible: 


Yo 


1) R-KS*, R*KS-, KSS’, 


Ge Hy = Hy), < H_(po, Hy, Pp = 
(10.1) 

2) R-KS’, R-KS*, StKS, R*R-K, 

Po< Hye’, Hy = Hy), < H_(pe, He, 
(10.2) 
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S*KS , R-KR’, 
Hy’, Hy = Hw), Hy > H_(po, Hw, P= Po) 
(10.3) 
4) R-KS’, R*KS’, RKR, KS'S*, 
Po > P_(Po's Hy’, Hy = Hw), Hy’ > H_(Po, Hw, p= Py) 
(10.4) 


The S KS -combination is possible, 


if 
P_(Pos Hw’, Hy = 0) < p_(Pos Hy = 90), Hy < H_(po', Hy’, P = Po) 


Figures 11 to 14 and 15 to 18 correspond to these four cases, respec- 
tively. We note that qualitatively Figs. 7 and 15 differ from each other 
only in that on Fig. 15 the points corresponding to the combinations 
S*KS and S KS are missing. 


The lines and regions on these drawings are constructed exactly as for 
the case > 
Po > Po’» | > “|, Hy Hy 


If the combination S*KS occurs in the cases described by Equations 
(10.1) to (10.4), then in Figs. 11 to 14 and 15 to 18 there will be a 
corresponding point (cf. the remarks at the end of Section 6). 


If the inequalities (10.1) to (10.4) become equalities the set of com- 
binations corresponding to these equalities are particular cases of the 
corresponding set of combinations under consideration, as is easily seen 
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from Figs. 11 to 14 in the H,p-plane. 


Fig. 13 Pig. 14. 


ll. The case p, > p,’; A, > Ay < 0. For 


definiteness, let Hy > 0, Hy * < 0. In this case, in every combination 
0 0 


there must be a vortex discontinuity going to left or right. 


This is made necessary by the fact that neither a shock wave nor a 
self-similar wave can change the sign of the field, which is however 
necessary, since at the contact discontinuity the tangential components 
of the field must be equal. It is possible to investigate in detail the 
possibility of existence of combinations of two, three and more waves, 
repeating almost entirely the previous discussions. But even without a 
detailed investigation it is clear that to every combination of two waves 
and a contact surface, for the case Py > Po’) ld, | > iM, ‘I, a, Hy > 0, 


there corresponds a combination consisting of the same waves, a vortex 
discontinuity and a contact discontinuity. 


Here the pressure and the normal velocity components between the re- 
spective waves and discontinuities must be equal in these combinations, 
since the quantities mentioned do not change if the sign of H, ahead of 
the wave is changed (the other parameters at the wave front remaining 
unchanged). The tangential component of velocity changes sign. 


The same may be said about the lines and the regions. Thus it is 
possible qualitatively to redraw Figs. 7 to 10, replacing combinations 
without a vortex discontinuity or with two vortex discontinuities by the 
corresponding combination with one vortex discontinuity, going leftward 
or rightward. The dividing line in a given case separates regions in 
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which the vortex discontinuity is going rightward from regions with a 
vortex discontinuity going leftward. 


Let us clarify which regions are situated above the dividing line and 
which below. Let us investigate the combinations AR KS* and RKAS'; 


Av = f,° + x + 2hoV, for the first 


Av= Av* = f,°- x. -2h,°V,’ for the second 


The difference Av — Av* is the same as in the case corresponding to 
Ay Ay > 0. Therefore regions corresponding to combinations in which a 


rightward-going vortex discontinuity occurs are situated below the divid- 
ing line, regions with a leftward-propagating discontinuity are above. 


Analogously, the diagrams for the case p, > py’, ei<e * 
Yo Yo 


< 0 may be obtained qualitatively from Figs. 15 to 18 for the 


case Py > Py’, IM, < a, > 0, by replacing combinations 


without a vortex discontinuity and with two vortex discontinuities by 
combinations with one vortex discontinuity, going rightward or leftward. 


If A, < 0, Hy” > 0 in the last two cases discussed, then the dia- 


grams do not change if v,* —- vy is plotted on the ordinate instead of 


Vg 

12. Three-dimensional case of the problem. Let us investigate 
the three-dimensional problem of the resolution of an arbitrary discon- 
tinuity. The velocity and magnetic field vectors on both sides of the 
plane of the discontinuity lie in different planes. Therefore the condi- 
tions at the contact discontinuity cannot be satisfied without introduc- 
ing three-dimensional vortex discontinuities. 


Let us assume that the initial conditions are such that the three- 
dimensional initial disturbance resolves itself into an R* AR KAR’- 
combination of waves and discontinuities. 


The equation for Au will be the same as the equation for the same 
combination in the plane case. Let us construct the equation for Ab, 


Yo 
1961 
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From this 


+hV,+h,V,’, R= —hV, —h,V,’— 


which is the equation of a region with center at the point (Au, Av 
Aw = and radius equal to 


Let Hi, we and choose this direction for the y-axis, with the 
z-axis perpendicular to the y-axis and normal to the discontinuity sur- 
face. Then L_= 0, i.e. the center of the region lies in the AuAv -plane. 
In this plane, Equation (12.1) will give two values of Av: one of them 
lies on the line corresponding to the RR KR*-combination; the other on 
the line corresponding to the R° AR KAR*-combination, in which the field 
is turned through 180° at the A-discontinuities; both values of Av are 
at a distance IR! from the point with coordinates Au, Av = L,. It can 
be shown that this point lies on the dividing line. Aw has one value at 
these three points. 


Thus, it has been shown that for i, | Bee the surface corresponding 
to the R*‘ AR KAR*-combination is obtained by rotating the line in the 
AuAv-plane which corresponds to the R*R KR*-combination around the 
dividing line. The intersection of this surface with the plane Aw = 0 
will give two lines: one corresponds to the R*R KR*-combination, the 
other to the AR KAR*-combination, where the A-discontinuity rotates 
the field through 180°; this surface separates the two regions, 

R* AR- KR’ AR® and R*AR KS AR’. 


All the remaining portions of the three-dimensional diagram for the 
general case of the resolution of an arbitrary discontinuity, with 
Ht, | H,,’,are constructed in an analogous way. In the same way, rotation 
of the vacuum line, lying in the AuAv-plane, around the dividing line 
will give the vacuum surface. 

If H,, is not parallel to H,,’, then L, 4 0 and the radius of the 
region does not change. Thus, in this case, the surface in the AuAvAw- 
space which corresponds to the combination AR KAR’ is the surface 
which corresponds to the same combination of waves constructed for 
H., | li,’ and displaced in accordance with Equation (12.1). From this 
it is clear that the criteria (4.1) to (4.4), (10.1) to (10.4), defining 
the aggregate of combinations for the case H,, not parallel to H_,’, 
remain the same as in the case where H_, | Bee : 
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(12.4) 
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13. Conclusion. Now let the values of the parameters be given on 
both sides of the plane of the discontinuity. We shall show how the re- 
sults of the solution may be used. Since we know H,,i1,,°, Po, Po’, we 
know which of the necessary discontinuities obtained in this paper they 
satisfy, that is, we know which equations of the lines we must write, 
using Equations (1.4), (1.5), (2.2) and (2.3), in order to construct the 
corresponding drawing. After the drawing is constructed, and since Au, 
Av, Aw are known, we ascertain in which region the point with these co- 
ordinates lies, that is, we determine the combination of waves and dis- 
continuities into which the initial discontinuity resolves itself. Equat- 
ing the sum of the jumps of each magnetohydrodynamic quantity on each of 
the resulting waves and discontinuities to that of the initial jump, we 


obtain a system of algebraic equations which has to be solved numerically. 


If the point Au, Av, Aw lies in the space beyond the vacuum line, 
additional investigation is needed. The vacuum appears behind maximum 
strength R -waves, propagating in both directions. On the boundary be- 
tween the vacuum and the medium the following equations [4] are satis- 
fied: 


p=0, {[E.]—0 
but in view of the infinite conductivity of the medium 


E... |b, Hs}-, ewes = const, H- vac = const 


since, in the self-similar problem, electromagnetic waves cannot exist 
in the vacuum region, that is 


[(b; — b,’) Hs]. = 0 (13.1) 


Let the resolution be a plane one, and suppose we are at some point 
on the portion of the vacuum line which bounds the region corresponding 
to the combination h’R KAR’. Then 


(13.2) 


Writing out the vector product and putting into it the expressions for 
Uy, Vo» from (13.2) we obtain 


[(uo — Uy) + (4, — + Hy, — 
— — %) + (—%,— 2%. + = 0 (13.3) 
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In the AuAv-plane Equation (13.3) is a straight line. 


The equations of the straight lines emerging from other portions of 
the vacuum line are constructed in an analogous way. 


If a piston speed lies beyond the vacuum line, then from that point 
to the vacuum line one must go along a straight line of the type (13.3). 
At every point of the vacuum line the combination into which the initial 
disturbance resolves itself is known. 


If the problem is three-dimensional, then Equations (13.1) are equa- 
tions of straight lines in the AuAvAw-space, filling, to the left of 
the vacuum line, all the space which can be obtained by rotating the 
corresponding straight lines lying in the AuAv-plane by the method out- 
lined in Section 12. 


I would like to express my appreciation to L.I. Sedov, A.G. Kulikovsky 
and G.A. Liubimov for their discussions. 
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The problem of the structure of a magnetohydrodynamic shock wave is the 
problem of finding for a non-ideal gas the solution of the equations of 
magnetohydrodynamics that assumes at x = +t « the values which satisfy 
the known conservation laws for transition through a sharp discontinuity 
surface in an ideal gas. In the study of the structure of a shock wave 
it is assumed that in a coordinate system in which the wave is at rest 
the motion within the zone representing the shock wave is the steady one- 
dimensional motion of a non-ideal gas. In this formulation the problem 
of the structure of a parallel shock wave was considered in [1]. Some 
general questions on the structure of an inclined shock wave with all 
dissipative coefficients included were considered in [2]. The present 
paper is an investigation of the flow within the shock-wave zone in the 
case when dissipation of energy in the wave arises from consideration of 
magnetic viscosity and the second kinematic viscosity. With an analogous 
formulation the structure of a certain special kind of shock wave was 
considered in [3 ]. 


The equations of steady one-dimensional flow of a perfect gas, de- 
scribing the problem of shock-wave structure when only the magnetic vis- 
cosity and second viscosity are different from zero, have the form 

dH 


du ‘ 
Vm = uH —vH, cE, = PT 


Here H,, H, u, v are respectively the components of the magnetic 
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field and velocity along the x- and y-axes, E the z-component of the 
electric field, c the speed of sound, J, and J, the x- and y-components 
of momentum flux, U the energy flux, and M the mass flux. Equations (1) 
are written in a system of coordinates in which the flow may be con- 
sidered plane. At x = + « the flow representing the structure of the 
shock wave should approach a uniform flow with parameters satisfying the 
conservation laws. Thus in Equations (1) we have du/dx = dH/dx = 0, and 
the constants U, J,, Jy, E, Hi, M can be determined from the values of 
the parameters ahead of the shock wave. Without loss of generality it is 
possible to take J, = 0. We introduce dimensionless variables according 
to the following equations (where we refer all quantities to the para- 
meters ahead of the shock wave): 


U= V=— Ug, P= Pollo”?, H = V Axpouy2h (2) 


In the new variables Equations (1) can be written in the following 
form: 


m dh 


= h(x —h,”) —e, 


Vol. 
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hy = &= 


In the first and last of Equations (3) q has been eliminated by means 
of the third equation. From the condition that at x = — « the derivatives 
dh/dx and dr/dx vanish andr = 1 it follows that 


e = hy (1 — hy”), P=1+6++h,?, = + + he? (1 — hen’) 
Henceforth we will always assume that e > 0, that is, we will assume 


that the sign of hy is the same as the sign of (1 - h,?). From the last 
relation we obtain 


1,5 _ —(2—4,*) (P — 1) 


For simplicity we will henceforth consider the case y < 2. Then 


k>2, ht+k—2>0 


Since hy? > 0 and @,> 0, it is possible to obtain from (4) an in- 
equality bounding the range of possible values of the constant ¢ 
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(2 — hy?) (P —1) Ce —+ <k(P — 1) (5) 


After this preliminary remark we turn to an investigation of the iso- 
clines dr/dx = 0. Eliminating @ from the second and fourth of Equations 
(3), we obtain their equation 


h? (ket — — 2eh + (2k — 1) — 2kPr + 2e =0 (6) 


It is easy to verify that the point r = 1, h= hy, satisfying condi- 
tions ahead of the wave, satisfies Equation (6). 


We solve Equation (6) for h: 


@ 4 V — (kt [((2k — 1) — 2kP + (1) 
kt—h,? kt—h,? 


hy = 


Thus real points of the isocline dr/dx = 0 lie on both sides of the 
hyperbola h = e/(kr - h,”). Minima and maxima of the isocline lie on this 
hyperbola at points r where the discriminant of Equation (6) vanishes. 

It is evident immediately from Equation (7) that the isocline dr/dx = 0 
has the asymptote r = h,*/k. 


Introducing the quantity a in place of « by means of the equation 


2e — 1 = 2k(P — 1) — 2a(h,? + k —2)(P —1) 


and using the expression for e, we put the discriminant of Equation (6) 
in the form 


D(x) = 2a(P — 1) — + (hg? + — 2) t] — 
— (kt — hy?) [(2k — 1) — 2kPx + 2k (P —1) +4] 


The quantity a varies within the limits 


1 2 
O< a- <4 


For a = 0 the equation D(r) = 0 has three real roots 


h,, 2k 


T= 1 = = 
k’ 


2k—1 


-(P —1)4 


As a increases,the root of D(r) = 0, that is,the point of intersection 
of the straight line 
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D(t) —D(t)| = (h,*? + k — 2)(P — 1)(t—T,) 


h,? —1/k 
= 


a=0 


with the cubic parabola 


— D(t)|,_, = (2k — 1) (kt — h,?) (t¥ — 11) (t — 1) 


increases monotonically. This permits a qualitative investigation of the 
question of the number and distribution of roots of the discriminant. 


The results of this investigation can be stated in the following form. 
In the plane of the variables P - 1 = 1/2 hy? + 45 and Wy a curve can 
be drawn for 0, = 0 (a = 1) separating the 
region of existence of three roots of the n2 4 
discriminant from the region where only one a 
root exists. It has the form shown in Fig.1 
(the curve ABCD ). The curve ECF, whose 
equation is Tr, = r., is tangent to the curve 
ABCD at the point C. For points lying to 
the left of the curve ABCF the discrimin- 
ant has always (for arbitrary a) three 


roots. For points lying to the right of the <a 
€ 


curve ABCD the discriminant has three 
roots for small values of a and one root 
for large values of a. For the remaining 
points in the P - l, h,?-plane the dis- 
criminant has three roots for small and 
large values of a, and one root for inter- 


E 


mediate values. 


We introduce also in the P —- l, h,?-plane the straight lines 


= i, 


In the case when hy = 0, the values 1, r, and h,?/k are roots of D(r). 
The straight line r= h,/k passes through point B and is tangent to the 
curve ECF at h,? = 1. The straight liner, = 1 is the asymptote of the 
curve ECF. 


It can be shown that: 


a) for points lying simultaneously below the straight lines 7 , = h,?/k 
and h,?/k = 1 in those cases when the number of roots is three and does 
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not change as a varies from zero-to the value under consideration, two 
roots of the discriminant are greater than h,?/k and one is smaller: 


Pig. 2. Pig. 3. 


b) in all other cases when there are three roots, one root is greater 
than h,?/k and the other two are smaller. 


These properties of the discriminant permit the isocline dr/dx = 0 in 
the h, r-plane to be constructed qualitatively according to Equation (7). 
If there are three roots, then in case (a) the isocline will have the 
form of curve (6) in Fig. 2. The dotted line indicates the hyperbola 
h = e/(kr - h,?). The point (1, hy), corresponding to the initial condi- 
tion, always lies on the closed branch. In case (b) the isocline will 

have the form of curve (6) in Fig. 3. 


We note that in this case the initial 
point may lie either above or below the 
asymptote r = h,?/k, and the point of 
intersection of the isocline with the 
asymptote may be to the right or left of 
the r-axis. However, if the discriminant 
has only one root the isocline has the 
form of curve (6) in Fig. 4. The isocline 
dh/dx = 0 in the h,r-plane is the hyper- 
bola 


(8) 


with asymptotes h = 0 andr = h,*; it is indicated by the numeral (8) in 
Figs. 2, 3 and 4. 


From the determination of h, it follows that for points above the 
line r = h,? the gas speed is greater than the Alfven speed a, = i,/ 
Vv 47p,), and for points below the liner = h,? the speed is less than 
that. 
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Since for x = + « the flow corresponding to the problem of the shock- 
wave structure should tend to a uniform stream (dh/dx = dr/dx = 0), points 
corresponding to conditions behind and ahead of the shock are the points 
of intersection of the isoclines (6) and (8). These points of intersec- 
tion are the singular points of the equation 


dt h? (kt — h,,*) — 2eh + (2k — 1) 1? — 2kPr + 2e 
dh 2kt [h (t —h,*) —e] (9) 


equivalent to the two differential equations (3). Solutions of the prob- 
lem of shock-wave structure correspond to the integral curves of Equa- 
tion (9) joining the singular points lying in the region r > 0. In order 
to investigate the field of integral curves it is first of all necessary 
to study the character of these singular points. 


It is shown in [2] that the character of a singular point of Equation 
(9) in the h, r-plane depends on the value of the velocity corresponding 
to the given singular point. Thus the following singular points are 
possible (enumerated in order of decreasing velocity): 
Vol. 2 
1961 


Point 1 -- a node, from which integral curves issue as x increases. 
At this point the inequality a, < u is satisfied, or 


1 


0 


Point 2 -- a saddle point. At this point the following inequality is 
satisfied: 


1 
=x ¢ a 
ag <u<a, or h,?t 
0 


Point 3 -- a saddle point. At this point the following inequality is 
satisfied: 


or 


u 


{V + he + Qhat V0 —V + — = = 


Point 4 -- a node, into which integral curves enter. At this point 
the following inequality is satisfied: 


u<a, or “<= 
0 


Here a, and a_ are the fast and slow magneto-acoustic speeds. 
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If all four singular points occur,two of them lie above the line 
f= hy and the other two below it. If there are only two singular points 
they lie on one side of this line. The transition 1 + 2 is called the 
fast magnetohydrodynamic shock wave, the transition 3+ 4 is called the 
slow magnetohydrodynamic shock wave, and all other transitions are inter- 
mediate shock waves. If two singular points coalesce into one (the iso- 
clines (6) and (8) become tangent) the stream velocity at this point is 
equal to one of the magneto-acoustic speeds and the shock wave becomes a 
weak perturbation. 


It can be shown that if the curve (6) has the form indicated in Figs. 
2 and 4 all singular points lie on one branch of curve (6). 


The investigation of the isoclines (6) and (8) that has been carried 
out permits qualitative construction of the field of integral curves of 
the system of differential equations (3). If the isoclines (6) and (8) 
have the form shown in Fig. 3 the corresponding field of integral curves 
has, depending on the value of the ratio of dissipation coefficients 
/P oY» the form shown in Figs. 5, 6 and 7. In all other cases, if there 
are four singular points,the character of the integral curves does not 
change*. If there are two singular points (either pair) the behavior of 


Fig. 5. 


the integral curves in the vicinity of these points remains the same as 
in the presence of four singular points. 


The picture of the integral curves shown in Fig. 5 corresponds to the 
case when the ratio y/pgv, is small. In this case points | and 2, 3 and 


In the case of the disposition of isoclines shown in Fig. 2, the be- 
havior of the integral curves of Equation (9) was studied in the 
thesis of A.N. Voinov (Moscow State University, Faculty of Mechanics 
and Mathematics, 1960). 
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4 are connected together in pairs by unique integral curves representing, 

respectively, the structure of the fast and slow shock waves. The points 
of the first pair and points of the 
second pair are not connected by inte- 
gral curves, which corresponds to the 
absence of the structure of intermediate 
shock waves. If p/pyw, > 0 the integral 
curves representing the structure of 
the fast and slow shock wave tend to co- 
incidence with the corresponding seg- 
ments of the isocline dh/dx = 0. 


Figure 6 corresponds to a unique 

value of the ratio = (u/pav,), 

for which the integral curve leaving 
point 2 enters point 3. This value of p/pyv, separates the cases shown 
in Figs. 5 and 7. Here the integral curves connect points 1 + 2 (fast 
wave), 3+ 4 (slow wave) and 2 + 3 (intermediate wave), the integral 
curves connecting these singular points being unique. The more complicated 
transitions 1+ 2+ 3, 2+ 3+ 4, 1+ 2+ 3- 4 are also possible. Vol. 2 


For large values of u/pyv, there exists the case shown in Fig. 7, 
where the integral curves connect the following pairs of singular points: 
1+ 2, 3+ 4, 1+ 3, 1+ 4, 2+ 4, all these pairs of points being con- 
nected by a single integral curve except for the pair 1 + 4, which is 
connected by an infinite number of integral curves. There exist the 
following compound transitions: 1 + 2+ 4, 1+ 3-4 4. 


If L/P. + « the integral curves tend to coincidence with the iso- 
cline dr/dx = 0. However, in this case, when the motion is supersonic at 
the initial point and subsonic at the final point, a gasdynamic shock 
wave arises within the structure of the shock wave, with H = const. We 
note that if such a shock wave exists the structure of the fast magneto- 
hydrodynamic shock wave is terminated by the gasdynamic shock, and the 
structure of the slow shock wave begins with the gasdynamic shock. The 
structure of the intermediate shock waves may also include a gasdynamic 
shock, which appears at the beginning of the 1 + 3 shock, at the end of 
the 2 + 4 shock and at an arbitrary point in the structure of the 1+ 4 
shock. 


Thus in the formulation considered the fast and slow wave possess 
structure for arbitrary ratios of the dissipative coefficients. 


In cases when there are four singular points the intermediate shock 
waves may possess structure. 


178 
ai 
= 
< 
= 
2 
a 
| 


Structure of an inclined magnetohydrodynamic shock wave 


The transition 2 + 3 is possible only for 
= 


The transitions 1 + 3 and 2 + 4 exist and are unique for 


The transition 1 + 4 is possible for 


) 
POVmn POVm 


and may proceed by an infinite number of integral curves. 


It is interesting to note that in the given formulation of the prob- 
lem of the structure of a shock wave the evolutionary shock wave in the 
sense of [4] differs from the non-evolutionary in that it alone possesses 
structure for arbitrary ratios between the dissipative coefficients. 


Note. The statement of Germain [2] that in the formulation under con- 
sideration the slow shock wave does not always possess structure is false. 
It is based on the supposition that the point of intersection of the 
upper branch of the isocline dr/dx = 0 with the straight line A = hy 
passing through point 3 may lie below the h-axis. However, this point is 
connected with point 3 by transition through an ordinary gasdynamic shock, 
and must lie in the region r > 0 if the pressure at point 3 is positive. 
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In hydrodynamics there is only one type of mixed flow, associated with 
the transition from elliptic subsonic flow to hyperbolic supersonic flow. 


As shown below, in magnetohydrodynamics there are several types of 
mixed flows, described not only by Tricomi’s equation Pyy ~ y¢,,= 0, but 
also by the equation ae ¥dyy = 0, which has essentially different pro- 
perties from the other. Boundary-value problems for these equations are 
formulated differently than in the case of Tricomi’s equation in ordinary 
gasdynamics, since they have to be satisfied by functions having a 
different physical significance. 


We consider below certain types of mixed flows. For each of them we 
derive the equations and laws of similitude. Simple examples of mixed 
flows in nozzles are given, 


1. The equations of magnetohydrodynamics for an ideal gas with in- 
finite electrical conductivity have the form 


div pV =0, div Il = 0, rot (Hx V) = (1.1) 


Vp _ 


P 
— 9 
inp xrot = const (1.2) 


Here H and V are the vectors of the magnetic field and the velocity, 
p is the pressure, p is the density, and « is the ratio of the specific 
heats. 


When V is parallel to H it follows from the first two equations (1.1) 
that 


H H 
= = — = const 
x 


ph pV, 
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where Hy, H., Ve. V. are the components of the vectors of field and 
velocity parallel to the Cartesian axes of x and y. 


The relations (1.3) enable us to eliminate the magnetic field from 
(1.2), while Bernoulli’s equation [1 ], which is valid for the flow 
under consideration, enables us to eliminate p and p from the equations. 


As a result we obtain 


7 
(a? — V3)-—5= - (1.4) 


OV 
v 
+. N VAN, 
[Af —, Na —: 
a a 
where a is the speed of sound and V° is the Alfven speed. Let us direct 
the x-axis along a streamline. Then Equations (1.4) may be written as 


ov V 


Ox y 

The equations change their type [1 ] when one of the coefficients of 
the derivatives passes through zero. Obviously, this occurs when M = 1, 
M = N and M = N/V (1 + N?). The character of the transition when M = 1 
and M = N differs according to whether N > 1 or N < 1. Interest also 
attaches to the case when M = N = 1. 


We give below an analysis of these six cases. 
We notice that, according to (1.3) 


N*/M?* = 


where (N */M*),, is the limiting value of the ratio N ¥M* when M+ 0, and 
9, is the stagnation density. If (N7/M?), < 1, then in the whole flow 

N <M, and consequently the only possible transition is the transition 
with M= 1 and N < 1. Such a transition is qualitatively similar to the 
transonic transition in classical gasdynamics, studied in the works of 


F.I. Frankl, S.V. Falkovich, Guderley and others. 


Accordingly, new types of mixed flow can arise only when (N Mm? ), & 3, 
i.e. for high densities of magnetic energy. 
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All quantities relating to points where M = 1 will be denoted, as 
usual, by a subscript asterisk. Quantities relating to points at which 
M = N/V(1 +N?) will be denoted by two subscript asterisks. Quantities 
relating to points at which M= N, i.e. the speed is equal to the Alfven 
speed: V = V°, will be distinguished by a superscript °. 


2. Flow near the curve M = M... Let V.= va + u) and 


v. = V.,v, where u and v are small quantities. Retaining in Equations 


(1.4) only the terms of the lowest order, we obtain 


(1— M,.*)ux + vy = 0, [3 +- (x — 2)M, *Juu, + = 0 (2.1) 


where the subscripts x and y indicate derivatives with respect to the 
corresponding variable. Substituting the variables 


u - 


we reduce the system (2.1) to the canonical form 
Ex + ny = 0, + nx = 0 (2.3) 


The first of Equations (2.3) permits the introduction of a function 
w such that 
hy q=-—*% (2.4) 


Then from the second of Equations (2.3) we have 


— Yxx = 0 (2.5) 


Let us introduce the Legendre function 


¥(E,n) = — Ey — ne (2.6) 
It is obvious that 


z=—Y¥,, (2.7) 


Transforming in the second equation (2.3) to the hodograph plane é, 
n, we obtain Ye +€x,= 0, or 


Pee = 0 (2.8) 


Equation (2.5) is analogous in form to the equation for the velocity 
potential in classical transonic flow. Similarly, Equation (2.8) coin- 
cides with the equation for the stream function or Legendre potential of 
transonic flow. It is clear that the solutions of equations of type (2.5) 
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or (2.8) obtained for transonic flows will describe quite different 
flows in the case under consideration. The hound- 
ary-value problems also have a different formula- 
tion. 


The equations of the characteristics in the 
physical plane and in the hodograph plane have 
the following forms, respectively: 


dy = dy = 


The characteristics are real and the equations 
are of hyperbolic type when & > 0. Limit lines 
can arise in the flow only in the hyperbolic 
region, since the determinant 


O(z, 
Pig. 1. = LeYn— Taye = EV an? — 


can vanish only if € > 0. 


Let us consider a simple example of the flow of mixed type under con- 
sideration, 


It is easy to see that w= czy is a solution of Equation (2.5). 
According to (2.4) we have € = cx and 7 = — cy. The streamlines and 
characteristics of this flow have the respective forms 


2 
y = ¢,/(1+ cz), ce” 


This flow is depicted in Pig. 1. We notice that it has a straight 
line of transition. 


Let us introduce the new variables 


(y =3 +(x —2)M,.?, B? = 1— M,,*) 


where x) is a characteristic linear dimension of the flow andr is a 
characteristic gradient of the velocity vector. It is easy to see that 
the functions marked with an asterisk satisfy the canonical system (2.3). 
Two flows, for which the functions u* and v* are equal at points with 
the same values of x* and y*, are said to be similar. It is evident that 
similar flows must have equal values at infinity for the quantity 


= + =k (2.11) 
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where « = M_= M_, is a small quantity, and M_ is the Mach number of the 
flow at infinity. 


The relations (2.10) and (2.11) give the similarity law for the flows 
under consideration, while the quantity k is the similarity parameter. 


The pressure coefficient on a slender body is determined by the ex- 
pression 


Cp = Qu = — 2°) (2.12) 


If x, is the length of the body, then the drag and lift coefficients 
are given by 


Cy= = — F (hk) 


3. Trans-Alfven flows. Now let V, = V° (1 + u) and Vy = V°v. 
Then the simplified system of Equations (1.4) 
has the form 


(1 — M)u, + = 0, (3.1) 


Ex + 9, Ey — Enx = 0 
(3.2) / 


(§ =u(i— M™), 4 =») 


When M° =N° < 1 the canonical system is ih 
N 
/ j 


Introducing the functions W and ¥ by the 
relations (2.4), (2.6) and (2.7) we obtain | 
+ = 0, Pon + EVE = (3.3) 
Here the equations have the hyperbolic form when &€ < 0. Along the 
characteristics (when € < 0) we have 


dy = +(— or tY (3.4) 


It is evident that the function w= cxy satisfies the first equation 
(3.3), and consequently € = cx, 7 = — cy. The streamlines of this flow 
(Fig. 2) coincide with the streamlines of the flow depicted in Pig. 1. 
The equation of the characteristics is y = c) t ae 2 - x. Here again 
the transition line is straight. 


184 
Vol. 
196) 


On magnetohydrodynamic flows of mixed type 


When M° = N° > 1 the canonical system has the form 
= 0 (3.5) 
Introducing the functions w and WY by the relations 
we obtain 


— = 0, Van = 0 (3.7) 


These equations are hyperbolic when € > 0, so that along the character- 
istics when € > 0 we have 


or n=ct2VE (3.8) 


The solution w= ecxy here describes the flow in a conical nozzle (Pig. 
3) with streamlines y= c,(1+ cx) and characteristics y = ¢, t Vs 


The similarity law for trans-Alfven velocities (V~V°) is given by 
1961 the relations 


k = (1 + M® : M.. — M°) (3.10) 


where 8? = 1 ~M°? when M°< 1 and B? = M°?— 1 when M°> 1. 


The functions with asterisks satisfy the respective canonical systems 
(3.2) and (3.5). For pressure and force we have 


2t? v (k, x’), = (k), Cy (A) 


where c= (p — p°)/ 1/2 p®v°?. The dependence of the drag on the thick- 
ness of the body is found to be stronger than in classical transonic 
flows. 


4. Transonic flows. Now let V V1 + a), = Viv and M, = 
1¢ N.. The simplified system (1.4), fi. 5)" in this case takes the form 


— (x + 1)uu, + v, = 0, uy — (1— = (4.1) 


It is easy to see that when N. < 1 Equations (4.1) differ only by the 
multiplying factor (1 -— N, 2) in the second equation from the system of 
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equations for classical transonic flows. In this case the flow pattern 
agrees qualitatively with the usual transonic 
flows. 


When N. > 1 the elliptic and hyperbolic 
regions change places, i.e. the flow is hyper- 
bolic in the subsonic region (u < 0) and elliptic 
in the supersonic region (u > 0). Accordingly, 
by the substitution u, = - u the system (4.1) 
can be reduced to the ordinary transonic form. 


In Fig. 4 we depict such a flow, correspond- 
ing to the solution 
) 


~ 


which is analogous to the well-known non-magnetic 
transonic flow. In Fig. 4 the characteristics 

are shown by broken curves, while the curve v= 0 
is shown by a chain-dotted curve. 


Fig. 3. 


Of special interest are the flows associated with M| = N= 1. In 
this case the simplified system of equations has the form 


+ wy—ur,=0 


Here the flow is of hyperbolic type both when u < 0 and when u > 0. 
In the hodograph plane the system (4.2) transforms to 


—(x+ 1) uy, + = G, Ly — uy, = 0 
Eliminating the mixed second derivative of x, we obtain 


u [(x + 1) Yoo — Yuul Yu = 9 


The characteristics in the hodograph plane and in the physical plane 
are 


v=c+Vx+1u, dy = +(x + (4.4) 
It is easy to see that the system (4.2) admits a solution of the form 


u = (z/c)@(y/c), v = (z/c)p(y/c) 
In particular, we have 


v = (x /c)tan(y / c) 


y 
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This solution describes the flow depicted in Fig. 5. The flow chart we 
obtain is symmetric with respect to the straight transition line x = 0. 


Fig. 4. 


Clearly, in such a flow it is completely immaterial whether the gas flows 
from the subsonic region to the supersonic region or vice versa. 


Similar flows are defined by the following relations: 


k= 2r'(1+x)“e (e = M..—1) 
Correspondingly for pressure and force we have 


y= (hk), cy=th(k), cp = (4.7) 
5. The flows of mixed type analysed above can occur in nozzles in the 
following combinations: 


1) When (N?/M?),< 1 in a nozzle there is only one region of mixed 
flow — near the sonic line. This flow is qualitatively similar to the 
transonic flow of ordinary gasdynamics. 


2) When (N?/M?),, < Po/p,, then in addition to the transonic transition 
of familiar type there are added the transitions when M = N/y (1 + N?) 
and M = N, which were analysed in Sections 2 and 3, and which bound a 
subsonic hyperbolic region. 


3) When (N?/M?), > po/p. the subsonic hyperbolic region extends from 
M=N/vV (+ N?) to the sonic line, where the transition to elliptic 
supersonic flow analysed in Section 4 takes place. The supersonic 
elliptic region is brought to an end by the trans-Alfven transition to 
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hyperbolic flow analysed in Section 3. 


4) When (N?/M?), = Po/p, the transition from elliptic flow to hyper- 
bolic occurs when M = N/¥y (1 +N?) < 1. The whole flow for large velo- 
cities has hyperbolic type with parabolic degeneracy on the sonic line 
(see Section 4). 
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PLANE-PARALLEL FLOW OF A COMPRESSIBLE 
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(Moscow) 


(Received September 16, 1960) 


Let a plane-parallel stream of a viscous compressible fluid with velocity 
const flow toward a fixed body which is symmetric with respect to 
the flow direction. At large distances from the body in the wake the 
pressure is approximately constant in transverse sections of the wake, 
the transverse velocity is small in comparison with the longitudinal 
velocity and the rate of change of the longitudinal velocity along the 
axis of the wake is small in comparison with its rate of change in the 
transverse section. Therefore, in an unbounded fluid, the pressure 
gradient along the axis of the wake is negligibly small. Then we have 
the following basic equations: 


Ou Ou 
pu - | v 


/.. du \ 
= by \" (equation of motion) (1) 


O(Cyt) 0 (Cyt) 
pu Ue +- pv 


a 
(« + (energy equation) (2) 


oy 
a (pu) (pe) 


0 (continuity equation) (3) 
Ur oy 


pl = Pt. (equation of state) (4) 


Here the coordinate x lies along the axis of symmetry, u, v are the 
components of the fluid velocity along the coordinate axes, p is the 
fluid density, mw the viscosity, t the temperature, C, the specific heat 
at constant pressure, k the coefficient of thermal conductivity and J 
the mechanical equivalent of heat. The subscript ~ denotes parameters in 
the undisturbed flow. We assume that 
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p = const, =— = 1, (m = const) 


In this case the energy equation can be integrated (Crocco): 


u? 


t=A+ Bu— (6) 


where A and B are undetermined constants. We introduce the stream func- 
tion by the formulas 


=: Poo OY 


and change variables from x, y to x, Ww. We have 
=) 
Then Equation (1) assumes the form 
Ou 0 p Ou 
Peo = Op OD ) 


At large distances from the body in the wake u= + Uy, 
where u,, ¥, are small. Confining ourselves to the main terms, we have, 
instead of (7) 


Poo “oop op 


(8) 


Ou, Oo 


We introduce the dimensionless quantities by the formulas 
Ug bus V co Yoo 
Here L is a characteristic dimension. By virtue of (4) and (5) 


P 


Bo 
Ww 


Then (8) assumes the form 


au, a 


ox 


au, 

m—1 

(7 ay | (9) 
This equation admits an analytical solution if m= 1. In this case 


aU, _ #U, 


ax (10) 


The boundary conditions for Equations (1) to (4) are 
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Ou 


v=0, for y= 0, u—u t—-to for 
y 


oo’ 


From this 


= for y= . 1 0 f 
U,=0 = — = or y=0 


if the axis of symmetry is taken as the streamline w= 0. 


We enclose the body in some control volume AA, B,B, so chosen that AB 
and A,B, lie at a large distance h from the body in the undisturbed flow 
and are parallel to the undisturbed flow velocity, AA, lies ahead of the 
body in the undisturbed flow and perpendicular to its velocity and BB, 
lies behind the body and parallel to AA). 


The total momentum flow across the control surface equals 
h 
\ puujdy 
-h 
1961 If D is the drag per unit thickness of the obstacle, then by the momentum 
theorem 


A 


co 
D= \ puudy, or D= \ pum dy ~, \ UY (13) 
—co 


—h 


Replacing + h by + ~ is permissible since u, = 0 for | y| >h. 


Let 


where C and g are constants. Then 


p~ 


But D is a constant quantity, hence the integral must be independent 
of X. Consequently, q = — 1/2. Then by (14), we have 


U, = 
and instead of (10) we have 


1 1 
“+ —_g=0 
g 2 2 
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The boundary conditions are 


for ¢=0, g—-0 for (17) 


Integrating (16) twice, and taking into account the boundary condi- 
tions, we obtain 


g = exp (- ¢*) (18) 


The constants A, B and C are determined from conditions at infinity 
(11), Equation (13) if D is known and from the theorem of energy change 
applied to the contour AA,B,B. The temperature ¢ is determined from 
Formula (6), and the density p from Equation (4). 


The analogous problem for incompressible fluids was solved by Tollmien. 
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HOMOGENEOUS HELICAL MOTION IN A CONE 
(ODNORODNOE VINTOVOE DVIZHENIE V KONUSE) 
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S. A. BOSTANDZHIIAN 
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(Received March 4, 1960) 


The problem of homogeneous helical motion in a cone of finite dimensions 
is examined (the similar problem for an infinite cone has been formulated 
by Vasil’ev [1 ]). 


We shall consider that the fluid is ideal and 
ye’: St, incompressible and that within a cone there is a 
homogeneous helical flow symmetric with respect to 
the axis of the cone. Fluid enters the cone through 
an annular slit in the amount gq units per second 
and leaves through the apex and the point S in the 
amounts q, and qo, respectively. 


The length of a generator of the cone is Ry and 
the half-angle of the apex is 64. From above the 
Pig. 1. cone is bounded by a spherical surface of radius 
Ro. which has an aperture S on the axis of the cone 
through which the fluid flows out (Pig. 1). Such a scheme reflects 
approximately the principle of action of a hydro-cyclone. 


The problem is reduced to solving the inhomogeneous differential equa- 
tion [1 ] 


ap , sing 97 1 
oe) (k, C = const) (1) 


in the region 0 <r< Rp, 0< 0< 9, for the boundary conditions 


1 


In place of the stream function W(r, 0) we shall introduce a new func- 
tion u(r, 8) which is connected with Wir, 0) by the relation 


u(r, 0) = 0) (3) 


sin? Bo 
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Equation (1) takes the form 


, sing @ 1 du 2, _ 2. 2 


The boundary conditions for the function u(r, @) take the form 


int 
u(r, 0) =0, u(r, Oo) =0, u(Ro 


We shall seek the function u(r, 0) in the form of the series 


u(r, 6) = 2M, (r) (8) (6) 
n=1 
ordered with respect to the eigen-functions N,(0). We shall determine 
the form of the eigen-functions. Separating the variables in the homo- 
geneous equation which corresponds to the inhomogeneous equation (4), we 
obtain for the determination of the function N(@) the differential equa- 
tion 
sin 6 ( 


sin 


(7) 


which by the substitution x = cos @ reduces to the form 


4 viv +1) N=0 


1—z* 


The general integral of this equation for vy not equal to zero or a 
negative integer is written as 


N, (2) = Vi (z) + B,Q, 


or, transforming to the variable 0 


N, (6) = sin [A,P,? (cos 6) + B,Q,? (cos 


where cos #) and (cos are associated Legendre functions. 


Since the function u(r, 6) vanishes for 0 = 0 and the product 
Q,,) (cos #) sin @ tends to a constant as 0+ 0, B, must be set equal to 
zero to satisfy the boundary condition on the axis. 


To satisfy the boundary condition on the lateral surface of the cone 
it is necessary to satisfy the condition P, (cos 94) = 0; the eigen- 
values Vv, are determined from this transcendental equation. 


The functions 
N,, (6) = sin (cos §) 
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are the eigen-functions of the boundary-value problem under considera- 
tion, 


Multiplying both sides of (6) by p(@) N,(@) d0, where p(@) is a 


weighting function, and integrating hetween the limits from 0 to 64. we 
obtain 


6, 6, 
n PY 
where as is the norm of the eigen-functions. From Equation (7) it is 
seen that p(@) = cos @. 


To determine the coefficients of the series M(r) we shall multiply 
Equation (4) by 


N,-* (0) sin OP, (cos 


and integrate from 0 to 99; using (8) and the first two conditions of 
(5) we obtain 


1)" 


dr* 


Here and below, the designations 


9» 


6, 


sin® V,2 


have been introduced. 
The function M,(r) is subject to the boundary conditions: 
1) for r+ 0, the function M(r) must have a finite value; 


2) for r= Ro, in accordance with (8), (10) and the third condition 
of (5) 


M,, (Ro) = 4,2 — 8,1 (11) 


By substituting M.(r) = Vr L,(r) and z= kr, Equation (9) reduces to 
the form 


dz* z dz k 


Cc 1 — 


The general solution of this equation is written as [2 |] 
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C 
Ly (2) = (2) + B,J_,. (2) ( =" + 18, k Pn (2) + k wal?) (12) 


where Su ,(z) is the Lommel function; for brevity, the designation has 
been sntredesed 


gb +s 
+ 1)? — v? + 1)? — + 3)? — v*] 


= 


2 


We shall transform (12) back to the function M (2) and to the vari- 
able r: 


M,,(r)= A, Vr (kr) +B, Vr (kr) — 
Ca = 
For %, > 0 the function 
Vr (kr) —+—o, for 


Therefore B, must be set equal to zero. Using condition (11) we de- 
termine the constant of integration 


1 


V Rod, (Ro) 


Cc 
= VERos_sy,, (42) | 


The final expression for the stream function can now be written 


= 


sin* 


py, (Ar) 
“eR * 


+B, Vir (2s_», (kr) — sy, sin P, (cos + 


co pn 
+ VERS), (kRo) ) —VkRs,, Bn wn | (cos) (13) 
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The velocity components are expressed in terms of wir, @) by the 
formulas 


rsing ’ 06 ’ rsing or 

From the first formula it is seen that the circumferential velocity 
becomes infinite on the axis of the cone for C £ 0. This explains the 
formation of the air column at the axis of the cone which, in fact, is 


observed in the hydro-cyclone. 


Introducing the dimensionless quantities p = r/R), k= kRy, y = Woy, 
Formula (13) can be rewritten in a form more convenient for computations: 


(xp) 


co 
= + 2 {ian (i+ 2 V Bn (x) Pn (x))] Ve (x) 


+ By VP (25 OP) — 8, ())} Sin (C08 0) + 


‘ J, (xp) 
| Vie, », sinQ@P, *(cosQ) (14) 


Mn 


n=] 


If we pass to the limit as k + 0 in the solution thus found, we obtain 
the solution to the problem of the potential motion of a fluid in a cone. 
To obtain such a solution k could have been set equal to zero in (9) and 
the function Mi(r) then determined from the differential equation so ob- 
tained. Both paths lead to one and the same result, namely 

(15) 
28, 2B, 
+ >> Te —-—— sin oP,’ (cos §). 


= Vv, + 1) (Va + 1) 


Solutions to problems in other special cases can also be obtained 
from (14). Thus, y = 0 corresponds to the absence of the aperture at the 
point S, and y = 1 corresponds to the absence of the annular slit. A 
method for determining the eigen-values v, and for calculating a, a, 
8, remains to be shown. 


The formula 


r(v+m+i 
(cos §) = (— 1)™ (cos §) 


is valid for integral values of a. 


From this formula it is seen that the functions P,* (cos 6) and 
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P,* (cos 6) have the same roots Vane A method for determining the roots of 
the equation P,* (cos 65) = 0 has been described in the work of MacDonald 


For small values of 9 the following approximate formula can be used 
to determine the roots of the transcendental equation P,* (cos 95) = 0 


2 Oo [1 


where Se is the nth root, different from zero, of the equation J, (*) = 0, 
But if 9) is not small, then the formula {3 ] 


by by 


z,+ 


can be used for the same purpose, where 


4 
| 


3 


__ 42 — 4m? cos — Oo) _ 42 — 4m? sin (1/2 7% — Oo) 
(12 — 4m) (32 — 4m?) 

24 (2 sin 2! 


2 — 4m?*) (3? 4m*) 
cos (1 — 26), = — 200)... 


In the case under consideration a= 1. By means of simple calcula- 
tions we find that 


sin (cos oP, (cos 


n 


2v, +1 
P.. (cos — 1 (v, + 1) (cos §) 


N,? 8, = sin + 2)(v, — 1) N,? 


To calculate the derivative dP, (cos O,)/dv, we shall examine the 
identity 


1 am 
P.. (cos §) = 0 
Considering the left-hand side as a function of @ and v,, we find the 
complete differential 
oP, (cos oP, (cos 


Hence we have 


~ 
's 
1 3 ) 
tn2 70 
{ 
16) 
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oP, (cos§,) oP, (cose) 


1 
Ov, dv, |o—0, 


Using the recurrence relation 


dP, 1 (cos 0) 
sin § = — Yn + 1) sin OP, (cos 0) — cos OP," (cos 


and taking into consideration that r. 1 (cos 64) = 0, we obtain 
n 


(cos 0) 
=— (v, + 1) P.. (cos §,} 
Formula (16) gives v, as a function of @; for this it is necessary to 
replace 9, in it by @ and to take into consideration that x, a,, 6 


ye eee 
are, in turn, dependent on @. Now, by virtue of (17) 


2 2 
Vn + 1) 
Dv, +1 [P,,, (cos §,)]* dv,,/40 


N,,? = — sin 05 


Associated Legendre functions with integral indices only have been 
tabulated. But in the problem under consideration the lower index of 
these functions may have any value. It is not feasible to calculate these 
functions by means of the hypergeometric series in which they are 
expressed because of the poor convergence of these series. For non- 
integral values of i. the function P, 1 (cos 0) can be calculated by in- 


n 
terpolation, for example using parabolas. 


The computations are considerably simplified by making use of the 


asymptotic representations of the functions a l (cos 0) and _* (cos @) 
n n 
for large values of v,. In [4] the asymptotic formulas 


n Fes if) 
(cos §) \ =) ) = 


\sin 


cost (8 r 
P, (cos 0) = 


have been determined. 


Good results are obtained even for 1 = 10. For l = Vv, and a= 1 we 
have 
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‘ 
P,,3(c08 0) = — Ba (ag) 9) 
(19) 


(cos §) = (aay) Jo 9) 


From the first formula it is seen that v%. 
can be determined from the simple relation 


where zy is the nth root, different from zero, 
of the equation J, (x) = 0, 


If Expression (19) for P,, licos @) is used 
we obtain for 


% 


Pig. 2. = Hy? | 20 = 


For large arguments the asymptotic formula 


(2) = V cos (2 ) 


is valid. 


Taking this expression into consideration and also the fact that the 
function Jono) attains extrema at the points BpPo- we obtain the very 
simple formula 

=p, (21) 


= — 
n n 


In calculating the quantity nN,” for the first root the relative error 
between Formulas (18) and (21) for the largest angle of practical inter- 
est 4 = 1/6 m does not exceed 3%. With increasing root number this 
error decreases; it also decreases with decreasing angle Oo. 


The difference in the values of Vat calculated according to Formulas 
(16) and (20) for 5 = 1/6 7, appears in the third decimal point. All of 
this confirms the fact that Formulas (19) to (21) can be used for the 
calculations. Expression (14) for the stream function can be simplified 
with the aid of Formulas (19) and (21) to 
— —b, (1+ — », “IV e + 


Y1 sin? Uo 
n=l] 
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V xp (2s_, (xp) — Sy, (xe))} V 6 sin@/; — 


n=] Yn 


0) 


(v,, + 1) (v,, 
(v,, + 2)(¥, — 1) Fr 6.) Ji z) 


With the help of these formulas calculations have been carried out 
for the following initial data: 0) = 1/6”, k= 4, C/kw, =- 4, y=-— 2. 
Streamlines (Fig. 2) have been constructed on the basis of the results 
obtained. From the figure it is seen that the stream surfaces obtained 
correctly reflect the picture of the motion in a part of the fluid ina 
hydro-cyc lone. 


ol. 25 With increasing absolute value of the parameter C/kw, the separation 

1961 line is lowered and closed streamlines appear near the cover, forming a 
stagnant zone. In this zone the fluid circulates without issuing from 
the cone. 


It remains to note that the series (22) converges rapidly up to 
approximately p = 0.9, and that for p > 0.9 the convergence is weak and 
is weaker as the cover is approached. 
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The case of plane flow about a single body, when the exterior or the in- 

terior of a circle maps conformally onto the exterior of the contour of 

the body, is considered in detail in the literature and does not offer 

any special mathematical difficulties. It is, however, more complicated Vol. 2 
to solve problems of plane flow in a doubly-connected region; for condi- 1961 
tions where a known function conformally maps an annulus >, with radii 

Py and Po onto the doubly-connected region S which the flow occupies (we 

assume that the region S contains the point at infinity), the solution 

may be unwieldy. We shall show here that, as soon as one knows the func- 

tion 


z=o(t) (¢=2+iy, ¢=pe®) (1) 


which gives the conformal mapping of the annulus onto the exterior of 
two contours, the velocity potential ¢ can be formed immediately. 


We assume that the contour C, of the region S corresponds to the 
circumference of radius p = 1 in the region >. The ratio of the radii 
P1/P» = 1/p, is determined geometrically by the form of the region S. 


In (1), separating the real and imaginary parts, we get x= x(p, @), 
y = y(p, 6) where p and @ are curvilinear coordinates in the region S. 
The velocity potential satisfies Laplace’s equation, which in curvi- 
linear coordinates has the form 


2) 


Here H, and Hg are the Lamé parameters for the p- and @-coordinates 
(where p means the coordinate normal to the curves p = const in the 


de \H, ao) + H, 
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direction of increasing p) 
dx \* by \? dz \* dy \* 
(5) | (a) Hy (=) + (35 (3) 


Because the mapping (1) is conformal, x(p, @) and y(p, @) are con- 
nected by the Cauchy-Riemann conditions 
oo 
On the basis of (3) and (4) we have H,/Hg = 1/p, and Equation (2) 
takes the form 


Purthermore, it will be shown that the boundary conditions for the 
problem considered, the plane irrotational flow about two cylindrical 
bodies (or the motion of two bodies in an unbounded fluid) have much the 
same form as in the Neumann problem for the annulus. Moreover, in the 
expansion of d¢/0p on the contours into a trigonometric series the 
free term is not present and so the solution of Equation (5) is sought 
in the form [5 ] 

co 


> + A_ eo ™) cos mo — (B,,2"" —B med (b> 


—m 
m=] im=1 


We shall solve the problem of determining the velocity potential ina 
curvilinear coordinate net. The net will be taken so that the contours 
of the cylinders C, and Cy are defined by the curvilinear coordinates 


p = 1 and p = py». 


1. We shall first consider the case of the plane-parallel motion of 
two bodies in an unbounded flow. We shall limit ourselves to translation- 
al motion with equal velocity vectors V. In the usual case of motion the 
ratio p,/p, = 1/p, will be some function of time t. The velocity poten- 
tial @ satisfies Equation (5) and the following boundary conditions: 


On the contours of the cylinders we have the condition of non-penetra- 
tion 


1 , 
= cos (p, x) + V, cos (p, y) 


1 dz 1 dy 1 AP 


then substituting (8) into (7), we have forp =p, = 1 
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= cos md + as sin me) (9) 


oo 
j , @ ° 
("s = 129) = cos mo + sin md) (10) 


m=] 


#, (9) and w,(9) can easily be found if the mapping function (1) is given. 


The constants in the series (9) and (10) are absent; it is not diffi- 
cult to convince oneself of this by expanding w(C) = x(p, 0) + iy(p, @) 
into a Fourier series for p = 1 and p = pp. 


Substituting (6) into (9) and (10) and equating coefficients of the 
same trigonometric functions, we obtain two systems of two equations with 


two unknowns, defining A,, A By. B_,: 


m 


For the velocity potential we obtain 


co (1) —m—) (2), ~ (1), m—1 (2), ,-™ 
Ly (2m Ps )P )P 

m=1 

a —m—1 (2)) ™—1 2 

m (Py Po ) 


m=] 


It is evident that finding ¢,(p, 6) reduces to the solution of a 
Neumann problem for an annulus 2 ]. The function do(p, 0?) represented 
by series (11) is harmonic in the ring (1, p,) and it follows that it is 
unique and continuous together with its derivatives up to and including 
the second order. The constant By is determined by the given circulation 
on one of the contours; forp = 1 


ag og 9 (12 


0 


a 


For the solution of the problem of the motion of two bodies in an un- 
bounded fluid the velocity corresponding to the chosen potential ¢ must 
be zero at infinity. We shall check whether this condition is fulfilled. 
Let the point A of the region correspond to the point at infinity of the 
region S. Because the mapping (11) is one to one then the function 

€ = F(z) accomplishes the conformal mapping of the doubly-connected 
region S onto the circular ring }. It is known that the isolated singular 
points € =A (poles) of the function w(€) determine the point of inter- 
section (0F/dz = 0) of the inverse function [4], so that for | 2| + « 

| On ao ov 


0 or - 0 (for = » (13) 


dz (C) Ox Oy oy 
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We now show that the velocity corresponding to the potential ¢ deter- 
mined from Formula (13) actually equals zero at infinity, i.e. for 


2| + © 


— 


Ox 090 Ox Oo dx oy dp oy vO dy =0 (14) 

Because d(p, is a harmonic function in the ring, d¢6/dp, 06/00 
take on finite values at all points of the ring (and it follows also in 
the region S) including the point ¢€ = A, and on the basis of (13) it is 
not difficult to see the correctness of (14). 


2. We solve analogously the problem of the potential flow about two 
cylinders. We take the flow such that the x- and y-components of velo- 


city at infinity are 


We shall seek ¢ in the form 


where 9, satisfies Equation (5) and can be found in the same form as (6). 
The constants 


are determined from the boundary conditions. On the contour of the 
cylinders 
-0 


= or 0, for o l and » 
on 


Inserting (15) into (16) we get 


og oY 


09 x av ov 


for p=1 (17) 


OY 


Comparing (17) and (18) with (9) and (10) we conclude that the find- 
ing of d, is identical with the previous problem, except that ‘. and V 
have to be changed into — _ and — V.™. As in the previous case the 
velocities corresponding to equal zero at infinity. Knowing 
it is not difficult to find the projection of the velocity vector in the 
directions p and @ at any desired point 


do do ’ Hy, \@' 0d (19) 
From (19) it is seen that the problem is solved in the curvilinear 

coordinates obtained by the conformal mapping of a circular ring onto the 

given region. 
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THERMODYNAMIC FUNCTIONS FOR SOME PARTICULAR 
FORMS OF THE EXPRESSION FOR INTERNAL 
ENERGY OF AN IDEAL, COMPRESSIBLE MEDIUM 
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IDEAL’ NOI ZHIMAEMOI SREDY) 


PMM Vol.25, No.4, 1961, pp. 148-149 


N.N. KOCHINA 
(Moscow) 


(Received Novenaber 3, 1960) 


A general solution is obtained of the partial differential equation which 
determines the dependence of temperature on internal energy for an ideal 

two-parameter medium; the solution is given for several particular forms 

of the expression for internal energy. In every case considered, the in- 

ternal energy depends on two arbitrary functions, each of one argument. 


Suppose that the internal energy of the medium is given in terms of 
the pressure r and the density p: 


Po 
—E(P,R t = — | 


where p, and p, denote constants, their dimensions being those of pres- 
sure and density, respectively. From the fact that 


_ r Polo s) (2) 


d 
Po / 


is a perfect differential it follows that the temperature r must satisfy 
the linear partial differential equation [1 ] 


aE OE Ot 


We write the characteristic equations of (3): 


dt dP dR 


If the function E(P, R) is of the form 


E(P, R) = Pe (A) 
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“where G(R) denotes an arbitrary function, it follows that the motion re- 
sulting from a strong point-explosion will be self-similar [2 }. In this 
case the system (4) can be integrated by quadratures and the solution to 
Equation (3) can be written {1 ] 

(6) 


T= exp | 


where ® denotes an arbitrary function. The first of Equations (6) and 
Equation (2) lead to the following expression for entropy: 


(7) 


The solution of the problem of the strong point-explosion, subject to 
the internal energy being of form (5) for three particular forms of ¢(R), 
has been given in[3 ]. 


In [4 ] we considered the problem of a point-explosion in a compress- 
ible medium in the linearized case. Assuming that the internal energy of 
the medium is given by 


E(P, R) = Pg (R) + ACP, R) (8) 


where @(R) and A(P, R) denote arbitrary functions and where the func- 
tion A(P, R) is small compared with Pd(R), it is possible to derive the 
following expressions for temperature and entropy: 


where W was given in (6). Without the stipulation that A(P, R) is small 
these equations represent the general solution of Equation (3) and de- 
termine the entropy in accordance with (2), if 


E(P, = Pq (2) 4+- A(R) (11) 


E(P, R) = Pq (R) + A | P@(R) exp{— aR 


In the case when the function E£(P, R) is given by Equations (11) and 
(12) the relations in (9) and (10) transform to 
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\ A’ (R) exp dR 


tT [exp \ A (¥) | 
Pe (Rexp(—| 


Equations (13) have also been obtained by V.P. Korobeinikov, and 
Equations (14) by Iu.L. Iakimov (in 1959 in a thesis on the propagation 
of shock waves in ideal media of arbitrary physical properties), who 
proved that the equation of motion (without taking into account the con- 
ditions on the shock wave) is self-similar in the case of a medium whose 
internal energy is of the form (12). Reference [5 ] treats the problem 
of a point-explosion in a medium whose internal energy is given by (12) 
in the special case where @(R) = 1/6 R. 


It turns out that in addition to the above two cases Equation (4) can 
be solved by quadratures and that it is possible to find a general solu- 
tion of Equation (3) for media whose internal energy is given by 


E(P, R)= @(P) + A(P) (15) 


dP 
= 
exp | [P+ @(P)] 


[P+ @(P)] dP dP 
R exp ( [P+ @(P)] +@(P)) / 


E(P, R)=@(R)y[P/ Re’ 


d= dy 
(yp) 
Re’ (R) 


E(P, R) = @(R) + Ro’ (R)] 
where 


209 
dR 
exp \ +\ 13 
dR 
“ dy 4 
ol. 25 
961 
where 
ap 16 
(1) 
and 
(17) 
where 
and 


N.N. Kochina 


Here ¢, A, w, 7 and D denote arbitrary functions, each of one argu- 
ment. Equations (16), (18) and (20) give the corresponding expressions 
for temperature and entropy. 
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THE EFFECT OF DYNAMIC FLUID PRESSURE 
ON A DAM DURING EARTHQUAKES 
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PRI ZEMLETRIASENITI) 


PMM Vol.25, No.4, 19614, pp. 150-154 
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When working out the effect of earthquakes on hydraulic dams only the 
stresses caused by the free vibrations of the dam are taken into account 
{1 ]. It is evident, however, that when there is an earthquake the water 
exerts an additional dynamic pressure on a dam. An attempt has been made 
to take this into account in[2] and [3], but the boundary conditions 
have only been satisfied approximately, i.e. the surface wave on the 
liquid has been neglected, and the displacement of the dam has not been 
taken into account in satisfying the boundary conditions on it. In this 
article the problem of determining the dynamic pressure is handled with 
greater precision. It is demonstrated that the additional dynamic pres- 
sure cannot be neglected, for in some cases it exceeds the hydrostatic 
pressure, especially in the upper sections of the dam. 


We assume that a dam is located in the plane x = U, sinwt in a rec- 
tangular coordinate system x, y, z. A portion of the space, bounded by 
z> U5 sinwt- h< y< 0, — © <z< ow, is filled with liquid. We will 
deal with the wave motion and the dynamic fluid pressure caused by an in- 
stantaneous initial velocity Vo acquired by the dam as a result of an 
earthquake, i.e. a velocity Vo is induced impulsively on the fluid by 
the dam at x= 0, = 0. Then the dam oscillates according to 
Vo cos wt. 


It is evident that in the study of liquid waves and dynamic pressures 
arising therefrom, the influence of the deflection of the dam is negli- 
gibly small. If, therefore, we denote the velocity potential in the fluid 
as d(x, y, t) and assume the liquid incompressible and its free surface 
to be the first to come to rest, we can state the initial conditions of 
the problem thus: 


dg (x, 0, 9) O® (0, 


at Ox ) 
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and the boundary conditions 


V,cos@t when z 
VL 


sin wt (2) 
when y= —h 
oy 


PO when y = 0 
Jr oy 


(3) 
where Uy, Vo are displacement and 
velocity amplitudes of the dam vibra- 
tion, respectively. 


The velocity potential of the re- 


quired solution should satisfy the 
Laplace equation Ad = 0 and also the above conditions. We assume the 


velocity potential d(x, y, t) to satisfy the Laplace equation in this 
form 


9] 
(z, t)* coset | a)eos ay B (a) sin ay) d 


-}- \( (a, (y 4- h) -'- J) (a, cos kN da dk 


oo 
. 


In this expression 
X 


sin 


The arbitrary functions A(a), Bia), Cla, k), Dia, 


k) are determined 
from the boundary and initial conditions. 


Let us assume that 
g(r, y, 1) when z> when z< ysinot (5) 


If we insert d(x, y, t) into the second boundary condition (3) we ob- 
tain 


QA(a)-=aB(x) (Q=—wt/g)  (kgsinnih — w*coshkh) C (a, k) = —kgD (a, k) (6) 


and on satisfying condition (2) we obtain the integral equation 


— ada — Vy 


(7) 


Introduce new variables A = (a/Q)?, y 
thus: 


— v and rewrite Equation (7) 
— +1) ViQv— Sin VAQv] VA (8) 


0 


212 
\ 
Fig. 1. 
196 
where 


Dynamic fluid pressure on a dam during earthquakes 


p(v)=0 whenh<v<co and —~<y< 0; 1 when 0 


Using the well-known transformation 

Vad 
—\ Fy (2) [ sn cos Vix -cOos sin VAx lz | 
a VA A sin*® 

0 
with 0 = 7/4, and bearing in mind the nature of the function W(v) we de- 
termine the arbitrary function 


B (a) 2V42 (Q (1 — cos ah) — a sin ah] 


(11) 
(a* -+- Q*) 


On satisfying the first condition (3) we arrive at a different inte- 
gral equation 


k) cos kX dk +- (a) M (a) | da 
e 1 j 
u 0 


G (a) = 2B (a) / 2V,Q, M (a) = a (asin ak + Q cos ah) 


Assuming the expression in square brackets to vanish, we introduce the 
new variable & = X; bearing in mind the character of the function 
d(x, y, t) and using the Fourier integral formula we obtain 
* D(a, k) keobkh 2¥0 G (a) M (a) cos kz dz = 0 
a 


From this we have 


D(a, k) _ AV ea? sin oh Q cos ah) (13) 
(a* 
Now that all the arbitrary coefficients in (4) are determined and the 


velocity potential obtained, d(x, y, t) satisfies the initial conditions 
(1). 


If we differentiate the velocity potential d(x, y, t) with respect to 
t, at z= Uy sin@t we obtain the following: 
ot a a \ (J*) (a* h* )coshkh a* (a* +- Q*) 


da — 
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{ (a)coshk (y +- h) da dk 2V F (a, y) da (14) 
~ 
(a* h*) (Ag | a (a* +- 


0 


where 
N (a) = F(a, y) = N (a) (acosay + Q sin ay) 


f(a) N (a) M (a)/o 


In working out the double integral (14) use is made of the theorem of 
residues. We first of all integrate with respect to a, and we thus have 
poles on the complex plane lying on the imaginary axis at + iQ and ¢ ik. 
Then on integrating with respect to k we have poles lying on the real 
axis at + Q and for cosh kh = 0; on the imaginary axis at + ima /2h, 
where m= 1, 3, 5, ... o, and for the transcendental equation 
kg sinh kh - w* cosh kh = 0, we have two roots lying on the real axis at 
ty, and an infinite number of roots tiy,, where n= 1, 2, 3, «ss, along 
the imaginary axis. These can be found, using Fig. 1 as a guide, by 
successive approximation to any desired degree of accuracy. We solve the 
equation for the real roots y tanh y = Qh and for the imaginary roots 


y tanh y = — QH, where y = kh. 
Now, going to the calculations, we have 


N (2) (Q cos ah + a sin xh) dn OnR, a [Q(1 —coshkh) +- k | F 


+P) 2 k(Q—4) 


and therefore 


(a)sinnky da dk (1 —coshkh) -- ksinhkh | e~ kh siahky dk -1- 


\\ fe (x2 (a? )cosh kh k?(Q — k)coshkh 


4 sinb ky dk : f(k)sinkydk RosinbQy 
\ — Q*) keoshi/ehi 2 k? (k* +- Q*) cos kh QeoshOh 


(Q — sin C.) (Q 


sinCy—Qza?R, iH 

in these expressions 
i (hk) N (k) (Q cos kh k sin kh), V (kh) [Q (1 — cos kh) k sin kh} 


Reo ma) 2h, Cy mx | 


_N (k) (k cos kh — Q sin kh) 
(ke? ()*) cos kh 


If sin ky dk (17 


. 


If we work out the second double integral in Formula (14) in the same 
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manner and substitute into it the results of the integration, we obtain 
for the case x = Uy sinot 
(18) 


ot 4 — (1 — Qh) cosy, 


n=] 


2(1i—e cos? wi 


where 


We then integrate d(x, y, t) with respect to y; for the case 
x= U, sinwt we have 


2) 4 ay —2 in ay] x di 


a (a* +- ) (a2 — 


2g (2) (y +- h) da dk 
\ (a2 (a? k®) (keg sinnkh — w* coshh h)coshkh | 


Here, on carrying out similar calculations for x = Uy singwt we have 


‘ol. 25 Og oy C,, sin (y all h) hj 
1961 Oy Om Ohl cosy, 20 
1 


in 
n 


It is known that 


og 


Or 


} 9 COS wl 


Denoting the liquid density by p and the 
dynamic pressure by P*, we will have the formula 


Let us transform Formula (18) to the following form: 


En £98 [Ty +h) / 
ry — og Sin @i - COs" @l (23; 
ot (Ry -1)}] cos 

1 


in 


(Ry = (7, 1) Gh) 


Introduce the following notations:¢, = dd/dy, 0d/dt, (for 

Uy sin@wt). On combining (20) and (18) it is evident that if wh is 
large 6. is a quantity of higher order. From the first term of the series 
we see that for a given amplitude of displacement Uy with increase in A 
or @, the dynamic pressure in the liquid increases considerably because 
in this case y, + 1/2 m (Pig. 1) and cos y, + 0, while C, + 1, (R, - 
(R, — 1)) + 1. It follows from this that the numerator maintains some 
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finite value while the denominator decreases rapidly, and thus the value 
of ?, increases rapidly. It should be noted that y, + nm as n increases; 
therefore cos y, + 1 (Fig. 1), and therefore the series which is con- 
tained in Formula (23) converges rapidly. This allows us to obtain the 
distribution of dynamic pressure P* along the dam easily. As an example, 
taking the first two terms in the summation in (23), we find a maximum 
value at the bottom of the dam at a fluid depth of 200 mn. 


1) %, = 96720U, (for w= 20), if U, > 0.021 m the dynamic pressure P*= 
2031p is greater than the static pressure P° = 1960p. 


2) 11502U, (for w= 10), if Uy > 0.18 a, P* = 2070p. 


3) o, = 5756U, (w= 6), if U, > 0.35 mo, P*> 2015p. 


If we compare (1) and (2) we see that by doubling oa, 9, increases 
more than eightfold. 


We know from seismic laws that the last case approaches a destructive 
earthquake. Obviously, the supplementary dynamic pressure exceeds static 
because £6 = 103%, 150% and 158% when y = —h, -—0.5h and —0.1h, respect- 
ively, where 8 denotes the nondimensional parameter P*/P°. 


In the second case, with U5 = 0.10 m, we approach the case of an in- 
tense earthquake and we have 6 = 59% (y= — h), [= 84% (y = — 0.5h), 
B = 92% (y = 0.1h). With an increase in depth of liquid to 300 m we will 
have %, = 13470U, (m= 10) and %, = 6740U, (w= 6). It is clear from this 
analysis that with a destructive earthquake and a strong earthquake the 
dynamic pressure of the liquid, caused by the vibration of the dam, 
exerts a great influence on the loading, especially at the higher dam 
sections. 


If we substitute (18), (20) and (24) into Formula (22) we see that the 
maximum pressure appears at the instant at which the vibrating dam, on 
reaching x = — Uy, assumes maximum acceleration and starts moving in the 
opposite direction, i.e. to meet the direction of motion of the liquid, 
while the minimum pressure arises when the dam, on reaching x = Uy, moves 
at maximum acceleration away from the liquid. 


Given values of h, o, Uy and Vo- using Formulas (18) to (22), it is 
easy to construct graphs of the maximum fluid-pressure distribution along 
the dam. For example, for the case h = 200 m, w= 10, Uy = 0.1 m and 
@= 6, Uy = 0.36 m, we have constructed the graphs shown on Figs. 2 and 
3, respectively, the broken line representing static pressure and the 
full line the supplementary dynamic pressure; Woy» Moo are the maximum 
dam accelerations. In Fig. 3 it is evident that for this case with x = Uy 
the dam is subject to negative loading amounting to 4500 and 5500 kg/m? 
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(with y = —200 and —10 m, respectively), but this is less than atmo- 
spheric pressure, 1 x 10* kg/m*. 


In order to avoid the development of destructive pressures in the 
liquid, or to avoid their maxima exceeding a certain limit set by the 
design, it is possible, for a given w, to lower the liquid depth h so 
that y, no longer tends to 7/2 but remains at some value corresponding 
to our predetermined value. The relation between y, and w and h can be 
obtained from the equation y, tan y, = — Qh to the requisite degree of 
accuracy. 


We now turn our attention to the liquid waves. The equation which de- 
termines the form or shape of the wave surface is as follows: 


* (x, t) _ 1 dp (zx, 0, t) _ 4Vo \\ @f (a) cos kX sin wt da dk 
x? \} (a? + Q*) (a? +- k*) — w*coshkh) 
0 
+ of \ da 
0 
‘ol. 25 Denoting the double integral by 7 and integrating first of all with 
1961 respect to a, we obtain relation (15). Inserting (15) into (24) we 


arrive at : 
4 J (k, x. t) dk 


— (25) 
8: (k? — Q*) (kg — h ) 


{Q (1 —coshkh) +- ksinnkh] e~*" J (k, x, t) 
; k (k — Q) (kgsinnkh — w*coshkh) 


J (k, *) exp [i (wi xp (ot — kX)] — 
— exp (ot X)] exp | (wi +-k 


On choosing the paths of integration shown in Fig. 1, where the thick 
full line is the path of the first integration (25) while the broken line 
is the path of the second integration, and the contours around the poles 
for the first components of J(k, x, t) are shown in full line and for 
the latter two components indicated by arrows (this choice of integra- 
tion path avoids the wave going off from the dam to infinity [5 ]), on 
making use of the theory of residues, we finally work out 7. On substitut- 
ing these results of integration in (24) we obtain (for the case t > 0) 

(26) 
(x, 1) = 2U, exp (—Tn X sh) sin wt Qh cos | h) — @ hi 
— — (1 ~ QR) Qh} (y, — Qh) + (1 — Qh) Qh]cosh 7, 


i= 1 
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where c,’. Cc,’ = 2Roy, (y, + Qh). Formula (26) demonstrates 


that immediately following the dam motion and close to it the level of 
the liquid rises and falls in a periodic manner, so that the advancing 
waves travel from the dam to infinity at a velocity of wh/y,, the wave- 
length being amh/y,- 


Note. When determining the arbitrary function D(a, k) the function 
within the integral sign in (12) with respect to a was assumed zero. We 
know that this function is aperiodic (the argument a varies between 0 
and o), and therefore despite the fact that the integral with respect to 
a is identically zero, the integrand need not be zero. Thus, let us re- 
present the second term in (4) as a single-valued integral in variable k. 
On satisfying the previous conditions we arrive at functions D(k) and 
C(k), which will be functions of k multiplied by some constants which, 
themselves, are integrals in a. For instance, 


D (k) = 1 (k) L (a) da 
0 


If we insert these coefficients into d(x, y, z) we obtain the previous 
result, therefore in this case the integrand is equal to zero. 


The author is very much indebted to Kh.A. Rakhmatulin and L.N. Sre- 
tenskii for their valuable advice, and also to §.S. Voit and N.I. Somov 
for their assistance. 
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The classical problem of the oscillations of an elastic rectangular 
parallelepiped has been solved only for certain particular boundary con- 
ditions [1]. There is no solution, for example, for a parallelepiped 
the sides of which are rigidly restrained against displacement. It will 
be shown that the asymptotic method previously derived for dynamic prob- 
lems in the theory of plates and shells [2,3 ] enables us also to find a 
solution for certain other cases. As an example we shall consider the 
plane motion of a parallelepiped. The significance of Poisson’s ratio v 
will be illustrated, and it will be shown that for v = 1/2 the asymptotic 
method enables us to find all the frequencies and modes of oscillations 
which are related to distortion waves; for oscillations related to ex- 
pansion waves the dynamic edge effect is always degenerate. 
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1. Let us consider the problem of the natural plane oscillations of an 
elastic homogeneous isotropic rectangular parallelepiped. The frequencies 
and modes of oscillations are defined as the characteristic values and 
characteristic functions of the boundary problem described by the set of 
equations 

Puy 


- (2 +- = 0 (1.41) 


uy ) 


Ox," 


and the corresponding homogeneous boundary conditions. Here u(x), Xo), 
Ug(x), Xo) are the components of the displacement vector, A and yp are 
Lame’s coefficients, p is the density, w the frequency and A the two- 
dimensional Laplace operator. It can easily be seen that for a particular 
choice of constants e, and co the set of equations (1.1) has a solution 
of the form 


ee 
(A 
4 


‘ol. 25 
1961 


Oscillations of a parallelepiped 


uy sin ky (xy cos ky (x2 - Us = cos ky — sin (42 — Ee) (1 2) 


where the constants k, and k, are the wave numbers and ¢, and ¢, are 
arbitrary phases. The characteristic equation is of the form 


(Ay? +- ky? 


Q + k;? kyke 
i. 


(Q 


_@ 
2 


Its roots are Q, = 0 and Q,= ~ (k,? + &">. These roots correspond 
to the frequencies of the natural oscillations 


@) c &2°) (1.3) 
4 


ky = m2 / ay, ko == mon | ay 


solution (1.2) satisfies the boundary conditions 


Jus Ou, 


uy for «x, —Oand 0 for and 


IX) OL, 
where a) and @» are the lengths of the edges of the parallelepiped. This 
solution will be used later to give an approximate solution, with the 
aid of the asymptotic method developed in [2,3], for those cases of 
homogeneous boundary conditions which are not satisfied by (1.2) for any 
choice of the wave numbers ky and ky and the phases ¢, and €,. The 
reasoning behind the method will not be dealt with here. 


2. We shall treat the solution (1.2) as a "generating" solution which 
is valid within some asymptotic error only for an internal region. For 
the time being we can then consider the parameters ky, ky (the wave 
numbers) and é\. é, (the limiting phases) as arbitrary quantities. The 
problem will be solved if for a frequency w given by (1.3) we are able 
to find particular solutions to the set of equations (1.1) which have 
the properties of the edge effect, and if their number is sufficient to 
satisfy all the boundary conditions on every face. Let us consider, for 
example, the edge x, = 0. 


We shall try to find a solution which has the properties of the edge 
effect at this edge in the form 


uy €08 hy (a cols (xy) sin ks (x5 1) 


After substituting Expressions (2.1) in (1.1) we find that the func- 
tions and U,(x)) must satisfy the equations 
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and the eigenvectors = ko, ky and = ky, cy = ko. If we put 
m2 = 1, 2,...), = 0 
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(— ly’ — +- = 0 


The corresponding characteristic equation will be 


Suppose that {= 0. Then, after expanding the determinant, we find 
that 


(r? 


A(r, ()) } = 


The fact that the equation A(r, 0) = 0 has roots ri o* + ik, is a 
result of the "generating" solution being taken in the form (1.2). The 
two other roots will be r, ,= t ro, where 


(A ky? — 
ro” - 


If ro” > 0 one of the roots of Equation (2.3) will be negative. Then, 


for the edge x, = 0, we can find a solution which contains as many con- 
stants as are necessary to satisfy the boundary conditions, and which 
approximates to the "generating" solution (1.2) on approaching the in- 
terior of the region. Consequently, the asymptotic method is applicable 
if the wave numbers ky and k, satisfy the inequalities 


pt) — > 0 (A ka? — > 0 


Whereas the solution (1.2) satisfies the boundary conditions on a 
pair of opposite faces, the inequalities (2.5) do not lead to a corre- 
sponding result. 


Let us consider now the solution corresponding to the frequency Wo- 
Putting Q = Q, =- (k,? + k,”) in Equation (2.3) and rearranging, we find 
that 


This equation has only purely imaginary roots and consequently the 
dynamic edge effect which corresponds to the series of frequencies Wy is 
always degenerate. Physically this means that the effect of the boundary 
conditions is significant for any point within the parallelepiped. This 
is not an unexpected result, if we consider that the frequencies Wy 
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Q—r—; (r? hy?) kar 

\ (r, Q) (2.3 

tof ‘2 

(r? hy?) (r? ky?) =0 . 

4 

196) 
» 
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correspond to oscillations connected asymptotically with expansion waves. 
The problem of the oscillations of a prismatic elastic rod leads to a 
similar result, when account is taken of shear deformation and rotational 
inertia; for the second (higher) series of frequencies the dynamic edge 
effect is always degenerate, while for the first series of frequencies 
the asymptotic method gives an effective solution [4]. In this connec- 
tion it is of interest to consider the following interpretation of the 
conditions (2.5). If we express A and mw in terms of the elasticity 
modulus £ and Poisson’s ratio v,conditions (2.5) become 


(2.6! 
For v = 1/2 (the volume of the deformed parallelepiped remains con- 
stant during the oscillations) the dynamic edge effect is not degenerate 
for any values of ky and ko. Conversely, when v = 0 the edge effect is 
always degenerate. 


3. As an example let us consider the plane oscillations of a parallele- 
piped with the conditions that u, = Uy = 0 on the sides z, = 0, *) = @, 
Zo = 0 and Xo = G- We first find a solution of the type (2.1) for 
¢, = ko, fo =- ki, which satisfies the boundary conditions on the side 
= 0. After solving the set of equations (2.2) we find that 


kc 
Uy = sin ky — $1) + Cexp(—rory), U2 = cos ky (41 — $1) — exp 


where ro is a positive number given by Formula (2.4) and C is a constant. 
The particular solution which increases with increase in x, is discarded. 
The first terms in Expressions (3.1) correspond to the "generating" solu- 
tion (1.2), the second to the dynamic edge effect. 


If we now subject the solution (3.1) to the boundary conditions 
U,(0) = U,(0) = 0, we obtain for the limiting phase ¢, 


(3.2) 
A similar relation can easily be found for the solution satisfying 


the conditions on the opposite side. These solutions do not coincide, 
but to the accuracy of a quantity of the order 


1 
rots} 


they can be assumed to coincide in the limiting phases. If we equate 
these phases we obtain a "matching condition", which relates the wave 
numbers ky and ky. The second solution can be found in a similar way by 
considering solutions which take their origins from the sides z= 0 and 
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Xo = @). From the resulting set of equations the wave numbers ky and ky 
can easily be determined, and the frequencies of the natural oscilla- 
tions can then be found from Formula (1.3). The forms of the oscilla- 
tions can be found approximately for all points in the parallelepiped, 


Pig. 1. 


with the exception of regions immediately adjacent to its edges. 


In order to find the "matching conditions", in practice it is simplest 
to start by considering the properties of symmetry. The forms of the 
oscillations in this case fall into four categories according to the 
nature of the symmetry. Let us consider a motion which is symmetrical 
along the x,-axis. For this type of motion U,(1/2a,) = U,’(1/2a,= 0. To 
the accuracy of a quantity « given by Formula (3.3) these conditions can 
be replaced by the single condition sin k,(1/2a, — é)) = 0. Thus, by 
making use of (3.2) we obtain the equation 


{ 
tan = k,a; = (3.4) 


For motions which are antisymmetric along the x,-axis we have the con- 
ditions U,*(1/2a,) = U,(1/2a,) = 0, These conditions will be satisfied 
to the accuracy of « if we set cos k,(1/2a, — €,) = 0. Thus 

cot kya, (5.9) 

Equations (3.4) and (3.5) can be combined into the single equation 
-) Ay [ (1 — 2v) k,? \*/; 

| 


2 
kia, = 2 tan + ma (my, (3.6) 


4 224 

| i| | %=6 
6} + t + T + 

J 
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which is derived by making use of Formula (2.4). For the function tan! 


its principal values are taken. The second equation is derived from (3.6) 
by cyclic permutation of indices: 


— (1 — 20) 


k? 

It can be seen from Equations (3.6) and (3.7) that the wave numbers 
and frequencies in regions where there is no degeneration of the edge 
effect have the same asymptotic behavior as in the problem of oscilla- 
tions of a membrane [5 ]: 


kya, / = m+ (1), koa, 0(1) (my, Me 


In contrast to the asymptotic methods of Courant-Weyl {5 ], Equations 
(3.6) and (3.7) enable us to find the wave numbers to the accuracy of ¢. 
We note that on the boundary of the region of degeneration k,? - (l- 
2v)k,? = 0 Equation (3.6) has an exact solution ka,/ = %, and on the 
other boundary Equation (3.7) has the solution kya. /a = My. With ky 
fixed, as ky + 0, kia, similarly with k, fixed, as ki 
+ m. If = = a) = = @ the set of equations (3.6) and 
(3.7) has a solution ky = k, = k, where 


In particular, if v = 1/2, then 


ka/x = m + 1/9. 


In this way it is not difficult to imagine a diagram of the distribu- 
tion of the roots of (3.6) and (3.7) im the plane a,* = kia,/ @, 
a,* = koa,/n. Such a diagram for the case of vy = 1/2 is shown in Pig. 1. 
The roots of the set of equations are defined as the coordinates of the 
points of intersection of the thick continuous lines (their values can 
be found more precisely by iteration). The thin continuous lines corre- 
spond to the case of boundary conditions for which the generating solu- 
tion (1.2) is the exact solution. The lines along which the a priori 
error given by Formula (3.8) has the values (0.1, 0.05, 0.01 and 0.001) 
are shown dotted. Figure 2 shows a similar diagram for the case of 

0.35, @, = @. The region of degeneration, within which the asymp- 
totic method is inapplicable, is shown hatched. The error of this method 
rapidly diminishes with increase in distance from the edge of the region 
of degeneration. 


4. In the foregoing we have considered only the case of plane de- 
formation. In order to apply the results to the case of a state of plane 
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ka = 2 tan + mn 
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stress (a thin plate performing oscillations in its own plane), we 
simply replace A by A* = vE/(1 - y?) in Equations (1.1) and in sub- 
sequent formulas containing A and pw. For example, instead of the condi- 
tions (2.6) for the applicability of the method, we have the conditions 
v) > 0, v) v) > 0, ete. 


SSW ~~~ 


Pig. 2. 


In the case of three-dimensional oscillations the "generating" solu- 
tion corresponds to three series of frequencies: two series related to 
distortion waves, and one related to expansion waves. For the latter the 
dynamic edge effect is always degenerate. For the first two series, in- 
stead of conditions (2.6) we have the condition ki? + k,? (1 - 2v)k,*> 0 
and a further two conditions derived by cyclic permutation of indices. 
For v = 1/2 the edge effect is not degenerate for any combination of 
ki, and 
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This paper deals with steady-state vibrations of an elastic half-space, 
generated by the rotation of a rigid cylinder. The area of contact be- 
tween the half-space and the cylinder is circular. The exact solution of 
this problem has been obtained by Sagoci [1 ] with the use of spheroidal 
wave functions. 


Here, another approach to this problem is presented. It is based on Vol. 2 
the concept of dual integral equations which are equivalent to a regular 1961 
Fredholm’s equation, admitting an effective approximate solution. 


1. Formulation of the problem and its reduction to Fredholm’s inte- 
gral equation. Let a rigid die, connected with the half-space z> 0 on 
the circle with the radius a, be acted upon by the torsional moment 


M = My Re e+) (v is frequency of vibration) (1.1) 


It is easy to verify that all the equations of theory of elasticity 
are satisfied if only the component of the displacement vector in the 
direction of the d-line (r, d, z are cylindrical coordinates) is assumed 
different from zero: 


Re (1.2) 


with the function u(r, z) satisfying the equation 


ru 1 du u nu 


or? ror Oz? 
where p is the density and G is the shear modulus. 


On the boundary of the half-space the following conditions are to be 
satisfied: 


i 
4 
| 
4 
“ 
= 
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where ¢€ is the complex amplitude of the angle of rotation of the die 
which, in this problem, is considered to be known; later it will be ex- 
pressed in terms of the given amplitude My of the applied moment. 


The second condition (1.4) means that the shear stress 
Ou 
> 
Toe = 
is equal to zero on the surface outside of the die. 


If the solution of Equation (1.3), which approaches zero for z+ «, 
is assumed in the form 


oo 
u \ VR (Ar) A(R) 


0 


then the following two integral equations for the function A(A) are 
tained from the boundary conditions: 


\ J; (hr) = er, 4 J, (Ar) A (A) = 0, 


Following the method of Lebedev [2] we obtain 


a 


\ (t) sin dAtdt 

— \@ SindAte 
2 2. 

VA k 


where @(t) is a new unknown function. Using the relation {3 ] 


(ar) sin dd 0, t<r 


it can be shown that Equation (1.3) is then identically satisfied. 


Substituting (1.8) into the first of Equations (1.7), and using the 
relation [3 ] 
t 
\ J, (ar) sin itd (1.10) 


ryr—e 


the integral equation of Schlemilch can be obtained 


n/2 


\ F (r sin 9) d§ = er? 
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where 
a 


and co 
ou) =\ cos Ay dh (1.13) 
0 


The solution of Equation (1.11) has the form [4 ] 


4 
F (2) = — 2? (1.44) 
. al The function W(y) can be written explicitly [5 |] 
= | — (ky) +> | (1.45) 
a where Hy (2) is the Struve function. Thus, the problem reduces to the 
7 solution of a regular Fredholm equation 
4 
w)| dt == a, (1.16) 
a3 
whose kernel is given by Expression (1.15). 
3 2. Numerical calculations. Assuming 
we reduce the fundamental equation (1.16) to the dimensionless form 
1 
@(—)=§&+ P\ Bae (2.2) 
where 
L(y) =Jilply))— iM (py) P= ka (2.3) 


For the numerical solution of Equation (2.2) we assume 
(E) = + ip (2.4) 


and for the unknown functions A(é) and p(&) we obtain the following 
4 system of real integral equations: 
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(Jy [ka | — E |] — J, [ka + 


1 

0 


1 
2 \ (Hy [ka + — Hy [ka — + 


0 


1 


0 


The system (2.5) has been solved numerically, replacing it by an 
algebraic system. The results of the calculation (which are obtained by 
dividing the interval into ten sections for various values of the para- 
meter p) are given in Table 1. 


0.0962} 0.00084 '0. 0.0055 |0.0753| 0.0144 |0.0624) 0.0266 |0.0485)0.0418 
0.1925] 0.00168 {0.1743 0.0110 |0.1514| 0.0286 |0.1264) 0.0530 |0.0996/0.0830 
0.280} 0.00256 |0 2623] 0.0164 |0.2291| 0.0428 [0.1932| 0.0789 |0.1554)0.1231 
0.3857| 0.00335 |0.3514] 0.0220 |0.3092| 0.0568 0.1042 |0.2183/0.1616 
0.4828] 0.00419 |0.4417| 0.0273 |0.3923| 0.0705 |0.3416) 0.1286 |0.2906/0.1981 
0.5803] 0.00502 |0.5338} 0.0325 |0.4793| 0.0839 |0.4260| 0.1520 |0.3743/0.2321 
0.6782] 0.00585 |0.6279| 0.0379 |0.5714) 0.0969 |0.5187) 0.1742 |0.4715/0.2632 
0.7768) 0.00668 |0.7243| 0.0430 |0.6690| 0.1095 (0.6215, 0.1951 
0.8759] 0.00751 |0.8234) 0.0481 |0.7723| 0.1217 |0.7352| 0.2144 |0.7138|0.3156 
9758) 0.00832 |0.9256| 0.0532 /0.8826| 0.1332 | .8609| 0.2322 0.8620)0.3364 


For the complete solution of this problem it is necessary to find the 
relation between the given torsional moment My and the complex amplitude 
€ of the angle of rotation of the die. 


Using the equation 
a 


dr dp = 2nG Re \ Ou 


iz 
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1 
2 | 
0 
(2.5) 
| 
TABLE 1. 
961 p=0.4 p = 0.8 p=1.2 p=1.6 p=2 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
00 
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and evaluating the integral 
a co a 
du | Par =\ \ AJ; (ar) dd. \ @ (t) sim Ae 
Oz |z—o 
0 
with the use of Equation [3 ] 


\ Jo (Ar) sin At di = 


Ve 


we obtain the following expression: 


1 
M = Mz Ree’ — — 16Ga? Ree \ tw (t) dt 


Hence, the necessary relation is obtained 


1 
— M, {i6a°G \ [A (t) + ip (t)] 
0 


| 0.00861 0.6038 | 0.00520 
| 0.05962 | 0.6462 | 0.03851 
| 0.1651 | 0.6859 | 0.1132 
0.3190 0.6922 | 0.2208 
0.5127 0.6479 | 0.3922 


To compare our results with those of Sagoci {1 l, we write the rela- 
tion (2.8) in the form 


9M, 
I 
8= w(x) tar, AVY 
a. 


0 


F 232 
(2.4) 
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TABLE 2. 
+ 
| | Gy | Ge 
x 0.4 
0.8 
1.2 
1.6 
2.0 
(2.9) 
where 
2.10) 
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Table 2 shows the values of the quantities 


G, =- 


which agree with the corresponding numerical results of Sagoci. 


The author expresses his gratitude to K.A. Aristova and T.A. Chernova 
who performed the numerical calculations. 
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Great difficulties arise in connection with the solution of problems of 
non-stationary creep. A method of numerical solution was considered re- 
cently by Kuratov and Rozenblium [1]. The author had earlier proposed a 
simple approximate method [2,3 ]. That method was based on the satis- 
faction of the minimum of the rate of complementary energy of the body 


Jil 
A+ gp = min (1) 


in the form (for the fundamental problem) 


= + (0) —5,;)= (i, 2, 3) (2) 


Here and in the following A is the complementary rate of dissipation, 
Il is the elastic strain energy, t is time, o;; are components of stress, 
o,,° and a are the components of stress of the problems of elasticity 
and of stationary creep, respectively. The function r(t) increases mono- 
tonically and approaches 1 for t + «, 


Analogous solutions are constructed for the relaxation and mixed 
problems [2,3 ]. 


The solution (2) is, in fact, the first approximation. In this note a 
method of construction of closer approximations is outlined. 


We assume the solution of problem (1) in the form 


+ lt) 34; 
k=1, 2.... 


where e,,°" are particular solutions of the homogeneous equations of 


equilibrium satisfying homogeneous boundary conditions on Sp. ¢, = e,(t) 
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are arbitrary functions of time. The solution o,,°" is singled out, 
since it proves to be a good approximation. The rate of complementary 
energy of the body now becomes a function of r and ¢,, and the condition 
of minimum leads to the following system of differential equations with 
respect to c,: 


OA, dt 


Bi) + at 


(4) 


For the sake of simplicity, it ‘is assumed that the creep curves are 
affine and thus A= B(t) A,. where A, is a function of stress only. The 
initial conditions for c, are obvious: 


r, = 0 for t=0 (5) 


Since Il is a positive quadratic form of r and c,, the second ’ 
derivatives in Equations (4) are constant, and the determinant is 


| 6 
a |> 
Oc; 


A= 
With condition (6), the system (4) can be reduced to the normal form 


A (7) 


i OA en dr 


+ Orde, dt 
where A, is the cofactor of the corresponding element of the determinant 
A. 


If the solution of the variational equation of stationary creep 
5A, = 0 (for the same body and the same loading) is sought in the form 
(3), then the values 


(i=1, 2,...) (8) 


correspond to the exact solution; it is then 


OA, 
bc, =" 2 be,be; > (% 
Note that, repeating the considerations of Hill [4], it can be shown 
that forg;. = o;,” the complementary dissipation A, becomes an abso- 


lute minimum, and this solution is unique. 


We now indicate some properties of the functions ce, (t) for larger 
times. In the fundamental problem considered, the body is subjected to 
the action of finite and constant-in-time loading; therefore, the 
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complementary dissipation is bounded, and the stresses are bounded in a 


sufficiently large volume. Consequently, the functions e,(t) are also 
bounded. 


Equation (7) can be written in integral form 


dA, , dr | i¢ 
\ Ain | BO) dc, | dt ae \ (10) 


For t + o the right-hand sides of the relations (10) increase without 
bounds, and 


( B 
t— i, (t)— 


Since ¢; are bounded it is necessary that for t + 


k=1, 2,... 


The determinant |A;,| of this system is reciprocal to the determinant 
A and, consequently, different from zero. Therefore, dA ,/dc, = 0 and 
this implies c, = 0. Because it also follows from (7) that de,/dt + 0, 
the functions c,(t) approach zero asymptotically for t + o, 


The solution of the system (9) can be obtained numerically (or graphi- 
cally) by the method of Euler. 


The method presented here can easily be generalized to relaxation and 
mixed problems, the problems of a non-uniformly heated body, non-affine 
curves of creep, and elastic-plastic deformations. 
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It was shown in an article by Klein [1] that if the deformation modulus 
of the soil varies with depth z according to the law £ = Ez" (where E, 
is a constant), then provided that the index am and the coefficient of 
lateral expansion v satisfy the relation v(2 + m) = 1, there exists an 196) 
elementary solution which satisfies the St. Venant compatibility condi- 
tions and expresses the effect of a concentrated force applied ina 
direction normal to the surface of the soil. From this we can find a 
power kernel for the integral representing the settlement w in terms of 
the pressure p= f(x, y) 


f(x’, y') dzx'dy’ 


(0.1) 
2)? +(y—y 


w — OF (zx, y) - \\- 


Here D is the area of contact 


d=a/al,,, a-= + (3+ m)/(1+m) (24m) 


For non-negative values of a,integral (0.1) converges if, and only if, 
0< m< 1. In cases when the above relation between the constants a and 
v is not satisfied Formula (0.1) ceases to be exact, but can still be 
accepted as a basis for practical computations. In such cases the con- 
stant a is found from the values of the independent variables a, v with 
the aid of a set of curves [1]. Although the results are not exact, 
Equation (0.1) and the unknown function p = f(x, y) are of considerable 
interest in themselves, and in one or other equivalent form have already 
been the subject of investigation [2,3 ]. In particular, a solution is 
given in [3] in closed form for a circular’ area. We shall give below a 
solution for an elliptical area for the case when F(x, y) is a polynomial, 
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together with a solution for a circular area derived by a different 
method, by reducing (0.1) to an equation of the Abel type. As an example 
we shall consider a bearing surface in the form of a paraboloid of 

revo lution, 


1. In the case of an elliptical area the solution is based on the 
following theorem. 


Theorem. Let the pressure under the bearing surface, which is ellip- 
tical in plan, be expressed by the product of the polynomial [I(x, y) and 
the function 


y? /,(m—1) 


(1A) 


p= f(z, y) = y) 


The settlement w is then given by a polynomial of the same order as 
y). 


This theorem is a generalization of the analogous theorem of Shtaerman 
{4 ] which refers to the classical case of » = 0. It enables us to apply 
the method of indeterminate coefficients. 


Proof. We introduce a set of polar coordinates with pole at a point 
(x, y) inside the ellipse, i.e. we set 


y =y+psing 
We then have 


F (z, y) = \ dq \ II p "dp 
0 0 


where xy” under the integral sign must be replaced by Expressions (1.2), 
and the function P,) in the upper limit is the positive root of the 
equation 


a b? 


which, for convenience, we shall write in the form 


Cp* + 2Bp 
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2 2 H 
Aut B=B — , ysing 
a’ be (9) a + 


2 in2 
C=C@ (1.6) 


The roots of this equation are 
FAQ) (a>0) 


pa = (B>0) (1.7) 


and, in addition 


Further, we note that if we add wm to the argument of @ we do not alter 
the value of the function C(d), but the function B(d) changes sign. Con- 
sequent ly 


(P+ 1) =—p2=B8, 


If we now divide the interval of integration with respect to ¢ into 
two parts, from 0 to m and fromm to 27, and replace ¢ by 7 + w in the 
second part, we obtain on the basis of the foregoing remarks 


a 


a 
F (z, y) = \ Chm—Da@ \ II (x + pcos @, y + o sin @) o~™dp + 
0 [(a — p) (B + 


0 
fs 


+ \ (r—o cos ®, sin "dp (1.8) 


[(2 + p) (8 — py 


0 


In the classical case of a= 0 it is not difficult to combine the in- 
tegrals in braces to form an integral of an analytic function (see [4]). 
In cases when a # 0, however, we proceed as follows. Consider the inte- 
gral 


J (a,8) = @ y+ Esing) (1.9) 


taken in the positive direction over the boundary containing the points 
a, —f, 0 in the €-plane cut along the real axis froma to —f. 


If we contract this boundary towards the cut until it coincides with 
the edges of the discontinuity, to which should be added circles of arbi- 
trarily small radius with centers in the points a, -—f, 0, and if we then 
evaluate by the usual method the resulting integrals, we find that J(a,{) 
differs from the sum of the integrals in braces in (1.8) by a factor 
2i cos 1/2 a7. Consequently 


2 
1—2_—¥_ = C (p; — p) (p — 
a2 b2 
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n 


0 


F (z, y) = 
If we now expand [I(x + ¢ cos d, y + € sin d) in powers of ¢ we find 
that 
1 é 
J (a, B)= (cos + sing Il (z, — 2) + dQ (1.11) 


n=0 


Here N is the order of the polynomial Il(z, y) in the unknowns «x, y. 
We shall set 


®,, (a, B)= — D at (4.12) 


Then 


F (x, y) = (4.13 


a a 
>} +sing 5)" Il (x, y) 


n=0 


n 
cos 


Integral (1.12) is a finite expression. Indeed, |<! > max (a, 8), and 
in order to evaluate this integral we expand the integrand into a series 
in powers of g-*. But 


— a) + = [(1 — (1 + 


All terms in which r+ s # n vanish after integration. Therefore 


n 
(m—1) m— 1 
®, (2, 2 ),( 2 (1.45) 


If we now combine terms equidistant from the beginning and end of this 
series and take into account Expressions (1.7) for a and f, we find that, 
for n even or odd, in both cases terms containing square roots disappear. 
® (a, 8) is therefore a polynomial in (x, y). Furthermore, we have found 
that the order of this polynomial in x, y is n. Integral (1.9) is there- 
fore a polynomial of order N, as it was required to prove. We could have 
given at this stage the final expressions for ©, (a, 6) in terms of xz, y, 
but they are extremely cumbersome. For small values of n the expressions 
are 


B (@) 


®, (a, 8) (m —1)- C(@) 
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B 1 A 
(a, B) =F (m—4)(m — 3) at) — (m— 1) (1.17) 


2. Let us consider a flat bearing surface [die ] inclined to the sur- 
face of the soil; here # = wo + wx. In accordance with the previous ex- 


ample we shall take p = f(x, y) in the form 


z */,(m—1) 
p=(n+u2) (1-5 (2.1) 


Applying the formulas of the previous example, we have 


w= { po\ dq + (2.2) 


cos — mi 
2 


0 


cos? sin? @ \'/m—1) m— if @ — @ 3) 
\ (= ) dp + \cos* ( ) 
0 


From this p, and » can easily be found in terms of w,) and w. For a #b 
an actual calculation would require tables of functions analogous to the 
total elliptical integrals, in the sense that the square root is replaced 


by 1/2(1 — a). 


3. We shall give now the solution for a circular area. We shall use 
polar coordinates with pole at the point (0, 0) and expand F(x, y) and 
f(x, y) in Pourier series in the angular coordinate @. It can easily be 
shown that the relation between the Fourier coefficients F,(r) and f,(") 


in both expansions is 


a 2" 


cos nw dw 


(r? + s? — 2rs cos 


(3.1) 


Here we can write either Fi (r) or f,(r) for cos n@ and sin nd, since 
in the present context this does not lead to any ambiguity. 


The kernel of this equation 
Qn 


cos no@dw 
Xn (r? + — cos w) 


can easily be expressed in terms of an integral which gives a canonical 
representation of some hypergeometric function F(a, b, ec; 32). For, 
suppose r> s, and let us put h= s/r and € = e™. Then 


Xn #) = = “(4 — — (3.3) 


where the integral is taken over the circle 4 = 1. If we now pass by 
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the usual method from this integral to an integral taken along the part 


of the real axis 0 < x < hk which forms the discontinuity, we find that 
/fm+1)+n “liz 


It is convenient here to make the substitution x = (h/s?)t?. This 
gives 


r™ {(r? — (s? — 12) 


Also, by symmetry 
4cos'/gma ¢ 


Substituting these expressions in Equation (1.2) we obtain 


m-+2n, 


it 


[(r? — #2) (s? — 


F,(r) 


— #2) — 22) 


\ (s) ds 


Since the singularity of the integrands (in the inner integrals) is 
non-essential, we can reverse the order of integration (in the first 
term by using Dirichlet’s formula). Then, after adding the results, we 
obtain 


4 cos '/gmx de 


0 


It will now be seen that in order to find f,(s) we simply have to 
solve two equations of the Abel type. As a final result we have 


u 


a 
This formula coincides with the solution given in [3]. It can be 
simplified by integrating by parts and taking the differentiation under 
the integral sign (assuming that the derivative F,*(r) is continuous 
over the interval 0 < r < a). Then 
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a 
,, (@) (u) du 


3 
In) (a? — r®)' 


r 


u 
[s"F,, (s)]’ ds 
1—m—2n 
(u) u \ 

0 


u 
F..’ (s) ds 

Yo Fo \ (u2 — (3.11) 
0 


(n > 1) (3.10) 


(u? — s*) 


We note also that for the settlement outside the bearing surface 
Formula (3.7) gives 


a a 
4cos'/amnx ¢ dt s! "/,, (8) ds 
t 


(3.12) 


By putting w in the form of a polynomial we see that (3.9) can be 
evaluated without difficulty. 


4. We shall consider now a bearing surface in the form of a paraboloid 
of revolution 
(4.1) 


Here the index k is not necessarily an integer. The case of k = 1 cor- 
responds to a conical [die ] bearing surface. From Formula (3.11) we ob- 


tain 


You) = (We — Wak Ma) 


Au‘ ) (4.2) 


Thus, a regular solution is possible on condition that 


1 
2+ */em)T (1+ */ok) , 
(4.3) 


This solution is of the form 
1 


(t? — , a (4.4) 
e 


where the constant 


ros + ¥/ (1 +- 
_COS “/gm) Aa™tk-1 (4.5) 
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We then have for the load P 
2nKa? 
4.6 
P= (1 + m)(&k + 1+ m) 


P dt 
P(r) = (+m) (k+1+m) \ (4.7) 


In the case when k is even this result can be expressed very simply. 
Por example, when k = 2 (the analogue of the Hertz case) we find that 


3+ 
P(r) = (a? — (4.8) 


The distribution of pressure conforms very closely to this result in 
the classical case. With a conical bearing surface, however, the pres- 
sure p(0) at the center remains finite. In this case the curve of the 
pressure has a vertical tangent at the center. 


From (3.12) we can show that the settlement outside the bearing sur- 
face is 
fol. 25 a : 
1961 2cost/ynx T + */ym)T (1 + (a* — t*) 
( 


wo (r) = — 
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A general expression for the stress function in the plastic region of an 
orthotropic body is presented. The so-called "generalized complex vari- 
ables" are introduced. They are similar to those introduced by Lekhnits- 
kii for elastic materials [1,2]. A condition for this function to be 
real is derived. Based on this condition inverse problems can be solved. 
As illustrative examples some particular cases of states of stress are 
investigated. A comparison is made between the elastic and plastic com- 
plex parameters. An attempt is also made to establish a connection be- 
tween the plastic and elastic stress functions. 


1. Consider a homogeneous ideally plastic orthotropic body. The co- 
ordinate axes x, y, z are directed along the principal directions of 
orthotropy. The stress components Oy sy satisfy the following equi- 
librium conditions: 


Os Or Or 
— 0), + == Q 


= (1.1) 


and the von Mises-Hill [3 ] plasticity condition for an orthotropic body 


— ag? =47T? (—o<c< 1) (1.2) 
i—e 
where c¢ depends on the anisotropic material constants; 7 is the yield 
stress in shear relative to the x-, y-axes. For c = 0 we obtain a well- 


known von Mises plasticity condition for an isotropic body. 


We introduce the stress function F as follows: 


or 6,= 27 =—2T 


2 
4 
y* Oxdy 


The equilibrium conditions are thus satisfied identically, and for 
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the determination of F there remains the following equation: 


D.D,FD,D,F =1 
where 


and the "generalized complex variables" are determined by 


(k=1, 2) 


Since function F is real, (1.4) can be written as D,D,FD,D,F = 1 of 


|D,D,F |= 1 and thus 
D.D,F = exp [— (1.6) 
where @ = A(z), Z,) is an arbitrary real function. 


The general solution of (1.6) is given by 


F= 


| expl—i0 Zi» dz2 + 
(Ha — Pa) — 2) 


+ Fy (2) + Fo + p(z* + y’) (1.7) 


Here and in the sequel the integration is performed from fixed values 
of z,° to arbitrary values 7). 

Fi (2,) and F(z) are arbitrary analytic functions of their arguments; 
p = const. 


The following relationship exists between the function @ and the angle 
a formed by slip lines with the x-axis at each point of a plastic region: 


1 
et 7s 


tan § 


For the isotropic case c = 0. 
2. From the physical considerations it follows that only real func- 
tions are admissible. 
Theorem 1. The necessary and sufficient condition for a function 
F(z), 2+ to be real is 
02,022 02,02 


Proof. Operating on both sides of the identity F= F by 
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and taking into account (1.7), results in (2.1) being a necessary condi- 
tion. To show that (2.1) is also a sufficient condition we notice that 
from (2.1) it follows that 


OF OF 
02102202,022 


F — F = ®, + D2 (22)-+ (21) + (22) 


where ®, (2,) and Wy (2) (k = 1, 2) are analytic functions of their argu- 
ments. Because the function F is defined by Formula (1.7), within arbi- 
trary analytic functions, these functions can be selected in such a way 
that Fe F. 


Equation (2.1) can be written in Cartesian coordinates as follows: 


cos 9 (70 _ 78 pore 4 


‘a 2 af 2 

— ) 0 
oy Or 


+( 


and in polar coordinates (r, ) 
(cos § cos 29 — V1 — sin § sin (#6 
Or r? 
(2 _ 
+ (sin § sin 29 — V1 — ccos § cos 29) 
r or 


+ (sin § cos 29 + Vi — ccos § sin (29 ) 
or 


+ (cos § sin 29 + V1 — ¢ sin § cos 2q) ( 


Letting c = 0 in (2.2) and (2.3) we obtain the corresponding condi- 
tions for the isotropic case [4 ]. Some other conditions can be specified 
for which the function F is real, e.g. such as those proposed in [4]. 


Theorem 2. A particular solution of (2.2), @ = @(x, y), which does 
not contain arbitrary parameters, determines the stress components to 
within a constant hydrostatic pressure. 


Proof. If 0 = @(z, y) is selected then the real function F is deter- 
mined by (1.7) within an additive term p(x? + y*) which corresponds to a 
uniform hydrostatic pressure p. For it is easy to see that DyD,( p(x” + 
y”)] = 0. The theorem is proved. 


Note 1. If 6 = (x, y) represents a solution of (2.2) then 
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by =- O(— x, y) and Wy = - O(x, — y) are also solutions of (2.2). 


Conclusion. If = y) satisfies (2.2) then W= x, y) also 
satisfies (2.2). 


3. The complex parameters p(k = 1, 2) characterize the anisotropy of 
the material. It is of interest to compare the elastic constants p, in 
[1,2] with the parameters yp, introduced in this work. In[1] it was de- 
monstrated that yw, cannot be real. The same is true for the case of 
plastic anisotropy. For if uw, were real then from (1.5) it follows that 
¢ >1, but, as it is known from[3], the parameter c varies in an open 
interval (— «o, 1). Hence the case ¢ > 1 is void of any physical meaning. 


let now = a, + if,; a, and are real, then for - > 0, a,=0, 
By, =v (l- tV¥- i.e. the parameters are pure imaginary, and 
for By = (1- ¢), thus ‘is always positive. 


Moreover, the equality w, = mw, for the plastic case holds good only 
for isotropic materials. In the elastic case the equality of these para- 
meters is possible for anisotropic materials as well. 


In [1 ] some combinations of », and p, are shown which are real for 
orthotropic cases. Below we present these combinations together with 
similar combinations for plastic regions. 


Elastic region Plastic region 
Bee 
Hips 

| Biy T 

2312 + Bes an 2X27? 
ty? pg? 2 (2e — 1) = 2] 


Since in [1] the combinations of the complex parameters are given 
for the generalized plane-stress problem, the constants aij there must 
be replaced by B; |. This is so because the generalized plane-stress 


problem is identical with the plane-strain problem if the constants a.. 


J 
in the former are replaced by B; 5 where 
3, (i,] 2, 6) 
a33 


X= Y, Z are the yield stresses in tension in the principal orthotropic 
directions, T is the yield stress in shear relative to x-, y-axes. The 
relationship X¥ = Y follows directly from the von Mises-Hill condition 
and from the assumption of the existence of a plastic potential for 
anisotropic materials [3 ]. 
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Note 2. At the price of some additional calculational complexities, 
one can obtain the formulas analogous to (1.7) and (2.1) for more general 
cases or anisotropy. 


4. Using (2.2) and (2.3) we obtain, now, several particular solutions 
of equilibrium of anisotropic bodies in the plastic region. It will be 
not necessary to determine the stress functions for each individual case. 


If 6 is known, then the stress components can easily be found from 
the equilibrium equations (1.1). 


1) 6 = a= const. This is the simplest solution corresponding to the 
uniform stress field 
6, = cosa + p, Pr Tay? si (4.1) 


Here and in the sequel the stresses are taken relative to the quantity 
c¢). 


2) We seek now a solution in the form @ = @(y). From (2.2) we have 


( 


- 
=) 0 or § sin 1 (Ay + B) 
dy 


1961 


The state of stress corresponding to the above relationships is 
realized in a strip 


compressed by the rough plates. 


The stress components are 


Por c = 0 we obtain an analogous isotropic solution [4]. 


3) We seek now a solution in the form @ = 0(d). Equations (2.4) will 
be transformed into the following: 


(cos § cos 29 — V1 — csin § sin 2@) (— d*6 / dg*) 4 


+- (cos § sin 2g + V1 e sin § cos 2q) 2d§ / + 
+ (sin § cos 2g + 1 — ccos § sin 2@) (d§ / 0 


One possible solution of the above is 
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This stress field is realized in a plastic wedge loaded uniformly 
along its edges. 


For c 2 0 the stress components are 


— 


V 2Vi—e 


6, = (Vc; + = —t —csin® 29 


2Vi—e 


< 0 the stresses are 
—csin2q@ cos2@ c 


5 er 1 1 — sin* 2@ 
(VW 


c 


where E(k, @) is a normal form of the Legendre elliptical integral of 
the second kind. For the case of an isotropic wedge (c = 0) Formulas 
(4.3) and (4.4) are expressed as follows [5 |]: 


2 


5. To solve elasto-plastic problems it is necessary to know the rela- 
tionship between the plastic and elastic constants. If, for instance, at 
the elasto-plastic boundary the complex parameters suffer no jump (this 
seems to be quite a natural proposition, since, for the isotropic case, 
#, and ws, are generally the same in plastic and elastic regions) then 
the following scheme may be proposed which would permit the continuity 
conditions to be satisfied over the elasto-plastic boundary [6 ]. Let the 
elastic solution be [2 ] 


Fe 2 Re (z;) + F 2° (z2)] (5.1) 


then the plastic solution can be represented as 


Fo (24, 22; 24, 2a) + % (2, 22: 21, 22) (5.2) 


Moreover, we have 


Fo = 2Re [Fy (2%) + Fe 


x 1 iQ (24, 223 2, 22)) 
(}t2 — pe) 


(pty Py) 


- Fy (21) — Fa (22) + p (a? + 
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where xk = K(z), 29; is a real function (cf. (1.7)). 


Let us introduce the following notation [2 ]: 


) (&=1, 2) (5.4) 


On the elasto-plastic boundary y we require that the following in- 
equalities be satisfied: 


2Re [®,° (z;) + ®,° (22)], = 2Re [®, + 


2Re (2,) + (22)),, = 2Re [pi®, + 


Thus, on y the equilibrium conditions are satisfied, and the elastic 
stress function F° is continuously transformed into a plastic stress 
function 


I would like to take this opportunity to draw attention to the work 
[4]. The question of the plastic stress functions being biharmonic was 
considered in [7,8 ]. 
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Many problems of mechanics and automatic control lead of necessity to 
the consideration of motions of systems containing nonlinear elements, 
with discontinuous characteristics and being subject to the action of 
periodically changing perturbations, the frequencies of which are con- 
siderably higher than those of the basic steady or quasi-stationary 
motion of the system. 


In such cases the equations of motion admit, as a rule, a solution 
which consists of two terms: the first term corresponds to the basic 
(slow) motion, while the second contains high-frequency components, the 
amplitudes of which are relatively small in comparison with the term 
corresponding to the basic motion, 


In order to obtain the differential equations describing the variation 
of the slow component, procedures have been used which are known as the 
methods of vibrational linearization or vibrational smoothing [1-3 ]. 
Recently, by means of these methods, results have been obtained [2-6 ] 
which are of primary importance for applications. 


Popov [6 ] proposed the use of vibrationally linearized equations for 
determining not only the basic slow motion of the system but also its 
stability. 


Without trying to give a rigorous foundation to the method under con- 
sideration, in the present paper the authors indicate the existence of a 
certain condition to be satisfied in order that the arguments on which 
this method is based be correct. The fact is that the basic motion of 
the system can be a slow one, while the small deviations from that motion 
caused by the perturbations can turn out to be rapid motions for the de- 
scription of which the vibrationally linearized equations are useless. 
Therefore, using the vibrationally linearized equations in a stability 
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problem, it is necessary to verify that the non-stationary motions de- 
scribed by these equations are also sufficiently slow in comparison with 
the speed of variation of the vibrational component conditioning the 
linearization. 


1. Consider a system, the differential equation of motion of which is 
of the form 


Q (p) z+ (p) F (x) = Si (p) fi (t) + S2 (p) fa (1.1) 


where Q(p), R(p), S,(p) and S,(p) are differential operators which in 
turn are polynomials of the operator p = d/dt; t is the time, x a 
generalized coordinate and F(x) a nonlinear function. 


Let the external action be a function of t, say f,(t), which is 
characterized by the frequency w, the latter being considerably smaller 
than the frequency 2) of the function fo(t) which, for reasons of simpli- 
city, is assumed to be harmonic, i.e. 


Jo(t) = Bsin Qt (1.2) 


In order to solve the problem approximately we usually proceed as 
follows [2 ]. We seek this solution in the form 


x (t) = 2° (t) + 2* (t) (1.3) 


where x*(t) = A sin(Qt +); x°(t) is a slowly varying component (A and 
@ are slowly changing functions of time). 


Substituting (1.3) into (1.1) we obtain 


Q (p)x° + R(p) F (2° 2*) + Q (p)z* = Sy (p) (0) + S2(p) fe (4) (1.4) 


Expanding F(x° + x*) into its Fourier series according to the 
harmonics sin k(Qt + d) and cos k(t + d) we have, provided that we 
limit ourselves to the terms with zero- and first-order harmonics (it is 
assumed that higher harmonics of the system are not left out and, con- 
sequently, their omission does not cause any gross errors): 


F (a) == F° (2°, A) + q(x°, + (1.5) 


F (2° 4- Asin dyp 


+ Asiny)sin yay 


0 
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1 
q (Zo, A) = (1 6) 


Taking (1.5) and (1.6) into account we obtain from (1.4) two differ- 
ential equations. One of them determines the basic slow motion while the 
other determines the rapidly changing component of the motion: 


Q (p) + R(p) F° (2°, A) = Si lp) fi (4) (1.7) 


+R + pe") = (1.8) 


Equation (1.8) determines the amplitude A and the phase ¢ as func- 
tions of xs°. Then, by means of the obtained relation A = A(x°), the ampli- 
tude A is eliminated from the expression of the function F°(x°, A). 
Usually the function ®(°) = F°[x°, A(x°)] is linearized, and for all 
odd symmetrical nonlinearities is finally obtained in the form 


F° — M(z°) k°x® (1.9) 
ol. 25 
961 As a result of this the linearized equation (1.7) for the slowly 
changing component assumes the form 


(p) + = Si(p (1.10) 


where the coefficient k° depends, of course, on the amplitude B and the 
frequency () of the high-frequency action. 


2. Consider, now, the problem of investigating the stability of the 
solution z°(t) + x*(t). Assume for this purpose the existence of a per- 
turbation &(t). If this perturbation is a slowly changing function, then 
it is natural to associate this function with the term x«°(t). In such a 
case we can actually conclude that the equation for x°(t) permits us to 
decide the stability of the motion. This is done, for example, in [4-6]. 


Generally speaking, however, €(t) can turn out to be a rapidly chang- 
ing function, Then, naturally, on the basis of study of the linearized 
equation, an authentic judgement concerning the stability cannot be ob- 
tained, the reason being that this equation is valid only for motions 
which are sufficiently slow in comparison with the rate of change of the 
high-frequency component. It is possible that the non-stationary motions 
described by the vibrationally linearized equations turn out to be rapid 
motions even if the usual requirement concerning the filter properties 
of the high frequencies of the linear part of the system is satisfied, 
i.e. under the condition of sufficient slowness of the free vibrations 
of the linear part of the system. The above will be illustrated by the 
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example given below. 


3. Consider a system with one degree of freedom, the motion of which 
is described by the equation 


z+ ke + F(z) = B, sin ot + B sin Qt 


C z>0 
F (xz) 0 
le 


Let 2 > @. Applying the above method we obtain 
4C 


Equations (1.7) and (1.8) for the slow and rapid components of motion 
are 


2C 
2° = B, sin wt (3.4) 


4C\ 
z+ (x24 = Bsin Qt (3.5) 


respectively. Seeking the solution of Equation (3.5) in the form x* 
A sin( Qt + d) we obtain 
B—4C/x 


Then Equation (3.4) assumes the form 


z+ —aB acy \* = By sin wt 


From here the slow motion we are seeking is obtained in the form 
By 


The last formula, by virtue of (3.3) and (3.6), holds only if the in- 
equality 


By |B—4C/x| 
< | — | (3.9) 

2(i1— 


is satisfied. The latter, however, holds always provided that By is 
sufficiently small. 


It is not difficult to see that in spite of the slowness of the motion 
(3.8), and also of the slowness of the free vibrations of the system 
without the nonlinear element, the free vibrations described by Equation 
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(3.7) can turn out to be relatively "rapid", the reason for this being 
that their frequency 

k? — Q? 
2(1 — aB/4C) 


(3.10) 


is sometimes comparable (or even higher) with the frequency (2) of the 
rapid motion. In fact, let k = 1 sec ~', w= 10 sec ', Q= 100 sec !, 
B= 1, C= 1/2a. Then 


A= V1-+ 10'= 10sec! 2 


In such a case, of course, we cannot expect that Equation (3.4) will 
correctly describe even the small deviations from the basic slow motion. 
In fact, neglecting in (3.10) the square of the frequency k in comparison 
with the square of the frequency {), and assuming that the second term in 
Formula (3.10) is much larger than k?, we obtain the relation 


Q 
from which, by virtue of the assumptions made, follows the stability con- 
ol. 25 dition in the form of the inequality 
961 


(3.11) 


> 0 (3.12) 


Formula (3.11) shows that near the "boundary of the stability" 
1 — 7 B/4C = 0, determined by the vibrationally linearized equation, the 
frequency of the perturbed motion A is very large. Therefore, for the 
example under consideration, the condition of stability (3.12) cannot be 
considered as even vaguely proved. 


The result obtained convincingly shows the necessity of the above- 
formulated requirement for the sufficient slowness of the perturbed 
motion in comparison with the rapidity of the change of the high-frequency 
component. 
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FOR THE 70TH ANNIVERSARY OF 
N.I. MUSKHELISHVILI 


The work of N.I. Muskhelishvili in the field of mathematical theory of 
elasticity, singular integral equations and boundary-value problems of 
the theory of analytic functions is among the outstanding scientific 
achievements of our century. 


During the past decades, the ideas and methods of N.I. ‘tuskhelishvili 
spread into various fields of mathematical physics and mechanics, from 
quantum theory to fluid dynamics. 


Founder and leader of a great scientific school in the field of the 
theory of elasticity, influential in shaping scientific policies, N.I. 
Muskhelishvili is widely esteemed in our country and beyond its borders. 
His extensive teaching activities established “uskhelishvili’s fame as 
an educator of generations of scientists. 


The editors of PMM and the scientific community congratulate their 
colleague on the occasion of this anniversary and the award of the Order 


of Lenin, they wish him good health and further creative success. 
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THE STRUCTURE OF MAGNETOHYDRODYNAMIC SHOCK 
WAVES IN A GAS WITH ANISOTROPIC CONDUCTIVITY 


(STRUKTURA MAGNITOGIDRODINAMICHESKOI UDARNOT 
VOLNY V GAZE S ANIZOTROPNOL PROVODIMOST’ IU) 


PMM Vol.25, No.2, 1961, pp. 179-186 


G.A. LIUBIMOV 
(Moscow) 
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We shall designate as a gas having anisotropic conductivity a completely 
ionized gas in the presence of an external magnetic field and sufficient- 
ly rarefied so that the electrons have spiral paths. In other words, we 
suppose that in the problem under consideration 
eH 
(1) 

Here w is the Larmor frequency, and r the time between collisions of 

the electron and ion. 


Under conditions (1) for a completely ionized gas, the relation 
analogous to Ohm’s law takes the form [1 |] 


H + grad Pe) =j+ (2) 


where o is the conductivity of the medium in the absence of a magnetic 
field, p, the electron pressure, n the number of electrons per unit 
volume, and e the charge on the electron. 


Furthermore, we assume that the characteristic speeds and linear 
dimensions of the problem are such that a hydromechanical description of 
the medium is permissible. 


With these assumptions as to the properties of the gas, we consider 
the problem of the structure of a magnetohydrodynamic shock wave. This 
problem was set forth in[2], but the solutions obtained there are 
exact solutions of only part of the equations describing the problem of 
shock-wave structure, and may therefore lead to qualitative conclusions 
that do not apply to the full system of equations. 
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A shock wave is a surface of discontinuity separating two moving 
streams of ideal gas of which the thermodynamic parameters, and also the 
intensity of the electromagnetic field, are connected by known relations 
which express the laws of conservation of mass, momentum, energy, normal 
component of magnetic field, and tangential component of electric field. 


In considering the problem of shock-wave structure, it is customary 
to suppose that the shock wave appears as a narrow zone of change of the 
flow parameters, in which dissipation plays an essential role. Outside 
this zone the flow parameters change slowly, taking values at infinity 
that satisfy the conservation laws. In a system of coordinates in which 
the shock wave is at rest, the flow is a steady one-dimensional flow of 
non-ideal gas. 


We will assume that only dissipation of energy of the electric current 
plays an essential role within the shock-wave zone. We shall neglect 
dissipation of energy as a result of viscosity and heat conduction. 


The system of equations describing one-dimensional steady motion of a 
perfect gas under the assumptions adopted results in five algebraic rela- 
tions expressing the laws of conservation of mass, three components of 
momentum, and energy, and to two differential equations obtained from 
(2) and describing the variation of magnetic field within the wave: 


pu =m 


= =J,, mv — 22 Hy = mv — H,=J;, (3) 


u? + + 
( 


_ (aH, (uHy—vH,) —(wH, —uH,)| 
_ 8 (aH, (wH, —uH,) + (wy — H,2)) 


H, = const 

The third scalar equation obtained from (2) may be considered as an 
equation for the determination of E, if the gradient of electron pres- 
sure is given. 


We suppose the x-axis to be directed normal to the surface of the 
wave, and the y- and z-axes to lie in its plane. The system of coordi- 
nates is chosen so that ahead of the shock wave (that is, at x = — «) 
the magnetic field and velocity will be parallel; then E= 0 at x = - ~, 
and consequently E, = 0 by virtue of Maxwell’s equations. 
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We determine the constants in Equations (3) from conditions ahead of 
the shock wave (at x = - ~). The constants in Equations (4) are deter- 
mined by the physical properties of the medium and the intensity of the 
magnetic field. 


The solution of the problem of the structure of a shock wave is that 
solution of the system (3), (4) which assumes at x = + given finite 
values of the flow parameters, where these values for x = - ~ and for 
x = + « are connected by the conditions at a shock wave in an ideal gas. 
We note that the relations at a shock wave in the present case coincide 
with the usual relations for a magnetohydrodynamic shock wave. 


We transform the relations (3) and (4) to dimensionless variables, 
relating all variables to the parameters of the oncoming stream: 


w=uw, RT = u*p = 


H,=V8npu2h;  (i=z, y, 2) (9) 


Here #0 is the dimensionless temperature, h; the dimensionless compo- 
nents of the vector of magnetic field intensity, u*, v* and w* the 
dimensionless velocity components. 


The choice of coordinate system (rotation about the x-axis) may always 
be made so that ahead of the shock wave 


(6) 
With relations (6) it follows, from the fourth equation (3) and the 


fact that the vectors U and H remain parallel behind the wave and lie in 
a plane with the corresponding vectors ahead of the wave [3], that 


=> = 0 (7) 


We will denote by index 1 parameters behind the wave. In the notation 
(5) and under the conditions (6), Equations (3) and (4) may be put in 
the following form: 


Py = Uu'p 


uw"? +- (hy? + hj?) = (J, —h,?) = 


4 


u 


) 
- 
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= — 2h,*) (hy — 


hm 


=1+0 


The prime indicates the derivative with respect to the dimensionless co- 


ordinate x*. 


Eliminating v*, w* and @ from relations (8), we obtain one relation 
connecting h*, hy and h, 


(y + +- yu" (h,? h,*) 1) h,*) 
— —2(y —1) — + (y —1) Ja" + (40) 


The relation (10) describes in the space of u*, h., h, a certain sur- 
face upon which must lie the integral curve of the system of equations 
(9) describing the structure of the shock wave. It is easy to verify that 
the initial point (u* = 1, h, = hy, h, = 0) belongs to the surface (10). 


0 
The section of the surface (10) by the plane h, = 0 represents the curve 


corresponding to the problem of the structure of a magnetohydrodynamic 
shock wave in a gas with isotropic conductivity, if only one coefficient 
of dissipation o is considered: 


(y + 1) yuh? — 2 (7 —1) hth? — — 
—2(y —1) — — 1) + (y — 1) = 0 (11) 


This curve was investigated in detail in[4]. 


The surface (10) consists of circles lying in planes perpendicular to 
the u*-axis, whose centers are on the hyperbola 
(y — 1) 


hy = yu’ —2(y— 1) hy? (12) 


One of the possible forms of the surface (10) is shown in Fig. 1. 


At the points of the integral curve of the system (9) that correspond 
to x = to, the right-hand sides of Equations (9) should vanish; that is, 
at z= te 

(u* — 2h,*) (a*h,h, + h,) = 0 (13) 


(u* — 2h,*) (hy — a*h,h,) — h, = 0 (14) 
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Hence it follows that in the space of u*, h,, h, points corresponding 
to conditions ahead of and behind the shock wave should lie on the inter- 
sections of the surface (10) and the 
y* hyperbolic cylinders (13) and (14). 
It is easy to verify that the cylin- 
ders (13) and (14) intersect in the 
hyperbola 


(u* — 2h,2) hy 2" = 0 (15) 


which lies in the plane jh, = 0. 


Pig. 1. The generators of the cylinders (13) 


and (14) are perpendicular to each other. 


Thus points corresponding to conditions behind and ahead of the shock 
wave lie in the plane h_ = 0 (which follows also from (7)), and are points 
of intersection of the curve (11) with the hyperbola (15). In [4] and 
[5] it was shown that there are no more than four such points, where if 
the stability of the waves is limited in the sense of [6] it is neces- 
sary to consider only two of these points of intersection, one of which 
will correspond to conditions ahead of the shock wave (u* = l, hy = hyo), 
and the other to conditions behind the shock wave. For definiteness we 
will assume that everywhere J,* > 0. Then fast waves (waves with intensi- 
fication of the field), for which 2h,? < 1, will correspond to transitions 
O0< hy < hy, and slow waves (waves with weakening of the field) will 
correspond to transitions hyo < hy, < 0. 


The angle of inclination of the tangent to the curve (11) at the point 
(u* = 1 h = h ) is 
yo 


16) 
dhy _ 1 — 186 ( y 


and the angle of inclination of the tangent to the hyperbola (15) at this 
same point is 
— 2h,? 


dhy live (17) 


If the right-hand sides are equal, that is, the curves (11) and (15) 


are tangent, the corresponding speed of the stream is equal to one of 
the magneto-sonic speeds. 


Depending upon the parameters behind and ahead of the shock wave [ 4], 
various types of intersection of the curves (11) and (15) are possible, 
as shown in Fig. 2. (Cases 1 and 2 correspond to fast waves end 3, 4 and 
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5 to slow waves. In case 5 the curves do not join). 


For investigation of the local properties of the point of intersection 
of the curves (11) and (15), we may suppose, without loss of generality, 
that at this point u* = 1 and hy = hyo. This can be achieved by changing 


the scale along the coordinate axes; that is, 
by referring all quantities in (15) to the 
values of the parameters at the point under 
consideration. 


At points 1A, 1B, 2A, 4A, 5A the speed of 
the stream is greater than the usual speed of 
sound and 


{— 70, =1— (18) 


At the remaining points 


1— 70, <0 (19) 


From geometric considerations it is evident 
that at points 1A, 2A, 3B, 4B, 5B 


2 


(20) 


1— 70 


and at points 1B, 3A 


(21) 


The solution of the problem of shock-wave 
structure is the integral curve of the system 
(9) passing through the points of intersection 
of the curves (11) and (15) and lying on the 
surface (10). 


If u* is eliminated from Equation (9) by 
means of (10), the system of two equations (9) 
is equivalent to the one equation 
dh,  (u* —2h,*) (a*h,hy + h,) —a*h,*J;° 


dhy — 2h,*) (hy — @°hh,) —h, Jy 


where the points of intersection of the curves 
(11) and (15) are singular points of this 
equation. The qualitative behavior of the 
solution and, consequently, the qualitative 


u* 
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nature of the flow behind the zone representing a shock wave in a gas 
with anisotropic conductivity, will depend on the character of these 
singular points. 


In order to ascertain the character of the singular points of Equation 
(22) it is necessary in the neighborhood of these points to replace the 
surface (10) by its tangent plane and proceed in the usual way. The 
character of the singular points is determined by the sign of the dis- 
criminant D of the characteristic equation formed from the coefficients 
of the linear terms in the numerator and denominator of the right-hand 


side of Equation (22): 


hig? 2 


2 ‘ 2h 
i—@, * (1 — 2h,*)| + (1 — 


2h,*)| x 


The character of the singularity is a local property of the point, so 
that it is always possible to suppose that the singular point has co- 
ordinates u* = 1, h, = h,,, h, = 0 and distinguish the singular points 
according as the inequalities (18) to (21) are satisfied for a given 
point. 


If D> 0, the singular point is a node if the inequality (21) is 
satisfied, and a saddle if the inequality (20) is satisfied. If D< 0, 
the singular point is a focus. 


Hence it follows that points 1B and 3A are saddles. Points 1A, 2A, 3B, 
4B, 5B are nodes if D> 0 (a**h,? small), and foci if D< 0 (a**h,? large). 
At points 2B and 5A the square brackets 
in (23) are negative, and there is con- 
sequently a node if a**h? is small, and 
a focus if “~, is large. 


The direction of movement along the 
integral curve as x* increases at any 
point depends on the position of that 
point with respect to the cylinders (13) 
and (14). If the line of intersection of 
(13) and (14) with the surface (10) is 
projected onto the tangent plane to (10) 
at the singular point, then it is possi- 
Fig. 3. ble to draw in the tangent plane the 
field of isoclines and to determine the 
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direction along the integral curves in the vicinity of each singular 
point. 


Such an investigation shows that for fast waves all nodes and foci are 
outgoing (the integral curve leaves these points as x increases), and for 
slow waves the integral curve always enters nodes and foci. 


Hence it follows immediately, for example, that in cases 2, 4 and 5 
it is impossible to construct a continuous flow inside the shock-wave 
zone. In these cases, a gasdynamic discontinuity appears inside the region 
of the wave, which is possible in our formulation of the problem as a 
consequence of the neglect of viscosity and heat conduction. 


In Figures 3 and 4, the general form of the integral curves is shown 
as an example, and the integral curves corresponding to the problem of 
shock-wave structure are drawn qualitatively for cases 1 and 2. The 
figures give a view of the surface (10) in the direction of the hy-axis. 


The closed curves represent the projections of lines of intersection 
of the surface (10) with the cylinders (13) and (14). The figures corre- 


spond to small values of a**h. , when point A is a node. 


The foregoing analysis makes it possible to describe qualitatively the 
behavior of the solution within the zone representing the shock wave in 
all the cases 1 to 5. 


1. If conditions are such that the spiral path of the electrons is 
not large (a**h,? small), point A is a node. Point B is a saddle. The 
character of the integral curves is shown in Fig. 3. 


In this case there exists a unique integral curve joining points A 
and B and describing the solution of the problem of shock-wave structure. 
The quantities u* and hy change monotonically through the wave. 


The component h, of the magnetic field first grows from zero to a 
certain value, and then decreases to zero. 


If the spiral path of the electrons is large, point A is a focus. The 
end of the magnetic field intensity vector describes at first a certain 
spiral curve in space, and then decreases to zero. 


In the general cases the motion within the wave is continuous. 


2. In the vicinity of point A the behavior of the solution is the same 
as in case 1, But because in this case it is impossible to construct a 
continuous solution between points A and B (this is connected with the 
fact that in such a solution there would be a point where M= 1), a gas- 
dynamic shock appears inside the shock-wave zone. The solution of the 
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problem of shock-wave structure corresponds to an integral curve leaving 
A that passes through a point C(u* = u,*, h, = hy), h, = 0). Within the 
wave the flow parameters at first vary continuously (to point C), and 
there then arises a gasdynamic shock with continuous magnetic field that 
takes the gas from condition C to condition B. The character of the 
integral curves for small a**h.? is shown in Fig. 4. 


3. Point A is a saddle; point B a node or focus. The motion inside 
the wave-zone proceeds continuously according to an integral curve cor- 
responding to one of the principal directions of the saddle A. The 
variation of magnetic field near point 
B is analogous to its variation near 
point A in case 1. 


4. Points A and B are nodes or foci 
into which integral curves enter. A 
continuous solution is impossible. The 
wave-zone begins with a gasdynamic 
shock at which the magnetic field is 
continuous, followed by a region of 
continuous variation of the parameters. 


The character of the behavior of the 
magnetic field near point B is 
analogous to that in case 3. 


5. The character of the solution is 
the same as in case 4. 


Thus the character of the flow within the zone representing the shock 
wave depends essentially upon the magnitude of the spiral path of the 
electrons and upon the character of the wave itself (fast or slow). In- 
dependently of the form of the wave, the solution describing its struc- 
ture corresponds to a three-dimensional flow. 


The magnetic field intensity vector varies inside the wave in such a 
way that its end may, for large spiral paths of the electrons, rotate so 
as to describe a spiral trajectory, but this turning does not correspond 
to a rotation of the vector H about the x-axis. If the spiral path of 
the electrons tends toward zero (a* + 0), the shock wave is converted 
into an ordinary magnetohydrodynamic shock wave. 


The thickness of the shock wave, if it is strong, may be taken as the 
distance in which the magnetic field and all other quantities change by 
an amount of the order of their values ahead of the shock wave. If the 
shock-wave thickness is determined in this way, it follows from (4) that 
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if wr ~1, then 


2 
+ 


(1 + 
if wr >> 1, then 


1+ a*H,? 
aH, 


l~ 


@T 


These relations show that the thickness of a magnetohydrodynamic 
shock wave is greater in a gas with anisotropic conductivity than the 
thickness of a conventional magnetohydrodynamic shock wave 

~ 
Furthermore, for large spiral path of the electrons (wr >> 1) the 


thickness of the shock wave in a gas with anisotropic conductivity be- 
comes of the order of magnitude of the Larmor radius of the ions 


4nugnl 4npu,lH 

in the case that the energy of the magnetic field is comparable with the 
kinetic energy of the medium (H?/82~ p u,” ). 


Projecting (2) onto the x-axis, we obtain 


(H,? + H,*) = (oH, — wH,) + + 4+ ob, (24) 


H dz ne dz 

As mentioned earlier, this equation serves to determine E.(x) for 
given p, and solution of the system (4). If the chaotic speeds of the 
ions and electrons are equal in magnitude, and so are their numbers per 
unit volume, then it is possible to assume that 2p. = P(p; = P,). 


Then since E,(x) is found, the equation dE/dx = 47p, determines the 
space-charge density inside the wave as a function of x. 
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The following interactions of magnetohydrodynamic waves are considered: 
fast (S*) and slow (S-) shock waves, fast (R*) and slow (R) expansion 
waves, with vortex (A) and contact (K) discontinuities. The medium is 
assumed to be ideally conducting. No restrictions whatever are imposed 
on the parameters of the medium, At the moment of interaction there is 
created a discontinuity which must be resolved into some combination of 
waves, The purpose of this paper is to determine the possible combina- 
tion of waves. 


Interactions of shock waves and of expansion waves with a contact 
surface in gasdynamics were investigated in[1] anad[2]. 


Problems in the resolution of an arbitrary discontinuity, created in 
the interaction of magnetohydrodynamic waves with vortex and contact 
discontinuities, are particular cases of the 
general problem of the resolution of an arbi- 
trary discontinuity in the magnetohydrodynamics 
of an ideally conducting medium[3 ]. The 
symbols used are the same as in[3]. Instead 
of the expression: "the line in the pH.-plane 
which represents the relation between the 
quantities p and #, in an s*(S, R*, R)-wave 
with magnetic field and pressure ahead of the 
wave equal to Hy and py", we shall write for 
conciseness: "the line S*(s-, R*, leaving 
the point (p,, H, )"; instead of the expression: Pig. 1. 

"the combination Phich corresponds to points (lines and regions) lying 
in the quadrant Au> 0, Av> 0 of the AuAv-plane, Fig. 1", we shall 
write: "the combinations lying in the quadrant Au> 0, Av> 0, Pig.1". 


V.V. Gogosov 


If R*- and R -waves do not participate in the interactions under con- 
sideration, then the waves which move apart in the two directions are 
created at the instant of impact. Interactions in which R*- and R -waves 
participate lead, as in gasdynamics [2°], to a process of interpenetra- 
tion of the waves during which the motion cannot be described by means 
of simple waves. In this case, if the interpenetration is completed in a 
finite time, as will be assumed in what follows, the combinations of 
waves emerging from the interpenetration zone must, generally speaking, 
be composed of shock waves, simple waves and vortex discontinuities. The 
possible wave combinations which are created in interactions with a” 
and R -waves are determined in what follows, omitting the motion in the 
region of interpenetration. 


For definiteness, we shall assume the following: 


1) The x-axis is perpendicular to the plane of the interacting waves, 
and the direction of the y-axis coincides with the direction of H in the 
undisturbed medium, 


2) In the interaction of magnetohydrodynamic waves with a K-discon- 
tinuity, the K-discontinuity is taken to be at rest, magnetohydrodynamic 
shock waves overtake it from the left, and expansion waves from the 
right. 


3) A vortex discontinuity overtaken by fast magnetohydrodynamic waves, 
and slow waves overtaken by a vortex discontinuity, move to the right. 


4) A vortex discontinuity colliding with magnetohydrodynamic waves 
moves to the left, and consequently the waves move to the right. 


1. Interaction of an S*-wave with K- and A-discontinuities. 
Let us consider the plane case of the resolution of an arbitrary discon- 
tinuity when the point corresponding to the condition (pp, Hy ) lies in 

0 


the pH. -plane on the S*-line which leaves 
the point (p,’, A, This corresponds to 


the case for which the first of the inequal- 
ities (4.1) to (4.4) in [3]. become equal- 


ities. 


Two cases are possible: 


Py Pp > +Hyys P = Po) (case 1, Fig. 1) 


Pig. 2. H yo’ <1, (Po +H P = Po’) (case 2, Pig. 2) 


In Figs. 1 and 2 in the pH,-plane it is evident that of the two shock 
waves, expansion waves and contact discontinuity, the following 
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combinations are possible: 
R*R-K, R*KS~, S*KS*, SKS” in case 1 
R*KR’, R*SK, S*KS*, SKS~ in case 2 


The combination S*KS* is possible if the S*-line leaving the point 


(Po, intersects the S*-line leaving the point Hy In the 


first case there may be either no point of intersection or an even 
number, in the second case an odd number; there will be the same number 
of points in the AuAv-plane, corresponding to the combination s*Ks*. 
The combination S KS is possible if the corresponding equality of 
Section 4, [3] is fulfilled. 


as” 


CAS 


Pig. 3. 


Also possible is the combination KS (Figs. 1,2), in which the 
strength of the K-discontinuity is equal to zero, if p, and p,’. are 
linked by the relations on the S*-wave. To all these combinations there 
are corresponding points in the AuAv-plane (Figs. 3,4). The lines and 
regions in this plane are constructed as in[3]. In the combinations 
KR'S*, the strengths of and S-waves, going to left and 
right, are equal. 


If Hy < 0, Hy *.< 0, then Figs. 1,2,3 and 4 do not change if ii, and 
0 0 


-Av are plotted on the axis instead of Hy and Av. 


If Ay, < 0, Ay, -> 0, or My, > 0, Hy, -< 0, but as before, 
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Po = | Hy =| Ay) then in every combination occurring in 


a resolution, there must be an A-discontinuity, going to left or right. 
In this case, the diagrams in the AuAv-plane may be qualitatively 
obtained from the diagrams corresponding to Hy, > 0, a, ’-> 0, if instead 


of combinations without a vortex discontinuity or with two vortex dis- 
continuities, one puts the same combination with one vortex discontinuity, 


(Sane ne 
SAS KRAS 


4 
& 
: 


going to right or left. The criteria (2.1) to (2.4) remain the same, 
except that H, must be taken to be the absolute value. The dividing line 
in the Au\v -plane in the given case separates the regions which cor- 
respond to combinations with a plane vortex discontinuity going to the 
left. It may be shown that if Hy, < 0, a, -< 0, then the regions which 


correspond to combinations with the vortex discontinuity going to the 
right lie above the dividing line, and regions which correspond to com- 
binations with the vortex discontinuity going to the left lie below. 


For example, the point which corresponds to the combination KAS" lies 
above the dividing line, the point which corresponds to the combination 
AKS* lies below. If A, > 0, Hy *.< 0, the regions which correspond to 

0 


combinations with the vortex discontinuity going to the right lie below 
the dividing line; regions which correspond to combinations with the 
vortex discontinuity going to the left lie above. Thus the point which 
corresponds to the combination AKS* lies above the dividing line, the 
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point which corresponds to the combination KAS* lies below. 


The diagrams for: the case of the resolution of an arbitrary discon- 
in which MH, = Hy Hy)» Aw # 0 are 
obtained from the diagrams in Figs. 3 and 4 by rotating the latter about 
the center line. If HA He then after rotation it is necessary in 
addition to make a translation of the resulting three-dimensional 
diagram with respect to the origin [3, Sect. 12]. 


Let us apply the case of the resolution of an arbitrary discontinuity, 
which has been considered, to the problem of the interaction of an S*- 
wave with a K-discontinuity. This may be done, since at the moment of 
impact there will be a resolution of the discontinuity for which the 
point (po, Hy) of the pH,-plane lies on the S*-line leaving the point 


Here, Au= u, > 0, Hy, = > 0, Av= < 0. After the 


impact, there may be combinations which correspond to regions lying in 
the Au> 0, Av < 0 portion of the AuAv-plane (Figs. 3,4) going in both 
directions. We may note that a vortex discontinuity is not created in 
the interaction. 


The nature of the combination depends on p,’, Ay.” Po» P, and U, 


where U is the speed of the incident wave. As is evident from Figs. 3 
and 4 for the corresponding value of the parameters, the S*-wave may, on 
hitting the K-discontinuity, go through it, changing its strength. 


Let us consider the case of the interaction of an S*-wave with an A- 
discontinuity. Let the S*-wave overtake the plane A-discontinuity moving 
in a gas at rest. At the moment of impact there is created a discontinuity 
in which Hy, < 0, Ay” > 0, Au= Uy > 0,Av =v) = & + 2h, 


We note that, in the AuAv-plane, the points which correspond to the 
combinations KAS* and AKS* have the coordinates Au = Uy, Av=— o,°+ 
2h,’V,’ and Au= uy, Av = - ¢”--2|hy|V,, respectively. 


Consequently, the points corresponding to the combinations into which 
the discontinuity created by the interaction resolves itself lie on a 
straight line going through the points which correspond to the combina- 
tions KAS* and AKS*. 


In the collision of an S*-wave with a plane A-discontinuity, 
Au= > 0, Av=- + 2h,V, , Hy, > 0, H, *.< 0 in the resulting 


discontinuity. The point which corresponds to the AKS*-combination has 
the coordinates Au= uy, Av= — ¢,°.+ 2h Therefore, the points cor- 
responding to the combinations into which the resulting discontinuity 
resolves itself lie on the straight line Au= uy, passing through the 
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points which correspond to the AKS*- and KAS*-combinations. 


2. Interaction of S--waves with K- and A-discontinuities. 
Let us investigate the plane case of the resolution of an arbitrary dis- 
continuity when the point denoting the condition (pp, Hy ) lies in the 


pi -plane on the S -curve leaving the point (p)’, (Figs. 5, 6). 
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Here, the first of the inequalities (10.1) to (10.4) become equalities. 
Two cases are possible: 


H,,’> A_ (Pos H,,, p= Po) (case 1, Fig. 5) 
<< H_(p,, Hy, p = po’) (case 2, Pig. 6) 


In Figs. 5 and 6 it is evident that of the two shock waves, expansion 
waves and contact discontinuity, the following combinations are possible: 


S*R°K, R°KR*, S*KS* in case 1 
R-KS*, R*RK, S*KS* in case 2 


The S*KS*-combination is possible if the S*-line leaving the point 
(Py, Hy) intersects the S*-line leaving the point Hy There 
0 
may be either two points of intersection or none. The combination S KS 
is possible if there is an intersection of S -lines leaving those points. 


The combination KS is also possible (Figs. 5, 6). 


For all these combinations there are corresponding points in the 
AuAv-plane (Figs. 7, 8). The lines and regions in this plane are con- 
structed as in[3]. If H, <0, H, ’ <0; H, <0, ’-> 0; > 0, 
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Hy *.< 0, then the diagrams in the AuAv-plane are altered as described 


0 
in Sect. l. 


CASAS 


The diagrams for the case of the resolution of an arbitrary discon- 
tinuity in which p, = p_(p,’, Hy= Hi, 0, 


are obtained from the diagrams in Figs. 7 and 8 by the method described 
in Sect. 12 of [3]. 
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Let us investigate the interaction of S -waves with a K-discontinuity. 
At the moment of impact there is created a discontinuity for which the 
point (p), Hy ) of the pil,-plane lies on the S -line leaving the point 
0 


(p,’, Hy *). On the resulting discontinuity, Au> 0, Av= v, > 0. It is 
0 


easy to see that the resulting discontinuity can resolve itself into 
combinations which correspond to regions lying in the Au> 0, Av> 0 
portion of the AuAv-plane, as shown in Figs. 7 and 8. 


Let us investigate the interaction of an S -wave with an A-discon- 
tinuity. Let the A-discontinuity be plane. If the A-discontinuity over- 
takes the S-wave, then at impact Au= uy, > 0, Av= ¢ + 2|hy| V, > 0, 


Hy < 0, Hy ’.> 0 on the resulting discontinuity; if the S -wave collides 
0 0 


with the A-discontinuity then Ay, > 0, Hy < 0, Au> 0, Av= & + 

| 2h,’|V,’-> 0 om the resulting discontinuity. Consequently, the resulting 
discontinuity resolves itself in combinations which correspond to the 
regions lying in the Au> 0, Av> 0 portion of the AuAv-plane, Figs. 7 
and 8, on the straight line Au= uy. The straight lines Au= uy pass 
through the points which correspond to the combinations AKS and KS A. 


Pig. 10, 


When considering the interaction of S*-, S-, R°-, R’-waves with K- 
and A-discontinuities, it will be clear in which portion of the plane 
the combinations resulting from the resolution of the resulting discon- 
tinuity may lie. We note, however, that the points corresponding to the 
resulting discontinuity do not have an arbitrary position in the indi- 
cated portion of the plane, but only on the S*-, S--, R*-, R’-lines, 
respectively. 


3. Interaction of &*-waves with K- and A-discontinuities. 
Let us consider the plane case of the resolution of an arbitrary discon- 
tinuity when the point (p,’, Hy ‘) lies on the R*-line leaving the point 


(Py, Hy) (Figs. 9, 10). This corresponds to the case where the second 
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of the inequalities (4.1) to (4.4) become equalities. Two cases are 
possible: 


Po <P, Hy= Hy) (case 1, Pig. 9) 
Po > P. Po’, Hy = Hy) (case 2, Pig. 10). 


On Figs. 9 and 10 in the pH,-plane it is evident that of the two 
shock waves, expansion waves and contact discontinuity, the following 
combinations are possible: 


SKS*, KRS*, K*KR*, S*KS*, SKS” in case 1 
R-KS*, KS S*, R*KR*, S*KS*, S*KS” in case 2 


In case 1, the combination S*KS* necessarily occurs; in case 2 it is 


realized if the S*-line leaving the point (py*» Hy *) intersects the S*- 
0 


line leaving the point (pp, Hy, ). The S KS -combination is realized if 
0 


the S’-line leaving the point (p,’, H, *) intersects the S -line leaving 
0 


the point (pp, Hy, ). The combination R’K is also possible (Figs. 9,10). 


The R* KR*-combination corresponds to a line in the AuAv-plane. All the 
remaining combinations correspond to lines in the AuAv-plane (Figs. 11, 


12). 


Fig. 11. 


Lines and regions in the AuAv-plane are constructed in the same way 
as in the preceding cases. If H, < 0, *.< 0; H, > 0, 0, ete., 
Yo Yo Yo Yo 
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then the diagrams in the AuAy -plane will be altered as described in 
Sect. 1. 


4u 
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Fig. 12. 


The diagrams for the case of the resolution of an arbitrary discon- 


tinuity for which |H, “| = H,(pp, P= Py), H, Au, Aw# 0 


are obtained from the diagrams in Figs. 11 and 12 by the method described 
in Sect. 12 of [3]. 


Let us consider the interaction of an R*-wave with a K-discontinuity. 
Recall that in the case of interaction of R*-, R--waves with each other 
and with other waves and discontinuities we will be interested in the 
combinations of waves into which the interactions under consideration 
resolve themselves. It is assumed, as before, that the interpenetration 
is completed in a finite time. 


In the discontinuity created, Au< 0, Av> 0. The result of the inter- 
action will be combinations of waves going in both directions, which cor- 
respond to regions lying in the Au< 0, Av> 0 portion of the AuAv-plane 
(Figs. ll, 12). 


Let us consider the interaction of an R*-wave with a plane A-discon- 
tinuity. On the resulting discontinuity Au= uy, < 0, Av=— xy + 
Hy. < 0, Hy *.> 0, when the R*-wave overtakes the A-discontinuity, and 


Au = uy <0 Av = xX, + 2| ho} Vo, A, < 0 when the R*-wave 


collides with the ret ste "the possible combinations correspond 
to points lying on the straight line Au= up. 
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In both cases the straight lines pass through the points which cor- 
respond to the combinations R* KA and R* AK. 


4. Interaction of R°-waves with K- and A-discontinuities. 
Let us consider the plane case of the resolution of an arbitrary dis- 
ol. 25 continuity when the point (p)’, Ay.) of the pH,-plane lies on the KF - 


961 line leaving the point (pp, Hy) (Figs. 13, 14). This corresponds to 


the case where the second of the inequalities (10.1) to (10.4) become 
equalities. Two cases are possible 


Po > P_(Po's Hy,’ Hy = Hy,) (case 2, Fig. 14) 
Po < P_(Po', Hy,’ Hy = Hy,) (case 1, Pig. 13) 


On Figs. 13 and 14 in the pH,-plane it is evident that of the two 
shock waves, expansion waves and contact discontinuity, the following 
combinations are possible: 


KSS*, R*KS, S*KS* in case 1 
KS"R*, S*tKS, R-KR™, SKS", S*KS* in case 2 


The combination S*KS* is possible if the S*-lines leaving the points 
(Py, Hy) (py’> Hy *) intersect each other. The combination S KS is 


realized if the S -lines leaving those points intersect each other. Also 
possible is the combination RK (Figs. 13, 14). The combination R KR” 
corresponds to a line in the AuAv-plane. The lines and regions in the 
AuAv-plane (Figs. 15, 16) are constructed as in[3]. If the inequal- 
ities Hy, > 0, a, .* > 0 change sign, then Figs. 13-16 will be altered as 


described in Sect. 1. 
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The diagrams for the case of the resolution of an arbitrary discon- 
tinuity for which = HApo, |, P= Po), Aw# 0 


are obtained from the diagrams in Figs. 15 and 16 by the method described 
in Sect. 12 of [3 ]. 
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The interaction of R -waves with each other and with K- and A-discon- 
tinuities is reduced to such a case of the resolution of an arbitrary 
discontinuity. Let us consider the interaction of RK -waves with a K- 
discontinuity. In the discontinuity which results from the interaction, 
Au< 0, Av < 0. The result of the interactions will be combinations which 
correspond to regions lying in the portion Au< 0, Av< 0 of the AuAv- 
plane (Figs. 15, 16). 


In the interaction of an R -wave with an A-discontinuity, the possible 
combinations correspond to points lying on the straight lines Au= up, 
passing through the points which correspond to the combinations ARK 
and KA. 


Above, we considered the interactions of S*-, S-, R*-, R--waves 
with a plane A-discontinuity. In the interaction of these waves with a 
three-dimensional A-discontinuity, there results a discontinuity for 
which H, WH, ’, Aw# 0. To investigate this, it is necessary to use 
the three-dimensional diagrams which are obtained from the diagrams of 
Figs. 3, 4, 7, 8, 11, 12, 15 and 16 by the method described in Sect. 12 
of [3]. The aggregate of points which correspond to combinations into 
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which the resulting discontinuity may resolve itself lie in the planes 
Au = uy passing through the points which correspond to the combinations 
KS* KS, RYK, RK. 


If the lines S*, R* (Figs. 1, 2, 9, 10) intersect, then the pictures 
in the AuAv-plane di ffer from Figs. 3, 4, 11 and 12 in that the lines 
R* KS’S* and R*R KS* in Figs. 3 and 12, and R‘S-KS* and RY KR'S* in 
Figs. 4 and 1l, intersect each other at points which correspond to the 
combination R* KS*. In the first case, the lines R*S KS* and S*KR'S* 
leave this point, and in the second case the lines R* KS S* and R°R KS"; 
these intersect at the points KS* and R*K, respectively. If the lines 
SR (Figs. 5, 6, 13, 14) intersect, then the pictures in the AuAv-plane 
differ from Figs. 7, 8, 15 and 16 in that the lines R KS KR’, S°*R KS 
of Figs. 7 and 15, and RR KS, R KS S* of Figs. 8 and 16, intersect 
at points which correspond to the combination R KS . In the first case, 
the lines R*R KS” and R KS'S* leave this point, and in the second case 
the lines R KS R* and S*R KS; these intersect at the points KS and 
RK, respectively. 


961 
KAS? 


>> SAR KS AR 


Pig. 16. 


We note that if, in the cases described by inequalities (2.1), (2.3) 
of [3], the lines S* and R*, and im the cases described by i 
(10.1) end (10.3), the lines 's* and R* leaving points (p,’, 0. 

(pp, Ay o have two intersections, then in the AuAv-plane onze lines 


"the points (R*RK) (R°KS*) and (R*KS~) (KS°S*) in Fig. 7; 
(R* KR’) ( KRS*) and (R*S*K) (S’KS*) in Fig. 9; (R°RK) (R*KS™) and 
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(R-KS*) (KS°S*) in Fig. 15; (R>KR*) ( KSR*) and (S*RK) (S*KS”) in 
Fig. 17, have two intersections. In Figs. 7 and 9 the points of inter- 
section correspond to the combination R*KS*, in Figs. 15 and 17 to the 
combination R KS. 


We note also that if Aw 4.0, a, HH,” on the discontinuity, the 


rotation ot the figure should not oe around the dividing line, but about 
the center line, which does not coincide everywhere with the dividing 
line (as was incorrectly proved in[3]), but only at some points. 
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The differential equations of motion of a multicomponent compressible 
viscous heat-conducting mixture have been derived under the assumption 
that the hydrodynamic and physical-chemical characteristics in the stream 
are continuously differentiable [ 1-4 ]. 


In this paper we shall derive relationships for multicomponent viscous 
heat-conducting mixtures when the effects of thermal diffusion and 
pressure-diffusion are taken into account. We shall also obtain relation- 
ships on surfaces of discontinuities (of density, pressure, particle 
velocity, temperature, constituents) to the approximation of boundary- 
layer theory. For the case of a homogeneous fluid the relationships for 
strong discontinuities were obtained in[5], likewise to the approxima- 
tion of boundary-layer theory. As examples, we shall treat the flow past 
a plane plate when leakage through its surface takes place and the evapo- 
ration of the fluid film is taken into account, and the flow past a sub- 
limating wall in an equilibrium gas flow. 


1. Derivation of conditions on surfaces of strong discon- 
tinuity in multicomponent viscous heat-conducting mixtures. 
When deriving the conditions on a surface of discontinuity we shall start 
from the equations of motion of a multicomponent mixture written in in- 
tegral form. 


1, The equation of conservation of mass of the ith component of a 
mixture is 


dt dt 


dM 
\ edt = —— (1.1) 


vi 
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where V;* is a certain fluid volume moving with the velocity field v; 
(v, is to be taken as the statistically averaged value of the particle 
velocity of the ith component of a mixture relative to some fixed co- 
ordinate system), p = n,m; is the density of the ith component, n; is 
the number of moles in a unit volume, m, is the molar mass of the ith 
component, N is the number of components in the system. On the right- 
hand side of Equation (1.1) is a term which is due to the change of the 


mass of the ith component as the result of chemical reactions. 


2. When we sum Equations (1.1) over index i and make use of the law 
of mass conservation in the chemical reactions, then we obtain the equa- 
tion of conservation of mass of the mixture 


dt 


- pdr = 
Ye 
where V* is the volume of a fluid which coincides at the moment under 
consideration with the volumes V;*, but moves with the velocity field 


N N 
k=1 k=1 


where c,; is the mass concentration of the ith component. 


3. The equation of conservation of momentum is 


\ pv dt = ds (1.3) 
ve 5 
where p, is the stress tensor on the plane surface, n is the normal to 
the plane, S is the surface bounding the moving volume V*. Equation (1.3) 
is written on the assumption that external body forces do not exist. 


4. The equation of conservation of energy is 


d 2 
ve 8 8 ket 

where e is the internal energy of a unit mass of mixture, e; is the 
partial internal energy of the ith component, J, is the thermal -energy 


flux-intensity vector. 


If the functions under the integrals are continuous, then from (1.1) 
to (1.4) we obtain the differential equations of motion of a multicomponent 
mixture. Let = be the isolated piecewise smooth surface of the discon- 
tinuity, moving with the normal velocity D and located entirely inside 
the volume V, which coincides at the moment under consideration with the 
volume V*, but moves together with the surface {. Then, for any integrable 
function A(x, y, z, t), the following equation is valid: 
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at \ Adt -\ A(D —v,)ds (1.5) 


ve 
Noting that when volume V contracts to the surface = the left-hand 


side of Equation (1.5) approaches zero uniformly [6] with respect to 
time t, we obtain, using Equation (1.5) in Equations (1.1) to (1.4) 


(D — vin, 1) = Pot, (D — vin, 2) (é=1,...,N) (1.6) 

(D — vm) = P2(D — Ung) (1.7) 

Py (D — + Par = (D — Ung) V2 + Pro (1.8) 

Pr (D — vm) 1") — (Jom, (1.9) 
=P2(D — vna) + + (Pna¥e) — )2 


If we introduce into Equation (1.6) the densities of the mass streams 
= pi(Vi— = PiVi, 


then Equation (1.6) may be written in the form 
PyCiy (D — — Jin, 1 = (D — Ung) — Jin, 2 (i=1,...,N) (4.20) 


Relation (1.7) is the result of (1.10); note that in the derivation 
no assumption was made as to the properties of any particular medium. 


In distinction to the relations for strong discontinuities on a homo- 
geneous medium [6] the relations (1.7) to (1.10) contain N - 1 addi- 
tional equations, expressing the law of conservation of mass of each com- 
ponent. Furthermore, the heat flux vector here depends not only on the 
temperature gradient, but also, generally speaking, on the local concen- 
tration and pressure gradients [3,4]. Expressions for the vectors 
J, (i= 1, ..., and J, in terms of the macroscopic quantities and 
physico-chemical parameters of the mixture may be obtained either from 
the thermodynamics of irreversible processes [3,4] for arbitrary 
mixtures, or from the kinetic theory of inhomogeneous gases in a non- 
equilibrium state. Both derivations yield the same results: 


N 
2 
Ji: = > lve’ + Di 
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T N 


(Ve — Vi) + (1.12) 


m 
k=1 


=0) 

k=1 
where c;* is the molar concentration; m is the average molar mass of a 
mixture; D;, are the multicomponent coefficients of diffusion, which may 
be expressed according to kinetic theory in the first approximation in 
terms of 1/2 N(N- 1) binary diffusion coefficients Dix of the various 
component pairs and the composition of the mixture; A is the coefficient 
of heat conductivity of the mixture; D;* are the multicomponent thermal - 
diffusion coefficients; h; and v; are the partial enthalpy and the 
volume of the ith component, respectively. 


In the case of mixtures of fluids (solutions, mixtures of gases) the 
expression for the stress-tensor p, in (1.8) is identical with the ex- 
pression obtained in the hydrodynamics of a homogeneous fluid if the in- 
fluence of chemical reactions on the stress tensor is not taken into 
account. The coefficients D;,, s,", A and » depend on pressure, tempera- 
ture and the composition of the mixture, and will be referred to as 
known functions of the characteristics of the mixture. 


In the case of a binary ideal mixture containing components i and j, 
Expressions (1.11) and (1.12) assume a particularly simple form 


m 


mm; 
Jj, = —J; = — vee + In p -+ In r) (1.13) 


J, =— AgT +- ay J; (hy — hj) Ji apy = — mj) (= +24) (1.14) 


where ay is the thermal-diffusion constant. 


If no limitations are imposed upon the order of magnitude of the 
gradients of the macroscopic physical quantities (temperature, composi- 
tion), then when the Reynolds number approaches infinity, the relation- 
ships (1.7) to (1.10) are converted into the relationships for shock 
waves in an ideal (nonviscous non-heat-conducting) mixture composed of 
N components 

(D — = Potig (D — Ung) (1.15) 
Py (D — vn) = P2(D — Ung) (1.16) 
Py (D — Vi — = Pe (D — Vo — pom (1.17) 


Py (D —vn,) = — Pin = P2 (D — dng) (és + v3") — Pn (41.18) 
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Let us derive the relations on a surface of strong discontinuity to 
the approximation of the boundary-layer theory (R + ~). 


Let S(x, y, z) = 0 be the equation of the surface past which the flow 
takes place. We shall assume the function S to be an analytical regular 
function, such that at any point the surface S = 0 has a non-zero radius 
of curvature. If we choose the traces of curvature to be the coordinate 
system x, z on the surface S = 0, then the system of surfaces parallel 
to the surface S = 0 and the family of unfolding surfaces, formed by the 
normals to the surface S = 0 along the coordinate lines x, z, form a 
triply orthogonal system of surfaces [7]. The linear coordinate along 
the normal will be denoted by y. In this triply orthogonal curvilinear 
coordinate system we obtain relations (1.7) to (1.10) for R ~ 0(1/5)?, 
where | is a characteristic length, 5 is the thickness of the boundary 
layer. Qnitting the derivations, the results are 


(pe, (D + u + w any — v) — (i=1,...,N) (1.49 


[p(D + + = 0 (1.20) 
(pl = (1.21) 
+ ume + wuny—v)u+p (1.22) 


+ wae + wuny—vyw (1.23) 
[p(D + wunB + w way —v)(e + +- w ny —v) 4 


or, if we introduce the enthalpy of the mixture h = e + p/p (4.25 
-29) 


Here and in what follows, the square brackets will represent the jump 
of the quantities therein: f is the angle in the plane z = const between 
the tangent to the discontinuity surface at a given point and the tangent 
to the contour of the body at the point of the same x; y is the angle in 
the plane x = const between the tangent to the discontinuity surface at 
a given point and the tangent to the surface of the contour at the same 
z 


N 
2 
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k 


Note that to the approximation of boundary-layer theory the effect of 
pressure diffusion drops out of Expressions (1.26) and (1.27). In the 
case of a binary ideal mixture the expressions for J;, and Joy in (1.19), 
(1.24) and (1.25) assume a particularly simple form 
de; mm; alnT 


+ (i — hj) Ji (1.29) 


= —Jiy = — pDi; (1.28) 


In the case of a homogeneous fluid the relationships (1.19) to (1.25) 
become the known relationships for plane parallel motion[5 ]. 


In the case of an inhomogeneous viscous heat-conducting fluid, rela- 
tions (1.19) to (1.25) alone are not sufficient for a single-valued 
transition through the surface of discontinuity. This was noted to be 
the case for a homogeneous fluid in[5]. For a single-valued transition 
through the surface of discontinuity it is necessary to impose additional 
conditions. 


In the case of a sufficiently dense viscous heat-conducting mixture it 
is natural to assume equality of the tangential components of the 
particle velocity at the discontinuity surface, and equality of the 
temperatures on both sides of the surface of discontinuity. For R + » 
these conditions assume the form 


Ui = Uy, = W,, (1.30) 


The additional relationships for the concentration of gas components 
on the discontinuity surface may be different and may be determined from 
the physical nature of that surface. From the theoretical investigations 
[8] and many experimental results (see, for example, [9]), it follows 
that the process of evaporation of gases in a stream takes place according 
to the kinetics of diffusion, i.e. the partial pressure of the gases on 
the surface of evaporation is equal to the saturation pressure for the 
temperature of the surface. Consequently an additional relation in the 
case of evaporation will connect the pressure to the temperature 


(T) (1.31) 


where p,; is the partial pressure of the gas on the evaporating surface 
and T is the temperature of the surface. If we approximate and assume 


that the latent heat of evaporation | does not depend on temperature, 
then [10 ] 


296 

N N 

, p 

+5) 

k=1 i=1 

Vol. 
196) 


1961 


Surface of a discontinuity in multicomponent nixtures 


pi = exp (— a) (1.32) 


where a is a constant for a given substance. In place of (1.31) it is 
convenient to have a relation between the mass concentration c,; and T on 
the surface of evaporation. Using the equality c;* = p;,/p, we obtain 


N 
Cr 


=m{ — 1] = (1.33) 


+i 
where p is the static pressure of the mixture on the surface of evapora- 
tion (in the approximation of boundary-layer theory dp/dy = 0 and p = p, 
is the pressure outside the boundary layer). 


Under certain conditions, which may be determined only after the 
evaporation problem is solved, the pressure of the gases in some regions 
of the surface of evaporation may reach the outside pressure p_. Then 
boiling will begin in these regions and an additional condition on the 
surface of discontinuity in these regions well be 


Since the external pressure varies along the surface of discontinuity, 
then because of (1.31) and (1.34) the temperature will also vary along 
the boiling surface. 


In the case of sublimation of certain substances, for example, 
graphite, intensive evaporation begins at a certain temperature T 
characteristic of a given substance. At a surface temperature smaller 
than T, the evaporation may be neglected. In this case, in addition to 
(1. 30): we may establish the condition T, = T, = T,. The composition on 
the surface of sublimation in this case ie dutombnnd during the process 
of solution. 


In the case of strong variations of the outside pressure along the 
body contour at the points of the body where the pressure is greater than 
the pressure of the triple point of the phase diagram, but smaller than 
the pressure at the critical point, the body, for sufficiently great 
heat flows, will melt on the side to the gas, accompanied by evaporation 
(or even by boiling) of the fluid film; in the case of small heat flows 
it will sublimate. At the points where the pressure is smaller than the 
pressure at the triple point, the body will sublimate. Consequently, in 
the general case, lines will form on the surface of the body dividing 
the regions of melting with evaporation and the regions of sublimation. 
The location of these lines is not known beforehand and must be found in 
the process of solution. Because of the assumptions (1.30), relations 
(1.22) to (1.25) are significantly simplified: 
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(p(D + wan B + —v)e— po —Jqy) = 


+ wan y —v)h— Joy] = 0 ( 


As an example we shall write down the set of final conditions, which 
determine the single-valued transition through the surface of evaporation 
from the fluid phase past which a mixture of gases flow. Combining con- 
ditions (1.19), (1.20) and (1.37), we obtain 


p(D +- un B + wan y —v)(1— ci) + Jiy = 0 
pc, (D + B wean y — v) = 0 


p(D + utan B +- wan y — v) = (D + uj, an B + w, — 04) 


—Viy) = 


u= Uy, w= 


where quantities without indices refer to the gas mixture on the surface 
of evaporation, the quantities with index |] refer to the liquid phase on 
the surface of evaporation and those with index i to the vapor components. 
Direct counting of conditions (1.38) shows that they are sufficient for 

a single-valued transition through the surface of evaporation. 


The compatibility conditions on the surface of combustion may also be 
obtained from conditions (1.7) to (1.10) in multiple-component mixtures 
by adding additional assumptions about the kinetics at the front of com- 
bustion. 


2. Example 1. Let us consider the flow past a flat plate with diffusion 
of a fluid through its surface when taking into account the evaporation 
of the film. 


Let it be assumed that a fluid diffuses through the surface of a 
plate, past which flows a uniform plane parallel stream of gas. This 
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fluid forms a thin film along the plate which is dragged by the outside 
stream. If the outside stream is a hot gas, then the liquid film will 
evaporate intensively, thereby diminishing the heat flow directed to the 
wall (shielded cooling). The solution of this problem is reduced to the 
solution of a system of equations of the boundary-layer type for a binary 
mixture gas-vapor in the outside stream 


(Pits) + dy (P22) = 0, (u, %)= = dy \ 


dc Oc dc 


1—c\ 


c 
Poo = RexTs + m, ) 


pie 


—Prandtl number, L = — Lewis nunber] 


pe, Dis 


and the boundary-layer equations for a liquid film 
These systems of equations may be solved using the following boundary 


conditions: 


1) in the stream at infinity 


2) on the surface of evaporation (D= 0) 
dc Ju Ou 
(ur tanB — v4) (1 — — = 9, =" 

Py (uy tanB — v1) = pg u= (2.4) 


oT Peo 1 


3) on the porous plate 


2p2 z 

where the index o refers to the values of the parameters outside the 

boundary layer, the index 1 to the binary stream in the boundary layer, 

the index 2 to the film, the index 0 to the still unknown values of 
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concentration and temperature on the surface of evaporation, the index 
w to the values of the quantities on the wall; u and wv are the components 
of the velocity along the x- and y-axes, respectively, along the plate 
and its normal, ec is the concentration of the vapor, nf}? and nf?) are 
the partial specific enthalpies of vapor and gas respectively, am, and a, 
are the molar masses of vapor and gas, respectively, B is a given 
dimensionless constant connected with the mass dispersion of the liquid 
Q. through the surface of a plate of length | given by the formula 

Q. Uo Ip. 


VR, R= a (2.6) 


<< 
The following assumptions were made in formulating this problem: the 
motion of the film and of the binary mixture under the film is laminar; 
there are no external mass forces; the effect of thermal diffusion is 
small and may be neglected in comparison with the ordinary diffusion in 
the diffusion equation and in comparison with the heat conductivity in 
the energy equation. The feeding of the liquid through the plate takes 
place according to the special law 


ole 
vg (xz, 0) ~ x Vol 


If, further, we make the assumption that Py = P, = L= 1, then it is 
easy to note that the equation of diffusion and the equation of energy 
allow the following integrals: 


e=a+Buy, + (1 —c)h™ + Bu — uy", he =a, + Bou, — (2.7) 


where a and @ are constants of integration. The first two integrals are 
direct generalizations of the Crocco integral for the case of a binary 
stream, 


Investigating this case further, to simplify the calculation we shall 
look for a solution of the system of equations (2.1) and (2.2) in the 
form 


Vv i 
co’ 
Uno 
¢=a-+ Bu; (n), = y (2.8) 


where the density and the velocity components u and vw are made dimension- 
less with respect to p, and u., respectively, and the enthalpies 

h; (i= 1, 2) with respect to a*. Substituting Expressions (2.8) into 
Equations (2.1), (2.2) and boundary conditions (2.3) to (2.5), we arrive 


at the following boundary-value problem: 


‘ 
; 
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d du, du; 
dy dy dy () (i ) 


(n° 
— (1 — = (n Iu) = 


au) [ hog —h,, hh, — hg" (hg 
1 


where the latent heat of evaporation 1(T)) is measured in units of u_”, 


p in the units of Foor 9 = W(T,) is the short notation of the vapor 
pressure curve. 


Every equation of (2.9) is of the third order (because p ju; = ¢;") 
and, furthermore, 7°, and are four unknowns. Relationships 
(2.10) give us exactly ten conditions. After this boundary problem is 
fol. 25 solved, the fields of concentration and of enthalpy are determined from 
1961 the equations 


— 
(2.14) 
i—u* i—u 
hy, —u*h,, — 1 (i —u*) | + AG (2.12) 
i—u i—u 2 
ha — h,, u;* 


hy = hy + — 


(2.13) 


To solve the problem (2.9) to (2.10) we shall introduce a new 
dependent variable w = ydu/dy, and we choose u to be the independent 
variable [11,12]. Then, in terms of these new variables, we have the 
following boundary-value problem: 


du? + 20, =0 


(1) = 0, (u*) = (u*), (u*) = (u*), @" (0) = 
(u*) (1 = (1 —u*) = (u*) = 


(u*) (To) = (u*) u*) 
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The system of two equations of the second order (2.14) with three un- 
known parameters u°, ¢p and T) with the boundary conditions (2.15) has 
to be solved with the help of seven conditions (2.15). Consequently it 
is expected that a unique solution of the problem will be obtained. To 
simplify the solution we shall assume that the quantity Pi is constant 
in every region. Without restricting the generality of the solution we 
assume 


= 4, Pojle = K? 
We shall look for the solution of the problem in the form 
= (u), @ = Kaw, (a~"*u) 


where We (a) is the single-parameter family of solutions of equation 
2@w"+ u= 0, determined for u < 1 and satisfying the condition 
we (1) = 0, Wy 9 (1) is the solution of a Cauchy problem: 


+ u = 0, w,, (0) =1, (0) = any, 


(both families of the solutions oe and Wyo have been studied in [5]). 
where a is an additional parameter subject to further determination. 

With function @, so chosen, the boundary condition @,(1) = 0 is satisfied 
automatically. The remaining conditions (2.15) give a system of six 
transcendental equations 


= Kao, (a~"*u*), (u*) = Ka on B (2.16) 


for the determination of six unknown quantities: C, u*, a, Yo, ¢g and Tp, 
The functions we (u) which do not vanish between O and 1, are given by 
the formula 


@,° (u) = Uy (uu), (u) Me 


where up(y,) are the zeros of the functions w 


yar (4). Therefore, for 
these functions the angle y,(C = y,) and 


(u*) (u* uy) 
Ww) 
serve as parameters instead of C. 


The values of the functions @,,(u) and up(y,) are adopted from[5 ] 
in the form of a table, which is supplemented by the values of the deri- 
vatives 


For large values of tan % the asymptotic representation Gi) (u) may 
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be used [5]. Then we obtain 
(u) = (uX), (u) = (uX), X =2.608 (2.17) 
where @)(u) is the solution of the Cauchy problem 
2@o”" +u = 0, @ (0) = 0, @’ (0) =1 
The corresponding relation 


(u*) (u* X) 


for large tan y, does not depend on the parameter y,. Functions we (4), 
having another zero in (0, 1), are equal 


(u) = @,°(u) (C= 8) 


where the functions w,° are the solutions of the boundary-—value problem 


200" ++u=0, @(f)=0, w(1)=0, <1) 


and tables of these functions are given in [5]. Since for ¥i°7 2/2 and 
& = 0 the integral curves coincide, the functions (2.17) may be used in 
this case in place of the functions @°(u) and w,°*{u). 


Direct determination of parameters C, u*, a, y>, ¢, and T, from the 
system (2.16) requires extensive calculations for each group of given 
parameters. However, if we apply a semi-inverse method of solution to 
the system (2.16), then system (2.16) may be solved consecutively without 
difficulty. Indeed, let the quantity u* be given (the approximate value 
of the dimensionless velocity u* on the surface of evaporation may be 
assumed to be equal to the value u* disregarding the evaporation from 
[5 ]). Then from the last three equations (2.16) we find the values Cg: 

T, and C at once. Knowing u* and C, we find a and y, from the first two 
equations of (2.16) using a graphical method. The third relation will 

give the value of the parameter of inflow B corresponding to a given value 
u* and given values of the parameters of the problem. Two or three trials 
in the choice of u* lead to the desired value B, 


In an analogous way the system (2.16) may be solved by choosing Co 
(the concentration on the surface of evaporation). Upon solution of the 
system of equations (2.16), from Equations (2.11) to (2.13) the fields 
of concentrations and enthalpies and the coefficient of friction are 
found; 

Poo 


= 2a, (0) = 2Ka, = 
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and so is the heat flow q, toward the plate 


u* 


where hoo - hy is the dimensional difference of enthalpies of the liquid 
on the surface of evaporation and on the wall. 


3. Example 2. Let us investigate the sublimation of a plane wall ina 
uniform gas flow. Let a uniform gas stream move along a heat-conducting 
wall with a velocity u.. If the static pressure p,, is smaller than the 
pressure at the triple point of the phase diagram of the wall substance, 
then, depending on the parameters of the oncoming stream and the condi- 
tions of the heat exchange on the other side of the wall, the surface of 
the wall whi¢h is directed toward the gas will sublimate (evaporate, by- 
passing the liquid phase) or, if the pressure is larger the vapor pres- 
sure of the substance of the wall (if such exist) it will condense from 
the stream immediately into the solid phase. If the x-coordinate is 
measured along the wall, and the y-coordinate normal to the wall, then 
this problem will reduce to the solution of the system of equations for 
the non-steady (because of the change in one boundary of the wall) binary Vol. 2 
boundary layer and of the equation of heat conductivity in the wall 1961 


dp du Ou de O¢ 
t+ div (pv) = 0, jy (PDi2 (3.1) 


oy 
> (2), 
0G Lay + (3) + (Z—1) 
OT, 0 oT, 
* 1 oy 
with the following conditions: 


1) in the stream of infinity 
h =h,, 
2) on a yet unknown surface of sublimation 
D D D 


OT, 
= ba gy 


3) in the wall at infinity 


Ti = (3.5) 


where index 1 refers to the parameters of the wall, index 0 to the para- 
meters on the surface of sublimation, which are known only after the 

problem is solved. The remaining notation coincides with the notation of 
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Section 2. 


In writing the equation of heat conductivity in a body (3.2), the 
assumption was made that the thickness of the thermal boundary layer in 
the body is sufficiently small compared with the characteristic length 
of the wall. Therefore, in the equation of heat conductivity the deriva- 
tives with respect to x may be neglected relative to the derivatives 
with respect to y. 


In addition to conditions (3.3) to (3.5) it is necessary to write the 
initial conditions of the problem. 


If we limit the investigation to the particular case where P= L= 1 
and look for the temperature of the surface of sublimation, then the 
solution may be obtained in closed form by making certain assumptions. 
Let us make the basic assumption: that the velocity of propagation of 
the surface of sublimation D depends only on the x-coordinate and does 
not depend on time. Thereby is established at each point of the surface 
a particular stationary mode of sublimation depending on x. The condi- 
tions under which this assumption is fulfilled will be shown below. Then 
the solution of the equation of energy diffusion and the equation of 
heat conductivity, taking the boundary conditions (3.3) to (3.5) into 
account, will be 

u (n) 1 
c= +(¢.,.—%) h = hy + (H, — hg) — (3.6) 
co co 
Aa (T_..) 


foe) 


where the function 6,@)) is the solution of the boundary-value problem 


d dQ; 
am [1 (on + N (6:1) dm 0, (0) =7 =n, (co) =1 (D <0) (3.7) 


which upon integration by two quadratures finally becomes [13 ] 


_{ (61) 401 dQ, (4) — M (6) 
M (61) — M (1) dm 


Aa = Ag (T_,.) (01), Ps (7) ey = pa (T_..) N (0) 
M (61) (61401) 


In the solution (3.6) the quantities with index 0 are unknown and 
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must be determined from conditions (3.4), which yield two transcendental 
equations 
H.,, hg + (ho ho) 


= (3.9) 


for the determination of the concentration ¢9 and the temperature T> on 
the surface of sublimation. From the system (3.9) it follows that the 
temperature of the evaporating surface approaches the temperature of 
boiling only for H+ ~, i.e. in the case of infinitely great heat inflow 
from the gas. 


Let us show now under what conditions the solution obtained above is 
valid. Consider the solution of the problem (3.1) to (3.5) in the follow- 
ing form (the normal velocity of propagation of the surface of sublima- 
tion does not depend on time): 


p 


u 


) (0, (3.10) 


where velocities u and v and densities p and p, are measured in terms of 
the quantities u_ and p,. The substitution of Expressions (3.10) into the 
equation of motion yields 


where r = ut/l. The first term on the right-hand side of this equation 
may be neglected, since for all condensing media p/p, ~ 10° + 10°4, 

The second term on the right-hand side is also small, since the character- 
istic time l/u,, for all except very small velocities is small. This 
approximation physically corresponds to the obvious fact that the local 
acceleration produced by the motion of the surface due to sublimation is 
small compared with the convective acceleration. 


The last term in Equation (3.11) is small only for sufficiently small 
initial intervals of time. However, since this term contains a small 
number 1/p, ~ 10 °+10* as a multiplier, the intervals of time for 
which the last term on the right-hand side of (3.11) may be neglected 
may, in effect, extend over several tens of seconds. By these approxima- 
tions the Blasius equation is obtained: 


d ;du @ du 
(3.12) 
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The continuity equation is satisfied to the same approximation, as is 
easily shown by substituting into it Expressions (3.10). The boundary 
conditions (3.3) to (3.4) are satisfied exactly. They give 


(0 d 


0 d 
(To) + (Too) Top (M (m)— M = — — he + (ho! — 


(3.13) 
Co = 


Consequently, when the assumptions enumerated above are satisfied, as 
a result of which the right-hand side of Equation (3.11) may be neglected, 
the solution of the problem of sublimation of the wall is established 
for constant velocity of propagation of the surface of sublimation, de- 
pending only on the coordinate s(D~ 1/ Vx). 


To solve this problem let us introduce a new variable w = pn’ du/dy and 
choose as independent variable a nondimensional velocity u. Then we ob- 

‘ol. 25 tain from (3.12) and (3.13) 
1961 


aw u 


quit =9, w(1)=0, (0) (1 = (eo @ (0) (3.44) 


(0) {U(To) + (T_,.) (n) — M (1))} = @ (0) — he + — ho) 
Co = p(T») 


The solution of this problem will be (py = 1) 
u 


@ (u) = us (uuo), 
(3.15) 
Uo tan = — hig + — ho") 


Uo tan} = 
+ (T_,.) (n) — M (1)} 


, = (T 4) 


where the function up(y) is calculated in[5] and is given in the 
table. From the last three equations ¢,), 7, and the angle y are easily 
determined for every ensemble of given parameters. Knowing y from the 
tables, we find > and then the profile of the velocity u(). 


The fields of concentrations and temperatures in the gas as well as 
in the body are defined by Equations (3.6). The coefficient of friction 
is found from the equation 


VR, = 20 (0) = (7) (3.16) 


The values of the function uy */* y) are given in the table. In the 
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0 1.00 0.2679 0.8 1.768 0.8941 0 0 1.00 
0.4 1.027 0.2655 1.0 1.942 0.8457 0.1 0.098 0.949 
0.2 1.053 0.2583 1.2 2.106 0.7915 0.2 0.190 0.897 
0.3 1.078 0.2466 1.4 2.258 0.7320 0.3 0.277 0.844 
0.4 1.102 0.2305 1.6 2.398 0.6676 0.4 0.359 0.789 
0.5 1.124 0.2103 1.8 2.525 0.5986 0.5 0.435 0.732 
0.6 1.144 0.1861 2.0 2.637 0.5251 0.6 0,505 0.674 
0.7 1.161 0.1580 2.2 2.735 0.4469 0.7 0.570 0.614 
0.8 1.175 0.1259 2.4 3.816 0.3641 0.8 0.629 0.551 
0.9 1.183 0.0899 2.6 2.850 0.2764 0.9 0.680 0.487 
1.0 1.193 0.0500 2.8 2.925 0.1833 1.0 0.725 0.420 
$5 1.196 0.0060 3.0 2.952 0.0847 1.1 0.763 0.350 
1.11 1.197 0.00 3.16 2.950 0.00 1.2 0.794 0.276 


0 1.00 0.5774 0 | 1.00 1.732 
0.2 41.415 0.5684 0.5 1.858 1.698 
0.4 1.226 0.5431 1.0 2.685 1.618 
0.6 1.332 0.5043 1.5 3.466 4.517 
0.8 1.429 0.4538 2.0 | 4.192 1.404 
1.0 1.506 0.3936 2.5 4.860 1.280 
1.2 1.581 0.3238 3.0 5.462 1.147 
1.4 1.640 0.2431 3.5 5.997 1.005 
1.6 1.683 0.1529 4.0 6.458 0.855 
1.8 1.707 0.0526 4.5 6.842 0.695 
1.88 1.708 0.00 5.0 7.143 0.525 

u u Woe" 

| 

0 1.00 1.00 5.5 7.357 0.344 
0.2 1.198 0.9917 6.0 7.477 0.150 
0.4 1.395 0.9690 6.38 7.50 0.00 
0.6 1.585 0.9357 — | 


1.3 0.818 0.199 
1.4 0.834 0.117 
1.5 0.842 0.031 
1.55 0.843 0.00 
—90 0 co 
—75 0.25 8.51 
—60 0.52 2.67 
—45 0.83 1.32 
—30 1.20 0.762 
—15 1.60 0.494 
0 2.08 0.334 
15 2.73 0.222 
30 3.80 0.135 
45 5.75 0.0725 
60 11.0 0.0274 
ug = 
2. 608tan2y 0.00 


tion 


cy VR, = 0.475 = 1.238 


“co 


case of large heat inflows from the gas tan y + ~, Using the asymptotic 
representation of the function up(y) = 2.608 tan’y, we obtain for the 
coefficient of friction of a strongly sublimating wall the simple equa- 


From this equation it is seen that when boiling is approached the 
coefficient of friction approaches zero. This effect of diminishing the 
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coefficient of friction due to an increase of the intensity of evapora- 
tion is analogous to the effect of decreasing the coefficient of resist- 
ance of friction by blowing gas into a boundary layer [14]. 
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THE REFLECTION OF WEAK CONVERGING SHOCK WAVES 
IN A GAS OF VARIABLE DENSITY 
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GAZE PFREMENNOI PLOTNOSTI) 


PMM Vol.25, No.2, 1964, pp. 209-217 


F. L. CHERNOUS’ KO 
(Moscow) 


(Received August 15, 1960) 


Converging spherical, cylindrical and plane shock waves in a variable- 
density gas have already been discussed in[1]. The initial (undis- 
turbed) condition of the ideal gas was given in the form 


ol. 25 P=Po v=0 (4) 
1961 
where r, p, p, v are, respectively, the distance of particles from the 
center (or plane) of symmetry, the pressure, density and mass velocity, 


whilst Por 8 and @ are constants. A converging shock wave propagates 
through the gas in state (1) according to a power law in terms of time. 
It was demonstrated in[1] that, depending on the quantities s and v 
(v = 1, 2, 3 for plane, cylindrical and spherical waves, respectively), 
there occur qualitatively differing cases of behavior of the converging 
waves when r+ 0, 


For s < 2(v — 1), shock waves increase in intensity without limit, or 
reach a constant intensity when r+ 0; in that case it is possible to 


construct self-similar solutions with implosion waves which possess these 
features. An analysis of such self-similar solutions reveals that after 
reflection from the center (axis) of a constant-intensity wave the gas 
behind the reflected front comes to rest at constant pressure. 


When s > 2(v — 1), there are no longer any such self-similar solu- 
tions. Por such cases in[1], solutions of the linearized gasdynamic 
equations are constructed, which describe the motion of a gas in the 
case of a weak converging shock wave. An analysis of the solutions has 
revealed that the conditions of linearization are fulfilled when r+ 0, 
t+ 0, where s > 2(v — 1); in particular, the intensity of the converg- 
ing waves tends to 0 when r + 0. 


However, according to the linear solution, both pressure and particle 
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velocity increase without limit close to the front. Linear equations 
should therefore not be used in the neighborhood of the reflected front 
where nonlinear terms are so important. 


In this paper we construct a solution which takes account of the non- 
linear terms and is valid asymptotically (for r+ 0), and is also valid 
close to the reflected front. To do this, use is made of the simultaneous 
expansion in series of both dependent and independent variables, which is 
the method described in [2] due to Poincaré, Lighthill and Go. 


Landau [3] was the first to study nonlinear effects in weak diverging 
waves, whilst Gubkin [4] deals with a gas of variable density. 


The velocity, pressure and density of the gas before the disturbance 
starts are assumed to be given by Formula (1), where s > 2(v - 1) and 
u(r, t) is the particle displacement reckoned from the initial condition. 
The equations for the one-dimensional adiabatic motion of an ideal gas 
can be taken in the form (r is a Lagrange coordinate) 


Ou u 
p(r+-u)* (1 + (1 + + =0 (2) 
= 


The first of the two equations of system (2) express the conservation 
of mass and of impulse, whilst the third expresses the conservation of 
particle entropy (Y is the adiabatic index). In general, the latter con- 
dition does not hold in the presence of shock waves, but it can be 
assumed to be approximately valid for weak waves, for the jump in entropy 
in them is a third-order quantity as compared with the rise in velocity 
or pressure. In the solution which will be constructed here, the shock 
waves are weak, so that the assumption can be justified. 


The first and third equations of system (2) allow us to express p and 
p in terms of u: 


If we substitute Equations (3) in the momentum equation (2), we find 
an equation for the function u(r, t): 


(x—1(v—1) 


The characteristics of this nonlinear hyperbolic second-order equation 
are determined by the equation 


(5) 


4+ ) 


r 
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If we linearize Equation (4), assuming u << r and du/dr << 1, its 
characteristics near r = 0, t = 0, as 
ty . follows from (5), will be the parabolas 


plots) /2 


TPo 


These are shown in Fig. 1 as curves L, 
and L, in the rt-plane and represent fronts 
of converging and of reflected waves in the 
linear approximation. Instead of t, now, we 
introduce a new dimensionless variable x: 


4 f(2 


Fig. 1. 


It is evident that x = 0 on curve L,, and x = 1 on curve L,. We will 
assume u to be a function of x and of r, and we will denote du/dx(x, r) 
by z(x, r). Going over to the new variables, now, instead of Equations 


(4), we arrive at a system of two equations for the functions u(x, r) and 
z(x, r): 


(7) 


Gu 2(1—2z) dz 6+s—2v 4 2— 
(2+)? dr? 2 or 2(2 — 


In order to solve system (7) we formally expand the required functions 


and one of the independent variables in a series of powers of the other 
independent variable, i.e. we obtain 


u= Cyt (E) + (E}+ --- 

z = Cyit*g (£) + + --- (8) 


In the expansions (8), C is an arbitrary constant of dimensions (cm *), 
whilst all the w‘”, qi”), gi”) are dimensionless functions of the new 
dimensionless argument £. From now on we will drop the indices of the 


If we differentiate the expansion for x with respect to x and r, we 
find the derivatives 


~ 
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a 
= % — Chyttg (t) — 


With the help of these equations we express the derivatives with re- 
spect to x, r, in terms of derivatives with respect to the new variables 
€, n. We then obtain (strokes denoting differentiation with respect to 
é) 


0 0 0 


On transforming system (7), using (8) and (9), i.e. on going over to 
the new variables, and on expanding in powers of 7, we find that the 
left-hand sides of Equations (7) are power series in 7 of the type 


co 


>) al (E) 


n=0 


If we equate coefficients of successive powers of n to zero, we arrive 
at ordinary differential equations for functions w'”), q‘™. The system 
of equations for the nth approximation will be of the form 


dw™ 
—g™ — 
at q / (40) 
re 2 1)k 
+ (4 — 28)[5 | gm — 
wir) — gin) 


This system is linear as to the functions w‘™ and q‘"; the right- 
hand side of the first equation f‘" depends only on wid”. gi)”, and, 


further, g'") is a function also of g'J), (0<i< 
n-1, 1 <j <n) and explicitly a function of &. The functions ¢'") (€) 
can be chosen arbitrarily. 


For the zero approximation f‘®) = g‘®) = 0, and therefore q = w’. For 
the first approximation system (n = 1), on carrying out the given ex- 
pansion in 7, we find 


(11) 


Here P, Q, R are definite functions of &, w, w’. and w”-(in this case ~ 
q = w’); they are 


P= (25 — 1) — — — 1) + + + 


2k 1—2— ,}2 


Vol. 
196 


= 
| 


Reflection of weak converging shock waves 


R=€(i—§)u" 


Q=(t+ [(2e—1)w" + w'], 
+ 


Evidently the zero approximation for the solution of the nonlinear 
equations, in which the following are assumed 


u=Cnyittw(—), z=Cyit*g(—), 


is in fact the exact solution of the linearized equations. Such a linear 
solution, which represents the reflection of a converging wave, has been 
constructed in [1]. The function w(é) satisfies the hypergeometric equa- 
tion derived from system (10) for n= 0. 


Before the advent of the disturbance (£ < 0), we have w= q= 0 with- 
in the region 1 of Fig. 1. The solution in region 2 (0 < € <1) satisfies 
initial conditions w(0) = 0, w’{0) = 1, which means that at the front of 
a converging wave the motion is continuous, whilst pressure and velocity 
experience a finite jump. These conditions can only be fulfilled when 


(13) 


which fixes k. 


In region (3) (1 < € <x) the solution should satisfy boundary condi- 
tions expressing the absence of any source or sink when r = 0 (v(0,t) = 0) 
and the continuity of motion on the reflected front. 


Under these conditions the solution of the zero approximation has the 
following form (subscript denotes number of region): 


w, = EF (1—e, e; 2; &), 92 = F(i—e, e; 1; &) 


r (i —e) 
F (4 + e) F (2 —2e) 


w t'F(—e, 1—e; 2—2e; 


1 v 


where F is a hypergeometric series. 


In the solution under discussion it follows from (3), (6) and (8) 
that displacement, velocity and pressure can be expressed in terms of 
w(€) in the following manner: 
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u = Cy! +*w, 


Po == — nt (1 — 2) + (1+ 


Let us calculate the pressure jump (Ap), at the front of a converg- 
ing wave (for € = 0). Bearing in mind that w(0) = 0, w’(0) = 1, we find 
from (15) that* 


(Ap)o = — (16) 


Owing to the fact that compression takes place in the shock wave and 
(Ap), > 0, we have to assume that C < 0. 


We look for an expansion of solution (14) in the neighborhood of the 
point = 1 (the front of the reflected wave). To do this we use the 
formula [5 ] for the analytic continuation of the hypergeometric series 
with a special relation between its parameters 


~T(a+m)T (B + m) = (1 — m), al! 


F(a, B; + m; = (4 — +4 


~ (n + m)! n! — [tn — In (1 —s)) (1 2)" (17) 


oo 

(2—1)"T (a+ B +m) > (2 +m), (8 + ™), 
n=—0 

(—x<arg(i--z)<m; a, —1, ...; m=0, 1, 2, ...) 


The following notation has been used in (17): 


hn = + 1) + +m +1) —H + m)— HB +m) 


whilst when m= 0 the first term on the right-hand side of (17) should 
be considered equal to zero. 


If we write down the hypergeometric series (14) according to Formula 
(17), we can find the required expansions 


* The formula in geometric acoustics; Ap = const (per? ”) 1/2, where 
c is the velocity of sound, also leads to the same law of pressure 


change at a converging wave front (for the same value of k). 
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= + A(1—&)In|1—§]+ O0(1 —&) (18) 
Wes’ = 923 = — Aln|1—€&|— AD, 4-O[(1 —&) In| 1 —&]] 
= —€)* + ABln| 1 + O(1) 


In these relations (18), the coefficient D, should apply to region 2, 
D, to 3, whilst A and B are the same for both regions and are given by 


Here E = 0.577, which is Euler’s constant. From a well-known identity 
[6] for the logarithmic derivative of Euler’s Ganma Function v(x), we 
have 


v 
Substitute the expansion (18) in Formula (12) to find the expansions 


of functions P, Q, R near the point € = 1: 


P Ae 


O (In? | 1 — (21) 
Q-= (5 v A 


— + R= A 4-O[(1 —&)In|1— 


1)(s+-2) go 
= — s—[(r—1) + (r+ 1) 


A 
4 4B 


It is evident from the last equation that the coefficient G has 
different values in regions 2 and 3. 


The linear solution constructed above embodies, for £ = 1, a singular- 
ity which should not occur with an exact solution of the nonlinear equa- 
tions and which leads to infinite velocity and pressure at the reflected 
front. It is evident from Equation (10) that the functions w'", 
q'™ (n= 1, 2, ...), in general, also have singularities at the point 
€ = 1, and therefore the above approximations might worsen the solution 
of the zero approximation. The idea of the Poincaré-Lighthill-Go method 
is to lower the order of singularities by suitable choice of the function 


gi”), 


The right-hand side g‘!) of the first approximation equation (n = 1) 
has, at d(€) = 0, a singularity at the point & = 1, the character of 
which is defined by the expansion P in Formulas (21). It can be lowered, 
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as seen from (11), (12) and (21), by taking the function ¢ in regions 2 
and 3 equal to 


P2,3(§) = — DA wy |}- BA*(T,3— DD, 3) 
= MIn|1 —€|]+ 723+ — In| 1 —§]) (22) 


The constants ®, T, and T; are determined from the cuecition that the 


coefficients of the on first terms in the expansion £ ) vanish, i.e. 
terms of the order (1 — €)~! log (1 - €) and (1 - €)™*. We thus obtain 


2(2+s8)G,, 


_ +2) A (r+ A 
“8 (6 + 3s — 2v) 7%, 


= (23) 


If ¢ is given by Formulas (22), (23), then the — fe a) 
will be of order f'!) = 0(1 - log (1 - = 0 log. 8), 
whilst the solutions te the first approximation nieuatil w' are 
of order w'!) = O log?(1 - €), = O log?(1 - &). Hence the be- 
tween the second and the zero approximations in expansion (8) is 


Vol. 2 
w™ 196] 


= (In? | 1 }), 

We will demonstrate below that the solutions do not have a physical 
meaning for all values of €, indeed only for |1- €| > an* (where a is a 
positive constant), and therefore these ratios tend to zero for 7 + 0 even 
on the reflected front. 


In the following, therefore, we will confine ourselves to the first 
term only in the expansions (8) for u and z, whilst for x we will use 
the first two terms. In this approximation the solution is constructed 
already, because functions w, q, and ¢ have been found. When the differ- 
ence (1 — €) differs significantly from zero, the solution hardly differs 
from the linear one for 7 + 0, for x is very close to é, whilst functions 
w and q are discontinuous for é 4. 1. 


The connection between x and & for & close to unity is expressed by 
the following formula, derived from (8) and (22): 


+ 72,3) (24) 


Here, for € < 1 one should take 7, and for € > 1, T,. The relation 
between (1 — x) and (1 - &) for anil fixed values of » is shown in 
Fig. 2, where C is assumed negative; for C positive the direction of the 
ecerdinate axes in Fig. 2 should be changed. The magnitude of (1 - x) 
has a maximum for 1 - € = C@n* < 0, and it tends to — « when é + 1. 
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In a solution which has physical meaning, £ should be a single-valued 
function of x and » (i.e. r and t). Otherwise, w and g, which depend on 
€, will also not be single-valued functions of x and r, which, in view 
of Formula (15), leads to multiple-valued displacement, velocity and 
pressure as functions of the coordinates and of time. 


In order to ensure a single-valued relationship between € and x it is 
necessary to pass from one branch of the curve (24) to the other, as is 
shown in Fig. 2. In this case, 1 — € will be a monotonically increasing 
discontinuous (with a break) function of 1 - x; when x= x, it has a jump 
from 1 - €, < 0 to 1- &,, whilst it does not have any values between 
1- €, and 1 - €,. It is obvious that for a single-valued relation between 
1 — € and 1 - x the following condition should be ful filled: 


The position of the jump is completely defined by the magnitudes €, 
and ¢,; they, just like the whole curve in Fig. 2, depend on 7. One 
(algebraic) equation connecting €, and ¢, will be found from the condi- 
tion that 1 — x has one and the same value as 1 - x, when €= €, and 
€ = €,. From (24) we get 


To find the second equation we notice that the discontinuity in the 
function €(x, 7) denotes a jump in the 
physical quantities on the reflected front. 
On substituting expansion (18) in Formula 
(15), one can see that the conditions of 
continuity of displacement and conservation 
of momentum at the front of the reflected 
wave, i.e. 


= Us, P2— Ps V — U3) 


are automatically fulfilled with our 
approximation. 


Fig. 2. 
A further condition should be fulfilled 


on the shock wave, which can be formulated (for a weak shock) in the 
following manner: angles made by the trajectories of a wave in the rt- 
plane with the characteristics are equal on both sides of the wave [7 ]. 


If t(r) is the trajectory of the reflected front, we obtain, approximately, 
from (5) 


F.L. Chernous’ko 


wr” 


{14 t) , Ous(r, 
TPo 


4 


(r, t) + us(r, 


In this equation we transform to the variables x, r and express t 
through x by using (6). We then insert the expansion (8), limiting our- 
selves to the approximations taken there. The functions w and w’. of the 
arguments €, and €, can be represented in the form (18), retaining only 
the main terms, whilst we will express x through 7 and €,(y) by Formula 
(24). A differential equation connecting ¢,(y) and €,(m) will be ob- 
tained: 


—2(1—82) + 2(1-+ (@ In| 1 — + 72) Cat + 
TED (in| De+ Dy) (26) 

We will seek a solution of the systems (25), (26) in the form 
1—f,=pCOn*, (C<0) (27) 


where A, » are constants; here too, the natural initial condition x = 1 
for n = 0 is fulfilled, i.e. the jump in the rt-plane is tangential to 
the characteristic of the linear equation. 


If the substitution (27) is carried out, terms of the type n* log 7 
in Equation (26) will cancel, and after cutting off at nt the relations 
(25) and (26) will yield a system of two transcendental equations for 
the quantities A and yw (in the transformations we make use of the values 
of the constants from Formulas (19), (20), (21) and (23)): 


+ In — nuns 0, 2A + 2-} In 


From this, A = w — 2, whilst for p» we arrive at the equation 
(28) 


The left-hand side of Equation (28) at p > 2 is a monotonically in- 
creasing function of pu, tending to — « when p » 2+ 0 and to + when 
fr +o, Consequently, Equation (28) has the one root p > 2. Here, 
1-é&,< CHn*, 1- €, > 0, as it should be. The value of » can be found 
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easily for given values of v and s. 


Thus, all solutions, including the reflected wave front, are fully 
constructed in this approximation. The position of the reflected front 
is determined by Formulas (27); if we substitute these into Equations 
(24) and (6), we find the more accurate trajectory of the discontinuity 
in the rt-plane 


2Vo 
+ 2CkO@r* Inr + O(r* 


It is represented by the curve L in Fig. 1. 


From Equations (27) and (15) we obtain the displacement, velocity and 
pressure close to the reflected front 


u = CAB + O(ri+* Jnr) 


v= — cits Akrk—#2 r O (r*—#2) 


O(rk 
P— Po = — PoC Akr* Inr + O(r*) 


Using available formlas it is possible to find also the following 
terms (not written down at first) of the expansion of t,, v, and p into 
which the value of p enters. 


The pressure jump at the front of the reflected wave, according to 
(15), is equal in the first approximation 


Ap = Ps— P2 = — lw — w’ (E5)] 


We will work out the differences in the square brackets using Equa- 
tions (18) and (27), and also the constants determined above which enter 
the solution. Finally, if we compare the pressure jump in the reflected 
wave with that in the converging wave determined by Formula (16) to 
find their ratios for the same value of r, we obtain 


The ratio of the velocity jumps has the same value. 


It is evident from Formula (29) that the reflected wave, just like 
the converging wave, is a compression wave and their intensities are of 
the same order of magnitude in r, which is of a higher order than the 
excess pressure p — py on the reflected front. The behavior of p close 
to the reflected front at instant t close to 0 is depicted in Fig. 3. 
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Notice that if in our solution we 
assume C > 0 and therefore A < 0, 
p< 0, we formally arrive at the case 
where the converging wave is a rare- 
faction wave. The solution of (28) 
likewise proves to be unique, whilst 
oa < 0 (a rarefaction wave reflects - 
as a compression wave). If we 
eliminate » from Equations (28) and 
(29), it is possible to obtain an 
equation for a: 


For any value of s > 2(v — 1) this equation possesses two roots: a 
positive one o, (for C < 0) and a negative one o_ (for C > 0); moreover, 
both roots increase monotonically with increase in av/(2 + s) and 


|o_|<o, <1. We give values of o, and of o_ for several values of 


v* = [wv/(2 + s)]°: 


v* = 


0 15 30 45 60 75 90 
6,= 0.764 0.837 0.896 0.941 0.974 0.993 1.0 
os. = —0.764 —0.676 —0.574 —0.455 —0.319 —0.165 0.0 


Thus in the case of reflection of converging waves in a variable 
density gas with s > 2(v 1), the motion close to r= 0, t= 0 is a 
weak displacement. The above discussion shows, however, that several 
important quantitative relations and qualitative features can only be 
established by taking into consideration nonlinear terms in the equation. 


The author wishes to express his gratitude to S.S. Grigorian for his 
advice and observations. 
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1. Investigations of special cases of plane potential gas flows at 
transonic speeds lead to boundary-value problems of mixed elliptic-hyper- 
bolic equations. In the most interesting cases of solutions of such 
problems, singular points occur on the sonic line. The determination of 
the character of such a singularity often forms the essential difficulty 
of the problem. Such solutions with singularities on the sonic line are 
known for the Tricomi equation 

2 

nae + (1.4) 
for which they form a class of self-similar solutions. However, plane 
potential gas flows are governed by the equation of Chaplygin, which can 
be replaced by the Tricomi equation near the sonic line only as an 
approximation. Chaplygin’s equation does not possess self-similar solu- 
tions, a fact which complicates the integration of Chaplygin’s equation 
with singularities on the sonic line, 


In the present paper the desired solution is obtained in the form of 
an infinite series. The first term of the series corresponds to the self- 
similar solution of Tricomi’s equation. 


2. As Chaplygin showed, the equation of a plane, vorticity-free, 
adiabatic flow of a gas can be put in the form 


(1-1) + ae + + 11 —(28 + (2.4) 


v2 1 1 
= 5, B= -——;, = 77 «for =¢4,) 
Um 
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Here w represents the stream function, @ the angle between the velo- 
city vector and an arbitrary direction, v the speed of the flow, v, and 
v, the maximal and the critical speed of the flow, respectively, and x 
the adiabatic exponent. 


From (2.1) it is clear that the sign of the coefficient of the last 
term changes when r =r,. In this manner, when we study transonic gas 
flows, we have to deal with a mixed elliptic-hyperbolic differential 
equation. As Tricomi has shown [1], such equations are more readily in- 
vestigated when they are transformed into a special canonical form, which 
facilitates the determination of the main term of the solution. For Equa- 
tion (2.1) such a transformation was effected by Frank] [2] by means of 
a new variable 7: 


i—(28 + ‘ijt dt 
Equation (2.1) then takes on the form 


t t b(n) = 0 


28 (28 + 1) 


In terms of an auxiliary variable z, Equations (2.2), (2.3) and (2.4) 
yield 


z= V (1 —(28 + 


44— 
b(n) = * Va- 


n=[in | y= (2.5) 


Equation (2.5) provides a parametric representation of the function 
b(m) in terms of the parameter z. We note that for subsonic speeds, i.e. 
forr <r, the parameter z is a real number, andy > 0. For supersonic 
speeds z takes on purely imaginary values with n < 0, and, therefore, 
b(y) remains real for arbitrary negative values of n. From (2.5) it is 
clear that in the neighborhood of 7 = 0 the function b(y) can be developed 
in an infinite series 


b(n) = by + bin + ban? +-.. (2.6) 


__ 2x 46x? + 105% + 125 
5 (x +4)” 175 (x -+- 1)"* 
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3. In order to find solutions of (2.3) with singular points on the 
sonic line 7 = 0, it is convenient to introduce still different vari- 


ables 


+Ve+in, (3-4) 
p 
and to transform (2.3) into 


poe ‘ pt 2 ap 
(4 — +3 — nb(n)(t 2 —p 3) (3.2) 
From (3.1) it follows that 7 = (3p /2)?/3(1 - t?)!/?, and hence 


2 
— —m = 
3 3 


Then Equation (3.2) can finally be expressed in the form 


We shall seek solutions of (3.3) in the form of the series 


2 4 co 


Substituting (3.4) into (3.3) and equating like powers of p, we ob- 
tain the recurrence relations for the determination of the coefficients 


f,(t) in (3.4): 
(1 fn” — +2 4+ 20+ 4) 


2m——1 


m= 0 


(3.5) 


The first relations are as follows: 


(1 — t*) ‘ tf,’ 4 ; 


m=0 
m+} 
(n =0, 1, 2,...) || 
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(1—t®) fy" tf,’ + (4 4+ 2) (04 2) = 0, (2) — — (3.7) 


+ by (2) "(1 — (tf,’ — af,) (3.8) 
(1 — t*) fs” — tf,’ + (A+ (4 + =) fs = 
= (2) "(4 — — (0 + +) fel 4 
by (2) — — (0 + 2) Al + ba (2) (4 — — (3.9) 


4. The general solution of (3.6) is expressible in terms of hyper- 
geometric functions 


folt)= AF 43 8) (4.1) 


We note that the left-hand side of (3.7) is obtainable from (3.6) by 


substituting A + 2/3 for A, so that the general integral of (3.7) can be 
written 


fi (t) = for (t) + (4) (4.2) 


where the general solution f,,(t) of the homogeneous part of (3.7) is 
representable in the form 


for (t) = Ber(t —2,142, 250) (4.3) 


The particular solution ¢,(t) of the nonhomogeneous equation (3.7) can 
be expressed 


(t) = — by t*)"* f, (t) (4.4) 


as can be easily verified. 


In seeking a solution of Equation (3.8), we first express its right- 
hand side in terms of f,(t) as given by (4.2) and (4.4): 


(1—#)/."— +(A4+4)(0+ = 
= (3) Lefer’ — (4 + 2) + 
+ (bs — $4?) (1 — — + — 2%, (4.5) 


Proceeding as before, we can represent the general solution of 
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(4.5) as 
fo(t) = foo (4) + Por (t) + Poe (¢) (4.6) 


where f,,(t), the general solution of the homogeneous part of (4.5), is 
given by 


for (t) = AF (— — 


£4 2,2;:8) (4.7) 


6 2’s 


and the particular solutions by 
(t) = (4.8) 
(t) = (1 — (t) + Bothy’ (4.9) 


z) 4+ 


_ 3 (br + 
( ) (4+ 3A) (1+ 3A) Pig. 1. 


In this manner, the solutions of the system (3.5) are reduced to a 
recurrence procedure which can be carried out without difficulties. If 
in Equation (2.3) we were to neglect the term with the first derivative, 
we would be reduced to Tricomi’s equation, for which each term of the 
series (3.4) provides a self-similar solution. 


5. Let us consider the flow around a diamond airfoil at zero angle of 
attack with the free-stream speed equal to the speed of sound at infinity 
(Fig. 1)*. To the flow regions bounded by the sides of the front wedge, 
BC, and BC,, and by the limiting characteristics C,A and C,A, corre- 
sponds the region BC,D,AD,C,B in the plane of the variables 0, n (Fig. 
2). We are led to the following boundary-value problem: find the solu- 
tion WA, 1) of Equation (2.3) in this region, subject to conditions 


This problem has been treated by many authors. The first and most 
significant solution was that of Ovsiannikov [3]. Later it was 
solved by Guderley and Yoshihara[4] by a different method. In these 
papers, the problem was simplified by replacing Chaplygin’s equation 
(2.3) by Tricomi’s equation (1.1). An attempt to solve the problem in 
Chaplygin’s formulation was made by Aslanov[5], but his solution 
cannot correspond to physical reality since it becomes infinite on 
the limiting characteristics. 
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(4, n) = 0 (5.4) 


w= 0 on the hodograph character- 
istics C,D, and C,D, (5.2) 


8, n) = — (6, n) (5.4) 


The function ¥(@, 7) is bounded on the sonic 
line C,C, and on the characteristics AD, and 
AD,, and Ww grows without limit as point A is 
approached from within the region or along the 
characteristics AD, and AD). (5.5) 


Pig. 2. 
Next, we tackle the problem of finding a solution of Chaplygin’s 
equation with a singular point on the sonic line. 


6. In order to satisfy the condition (5.5), we shall seek a solution 
of (2.3) in the series form (3.4). For this, we must set A = — 5/3, as 
has been shown by Frankl [6]. Hence, the series (3.4) takes the form 


(8, = pf, (t) + pf, (t) + (0) + (6.1) 


Using (4.1) with A = - 5/3, and setting A, = 0 so as to satisfy con- 
dition (5.4), we obtain 
fo (t) (+ + t*) 
=* (6.2) 
In seeking the second term of (6.1) which would satisfy condition 


(5.4), we set A = — 5/3 and A, = 0 in (4.3), and with the aid of (4.2) 
and (4.3) arrive at 


pf, (t) = By (2) "p> (1 — (6.3) 


2 


The behavior of hypergeometric functions indicates that the first 
term in (6.3) becomes infinite as p approaches zero, i.e. on the 
characteristics AD, and AD,, so that the condition (5.5) requires 
setting B, = 0, and (6.3) simplifies to 


= — bone **/, (t) (6.4) 


In order to find the third term of (6.1), we set A = ~ 5/3 and A, = 0 
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in (4.7) and find 


With B, = 0, it follows from (4.8) that ¢,,(t) vanishes. Also (4.9) 
becomes 


Pz (t) = [(b, + tf’ — + fo) (6.6) 
Then, by virtue of (4.6) we have for the third term in (6.1) 
(t) = (2, 2, 2; + ph (6.7) 


The coefficient B, must vanish lest the leading term grow indefinitely 
as p + 0, and we find 


(t) = 2 (br +S) the’ — (be? + £01) fo| 


Substituting for f,(t) the value from (6.2), we arrive at the final 
form 


= By +) + (2 — + (1 + 
— + fo (t) (6.8) 
The rest of the terms in the expansion (6.1) are bounded on the 


characteristics and contain an expression with an arbitrary constant 
factor, which we choose so as to make f,(1) = 0 for k > 2. 


In order to satisfy the condition (5.1), it is necessary for the 
solution to be periodic in @ with the period of 25. In order to make the 
solution (6.1) periodic in 6, let us focus on its evaluation on the sonic 
line, i.e. for = 0, t = 1 and p = 0 

Ho (0, 0) = fy (1) + O* + (1) 


By virtue of (6.2) and (6.8) we are led to 


fo(1) = fi (1) = 0, fo(1) = — (b, + 


0) = 2%B, 3%(b, + + 07) (6.9) 


7. Let us turn to Equation (2.3) and seek its solutions in the special 
form (0, 7) = s,(y) sin (27n6@/5). Such solutions satisfy boundary 
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condition (5.1) for integral values of the index n. Substituting the 
expression ¥, into (2.3), we obtain an equation for s, (7): 


ds, 
dae + — 7.8) 
If we require that s_(+ ) = 0 and s,(0) = 1, the integral of (7.1) 


is uniquely determined. By virtue of (2.1) and (2.3) such an integral 
can be expressed explicitly in terms of the hypergeometric functions of 


Chaplygin 
7, (t) (7.2) 
= TF (ay, by; 2v+ 1; 1) 
Here 
=> a, + b, = 2v—B, ayb, = — Bv(2v + 1), 
The convergent infinite series 
(8, n) = Ansn(n) sin 0 (7.3) 
n=1 

Wn represents an exact solution of (2.3), satisfying the boundary conditions 


(5.1), (5.3) and (5.4). In order to satisfy the essential condition (5.5), 
it is necessary to choose coefficients A, in (7.3) in such a way that, 

for n = 0 and @ + 0, the evaluation of the series (7.3) would match Ex- 
pression (6.9). Then the series (7.3) will represent a function bounded 
on the characteristics AD, and AD,. 


8. Next, we need to study the following special solution of Chaplygin’s 
equation (2.1): 


F,(0, t) = si (8.1) 
| 


By virtue of the properties of the functions z jit), the series 
(8.1) converges for r <r, for arbitrary values of the parameter A. In 
order to evaluate the series for r = 17,, we utilize a formula from the 
theory of gamma functions: 

(0+) 
\ te ™ dt (8.2) 


= 
n (A) (e 1) 


Here the integration is carried out along a contour which follows the 
positive real axis first above and then below, and circles the origin in 
a counter-clockwise direction. 


Substituting (8.2) into (8.1), we obtain 
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(0+) co 
Fy (6, Tt) T= r (A) 1) J t ( 2 e sin no dt (8.3) 


which, on the sonic line r = r,, becomes 


) 
1 —Isin § 
P(A) (e2*#* — 4) \ — cos (8.4) 


In (8.4), for small values of 6, the poles of the integrand, at 
t = ti@, lie close to the path of integration. Taking this fact into 
account, it is easy to find the representation of F\(0, r,) as 0+ 0: 


F(0, t,)~T (1 — A) cos | 
In particular, for A = — 2/3 and A = 2/3, we have, respectively 
F_+(9, t,) ~T (2) cos + x6 Fy,(0, t,) (4) (8.6) 


Consequently, we choose for the coefficients of the series (7.3) 


Vol. 


An = C (n's — (8.7) 196 


where C is an arbitrary constant, and 


a = (0, = (8.8) 


2a" (*/s) 


In other words, the expression 


z,( 
t) = — sin 2v0 (v= (8.9) 


26 


n=1 
satisfies all the required boundary conditions except (5.2). This re- 
maining condition can be met by adding to the series (8.9) the following 
series: 
z, 


sin 
t) 


In satisfying condition (5.2) at separate points of the character- 
istics C,D, and C,D, (see Fig. 2), we arrive at a system of linear equa- 
tions, which determine a,. The actual values of a, turn out to be small 
compared to the coefficients of series (8.9), so that they may be 
neglected. Thus, the exact solution of Chaplygin’s equation given by 
(8.9) does not vanish on the characteristics C,D, and C,D, (see Fig. 2), 
but remains small. 


9. Utilizing Expression (8.9) for the stream-function W, we can obtain 
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formulas for the velocity along the front wedge. As shown by Chaplygin, 
the physical abscissa is related to the potential function ¢ and to w 
according to 


cos sin § 
= 94 
dz = dp » (9.4) 


and these two functions are interrelated as follows: 


or’ or 

Since along the top of the wedge 6 = 5 and dw= 0, utilization of 
the second of equations (9.2) leads to 


- 


cos 6 ( 1 — (28 + 1)t np 


i=—,; 
tV — rt! 


dt (9.3) 


max 0—§ 
0 


From the solution (8.9) we derive 


z, (T) 


— n "/s 


Substituting this into (9.3) and evaluating the integral, we find 


oo 


Cacos 6 n>. 2, (tT) + 
(— 1) — (9.4) 


n=] 


(T) = 


This relation determines the velocity along the wedge. In order to 
establish the value of the constant C we note that 


Ty 


where | is the length of the wedge; hence 


Cx 


( 1)" an'/*) + ( ae 
— lim >) (9.5) 


Svmax V Te(1— Te)” nn? — 1 

It is important to note that in (9.5) it is not permissible to inter- 
change the limiting process r + r, and the summing process because the 
resulting series diverges. For the sake of brevity let us designate 


“ay 2, (t) + (tT) 


(9.10) 


z, (T,) 
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and rewrite (9.5) as 


(9.41) 


10. The expression for the coefficient of pressure for the case of 
sonic free-stream velocity reads: 


By integrating along the front wedge we find the drag coefficient: 


dz = 25 (0, Sar = — at (10.2) 
0 0 


Upon substitution of the expressions for x and dC,/dr from (9.4) and 
(10.1), we are led to 


252 4. 
mex min? / 1 z.(t,) 


Evaluating the integral, we finally arrive at 


sin 
10.3 
15 (x —1) (1 — 1, 


maxX 


Cc x 


(10.4) 


Eliminating the constant C from (10.3) with the aid of (9.11), we 
obtain 


So 
4sin (10.9) 


ll. In order to evaluate the limit S, in (9.10), let us rewrite it in 
the form 


co 


nin? | — 1 
n=1 n=] 


/ zy (T.) 


or S, = S, + S;, where 


. n 1 
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In the evaluation of S, we use the asymptotic formula [7 ] 
2t 42," (T,) Hs As 


and transform (11.1) as follows: 


(—1)**! 
n?n? & - 


-an' Ayn’ (%) (2) 


In proceeding to the limit in the first summation, we find a con- 
vergent series; denoting it by S,, we have S, = S, + S,, where now 


co 
\ Vs (— :’ ) n 
S; = lim A;( — -(= ) (11.3) 


This expression can be rewritten in the form 


n 


2" 


n—l tT 


n=1 


According to the well-known properties of the ¢-function [10], we 


have 
lim > (+) =(i—2"")¢ (2k — 3) 


TT. ne} 


In this manner we finally arrive at 
(11.4) 


All the investigated sums can be represented in the form of power 
series in the variable 5/7. A similar representation can be carried out 
for the drag coefficient C,. Detailed calculations of C, for different 


angles 5 will be presented in a separate paper. 
12. Gas flow around a flat plate at sonic speed. Let us 


335 
an'*) ( (t) ( 4 
+ lim 2) nen? — 
however 
oc n 
n=0 k=1 
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consider a plate of length | (or an airfoil with a flat lower surface) 


at an angle of attack 5 in a stream which has a sonic speed v = a, 
(Fig. 3). 


The flow field is represented in 
the hodograph plane in Fig. 4. All 
streamlines issue from the point A, 
which corresponds to the flow at in- 
finity, and which therefore appears 
as a singular point. 


The problem reduces to the deter- 
mination of the stream function 
satisfying the Chaplygin equation 
(2.1) in the region AB’BOCC’ A, 
which possesses a singularity at A 
and vanishes on part of the boundary, 
namely C’COBB’ (see Fig. 4). The 
solution of this problem within the 
framework of the Tricomi equation Vol. 7 


has been obtained by Guderley [8 ]. 196] 
Pig. 3. 
Following the method already pre- 


sented, we construct a solution of 
Chaplygin’s equation, which satisfies all the required boundary conditions 
except the vanishing of w on BB’ and CC’. Letting 5 = m in (8.9), we 
obtain a special integral of (2.3) in the 
form 


(©) sin nO 


(9, T) >) ) 


ome 23 Znjo(T,) 


To this expression it is necessary to 
add a function ¥,(0, 7), even in the vari- 
able 6, so that ultimately the flow around 
the flat plate at an angle 5 may be found. 
Considerations analogous to those used in 
the preceding development of (2.1) lead 
to the expression 

(12.2 
Yo ec») — COS (¢, = const) 
n= 
Superposing the solutions ¥, and yy, we find the integral 


2 


Fig. 4. 


a 
Yo Yo | | sinn cos nb | 


a” 


(12.3) 


A 
4 
ty 
B ' 
12.1 
(1<.1) 
“ 
| = 
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which has the required singularity at the point A. In order to satisfy 
the conditions of the flow geometry, we add to ¥ an analogous expres- 
sion, corresponding to a singularity at A’. (see Fig. 4), a point which 
is a mirror image of A with respect to the segment BC: 


Po (t, 9) [ ) sinn (6 26) — n (6 26) | 
n n 


Then w= Wy + by will appear as the desired solution: (12.4) 
4 


(T) 


“n/2 


The constant y is determined from the condition that O (Fig. 3) must 
be a branch point of the stream function [9]. For this it is clearly 
necessary for the coefficient of the first term of the series (12.4) to 
vanish so that 


(1 —a)cos& + ysind = 0 


Consequently 
= (a—1) oo 4. 


a this value of y into (12.4), we find 


IG — ) sim 8 cos nd cosdsinnd | sinn 


n=2 


This solution does not vanish on the characteristics BB’. and CC’, 
as required, but its values there are small. The constant c can be ex- 
pressed in terms of the length of the plate just as in the case of the 


wedge. 
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Under consideration are the boundary—value problems of the theory of 
rotational conical flows and a precise scheme for the flow about a tri- 
angular wing. Several types of singular points are discussed. These 
arise with the joining of irrotational and rotational conical flows be- 
hind decaying shock waves. 


l. For definiteness we will consider a plane triangular wing at an 
angle of attack 5 without side slip in the flow of nonviscous gas which 
has velocity #,, Mach number M, > 1 and sound velocity a, (Fig. 1). 


We will assume the edge of the wing to be in supersonic; since the 
conical flows which arise both above and below the wing do not interact 
they can be considered separately. In conical flows the velocity com- 
ponents, u, v, w, the entropy S, and pressure p depend on the angular 
variables which we take to be & = x/z, n = y/z. 


The plane €, 7 has the simple physical meaning that in the plane 
z = 1 of the xyz-space € and 7 correspond to coordinates x and y of that 
plane. Rotational conical flow is described by Equations (1.1) [1]: 


Ly =(u— tw) + (1.1) 
+ a? (Ew: +- nw, — uz — v,) = 0 

Ly = (u — Ew) + (v — = 0 

Ly = — Ew) ws + (v — mw) — Ew) + (v — mo) + 
+ (w — Rw) (v — mw) 0 

Ly = [(u — bw) w, —(v — yw) uz] + Ew) v,—(v — mw) ve] + 

+ — Bw) wy — (v — mee) we) + [(u — Bw)? + (v — (ty — + 

+ — Ew) s,— (v — mw) se] = 0 
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These equations represent a combination of the equations of momentum, 
continuity and energy. Here c, is the specific heat for constant volume, 
y is the adiabatic index, a is the speed of sound: 


For irrotational flow the conical potential is 


F(E, n) = y, 2) 


Here ¢, the velocity potential, satisfies the equation [2 ] 
fa (1+ — [rF —(1 + 7°) Fy + 2[F —(r +2) F,| Fox 
1 
x (+ Fn Fe) 4 (a*— 4, F,*) Feo 4 + F,)=0 (1.2) 


(r = VE? + tan = €) 


Equation (1.2) is of elliptic (hyperbolic) type if the projection of 
the velocity vector on the plane perpendicular to the radius-vector at 
a point in the xyz-space is smaller (larger) than the local velocity of 
sound. 


From the form of the equations L, = 0, L, = 0 in the system (1.1) it 
follows immediately that the "streamlines" 
(line of constant S) are determined by the 
equation 

dy 


u—tw v—nw 


(1.3) 


yielding two characteristics of the system (1.1). 
The remaining two characteristics of the system 
(1.1), as one can show, coincide with those of 


Fig. 1. Equation (1.2). 


We now consider the picture of the flow about a triangular wing in 
the €, n-plane. Because of symmetry we need only illustrate the half of 
the flow for € > 0. The generally accepted scheme of the flow about the 
wing is given in Fig. 2[3]. The wing is represented by the segment 
O-— 3 (the z-axis lies in the plane of the wing). The enveloping Mach 
cones of the unperturbed flow, with vertices on the side edges of the 
wing, appear as the arcs 1 — 2 of the Mach cone with the vertex in the 
apex point of the wing (point O on Fig. 1) and the segment of straight 
line 2- 3. For the flow about a sharp side edge there will be a Prandt]- 
Meyer flow which is extended until the velocity vector becomes parallel 
to the plane of the wing. This flow has a bundle of straight-line 
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characteristics of Equation (1.2) going through point 3. The segment 
3 — 6 represents the boundary of the Prandtl- 

Meyer flow, after which there follows a singular ,; 
flow which adjoins the surface of the wing. On 
the boundary of the common conical flow is the 
shock wave 2- 7, which passes near the curvi- 
linear characteristic 2 — 6 of the Prandtl- 
Meyer flow, the straight-line characteristic 

5 — 6, and the arc of the Mach cone 5 — 4. For 
the flow under the wing there will be on the 
lateral edge a plane shock 3- 9. After this 
follows a homogeneous flow. The region of the 
conical flow is bounded with a curvilinear 
shock 9— 10 and an arc 9— 8 of the Mach cone 
of the homogeneous flow behind the shock 3 — 9. Pig. 2. 


"Possible" shocks were introduced in[3] that lie close to the Mach 
cones 1— 2, 9— 8, and with regard to these it was not clear whether or 
not it is possible to do without them in a mathematical formulation. In 
this paper the author refrains from introducing similar shocks. In what 
follows, consideration is given, to begin with, to the structure of the 
flow in the region of the point 9 (Pig. 2), the joining of the irrota- 
tional flow behind the Mach cone 9— 8, and the rotational flow. behind 
the curvilinear shock 9- 10. It appears that the joining of these flows 
without a singular point is impossible. 


We take the coordinate axes so that the axis Oz is along the direction 
of the velocity of the homogeneous flow in the region 3 —- 8 — 9 and the 
shock 3 — 9 is represented in the €, n-plane by a segment parallel to the 
€-axis (Fig. 3). 


In this system of coordinates the Mach cone 8 — 9 (Fig. 2), is re- 
presented by the circular arc 8 — 9 (Fig. 3) of radius 


ro (M,?—1)~ 


where M, is the Mach number behind shock 3 - 9: point 9 has the coordi- 
nates (2 » No); the velocity vector of the unperturbed flow has com- 
ponents (0, Vv), w,); the velocity vector behind the shock 3 - 9 has com- 


ponents (0, 0, w)); and the polar coordinates of point 9 will be taken 
as r= To, 6 = 


In [2], for the conical potential F in the neighborhood of the Mach 
cone 8 — 9, the following expansion was found: 


F = wy +- B(ro — + (70 — In — — rp (1.4) 
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(M,* — 1)? 
w, 1)" 


(3 (M,? — 1) — (y + 1)(2— M,”)] 


The function c(@) is arbitrary; the dots denote terms of higher order 
in ry — r. If at point 9 there is no singularity, then the function c(@) 
is regular at @ = 0, and the behavior of the solution in the neighbor- 
hood of point 9 is determined by the second term in the expansion (1.4); 
in particular, = Fy = Fig = Fog = 0, F,, = 2B. Using the formulas 


u = cos 6F,,— sin6Fy, v=sin§F, + * cos OF 5, w= F—rF, (1.5) 


we find at point 9 the derivatives of u, v, w along the streamline 9 — 0: 


Polly = + Nols = 
= Eove + NoYn = (1.6) 


row, = Eowz + = 


In addition £ys- + 9s, = 0 because the 
flow is irrotational. If one writes the 
equations for the coefficients of the dis- 
continuity of the derivatives of velocity 
components and s along the streamline 9 — 0 Pig. 3. 

(entropy characteristic of the system (1.1)), 

then it is possible to convince oneself that 

for these equations point 9 does not have a singularity. It therefore 
follows that the rotational flow behind the shock 9 - 10 must at point 
9 possess a finite derivative. The conditions on the conical shock can 
be written in the form [4 ] 


u=u,—1P, v=v,+P, w= w, + —n)P (1.7) 


’ | 8 14+ + (En 


where (u,, v,, w,), (u, v, w) are the velocity components before and 
after the shock, respectively, a, is the velocity of sound before the 
shock, and n = n(&) is the equation of the shock. 


In addition, the jump in s is determined by the jump in entropy S 
from the formula 
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= — + w, — [1 + (En — 


Taking into account that for the shock 3 - 9 (Fig. 3) we have u, = 
n’-= 0, from (1.7) we obtain the relations 


(1.9) 


1 
Wo = Wy + [a,? Vy — Mow) (1 + Mo?) — — Now)? = 


Writing the equation of the shock 9 - 10 in the neighborhood of point 
9 in the form 7 = 9, - Ug - €,)? + ..., where | is a constant, we get 
from (1.7), (1.8) the values of u, v, w, and s along the shock 9 - 10. 
Differentiating with respect to € and taking into account the finite de- 
rivative of u, v, w and s with respect to € and 7, we obtain at point 9 
3 


The conditions for joining irrotational and rotational flow along the 
streamline 0 — 9 are contained in an equation for the derivatives of u, 
v, w, s along 0 — 9. Because the characteristic 0 - 9 of the system (1.1) 
is double, it is sufficient to require only the relations between the 
derivatives of u and v. The equation L, = 0 of (1.1) with consideration 
of (1.6) at point 9 can be represented in the form 


(1.11) 


Multiplying (1.11) by m, and subtracting from the second equation of 
(1.6) we obtain 


Ev: — Nou: = 0 (1.12) 


Inserting (1.10) into (1.12) and expressing €,, w,, M, in terms of 
v,;, w,, and 7, after cancelling out 1, we obtain 


+1 
(1 No”) — no? (wy -} Nor)? 


{w,(1 + Mo”) [(1 Mo?) -!- — — 4 


+ 1 


(w, + — 


+ w,*) — a,? | — Now)? (1 4 = 
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Substituting the actual values of y = 1.4, v, = 1.14497 a), w, = 
3.29694 a,, satisfying (1.9), into (1.13) we obtain not zero but 3.65; 
this shows that (1.13) is not a consequence of (1.9), that is, the smooth 
joining of flows is impossible. We note that the result remains in force 
if F_ at point 9 (Fig. 3) is an arbitrary constant and Fg = Fo, = 0. 
The value 1 = 0 is also not taken on. 


The question of the joining of rotational and irrotational conical 
flow is generally analogous to plane supersonic gas flow, if the solution 
(1.2) at the point of juncture is of hyperbolic type. We consider, for 
instance, the flow about the symmetrical profile (Fig. 4a) and a sym- 
metrical triangular wing (Fig. 4b) in supersonic flow with the conditions 
that the edges of the conical wing are supersonic, the wings have a 
wedge-like form in the neighborhood of the leading edge, and the angle 
of attack is equal to zero. By virtue of symmetry the flow can be 
qualitatively represented in the neighborhood of the leading edge for 
7 and y > 0. 


Near the plane parts of the wings 0 - 1 there are plane shocks 0 - 2 
behind which there follow homogeneous flows which attach themselves to 
the wing surfaces (region 0 - 1 - 2). The curvature of the wings, begin- 
ning with point 1, leads to the curvature of the shock 2 - 5 and the 
formation of rotational flows. These combine along the streamline 2 - 4 
with the irrotational flow. Lines 1 - 2 and 2- 3 are characteristics. 


In the case of plane flow the desired function can have as velocity 
components u, v, and sg = Sle, yly ~ 1)]~*, where S is the entropy and 
the equations for these can be written in a form analogous to (1.1) 


L, = v(uy — vx) —a*s, = 0, L, = us, + vsy=0 ad 
9 ( 
L, = (a? — u*) ux, — uv (uy + vx) + (a? — v*) vy = 0 


The condition of the matching of rotational and irrotational flow at 
point 2 (Fig. 4a) appears as the coincidence of derivatives of u, v and 
s along the streamline (2 —- 4) 
(the entropy characteristic). 
After satisfying the conditions 
on the shock wave (2 — 5) and 
the characteristic 2—- 3 there 
remain two undetermined para- 
meters: the shock curvature at 
point 2 and the normal derivative 
of u or v on the characteristic 
2 — 3 which makes it possible to 
equate the derivatives of u and v 
along 2—- 4 in rotational and 
irrotational flow. In conical flow the desired functions are u, v, w, s. 
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Here the situation is analogous to the plane case, with the only differ- 
ence being that the streamline (2- 4) (Fig. 4b) appears as a double 
characteristic of the system (1.1) guaranteeing the closing of both s 
and w. For the case of flow behind the Mach cone 8 — 9, (Fig. 3), the 
situation is more complicated, since the Mach cone appears simultaneously 
as a characteristic and as a parabolic line of Equation (1.2). This leads 
to a special structure for the solution in this neighborhood and the im- 
possibility of combining rotational and irrotational flows without 
singular points. (There will be an analogous result in the case where the 
wing is curved. In this case the Mach cone 8 — 9 (Fig. 2) is replaced by 
a characteristic curve which comes out from the parabolic point 9.) The 
author was unable to find such a singular point which would do away with 
the difficulties of matching the flows at point 9 (Fig. 2) (see section 
2). He has therefore considered other constructions for the flow at point 
9. At the present time, it has been possible to construct only one 
scheme which removes the difficulties at point 9. (Fig. 5). 


Point 9 is shifted along the shock wave 3 — 9 and takes up the new 
position 9’ (Fig. 5). Through point 9” passes an additional weak shock 
wave 9° — 11, which dies out at point 11, which itself lies on the Mach 
cone. Behind the shock 9° — 11 there is a local Prandtl-Meyer flow be- 
ginning with the characteristic 9° — 12 and ending with the character- 
istic 9° — 13, which assures the matching of the flows on a line of con- 
tact discontinuity 9° — 0 (for the matching of flows with contact dis- 
continuities one requires as many undetermined parameters as for the 
entropy characteristic 9 — 0). 


The curves 9° — 12, 9° — 14 are characteristics behind the shock 
9° — 11, the lines 9° - 16, 9° — 15 are characteristics of the homogeneous 
flow, up to the shock, 9° - 10 is a 
shock. The strength of the shock 
9° — 11 at point 9 depends on the 
degree of expansion of the Prandtl - 
Meyer flow; if there is no expansion 
then the shock 9° — 11 degenerates 
into a characteristic. The author 
investigated the asymptotic behavior 
of this scheme for an infinitely 
weak shock 3- 9 (v, + 0) and found 
that the magnitude of the contact 
discontinuity is of higher order than 
v,. Replacing the shock 9° - 11 with 
a rectilinear characteristic is im- 
possible, because the simple wave 
bordering it cannot be connected with the flow behind the shock 9’ — 10. 


Pig. 5. 


. 
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It is also impossible to join 9’ with point 9, because in that case the 
shock 9° — 10 would be a rarefaction discontinuity for v, + 0. The shock 
waves 3-— 9’, 9° — 10, 9° — 11 are incoming, 
but they are of different type. The shock 

3 — 9’ is plane, shocks 9’ - 10, 9° - 11 are 
of the shock type generated in axisymmetric 
flow about a circular cone. We note that the 
construction of the flow of the type at 
point 9’ is also met in the supersonic flow 
about a double wedge [5]. And so, the 
possible scheme of the flow on the bottom of 
the triangular wing is illustrated in Fig. 6 
(with notations corresponding to Fig. 2, 5). Pig. 6. 
The extension of the shock 9° — 11 is small 

and tends to zero when the angle of attack tends to zero. 


2. We shall now occupy ourselves with the construction of the solution 
in the neighborhood of point 11 (Fig. 6) and point 2 (Fig. 2). In this 
neighborhood begins the joining of the flow behind the Mach cone with the 
decaying shock wave. We shall be interested only in the leading terms of 
the solution in the neighborhood of these points and their structure. We 
shall start from point 11. Such a point also occurs in the flow about a 
triangular wing with subsonic edges, at the edge of a rectangular plate 
and so on, when the shock wave produced by the body weakens and trans- 
forms into the Mach cone which partially bounds the region. There is a 
perturbation of the flow about the body, on that side where there is an 
expansion of the undisturbed flow. We take the coordinate axes xyz so 
that the axis Oz will be directed parallel to the flow velocity on the 
Mach cone 8 — 11 (Fig. 6) and the point 11 will have coordinates (0, 7) 
(Fig. 7). The Mach cone 8 — 11 can therefore be represented by the 
circumference ry = 74 = (M,? - 1)7!/? and 6 = 6, = 7/2 at point 11. 


We will start from the expansion (1.4) of the solution in the neighbor- 


hood of the Mach cone. A solution is sought with a singularity at point 
11 so we assume 


= 


arbitrary ) 
constants 


Designating p = (ry r) and substituting c(@) and r = p o* 
in (1.4), we obtain 


F = wo + +...) + (Bp? + pp? +...) +4... 


that is, the solution has to be sought in the form 
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F = wy + R(p) +- F(p)d*+... 
where for small p 
R(p) = vp* -+-..., F (p) = Bp* + pp* +... 
Substituting (2.1) in (1.2) and comparing coefficients of like powers 
of 0, we obtain p - 2, 1< k < 2. 


2) w \ 


ay 
satisfying the equation 
(k2p? — Q’) Q” — 5k (k — 1) pQ’ + 3(k — 1) (3k 


and for small p 


Q(p)=5 


where c, is an arbitrary constraint. These solutions correspond to the 
flow along bent walls which adjoin the Mach cone. Thus, for instance, with 
k = 3/2, we get the flow about wall with finite curvature. 


The solution in that case has the form 

Q (p) = c*r(t), t= cp 
=—2(V TEP 4" — 
+ FV — VIF 


Here c is a constant, depending on the 
curvature of the wall at the Mach cone. 


We shall now put v = 0, that is, R(p) = 0. 
Thus from (1.2) we obtain the condition k > 2. 
We consider the cast k > 2 (as we shall see, 
it corresponds to the singularity at point 11). We select further terms 
of the expansion of c(@) in the form 


c (9) +elnd- v, 


where p, A, €, v, are arbitrary constants. 


Thus the corresponding solution will have the form 
F = wy + F (p) 0% D(p) T In + RK, 
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where for small p 
F (p) =Bp? wp? + ..-,  D(p) = Ap? +... 
e)p®--..., Ry(p) = Inp + 


Substituting (2.2) into (1.2) and comparing the coefficients with 
similar powers of } and In #, we obtain for F, ®, T, R, the equations 


(wo? — — (1 ++ ro?) Wore? + — (A + wore? (7 + 
— = — [2k (2k — 1) F —k(3k—1) pF” 4 (2.4) 
0 


and so on. These equations can easily be integrated in closed form and 
their solution satisfies the conditions for small p, for instance 


F (p) = + 2cp)"*— 3ep — 1) 


where c > 0 is an arbitrary constant. 
With large p we obtain asymptotic expressions of the form 
(p) 
T'(p)~p", Ri(p)~p’ or if k=4 


Changing over for large p in (2.2) to the variables # and 
C= (r,- r)r, (p we have 


F =w, + > 0) (2.6) 


The terms containing ¢ are obtained from F(p) and Mp). From (2.6) it 
follows that with p + ~ and finite ¢ the solution has the form 
F = w, 
where for small ¢ 


k (k — 2) gs, 


Substituting (2.7) into (1.2) we get for y(¢) the equation 


(1+ 26) x" — (k-+ 38x’ + (F+2)(F+3)x=0 (2.9) 
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(This equation leads to the hypergeometric equation by replacing 2¢=- t.) 
Substituting (2.8) into (2.9) we convince ourselves that (2.8) is the 
solution of (2.9) for small ¢. Moreover, for k = 0, 2, 4, 6 the series 
(2.8) terminates and the solution can be obtained in closed form 


2.10) 


For other k it is easy to find asymptotic expressions for y for large 
¢. Starting with (2.9) we have 


x (2 11) 


We consider the cases k = 4, k = 6. The question now arises whether, 
to obtain the leading term of these solutions in the quadrant neighbor- 
ing point 11(0> 0, r>- r> 0), the three first terms in the expansion 
(2.2) are to be retained: 


F = wy +- F (p)0® O(p) 


For the approach to point 11 along the parabola r, — r = por, 
ro-re Cry 0? (where p, € are fixed) the answer evidently is positive; 
investigation must be made only for ¢ + ~. 


We transform in (2.7) to rs - r and # in place of ¢ and #; for k = 4 


we obtain 


F = we + — — — (ry — 


| 83 


Substituting (2.12) into (1.2), we easily convince ourselves that 
(2.12) is the leading term as one approaches point // on an arbitrary 
path. For k = 6 we obtain 

F = wo +h (ro — (ro — (2. 13) 

Substituting (2.13) in (1.2), we find that (2.13) is the leading term 

only for an approach to point 11 on the parabola 


= const — a « 


Therefore it is necessary in the expansion (2.7) to take another term 
F = w, (0) +- (2.14 


The equation for 'Y(¢) is easily integrable. Writing out the asymptotic 
representation of Y for ¢ + « 
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2 Wo 18 +4 
at 


Transferring in (2.14) to rg - r,, 6 for ¢ + ~, we obtain 


ay2r 5 


Substituting (2.16) into (1.2), we assure ourselves that the terms 
written out in (2.16) give the leading term of the solution for an arbi- 
trary law of approach to the point 11. Moreover, for F, and F, the lead- 
ing term is given by the term with y, and the term with ¥ gives the 
leading term for Fg. And so, for the case k = 6, to the first three 
terms in (2.2) it is necessary to add other terms which give Y(¢) in 
the transformation from p to ¢. At the same time it is important that 
they are all generated by only the first oe terms w, + F(p) 07” in the 
expansion (2.2). Indeed, the term P(p) §3k-2 is related in the expansion 
(2.2) to F(p) 02%, together they give x(¢) for p:+ «, and the term 


é) Vi in the expansion (2.14) calls for the appearance of the term 
Pp pe 
0 10. 


It follows that the leading term wp + F(p) 02” for p = const leads to 
the leading term (2.16) in the neighborhood of the line t= 0. This 
brings to attention the non-self-similarity of the leading term of the 
solution in the neighborhood of point 11. For the case k # 4, 6 when the 
analogous situation is examined it is possible to establish with the 
help of (2.11) that 

k 3 


1 ~ 
corresponding to the cases k = 4 and k = 6. 


We utilize the case k = 6 for the construction of the solution in the 
neighborhood of point 11 (Fig. 7). We shall write the equation of the 
shock wave 11 - 9” in the neighborhood of point 11 in the form ry - r = 
p,0° + ..., where p, < 0 is an unknown constant. 


Then the condition on the shock (1.7) yields 


Ss = d,® dy (r MS (2.1 i) 


and in the notation of the irrotational flow the condition for the velo- 
cities 


Aw, om 
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We shall seek the irrotational solution in the neighborhood of the 
point 11, satisfying the conditions on the Mach cone and the condition 
(2.18) on the shock wave. The leading term of this solution will be, as 
is shown below, the leading term of the solution for the velocity of the 
rotational problem. We seek F in the neighborhood of the shock 11 - 9’ 
in the form of the expansion 


F = wy + F, (p) + ®, (p) O*-* + p=(ro—r)O*, (2.19) 


that is, the form of the expansion is the same as in the neighborhood of 
the Mach cone, only the arbitrary constants in F,(p) have to be deter- 
mined from (2.18). For F,(p) we obtain 


(4 + — (1 + 
F\(e) = — =| 3c, + p— po 


__B 
(p) = ro + F,(p) = 3V 2. 


Transforming to @ and ¢ we obtain 


F = wy +% 4 


where 
For ¢ + «, after the substitution k = 6, we obtain 


F = wo +e: 0°46, 


a D 


Transforming to r, — r, @ and taking into account that #< 0 for the 
shock, we obtain 


F=w—h, [ (ro — — — (ry 


(To —r)*$?+-... (2.20) 
Comparing (2.20) and (2.16) we find that (2.20) is an analytical con- 
tinuation of (2.16) for &< 0, if c, = c. In the same manner, the lead- 
ing term of the rotational solution is constructed, satisfying the con- 
dition on the Mach cone and the shock, and containing the undetermined 
parameter p»), characterizing the curvature of the shock. Now we substi- 
tute the determined values of velocity in L, = 0 (1.1) and we determine 
s. Then we establish that the derivative of s in L,= 0 (1.1) will be 
small in comparison with the derivatives of the velocities. This means 
that the leading term of the solution for the velocities coincides for 
the rotational and irrotational problem. After the transformation to 
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polar coordinates and after discarding the small terns, L, = 0 takes the 
form 


FP oso = 0 (2.21) 


where for Fy it is necessary to take the leading term in the form 


F, = 9" (12F, (p) — 6 pF,’ (p)] + 0% (16®, (p) — (p)] 


After transformation to new independent variables p and # = 0 - 0 
(2.21) becomes 


{1 — pA (p) — 0°°6 pB(p)] + s9(9*7A (p) + O™B(p)] = 0 (2.22) 
| 1 
(p) — (p)), B (p) = 


ro*Wo 


[16 @, (p) — 6 p®,’ (p))) 


We seek the solution (2.22) in the form 


foe) 


s(p, 0) = >) sn(p) 


n=1 


where (2.17) gives s,(p,) = dy. From the recursion relations for s,(p) 
it is easy to show that s,(p) = d, and the order of the growth of 

s,(p) + does not exceed p™ 25/4. from this it follows that, for p + » 
and finite ¢ = p ~~", s is represented in the form 


s = p(t) 


n=0 


After transforming to the independent variables ¢, @ instead of p, @, 
Equation (2.22) is transformed into the form 


S¢ (1 — 2 4- O°] + + sy = 0 2.23) 
where a and 6 are determined from the relation 
A(p)~ap’, B(p)~bp’s for 


With the help of the recurrence relation for p,(¢) obtained from 
Equation (2.23), it is possible to establish that for ¢ + « the order of 


growth of p,(¢) do not exceed ¢™"/2 from which it follows that for 
small r 


s= §'* > d,,t" (t = (Fo — r) d,, = const) 
n=0 
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This means that for finite r the solution is represented in the form 


s= $*Q(t)+..., Q(0) = dy 
Transforming in (2.23) to the independent variables r and #, we obtain 
From here for Q(r) we easily find 
+ bt) — 1809 = 0, Q(t) =do(1 + 


From this 


s(r, 6) = do(1 4 br)" 938 4 = + = +... (2.24) 


From (2.24) it follows, in part, that the equation of the streamline 
s= 0 is 
= — 7 (To— +... 


One can also obtain, by means of immediate integration of the equation 
defining the streamline (2.16) 


ao 
The representation of s for finite p, ¢, r shows that the derivatives 
of s are small in comparison with the velocity derivatives in L, = 0. 


We shall now concern ourselves with an investigation of the solutions 
in the region of the point 2 (Fig. 2). We take the system of coordinates 
in such a way that the z-axis is directed along the velocity on the Mach 
cone 1 — 2, and the characteristic 2 —- 3 is taken to be parallel to the 
€-axis (Fig. 8). For an approach to point 2 from the left (€ = - 0) and 
from the right (€ = + 0) we have two different singularities. For the 
construction of the singularity for € = — 0 we use the expansion (2.2) 
for k = 2. The variable p for k = 2 is p =Cro, and the equation for 
Y(¢), which is defined by the relation F(p) = 28 ry (2), will be written 
in the form 


(20 + 40? — Y’) (108 +1) ¥’ + 12Y =0 


In the case Y = 1/2 €7+ AC +... (A = const) for small ¢. Equation 
(2.25) cannot be integrated in closed form, but the character of the 
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asymptotic behavior of Y for ¢ + « is not hard to determine. There are 
two possible types of asymptotic representations: 
Y (¢)~a,0? + a,b", 


+ for (a1, a2, 43 = const) 


There exist also such A that for some ¢ < « 


We are interested in the solutions with asymp- 

Pig. 8. totic behavior Y ~ + For these it is 

known that there exists at least one such solu- 

tion Y= 1/2 ¢?, and there evidently exist also other solutions of this 
type. On the streamline coming out of point 2(¢ + ) these solutions will 
give 


u = — 282 (r,—r)e+..., v = — (r,—r) +... 


W = Wo— lV (2.26) 
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For the construction of the solution for € = + 0 we write the equa- 
tion of the shock wave 2 — 7 in the region of point 2 in the form 

- + ..., where = r, and is an unknown constant. Utilizing 
the solution for the simple wave in the region of the parabolic line 
[4] from (1.7), we find the velocity components behind the shock 2 —- 7 


p= — 1.2 4) 3 +... 
w= Wo om No? = (E°) 


We shall seek the solution behind the shock wave 2 — 7 in the form 
w = wy + w(s)§*?+..., 


Substituting u, v, w, and s in the system (1.1), we find that the 
leading term of the solution will be irrotational and u(o), v(o), wo) 
can be expressed in terms of one function X(c) 
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w (3) = — 


and the function X(o) satisfies the equation 
(X’ + 26 — 4c") X” + (106 — 4) X’ —12X =U (2.29) 


The conditions (2.27) yield that, for value o = 0), corresponding to 
the shock wave 


x (Sy) = (69) = 269 (469 — 3) (0 < <1) 2.30) 


For o + « there are possible two types of asymptotic expressions: 


3 


X (s) ~ X(s)~ a + (by, by, bs = const) 


For the problem under consideration it is appropriate to use the 
solution of the first type. In particular, Equation (2.29) has a family 
of exact solutions 

X = o6*+ b, + ) 


which for b, = — 32/273 and o, = 1/3 satisfies conditions (2.30). 


Evidently, there exist solutions with b, 4 1. On the streamline coming 
out of point 2 (Fig. 8) (o + «) these solutions give 


wy (Mgt —1)"* 
u = bs sti (No — 1)" 


—1¥ 


Comparing (2.26) and (2.31) one can come to the conclusion that for 
the matching of the flows it is necessary that @,, @,, which depend on A, 
and b,, b,, which depend on o,, have equal coefficients for like powers 

1 2 0 
of 7, rg This leads to a system of equations defining A and 
which, evidently, can be constructed and solved by the numerical inte- 
gration of (2.25) and (2.29). It is then possible to make a final de- 
duction about the possibility of the matching of the flows at point 2. 


The singularities considered above, and more complicated ones, found 
by the author, do not solve the problem of the matching of the flows at 
point 9 (Fig. 3). We can only say that the solution of (1.1) behind the 
shock 9- 10, we have taken in the form u = u(d) «* + ..., v = v(d) «* + 

w= wy + + ..., where ¢, are the polar coordinates on the 
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n, beginning in point 9. a > 0 is a constant. 


The author would like to thank S.V. Falkovich for valuable conments. 
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ON THE MOTION OF A VORTEX BELOW THE 
SURFACE OF A LIQUID 


(0 DVIZHENIT VIKHRIA POD POVERKHNOST’ IU 
ZHIDKOSTI) 


PMM Vol.25, No.2, 1961, pp. 242-247 


I.G. FILIPPOV 
(Moscow) 


(Received June 16, 1960) 


The problem of steady motion of a vortex below the surface of a liquid 
in the nonlinear formulation was considered by Moiseev [1 |]. 


Moiseev [1 ] showed that for Froude numbers slightly larger than unity 
two solutions are possible in every case. One of the solutions describes 
a flow passing into plane-parallel flow as the intensity of the vortex 
tends to zero; the other solution describes flow which tends under the 
same conditions into a solitary wave. A theorem of existence and unique- 
ness of the first solution "in the small" was established by Ter-Krikorov 
[2]. The present author [3 ] established a theorem of existence and 
uniqueness for the second solution, but also only *in the small", i.e. 
for small values of the intensity of the vortex. 


Below, we establish a theorem of the existence of the first solution 
for finite values of the intensity of the vortex. The proof of the 
theorem is based on an application of the topological methods of Leray 
and Schauder’s fixed-point theory [4 ]. 


1. Formulation of the problem. The problem of steady motion of 
a vortex below the surface of a heavy ideal liquid in dimensionless vari- 
ables reduces to the determination of the analytic function ¢(z) = 
&(x, y) + in(x, y), which conformally transforms the physical z-plane 
(Fig. 1) on a strip of unit width 0< » <1 in the parametric ¢-plane 
(Fig. 2). Setting 


= eto), 


dz 


@ (5) = m) ir (§, n) 


we reduce the problem to the determination of the analytic function o(¢) 
which satisfies the following conditions (see [2 } ): 


I.G. Filippov 


(1.1) 
e**sing , (&) 
oy f* (&) 
= 0 when|E|—> co, 9=0 whenn=0 (1.2) 


+7)» when = 1 


Here 


f(t) = (1.3) 


~~ 2 cosh + cos ’ 


i—oo 
Pig. 1. 8=a-+ Im \ — 4] dt 
ip 


a and Bf are the depths of submergence of the vortex in the physical and 
the parametric planes, respectively. 


In order that the velocity at the free surface L should not vanish, it 
is necessary to fulfil the condition y < 2 cot 2/28. This condition is 
always fulfilled when y < 0. This case is of special interest, since the 
lift force is directed upwards. 


The function w(¢) determines, up to a constant, the single-valued 
function z(¢). A sufficient condition to ensure the one-sheeted nature 
of the function z(Z) is the condition [5 ] 


<a (1.4) 


We notice that in the given dimensionless formulation the solution of 
the problem is determined by the parameters v, V, = e 7'9) » and Bp. 


2. Green’s function. The general equations of the problem. 
The fundamental boundary condition (1.1) can be written in the form 


F(€) when y = 1, §= 0 whenyn =O (2.1) 


We shall define the Green’s function of the problem (2.1), as the 
function G(¢, = + iQ(¢, analytic in the strip 0 < < 1, 
having a logarithmic singularity at the point ¢ = €’, 7 = 9’, and satisfy- 
ing the conditions 


OH 


an =O when R= when 0 (2.2) 


The Green’s function G satisfying conditions (2.2) has the form 
G(t, t’) = 1 \ (2.3) 


2ni cosh pt 
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Setting 7” = 1 in this, we obtain the theorem. 


Theorem 2.1. If F(€) is an absolutely 
integrable function, the the function 


+00 
o(t)= | GG 


—0oo 


Pig. 2. 


is analytic in the open strip 0 < n < 1, continuous in the closed strip 
0<» <1, and if F(€) is an odd function, then the real part of o(¢) 
satisfies conditions (1.2) and (2.1). 


This theorem is proved in a manner similar to the theorems (3.1) and 


(3.2) in 


Separating the imaginary and real parts of (2.3), we obtain 


where 


+00 
= (| dy — In om 


+ 
cosh cosh (— — —sin!/gnn 


+o , 


cos xy 


—oo 


The first integral (2.4), according to Theorem (2.1), is continuous 
when 7 = 1, and the second when 7 = 0. Accordingly, using the notation 


O(€, 1) = O(€), r(€, 1) = (€), OD =r of), we obtain 


1 cosh !/ pre, 


= — J tan”? { sinh F (2.6) 
Moreover, making use of the relation 00/dn = —dr/d&, from (1.1) we 
find the relation between 6(&) and r(&): 


| 
Let us notice certain properties of the required function in the half- 
strip 0<7 < 1, — «< € <0. From condition (1.2) it follows that the 
integral 
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0 


\ sin 6(E)d& 


—oo 


is finite and that the function r(&) is continuous and equal to zero 
when || = «. From (2.7), also, it follows that the function r(€) is 
continuous and differentiable with respect to & and bounded: 


SP, p=—InV, 2.8) 


Then from (2.6) the function r,(€) is also bounded and, as is easily 
seen, |r < p. 


The function 0(€) is bounded on L’ and the following inequality holds: 
9(E)| <| F(E)| + (2.9) 
The inequality (2.9) is easily obtained from (2.5); moreover 


p(y) 2 cos (2 — sin a8)’ 


The condition of one-sheetedness (1.4) of the function z(¢) imposes 
a supplementary restriction on the initial parameters v, V), y of the 
form 


v/V.+ p(y) <a 2.10) 


Note. By virtue of (2.9) the following inequality also holds: 
Sv/V,* max | p(y) 
Hence, it follows that when v < 1 
max |6(E)|—0 when if v/V2< 1 (2.11) 


i.e. when y = 0 the flow becomes plane-parallel. 


On the other hand, from (2.10) it follows that as y increases in 
absolute value v must decrease, i.e. the solution satisfying condition 
(2.10) corresponds to high-speed flows. 


Accordingly, if the function F(é) is odd, i.e. the wave is symmetrical, 
the functions 0(¢), r(€), r(€) satisfy Equations (2.7), (2.5) and (2.6) 
and all the boundary and asymptotic conditions. Let us denote by V the 
system of equations (2.5), (2.6), (2.7) where a is the functional (1.3), 
whilst the initial parameters satisfy the condition (2.10). 
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We shall study the question of the existence of a solution of the 
system V, assuming that 0(£) belongs to the class of functions having 
a given a priori modulus of continuity (or majorant) at infinity of the 
form |0(€)| <CT(é), where C is, as yet, an arbitrary constant and T(é) 
satisfies the following conditions: 


a) the function T(é) is continuous when — «< & < + «, positive and 
even, decreasing when € > 0, increasing when & < 0, and T(t «) = 0; 


b) the integral \ T(E)d—E is finite. 


Introducing the modulus of continuity of @(€), the system V can be 
replaced by a system V., depending on C and T(£), to which we apply 
Leray and Schauder’s fixed-point theory [4]. We define the majorant 
T(€) and C so that a solution of the system V_ is a solution of the 
system V, and we prove that the system V_ has a solution in every case. 


3. Construction of the system V.. Functional equations of 
the problem. Let us assume that there exists a constant C - a positive 
number — and a continuous function T(é), satisfying conditions (2.11), 
ol. 25 such that 


1961 < CT (3.1) 


Let us consider a certain solution of the system V which satisfies 
condition (3.1). Let 0(€) satisfy condition (1.4), and r(&) and @(€) be 
connected by relation (2.7). Then condition (2.7), according to (3.1), 
can be written in the form 

T(E) = Inf (&) + sup )} (3.2) 
where — r(€) is a positive function, and sup | Q,(), Q,(€)} denotes the 
lower envelope of the two positive functions Q, (€) and Q,(€). 


Let us denote by V_. the system (2.5), (2.6) and (3.2). The system V, 
depends on C and T(é). It is not difficult to see*that 


Then, according to (2.1), it is natural to set 
(3.3) 


Moreover, the function T(é) is chosen so as to satisfy all the condi- 
tions (2.11). 
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Let us assume that we have a certain solution of the system V., and 
that the initial parameters v, V) and y satisfy condition (2.9). This 
solution differs from a solution of the system V only in that on the 
upper boundary of the region D’ (Fig. 2) we have condition (3.2); hence 
it follows that 

Ot | v si 
+E}, p= (3.4) 

The inequality (3.4) enables us to estimate the magnitude of 0(€) 

from (2.5). Since F(é)= dr/dE it is easy to show that 


|9(E)| [C7 (&) + p/C} 


From inequality (3.5) it follows that when v/V,° < 1 the constant C 
can be chosen in such a way as to fulfil condition (3.1). 


Accordingly, under condition (2.10) there exists a system V_ which 
possesses al] the necessary properties. Let us prove that the system V_. 
can be reduced to a functional equation. 


For this purpose let us introduce the space B of functions ¢(£) which 
are continuous and finite in the interval — «< & <0, and with a norm 


|e) |] = max|d(€)|; the space B is linear, normalized and complete. 


We introduce the notation 
T(E) = H,(&), 42(&), —to(&) = (€) 


Then the system V. can be replaced by the following system of equa- 
tions: 


H, (8) = Inf(e)-+v , or har’ (3.6) 


oo 


+00 
cosh Yen BE’) +1 
\ In cosh Ven — (3.7) 
—oo 

+-00 


\ tan {sinh — F db’ (3.8) 


—oo 


F(t) =v (3.9) 


Let us consider a certain solution of the problem. From the form of 
(3.7) and (3.8) it follows that H,(€) and H,(€) belong to B. From (3.6) 
it also follows that the differentiable function H,=B. 
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If we denote by R = Bx B x B the space of vectors with components 
r(€), O(€), + 9(€) and with norm lly || where ye=R, then the system (3.6) 
to (3.9) can be written in the form of a functional equation 


y= Wy), yeR (3.10) 


which places the element y with coordinates r(€), 0(€), r,(€) in corre- 
spondence with the element y’ with coordinates H,(€), H,(€), H,(€). The 
space R is linear, normalized and complete. 


4. The existence of a solution. We shall prove that the operator 
W is completely continuous, i.e. it is continuous and compact on any 


bounded set of R. 


By assumption the operator W acts on a bounded set of R. Therefore, 
from the form of Equations (3.6) to (3.9), it is not difficult to 
establish that the functions H,(€), H,(€), H,(€) belong to the space B, 
and depend continuously upon r(€), 0(€), and, moreover, dH,/dé is finite 
in the interval — «< € <0. Let us prove that the operator W is compact. 


The function H,(€), defined by the right-hand side of (3.6), for any 
point y&R satisfies the relations 


|dH, + p(y, 8) (4.1) 


2 cos (2 cos* — sin 23) 


| (pat (4.2) 


under the condition that v/V,* < 1 and a C such that condition (3.1) is 
fulfilled. 


From inequalities (4.1) and (4.2) and the properties of the function 
T(é), it follows that H,(€)€=R and the operator H, is continuous to the 
same degree and uniformly bounded on any finite sphere of R. 


Similarly it can be shown that H,() and H,(&) belong to R, are con- 
tinuous to the same degree, and are uniformly bounded on any sphere of R. 


Hence, on the basis of Artsel’s theorem, it follows that the operator 
W is compact, and since W is also continuous then consequently it is also 
completely continuous on every sphere of R. 


Theorem 4.1. There exists at least one solution of the problem, the 
initial parameters of which satisfy the inequalities 
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v/V v/V3+ ply, (4.3) 


Let us consider a certain solution of the functional equation (3.10), 
the initial parameters of which satisfy the inequality 


+ p(y, (4.4) 


When the inequality (4.4) is fulfilled the given solution defines a 
certain flow pattern of the liquid, on the boundary of which the condi- 
tion (3.2) or (3.6) is fulfilled. Moreover, since from (3.7) we have the 
inequality 


+ p(y, B) = A(v. Vo, 7, B) 


we can prove that || y|| < const A(v, Vy, y, 8) + const. 


Let us further consider the equation 


y=Ww, y) (4.5) 


which is obtained by replacing v and y by p’yv and p’y. It is not difficult 196 
to show that when the inequality (4.4) is fulfilled, which with the sub- 
stitution of v and y by p’v and p’y is an entire increasing function of 
up’, the solutions of Equation (4.5) are uniformly bounded when 0 < p’< 1, 
the operator W is completely continuous for every pu’. in the interval 

0 < »’-< 1, and uniformly continuous with respect to pn’: for every value 
of y in a sphere of the space R. 


Setting »”.= 0 in Equation (4.5), we obtain y = 0. Consequently [4], 
the complete index of the functional equation (4.5) when yn” = 0 is equal 
to +1, and Equation (3.10), obtained from (4.5) when p’-= 1, has at least 
one solution. Accordingly, the problem is solved. 


Note (4.1). Conditions (4.3) and (4.4) imply that vy < 1 and that as y 
increases in magnitude v diminishes. Such solutions correspond to high- 
speed-flow patterns. 


Note (4.2). From the condition 0 < | @(&)| < m on the half-strip 
O0<n<1, —w< & <0, it follows that the form of the given half-strip 
does not overlap. But it can happen that the given half-strip (see Fig. 
2) does overlap the symmetric half-strip. A sufficient condition for the 
non-overlapping of the half-strips 0< 7 <1, -«< &< 0 and 0< 7 <1, 
0< & < + is the condition | 0(é)| < 1/2 7, and consequently condition 
(2.9) may be replaced by the following: 


+ p(y, BY) 
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It is shown that small normal perturbations in a closed steady fluid flow 

always either decrease or increase monotonically irrespective of the 

form of the walls or the character of the motion. Making use of this re- 

sult, steady motions near critical Reynolds number R are investigated in Vol. ; 
general form, In the general case two series of steady motions, analytic- 196 
ally dependent on R, intersect at the critical R. The motions of one 

series, starting from equilibrium at R= 0, are stable for R less than a 

critical value Ro. and are unstable for R > Ro- The motions of the second 

series, on the contrary, are stable above some critical point, are un- 

stable below it and do not exist at a certain Ry < Ro- The motions of 

both series coincide at the critical point itself, and near Ry their 

difference varies as (R - Ro). A special case may occur if a problem per- 

mits a symmetric transformation (for example, an arbitrary displacement 

along an axis) and the perturbation which disturbs the stability is in- 

variant with respect to this transformation. Two new series of steady 

motions, analytically dependent on (R — n,)*/2, then appear above the 

critical point. The situation is exactly the same in the case of a fluid 

moving between two rotating cylinders. 


Until recently in hydrodynamic stability theory, the stability of non- 
closed flows was studied almost exclusively, efforts being directed 
mainly to the calculation of the critical Reynolds number, i.e. to the 
solution of the linear small perturbation equations. Only Landau [ 1,2 ] 
has raised the question of phenomena at Reynolds numbers slightly in 
excess of the critical, and has shown that there must exist (he had in 
mind non-closed flows) unsteady periodic motion, the amplitude of which 
is proportional to (R —- a)", As regards closed flows, apparently only 
the motion of a fluid between two rotating cylinders (Taylor’s problem) 
has been investigated. Taylor [3] calculated the critical Reynolds 
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number for this problem and the perturbation which breaks down the steady 
flow, and it was then shown in his experiments [3] (cf. also the work 

of Lewis [4]) and in the experiments of Stuart that all the theoretical 
conclusions are correct. In his experiments it is also seen that after 
the break-down of the basic flow a new steady motion is established, 
whose intensity differs from the intensity of the basic flow by an amount 
which is proportional to (R - ap, Stuart applied the Landau concept 
to the Taylor problem and showed that, although the motion here is 
closed, the conclusions of Landau remain partially in effect and the 
theory is in excellent quantitative agreement with experiment. The im- 
pression generated is that the laws indicated by Landau must also hold 
for closed flows. 


The Taylor case, however, is not a typical case of closed flow. The 
length of the cylinders in the Taylor experiments was 800 times greater 
than the width of the space filled with fluid, and consequently it may 
be thought that the phenomena observed there should be like the phenomena 
in infinite non-closed flows. It would be very interesting to investigate 
experimentally some typical closed motion, for example the motion between 
two rotating spherical surfaces. 


In this paper, a general investigation of the nonlinear hydrodynamic 
equations is carried out for closed flows near critical Reynolds numbers, 
and it is shown that the Taylor problem is really a special case and 
that phenomena near critical points in typical closed flows look abso- 
lutely different. The method used here is a development of the method of 


[6]. 


1. Normal perturbations. A fluid filling the volume (V), whose 
walls (S) are moving steadily with velocities U, which differ at differ- 
ent points, is considered. The walls may consist of several parts having 
the form of a body of revolution, but more complex cases, for example 
when the walls are made of a flexible ribbon moving parallel to "itself*, 
can also be considered. It is assumed that a steady fluid motion whose 
stability should be investigated is possible under these conditions. 


We introduce a characteristic length dimension |, a velocity v/l and 


a time 1?/y (v is the kinematic viscosity), and also a Reynolds number 
wo 
Lu (1.1) 


where U_‘®) is a characteristic wall velocity; the equations of motion 
will be 


v+(v¥-V)v = — Vp —rotrotv, div v = 0, vi, = RU, (1.2) 
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Here U, designates the velocity distribution on the walls, normalized 
with a single characteristic velocity. 


Steady fluid flows will then be investigated for a given form of the 
velocity distribution on the walls and for various Reynolds numbers. 
Such steady flows satisfy the equations 


VP divU=0O, U|, = AU, (1.3) 


To investigate their stability, we shall consider the perturbation 
flow 


{v, p’'} ={U, P} + {u, p} (1.4) 


If this is substituted into (1.2) and if (1.3) is taken into account, 
and if subsequently, considering the perturbation to be small, quadratic 
terms in the perturbation are neglected and 


{u, p} ome 


(1.5) 


is assumed, the linear equations for the normal perturbations of the 
steady motion U(R) 


Liu; U(R)] —hu-+ Vp +rotrotu —-(U-V)u-+ (u-V)U = 0 
(1.6) 


divu = 0, ul, = 0 


are then obtained. 


For simplicity we will consider the eigenvalues A to be prime numbers*. 
The solution of problem (1.6) then gives (for a finite volume) an in- 
finite sequence of normal perturbations and the decrements that corre- 
spond to them 


Uz, Pas ha (a =0,1,2...) (1.7) 


* The case of divisible numbers A is of no particular interest, since 
in this problem "adjoint" perturbations which vary with time as 
(1 + athe “*, ete. will not be possible (they are possible, in prin- 
ciple, for non-self-conjugate L). The fact is that the operator L 
transforms analytically into a self-conjugate form as R- 0, 


Here, the letter L in the symbol L[¢; y] designates an operator 
which acts on the function-argument ¢, and y is a function on which 
L depends as a parameter. 


vy 
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numbered in the order of increasing real parts of the number A. Physic- 
ally it is clear that this sequence will be complete: any small per- 
turbation u must be made up of normal perturbations which vary expo- 
nentially with time. 


Because problem (1.6) is non-self-conjugate, the normal perturbations 
are non-orthogonal among themselves and the decrements may be complex. A 
problem, conjugate with (1.6), is obtained if the equations which are 
complex conjugates of (1.6) are multiplied by the variable vector v and 
integrated over the volume, and if the derivatives are interchanged from 
u* to v using the Gauss theorem, and the factor multiplying u* is set 
equal to zero. There is then obtained 


—A'v+Lt[v; U(R)] = —A’v + + rotrotvw—(U-7)v + Y(U-v)= 0 
divv = 0, v|,=0 (1.8) 


Problem (1.8) also has a complete sequence of solutions (conjugate 
normal perturbations) 


Ve, Ge, Az (a =0, 1, 2...) (1.9) 


whose decrements are complex conjugates of the decrements (1.7). These 
solutions do not have a straightforward physical meaning, but they are 
orthogonal to the normal perturbations (1.7) and are necessary to deter- 
mine the coefficients of the expansion of an arbitrary perturbation in 
terms of the normal perturbations. Indeed, from (1.6) and (1.8) we obtain 


(hg — ha) = (vp — L* [v5] dV = 0 


Hence, with appropriate normalization 
{vj -usdV = (4.10) 


Every incompressible flow which vanishes at the walls must be expanded 
in a series of the form 


(u, p)= Pe), da = vaudV (1.11) 


Investigation of the stability reduces to calculating the decrements 


A. The steady motion is stable with respect to the normal perturbation 
(a) if Re A, > 0. 


2. The basic series of steady flows. For given geometric con- 
ditions and a given velocity distribution on the walls, there will exist 
a series of steady motions which vary continuously with Reynolds number 
and for R= 0, i.e. for stationary walls, reduce to equilibrium. It is 
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easily shown that no steady motion whatever is possible for stationary 
walls except the basic one U(0) = 0. Indeed, for R= 0 it follows from 
(1.2) that 


\ (rot v)av <0 


Thus, if the motion is steady, then 


rot v = 0, div v = 0, v|,=0 


and, consequently, v = 0. This argument even demonstrates that the 
"motion* U = 0 is stable, which also follows from Equations (1.6). For 
U = 0 these take the form 


— hu + Vp-+rotrotu = 0, divu = 0, u|,=0 (2.1) 


This boundary-value problem is self-conjugate so that its solutions 


ua(0), pal); (2.2) 


are real and 


. 


ha (0) \ = \ (rot u,)*dV 


For small R the motions of the basic series can be represented in the 
form of a series in R 


P \P, \P, 


Substituting in (1.3) gives the equations 


+ rotrot U, = 0, div U, = 0, U; |, = U, 


n—l 
VP,, + rotrot U, = — p VY) Une 
k=1 


div U,, = 0, U, |, = 0 (n> 1) (2.4) 


solving which permits all of the U, to be determined successively. The 
series (2.3) can be analytically continued to the first singular point 
lying on the real axis R. It will be further assumed that either there 
is no such point at all or it lies at a very large value of R, so that 
in the whole region of Reynolds numbers of present interest the motions 
of the basic series will exist. It will be possible later to obtain some 
information on the singular point at which the basic steady motions 

cease to exist. 
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For each motion of the basic series its own normal perturbations and 
its own decrements 


ua(R), pa(R), da(R) (2.5) 
will exist. 
We shall show that all of these perturbations and their decrements 


are real. Let the realness already be proved for some Reynolds number R. 
For R + & we shall assume 


and an analogous expression for the pressure. The basic motion for R+ € 
will be 
U (A+ &) = U(R) + EU™ + +... (2.7) 


Substituting in (1.6) gives, for terms containing €" 


— U (Ry) + = — — 
Multiplying this equality by the conjugate normal perturbation v, 


(which, by assumption, is real) and integrating, we shall obtain by 
virtue of (1.8) 


= (vat...) aV (2.9) 


The dots in the brackets here designate the right-hand side of Equa- 
tion (2.8). 


Each of the u‘” can be expanded in terms of the perturbations (2.5): 
= >) (R) (2.10) 


(The exclusion of terms with 8 = a is equivalent to a change or 
normalization.) If such an expansion is substituted into (2.8), multiplied 
by some Ye for 8 4 a and integrated, then there is obtained 2.41) 


n— 


1 
+ {\v,-(U" + \ va-(uy-g) U" 
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From (2.9) and (2.11) it is seen that it is possible to determine 
successively all of the terms of the expansion (2.6) and all of them 
will be real. Because the normal perturbations are real for R = 0, they 
will be real throughout the entire region of existence of the basic 
steady motions. Consequently, if a fluid moves steadily in a closed 
volume and the motion belongs to the basic series, then any normal per- 
turbation either decreases or increases monotonically for any Neynolds 
number. 


3. The critical Reynolds number. It has been shown above that 
the basic steady motion for stationary walls (equilibrium) is stable. By 
continuation the motions of the basic series for sufficiently small R 

will also be stable. There exist cases for which the motion remains stable 
for all R, so that all of the A,(R) are always positive. 


Cases are referred to here, for example, in which the walls move with 
an angular velocity, rotating about a common axis: 


U, = nxr, n = const, n? = { (3.1) 


In the basic steady motion the fluid will then rotate as a solid body, 
i.e. 


U=R (3.2) 


To investigate stability here it is simplest to transfer to a system 
of reference which rotates together with the walls. In Equations (1.6) 
it is then necessary to assume U = 0 and to add the centrifugal force 
(which is the gradient of a scalar) and the Coriolis force. As a result 
we obtain 


Au— vf —rotrotu+ 2Ruxn=0 


divu = 0, ul, = 0 (3.3) 


Hence, the equality 
= |rotupav —2Rn\ w x udV 

follows and consequently 

Rea = jrotupaVv / > o- (3.4) 


Thus, solid rotation is stable for all R. 


But it is also known that for a fluid which fills the space between 
two coaxial cylinders rotating with equal angular velocities there exists 
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under certain conditions a critical Reynolds number R for which the least 
decrement vanishes. Although existing calculations are concerned with in- 
finite cylinders, experiments with cylinders of finite length indicate 
that for some R, the motion does, in fact, become unstable. 


Thus, there can exist series of steady motions which are stable for R 
less than a certain R, and unstable for R > Ry. We shall investigate 
steady motions near the critical point Ry in which 


(R,) = 9, ha (R,) > 0 (a > 0) (3.5) 


For simplicity we shall consider that all of the A,(R,) are different. 


4. The regular critical point. The critical point R, can be a 
regular (non-singular) point of the basic flow. We shall examine the ex- 
pansion of the basic flow about some R, assuming for the present that R 
is not a critical point 


U(R = U(AR)+8U, +... (4.1) 


The divergences of all terms of this expansion must be equal to zero, 
and at the walls it is necessary to have 
U(R +8), =(R+ §)U, (4.2) 
so that 
U, U, Un le = (n> 1) 


Series (4.1) must satisfy Equations (1.3), by virtue of which the 
sequence of boundary-value problems 


n—1 


L{U,)=0, L(U,)J=— (n>1)~ (4.3) 


is obtained. 
To make the boundary conditions homogeneous for n = | also, we shall 
assume 
U, = R"U(R) + (4.4) 
Then 
= 7) U=F,, U,’|,= divU,’=0 (4.5) 


Multiplying both sides of Equations (4.3) and (4.5) by one of the con- 
jugate normal perturbations (1.9) and integrating, it is possible to ob- 
tain for any n the equality 


ha \ va-U,dV = vas (4.6) 
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(For n = 1, U,’ should be on the left.) The integrals on the left sides 
of these equalities are the Fourier coefficients of the expansions of U, 
in terms of u,; therefore, if none of the decrements are equal to zero, 
then 


U, = RU (R) >> the \ v,:F,dV (4.7) 


The formulas lose their meaning if R is equal to the critical value 
Ry, because then A, = 0. All of the rest of the decrements, however, are 
not equal to zero at the critical point and, consequently, all terms of 
the series (4.7), except those equal to zero, are continuous at Rp. Be- 
cause the basic flow is also continuous at a regular point, it is clear 
that the zero term of the series (4.7) for R = Ry will be 


1 4 
R)-F,, (R) dv 4.8 
sim Yo ()- Fa (A) 
With this reservation, Formula (4.7) retains meaning at the critical 
point also, where, consequently 


== 0, \ v,:F,dV = () (a = 2,...) (4.9) 


1961 
For n = 1 relation (4.9) has the form 


\ v,:(U-v) Udv = \ rot v, (dS x U,) = 0 (4.10) 


as is easily verified with the help of (1.3) and (1.8). 


We shall show that near a regular critical point there exists a second 
series of steady motions for which this point is also not a singular 
point. The motions of both series coincide at the same critical point. 

We shall seek a second solution in the form 


+ &) = U(R, + &) + @ = U(A,) + + Gil + 
+ §? (2) + @s] +... 
div¢@, = 0, = 0 


(4.11) 


Substituting in equations of the form of (1.3) and taking (4.3) into 
consideration gives 


L = — (U,-7) + (G7) Ui + = 


n—l 


k=1 
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where the operator L is constructed from (1.6) with the help of U(R). 
From (4.12) it follows that 


= (Ay) (4.13) 


with an unknown constant 6,. For n> 1, by virtue of the characteristics 
of conjugate operators and the fact that at the critical point A, = 0, 
we obtain 


(Fy) Ligal = L* (vy = 0 
from which there follows the solvability condition for Equations (4.12) 
= 0 (4.14) 


For n= 2, after having substituted in f, in place of ¢, its value 
(4.13), we obtain from (4.14) 


The choice of b, = 0, to be sure, leads again to the basic series; we 


shall take 
b= —{ Vo Uy + Ui} dV / \ Vo" 7) (4.16 


which is possible if 


The singular case, in which this integral vanishes, will be investi- 
gated in Section 6. 


For such a choice, Equation (4.12) will have a solution for n= 2 to 
which uy multiplied by an arbitrary constant 6, must be added. It is 
easily seen that for n= 3 the constant b, enters linearly in the solv- 
ability condition (4.14) so that it is simply determined and will be 
real. After this, Equation (4.12) can be solved for n= 3, etc. Con- 
sequently, near a regular critical point a solution of the form 


V(R) = U(R) + b, (R— R,)u, (4.18) 
will exist. 
The existence of such a solution beyond the critical point is not 


surprising; the basic steady motion there is unstable and, if a perturba- 
tion appears in it, a new steady motion (4.18) is eventually established. 
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It is stranger that the motions of the second series, as is evident from 
(4.18), are also possible below the critical point. Because the new 
motions are stable there, it is natural to think that the motions of the 
second series will be unstable for R < Ry. To show this, we shall write 
the equations for the normal perturbations of the second steady flow 
(4.18), which are analogous to Equations (1.6) 


—pw + Liw, = — pw rotrotw+ (V-vy) w+ (w-v)V¥V =0 
div w = 0, =0 (4.19) 


For small €, V can be replaced by its approximate value (4.18), after 
which we obtain 
—pw + L[w, U(R,)) = w + (weg) UL — 
— Eb, w + Uy) (4.20) 


We shall calculate that p which is close to zero, i.e. we shall find 
aw, close to uy. For this we shall replace w by u, in the right-hand 
side, and on the left-hand side we shall assume 


w=u,+ (4.21) 


where the a will be small quantities of first order. Then, after multi- 
plying (4.20) by v,(R,) and integrating, we obtain to within é, taking 
(1.10) into consideration 


If the value of b, from (4.16) is substituted here, we finally obtain 
Ho (Ro + &) = —8 vo-[(Uy+7) + 7) Uy] (4.23) 

This decrement must be compared to the decrement of the basic motion 


A,(Ry + €), the calculation of which is carried out as above, except 
that it is necessary to set b, = 0 in (4.20) and (4.22). Thus 


Ao (Ry E) | + 7) U,) dV (4.24) 


and consequently 
Ho (Ro + &) = —- Ag (Ry + &) +.... (4.25) 


This means that where the basic motions are stable the motions of ‘the 


Vol. 2 


|| 


‘ol. 25 
1961 


Nonlinear phenomena in closed flows 377 


second series are unstable and vice versa. Consequently, the intersection 
of two regular series of steady solutions occurs at a regular critical 
point with a change of stability. 


5. The limiting critical point. The investigation which was 
conducted shows that the flows are stable above the critical point Ry in 
all normal cases for which the integral (4.17) is not equal to zero, i.e. 
there will exist only steady motions of the second series which can also 
exist below the critical point, where they will be, however, unstable. 

In Section 2 it was shown that there are no steady motions whatsoever for 
R = 0 except the basic one U = 0. Hence it follows that the motions of 
the second series must cease to exist for some R, < R,.* 


We shall show that this can occur if R, is a branch point of the 
second series of motions about which V(R) is expanded in powers of 


n=(R—R,)' (5.1) 


For R < R, such a solution becomes imaginary, i.e. it ceases to exist 
physically. Let 


V(R, + = V, + nV, + +... (5.2) 


(and analogously for the pressure). It is obvious that 


divV,=0, Vo|.=A,U,, Val. =0, n=+2 (5.3) 


The equation of form (1.3) for terms which contain 9 gives 
L(V,; Vo) =0 (5.4) 


This means that one of the decrements must be zero at the limiting 
critical point. In our case it can be either ~o(R,) = 0 or w,(R,) = 0. 
Assuming the latter for definiteness, we obtain 


V, = qu, (Aj) (5.5) 
where a, is for the present an unknown constant. 
Further, for terms which contain 7”, we obtain 
L(V:; Vo) = (5.6) 


If we assume here that V, = a," V, + V,’, there is obtained a bound- 
ary-value problem with the homogeneous boundary conditions 


* Cf. the observation of Landau in[2, Sect. 27]. 
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Vol = — (VoV)Vo—(Vi- J) Vi, Va" = 0 


It is solvable only when its right-hand side is orthogonal to the 
conjugate perturbation v,(R,), i.e. when 


aR, \ (Uy — lv, (Vo VY) V dV (9.8) 


The integral on the right-hand side here is not equal to zero, be- 
cause otherwise a solution expanded in powers of (R — R,) would exist. 
Thus, from (5.8) it is possible to determine that a, 4:0 and near R, 
motions of the second series will have the form 


V =V, (R—R,)a,u, (R,) (5.9) 


We shall not examine the rest of the terms of this expansion. 


Without further investigation it is not possible to exclude the 
possibility that the basic series of steady motions can also have a 
limiting point for some R,, above which there will be no steady motions. 


6. The branch point. A singular case is obtained when, for A, = 0 
(uo V)udV =0 (6.1) 


From Formulas (4.16) and (5.8) it is seen that R, can be neither a 
regular critical point nor a limiting point. The integral (6.1) can turn 
out to be zero either by chance (this possibility is excluded) or by 
v?rtue of the symmetry of the problem; just such a solution occurs in 
the case of the motion of fluid between two infinite cylinders. Here, 
the symmetry of the problem permits any displacement along the axis of 
the cylinders, and therefore the normal perturbations uy and v, depend 
on the coordinate z as cos kz or sin kz, where z is measured along the 
axis of the cylinders. Each of the summed terms in the integral (6.1) 
will contain the product of three such functions and, consequently, will 
be equal to zero. In the same problem, as is the case generally in prob- 
lems with cylindrical symmetry, the normal perturbations depend on the 
angle ¢ which is measured around the axis of symmetry as cos m¢ or 
sinmd, m= 0, 1, 2, .... In the Taylor problem m turns out to be equal 
to zero for the perturbation which disturbs the steady motion. But if in 
some problem the stability were disturbed for m #4 0, the integral (6.1) 
would then contain three factors of the form cos m@ or sin md, and a 
singular point would also be obtained. 


We shall show that if Equation (6.1) is satisfied at the critical 
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point and if solutions of the basic series expanded in integral powers 
of (R—- R,) exist for this near the critical point, then two new series 
of steady motions expanded in integral powers of 


+ — Ry) 
appear at this point. 
These new solutions must have the form 


V(R) = U(R) + = Up + ny, + (U, + + ... (6.2) 
diva, —0 
and they must satisfy equations analogous to (1.3). For the terms of 
first order in 7 we obtain 
L(y; Uy) =0 (6.3) 
Hence 
Pr = 4, Uy 


The equations for the terms of second order will be 
L( 2, Uo) = — (Hi - = — Y 


and their solvability condition 


is automatically satisfied by virtue of (6.1). Their solution will have 
the form 
Yo = + (6.6) 


where a, remains undetermined and a, is a new unknown constant. Finally, 
in the third order we obtain the equations 


Lips; Uo] = — - 7) (Ui + — (Ui Pe) - (6.7) 


into the right-hand side of which Expressions (6.4) and (6.6) should be 
substituted. Their solvability condition (orthogonality of the right-hand 
side to v,) will be 


+ a, \v + - 7) U, + (U, 7) dV + 2a,a3( vo (Up 7) ud = 0 


The last of the summed terms will be here equal to zero by virtue of 
(6.1), and a nonzero solution for a, will be 


961. Uy (6.5) 
961 
(ty 7) = 0 
| e 
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vo: [(uo- 7) %2 + (na 


etc. Thus, at Ry solutions of the form 


V = Uta, (R— Ro) uy 4 eos (6.10) 
appear. 


It is natural to call such a kind of critical point a branch point. 
It is easy to show that the least decrements of the motions (6.10) will 
be A, = + c(R- R,)*/? + ..., therefore only one of these motions is 
stable. 


Just such a case was experimentally investigated by Taylor [5]. The 
fluid was between two very long coaxial cylinders which were rotating 
with equal angular velocity, and the torque operating through the fluid 
on one of the cylinders was measured. In this case the torque was 
strictly proportional to R for the basic flow. On the same experimental 
curve, which gives the torque as a function of R, a break is clearly 
seen at the critical point Ry. An additional torque which appears a 
the critical point is actually proportional to (R Ry 

It should be kept in mind that Taylor’s cylinders were of finite “lengph 
so that, strictly speaking, the critical point should be regular. The 
second steady solution and the additional torque with it also must differ 
from the basic one by a quantity which is proportional to (R - Ay), but 
with a very large coefficient of proportionality. It is difficult to dis- 
tinguish such a curve from the parabola (6.10). There exists a qualita- 
tive difference between a regular point and a branch point: at a branch 
point the second solution exists only for R > Ry, whereas at a regular 
point it is also possible for R < Ry although it is unstable there. If 
decreasing the Reynolds number, one passes carefully through a regular 
critical point, it is then possible to retain the second flow for R< Ry 
also. At a branch point this is absolutely impossible. In the experiments 
of Lewis apparently, just a regular point was observed, because he says 
that "when the velocity was gradually decreased, vortices remained until 
this velocity took a value smaller than that for which they appeared" 


[4]. 
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In [1-5] the authors have investigated the motion and also the stabil- 
ity of a certain stationary motion of symmetric gyroscopes, with the 

axis of the outer gimbal ring vertical, in the uniform gravitational 

force field. This problem is closely related to similar problems arising 
in the motion of a rigid body about a fixed point in the case of Lagrange. 


The author of [6] has investigated a rigid body moving about a fixed 
point, assuming that the dimensions of the body are small compared with 
the distance from the fixed point to the center of attraction. His case, 
similar to the case of Lagrange, has been reduced to quadratures. The 
necessary conditions for stability of permanent rotations for the above 
case have been presented in[7]. 


The problem investigated here is described in the title. It is assumed 
that the direction of the axis of the outer gimbal ring coincides with 
the direction of the line from the attraction center to the point of 
intersection of the gimbal axes. This assumption permits, as might be 
expected, an analogy with the case of Lagrange. The dimensions of the 
body are assumed, as in[6], to be relatively small. The integration of 
the equations of motion is reduced to quadratures. When investigating 
the stability of stationary solutions (regular precession and "vertical 
rotation") the method of Chetaev has been applied. 


1. Consider a gyroscope on gimbals, and introduce two rectangular co- 
ordinate systems Ox,y,z, and Oxyz with the origin at the point of inter- 
section of the gimbal axes. The system Ox,y,z, is fixed, the Oz,-axis is 
along the axis of the outer gimbal ring. The Oxyz-system moves with the 
inner ring (the housing), the Ox- and Oz-axes are, respectively, along 
the axis of rotation of the inner ring and along the axis of symmetry of 
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the gyroscope. 


The orientation of the gyroscope with respect to the fixed coordinate 
system is determined by the Eulerian angles: w the precession angle, @ 
the nutation angle and the angle of spin, ¢ the rotation angle of the 
gyroscope with respect to the system Oxyz. 


Let I be the moment of inertia of the outer ring about the Oz,-axis, 
A°’, B°, C° be, respectively, the moments of inertia of the housing about 
the x-, y- and z-axes, A, B= C be, respectively, the moments of inertia 
of the gyroscope about the x-, y- and z-axes. The axes x, y and z are 
the principal axes of the ellipsoid of inertia of the case and of the 
gyroscope as well. 


Using the above notation the kinetic energy T of the system can be 
written as 


+ 4- C° + (A + B® — C°) sin? 0] +. C (@ + 0s 6)? 


We assume that the attracting center 0, is on the negative branch of 
ol. 25 the Oz,-axis and the distance between the attraction center 0, and the 
961 origin 0, 0,0 = R is very large as compared with the dimensions of the 
gyroscope and the gimbal rings. Consequently, in the expressions for the 
force components F ,, Fy, F, acting on the mass element dm, the small 
quantities of the second order and higher can be neglected and these 
force components can be written as 
Here g is the gravitational acceleration at the distance R from the 
attraction center, and Xj, Yj, 2, are the coordinates of the mass element 


dn. 


The center of mass of the system consisting of the housing and the 
gyroscope is on the z-axis and | > 0 is its z-coordinate; M is the mass 
of the housing and the gyroscope. Assuming that the acting forces are 
only those due to gravity, we can write the expression for the differ- 
ential of the force function as 


dU = — yydy, + — 22,)dz,| dm 


U = + — 22, + dm 


After passing from the fixed axes x,, y,, 2, to the principal axes 
x, y, z, performing certain simple calculations, and rejecting constant 
terms we obtain finally 
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U =—Mglcos0 + 3% (A + B°—C — C°) cos? 6 (1.1) 


If the attraction center moves away from the point O to infinity 
(R + o) then, in the limit, the second term vanishes and what remains on 
the left-hand side of (1.1) is the well-known expression for the force 
function resulting from the uniform gravitational force field, for a 
gyroscope with the axis of the outer gimbal ring vertical. It is of 
interest to note that a similar coincidence occurs also when the moments 
of inertia of the gyroscope and the housing satisfy the condition 


A+B —C—C =0 (1.2) 


If this occurs, the motion of a gyroscope is the same as the motion of a 
gyroscope with the axis of the outer gimbal ring vertical in the uniform 
gravitational force field. Since this latter case has been investigated 
in detail in [1-5] it will be excluded from our investigations, and the 
condition (1.2) will not be satisfied in our case. 


Since the coordinates 6, Ww, ¢ are independent and holonomic, the equa- 
tions of motion can be written in form of the Lagrange equations of the 
second kind. We have then 


(A+ A’) 6—(A +B —C’) 8 cos@ C (@ + pcos 8) p sind — 


— Mglsind + + B’—C—C’)sin 0cos 0 = 0 


(1.3) 
4+ 4+-(A + B’—C’) sin? 6] p + C (@ + cos 8) cos 6} = 0 
(C (@ + eos = 0 


If the masses of the gimbal rings are neglected, then Equations (1.3) 
reduce to the equations given in[6] for a case analogous to the 
Lagrange case. 


The equations of motion permit us to establish the following first 
integrals: 
(A + A) @ 4+C°+(4 + C°) sin? 6] C(@ sp cos 6)? 
| 2Mgl cos — (A 4. B° — C —C°) == h 
4 
C° (A —C°)sin® 6) p + C(@ + @eos9)cos6 =k 2-4) 


where the first one is the kinetic energy integral, and the remaining two 
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correspond to the cyclic coordinates yw and ¢; h and r are the integra- 
tion constants. 


2. We shall now reduce the integration of the equations of motion 
(1.3) to quadratures. From (1.4) we have the following system of differ- 
ential equations for the Eulerian angles: 


dp  8—bru de 8 — bru 
dt e—eu®’ dt 
(3) = (a — au a,u*) (e — eu*) — (8 — bru)? 


at e —eu?® 


Here we use the following notation: 
u = 
A+A A+ 


A+ B°—C k 


“a= R(A+ A) 


Cc 


The integration of the system (2.1) starts from the last equation, 
from which, after taking into account that u = - @ sin @, we obtain 
u 
4 (e — eu®) du 
t— ty = \ 
V ((@ — au + (e — eu*) — (8 — bru)*] (e — eu*) (1 — u*) 


Us 


After differentiating this hyperbolic integral and solving for u, the 
solution of the first two equations of the system (2.1) determining the 
angles ¥ and ¢ reduces to quadratures. Let 


/(u) = (a — au + a,u*)(e — eu*) — (8 — bru)? 


and in order to be specific let us limit ourselves to the case when e>0 
and a, < 0. We propose to show that when these conditions are satisfied 
then the stability of the gyroscope’s regular precession at constant pre- 
cessional velocity (of an arbitrary magnitude) is insured. In this case 
the polynomial f(u) has (in the mechanical problem) four real roots u’, 
U,, Uy, 4¥” contained, respectively, in the following intervals: 


The roots u’. and u™ are numerically larger than unity, therefore the 
quantity u, beginning from the value u,, must remain al] the time in the 
interval between those of the two neighboring points -1, -1, u,, u, where 
the point uy is located. 
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We shall consider the motion determined by the initial conditions 


0, 


%=-0, 


where the constant r, is numerically large. 


These initial conditions lead in the case of Lagrange to a pseudo- 
regular precession. 


From (2.1) we have 


8 — brow, = 0, ally -}- = 0 


f(u) = (Ug — u) {la —a, (Uo 


From this 


u)|(e 


— eu*) — (ug —u)} 


: — ay (Uo + (@ — eu?) 


Ug— Uy, 


Examination of the sign on the right-hand side shows that if we take 
into account the values assumed for e, a, and with uy > 0 (0 < @ <(1/2)m) 
then u, < uy. Consequently, at large values of r, the value of u can vary 


only inside the interval [u,, u, = uy), and this interval is decreasing 
as ry increases. 


3. The equations of motion (1.3) permit the following particular solu- 
tion: 


when the constants 9), Up ry satisfy the condition 


[(A + B°— C°) ho? cos 6, — Crorbo Mgl - 


We shall consider first the motion (3.1) when 0 4:0, w. In this case 
Equations (3.1) represent the regular precession of the gyroscope, and 


condition (3.2) is satisfied because the expression inside the brackets 
equals zero: 


(A —C°) cos 05 — Crothy + Mel B°— C — C°) cos 0 (3.3) 
This quadratic equation in Ue will have real roots if the condition 


—4(A + B°—C*) | Mel j- B°. C — C*) cos cos 0, > 0 


hence 
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or 
—4(A + [ Mel B° —C —C°)cos cos 6, 
is satisfied. 
Let us substitute for the perturbed motion 


The integrals (1.4) of the unperturbed motion have the following 
analogs in the case of the perturbed motion: 


V, =(A + A)E,? + [(A + B°-— C°) — m*) — Mg in 
“(A + B°—C — C°)(n? — + [J + + (A + B°—C*) » 
(B22 + + 4(A + B°—C°) + C (Es* + 2roks) + 
4 + B°— — Mgl + + B°—C— C°)n| my +... = const 
‘ol. 25 Vz = + B°—C%) — m*) — 
1961 
+-[2(A + B° — C°) pon — Cry] my + [J + C° + (A + B° — C°) E, 
+ 2(A + B°— C°) mnyé, + C (nm — mn) + .. . = const 
V, = = const 


where m= sin 0,, n= cos 05, and the dots indicate the neglected terms 
of higher order. We shall consider the following integral of the per- 
turbed motion: 


V =V, — + 2C (hon — ro) V5 


4 


+ AYE? 
(A + B° — C°) — (3g/R) (A + B° — C — 


+-[I + C° + (A + B° — C°) m*} =,? 


+ C¥e | Es + - 
(A + B° —C°) — (3¢/R) (A + B° — C —C?) 


(4 B° — C°) (n? — — Mg in — 
+ —C—C°)(n? — m*)| +... const 


This integral becomes a positive-definite function of the arguments 
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(A + B°— C°) tho? (n? — — Crotpon + Mg in — 
BP—C—C%)(n? — <0 (3.4) 


which on the strength of Liapunov’s theorem is the sufficient condition 
for the stability of motion (3.1). In the case under consideration 
(sin 6, 4.0) condition (3.4), by (3.3), can be transformed into 


(A + B°—C) — + B°—C—C)>0 (3.5) 


Thus, under conditions (3.5) the regular precession of a gyroscope on 
gimbals (balanced or unbalanced) is stable with respect to 6,90, W, r; 
hence it is also stable with respect to 0, 0, W, ¢. 


We shall consider now the motion (3.1) when 0, = 0, that is when the 
inner ring (the housing) rotates uniformly about the Oz,-axis with 
angular velocity ¥, and the gyroscope spins uniformly about the same 
axis with the angular velocity ry. It is seen from (3.2) that in this 
case these constant angular velocities y, and ry, can be of any magnitude. 
The examination of the integral 


V=V,— + 2€ (tho — ro) V5 


shows that in order to obtain the sufficient condition for stability of 
the motion considered, we must set 6, = 0 in (3.4). In this way we have 


(A + B°—C°) th? — + Mgl + BP—C—C)<0 (3.6) 


The above condition can be transformed and reduced to the form shown 
in[{4]. 


All the conditions which we obtained can be reduced to the well-known 
sufficient conditions for stability of regular precession, or of vertical 
rotation of a heavy gyroscope on gimbals with the outer gimbal ring 
vertical, or to the motion of a heavy solid about a fixed point in the 
case of Lagrange. In order to obtain this reduction we reject terms con- 
taining R, since these terms characterize the non-parallel property of 
the force-field lines, or we set the moments of inertia of the gimbal 
rings equal to zero. 


We shall demonstrate the necessity of condition (3.6). Let us con- 
sider first the function 


V =(A+ 


and its time derivative, taken on the strength of the equations of the 
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perturbed motion. This time derivative equals 


=(A + A’ +[(A + B° —C°) — Mel — 


+ n+... 


and when it satisfies in addition the condition 


(A + B° —C) ho? — Crorpo + Mg — (A + BP—C—C)>0 


then it becomes a positive-definite function of the variables 7, 7, and 
the function V can assume positive values. Then, by Chetaev’s theorem, 
the motion will be unstable. Thus, the condition (3.6) is (excepting the 
boundary) the necessary and sufficient condition for stability of the 
motion (3.1) when @, = 0. 


BIBLIOGRAPHY 


Chetaev, N.G., O giroskope v kardanovom podvese (On a gyroscope on 
‘ol. 25 gimbals). PMM Vol. 22, No. 3, 1948. 


1961 Skimel, V.N., Nekotorye zadachi dvizheniia i ustoichivosti tiazhelogo 


giroskopa (Certain problems of motion and stability of a heavy 
gyroscope). Tr. KAI Vol. 38, 1958. 


Magnus, K., Ob ustoichivosti dvizheniia tiazhelogo simmetrichnogo 
giroskopa v kardanovom podvese (On the stability of motion of a 
heavy symmetric gyroscope on gimbals). PMM Vol. 22, No. 2, 1958. 


Rumiantsev, V.V., Ob ustoichivosti dvizheniia giroskopa v kardanovom 
podvese (On the stability of motion of a gyroscope on gimbals). 
PMM Vol. 22, No. 3, 1958. 


Magnus, K., Der Schwere symmetrische Kreisel in kardanischer Lagerung. 
Ingenieur-Archiv. Vol. 28, 1959. 


Beletskii, V.V., Ob integriruemosti uravnenii dvizheniia tverdogo 
tela okolo zakreplennoi tochki pod deistvem tsentral’nogo n’ iutonovs- 
kogo polia sil (On the integrability of the equations of motion of 
a rigid body about a fixed point in the central Newtonian force 
field). Dokl. Akad. Nauk SSSR Vol. 113, No. 2, 1957. 


Pozhtritskii, G.K., Ob ustoichivosti permanentnykh vrashchenii tver- 
dogo tela c zakreplennoi tochkoi, nakhodiashchegosia v n’ iutonovs- 
kom tsentral’nom pole sil (On the stability of permanent rotations 
of a rigid body with a fixed point in a Newtonian central force 
field). PMM Vol. 23, No. 4, 1959. 


Translated by T.L. 


389 


ON THE CRITICAL CASES OF STABILITY 
OF STATIONARY MOTIONS ACCORDING 
TO LIAPUNOV 


(0 KRITICHESKIKH SLUCHAIAKH USTOICHIVOSTI 
PO LIAPUNOVU STATSIONARNYKH DVIZHENIT) 


PMM Vol.25, No.2, 1961, pp. 265-275 


L.M. MARKHASHOV 
(Moscow) 


(Received January 20, 1961) 


l. A system of differential equations 


dx’ 


= X'(a, r) (1.1) 


is considered. The functions X*(a, x) do not depend explicitly on t and 
are holomorphic with respect to the variables x/ in a sufficiently small 
neighborhood H of the equilibrium point x! = ... = x" = 0, i.e. 


X'‘(a, 2) > qs (a, r) 


In the homogeneous forms of power s > 1 
qs'(a, 2) = a's 


the indices of summation i,, ..., t, assume independently from each 
other all values between 1 and n. The coefficients . ; are assumed 
to be undetermined and symmetric with respect to the lower indices. 


Denote by m an arbitrary fixed natural number and introduce the nota- 
tions 


P,,' (a, z)= >> qi(a, r), R,,' (a, z) =< > g(a, r) 
s=1 


s=m+1 


In the paper certain propositions are formulated, concerning the con- 
ditions which the coefficients a‘ ,..., a! . of the polynomials 


Pi(a, x) necessarily satisfy in the cases where the system of equations 
for the mth approximation 
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i 
= Pi, (a, 7) (1.2) 


does not permit us to solve the problem of stability of the trivial solu- 
tion of system (1.1). 


The idea of the paper consists of the following. System (1.1) is sub- 
mitted to a general analytic transformation of coordinates, the Jacobian 
of which at the point x = 0 is different from zero. The solutions of 
system (1.1) and of the system obtained from it by means of such a trans- 
formation are, by virtue of the properties of the transformation, simul- 
taneously stable or unstable. Therefore, in the critical cases, i.e. 
when system (1.2) does not permit us to solve the stability problem of 
the solutions of system (1.1), it is impossible to find an analytic trans- 
formation which implies that in the transformed system the coefficients 
of the functions P*(a, x) remain the same as before, while the coeffi- 
cients of the functions R*(a, x) assume any values given in advance. 


The conditions showing the impossibility of realizing the indicated 
transformation in the critical cases give the necessary conditions for 
the latter. The equalities expressing these conditions are the equations 
of the invariant varieties of a certain group of transformations of the 
coefficients a of the functions P¥(a, x). 


In the paper use is made of certain simple facts from the theory of 
continuous groups of transformations [1, 2 ]. 
2. All possible real values which the coefficients ai vis 


can assume are considered as the coordinates of the points of a 
Euclidean space Ey. of dimension N,, equal to the common number of 


coefficients a in the functions P¥(a, We 


In the sequence E you Ey each space Ey (o=1, ..., m-1) is 
imbedded in any of the following spaces: 


Ey, C Ey, C .-.C Ey,, 


and is its plane subspace of dimension N,. The space Ey is an N,- 


dimensional extension of the space Ey 


A point of the space Ey will be called non-critically stable (un- 


stable) if its coordinates are such that the trivial solution of system 
(1.1) is stable (unstable) eer of the magnitudes of the coeffi- 


cients ai at of the functions R* ‘(a, x), 
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where » is a finite natural number. 


Those points of the space Ey , for which by variation of the above 


m 
coefficients it is possible to obtain according to one’s wish stability 
or instability of the trivial solution of system (1.1), will be called 
critical points. 


The sets of non-critical points of the space Ey. are non-empty. This 
fact follows from a theorem by Krasovskii [3,4]. There exist also 


examples of non-empty sets of critical points. 


Let us note the fact that the non-critical nature of the coefficients 
of system (1.2) has to do with its structural stability [4]. However, 
the assertion that the coefficients of a structurally stable system de- 
termine a point of the non-critical set holds only in the case Pi(a, x)= 

qi(a, x) for which the existence of the necessary conditions to be satis- 
fled by the Liapunov function and its derivative have been proved [3,4]. 


Consider a general analytic transformation of coordinates 


(2.4) 
(2.2) 


By virtue of condition (2.2) there exists a neighborhood h C H of 
the point x = 0 = which it realizes a one-to-one correspondence between 
the variables x‘ and x’ 


Consequently, for any finite value Pd the parameters a, subject to 
condition (2.2) only, the variables x‘ and x’* are equivalent with re- 
spect to stability in the sense of Liapunov. This is so because of the 
fact that stability is a local property of an equilibrium point [5,6 ]. 


Transforming system (1.1) by means of transformation (2.1) we obtain 


(2.3) 
(2.4) 


where the fila, a), as will be shown is Section 3, being integral rational 


functions of a and a, are such that a’! , ..., a’? i depend only on 


the quantities 
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i 


i i i 


Therefore, relations (2.4) represent transformations of each of the 
spaces Ey, Ey,» ... into itself. 


Let us prove that transformations (2.4) form a group. 


The transformations x’! = ¢'(x”, a’) transform system (2.3) into the 
system 


dx” 


= : X‘(a’, x”), == fila’, a’) = fi[fila, a), (2.5) 


On the other hand, transforming Equations (1.1) directly by means of 
the transformation 


= 2) = 2’), 2] = B(a, 
we obtain the same system (2.5) for which 
= fila, Bia, 


Comparing the expressions of a” in the first and second case, and 
observing also the fact that analytic transformation (2.1) is reversible 
(and, consequently, transformations (2.4) are also reversible) and that 


for al - 54, at ; = 0 (s > 2) it coincides with the identical trans- 


formation, we convince ourselves of the correctness of the initial 
assertion. 


By virtue of the fact that transformations (2.4) transform each of 
the spaces Ey» Ey ... into itself, those which transform the points 


of the given space Ey. , form a finite continuous group. 


3. Let us find transformations (2.4). Substituting in Equations (1.1) 
the expressions of x* given by (2.1) and those of dx‘dt from (2.3) and 
equating among themselves the alternative coefficients of equal powers 
a oe Pe entering on the left- and right-hand sides of the 
identities obtained, we have 


> (> 


(4). wo] 


j i, i 


s=1 Vy ek 


(j, 6, i= i, 2, ..., 2, ...) 
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Here, and in what follows, indices in parentheses (x,, ..., «,) under 


the summation sign denote summation over all possible permutations of 
the indices K,, .--, Ky. 


Determine the quantities a, by means of the relations 
= 6,° 
where 5,° is the Kronecker symbol. 


, By virtue of (2.2) relations (3.1) can be uniquely solved for 


€ . 
We then obtain 


j 


s==1 By t..- k 
k 


so that transformations (2.4) can be written in the form of the follow- 
ing sequence: 


k =i, Ay, = 


‘ j i, is ; j _i j j *e 
k= 2, = Gi, — Ay, Fx, — Ox, Aj 


From here, in particular, the reversibility of transformation (2.4) 
is seen. 


N N 
Denoting by a’, ..., a ™ and a’, ..., @ ™ one-dimensional ordered 


systems of quantities al and al let us 
l l 


find the components E}(a) of the vector matrix which determines the in- 
finitesimal operators 


of the group of transformations of the space Ey . 
a 


Having agreed upon a certain definite order of enumeration of the 
quantities a and a, the same for both sequences, we shall evaluate the 
quantities 


(a) = (55), 


for = 51, a = = = 0. Differentiating (3.1) with re- 
1°2°3 
spect to ay.) and setting then a equal to the indicated particular 
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values, we obtain 


‘j 
da" 
a=2° 


0 fork<l 


. 


Here Bay denotes the Kronecker tensor, taken in modulus. 


The vector matrix of the group of transformations of the space Ey 
n 


can be written in the block form 


where the block 


j 


is a matrix with elements depending (linearly) on the quantities a, 
having exactly k —- | + 1 lower indices. 


The vector matrix M, of the group of transformations of the space 
Ey (o <™m) is obtained from M, by singling out the principal diagonal 
matrix of order N,. 
Let us prove that for o > 2 the order of the group of transformations 
of the space Ey is equal to N,. For this purpose it is sufficient to 


make sure that the matrix M, does not contain linearly dependent rows 
with constant coefficients. Let us prove this first for the matrix 


In fact, at the point 4 t, = a) the components of its block 


(a ii have the form 
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dai 
= + 684,85, — 055.08 


Selecting those columns for which «x, = j and taking into account 


(summation according to the index in parentheses is not carried out) let 
us construct a quadratic diagonal matrix with determinant of order N,, 


namely 
da, ; = | | 


Therefore, the rows of matrix (3.4) are linearly independent. In rela- 
tion (3.3) put k= m= l, %. ~ a We then obtain 


| 
j | 


(x; 


By virtue of the above method of enumeration of the sequences a and a 


the matrix 
| 
is a diagonal matrix and its determinant is 
Therefore the rank of the matrix 


(a) (aj 


is equal to N, - 
It is clear that none of the rows of matrix (3.6) can be a linear 
combination with constant coefficients of the rows of matrix (3.4), and, 
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conversely, because such a combination would connect quantities a with 
different numbers of lower indices which is impossible. 


Thus, the points of the space Ey are subject to the group of trans- 
formations Gy (m# 1) of order N,. 


It can be shown that for m= 1 we have the group G(r < N,). 


4. Let = f,"(b,, be transformations of the space which 
form the group G, with infinitesimal operators 


B,=B,° 
Further, let the transformations of the space > n,) 
b," B,) = 2 (bi, be, Bi, Be) 


form a group G,, with operators 


Xij= = (b,) 2 aby + ( 


To the values 8 = 8° there corresponds the identical transformation 
of both groups. 


Further, let 
(6, ) | 0 


and let the common rank of the matrix t+ || be equal to r <n,. 
Obviously, not all minors of rank n, - n, +'q(q <r) of the matrix 


M 1) (bz) | 


0 Esl, (d,) | 


are identically zero. For arbitrary q < r there will be such among them 
which depend only on the quantity 6,; for example, all diagonal minors 
are of this nature. Therefore, the complete system of relations, by 
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virtue of which all minors of order n, - n, + q of the matrix M(b,, b,) 
vanish, can be given in the form 


()=...= Pir, (b,;) = i, =...: Pir, = 0 


Pre, (01) = Px, (Oy, bg) = (d1, bs) = 0 


Here ¢ are independent integral rational functions of their arguments. 
Each chain of equalities determines a certain irreducible simply con- 
nected manifold of dimension n, —- r which is an invariant manifold of 
the group G, . It consists of singular points of order not higher than 


n, — n, + q + 1. The number of such manifolds is 7. It is assumed that 
of all the possible analytic representations of each of the irreducible 
manifolds that one is chosen for which the corresponding number p is 
maximum. The following lemma will be proved. 


1 
Lemma. Any point (b, of the space ordinary (q = r) 


or singular of order q< r, if it is such that there does not exist a 
selection of parameters A{, (3) leading to the realization of the trans- 
formation 


by = fi' (bs, Bi), = be» Ba» Bs) (4.4) 


where all the by? are certain numbers given in advance, then the co- 
ordinates of the point b, necessarily satisfy at least one of the rela- 
tions 

Pir = ... = = 0 

(4.9) 


Proof. Construct for the point by assumed to be singular and of 
order q, a stationary subgroup =e of the group G,: Then the finite 


transformations of this subgroup 
by = fi ld, = Ba (w))) 


. a = 
contain n, — q essential parameters To the values 


a” «= By (u’)) there corresponds the identical transformation. 


Set 


( 2B" 
\ du” u=u* 
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The rank of the matrix Ile, 1!) is equal to n, — q. Without restrict- 
ing generality we can write 


In the opposite case it is sufficient to replace the parameters 
of the group by new parameters according to 


the formulas 


B,*** = (wu), ..., = (u) 


This is possible because we can assume without restricting generality 


that 
ol. 25 
1961 Adding to the yzth row of the matrix M(b,, b,)(q < » <n,) the rows 


with indices 1, 2, ..., q, after having them multiplied by c} 


respectively, we obtain 


(by) Ett (bs) | 


Pie 
| 


lo 


M (d,, bs) = (ba) th (by) 


| 


0 
By virtue of (4.2) and 


Cy'Eat, (02) = Sep (42) 
u=u® 


(v=1,..., q) 


the matrix M, is of the form 


M 


(iat). B,° 


Because the subgroup H, _ - is stationary we have 
l 


(bi) 


Dal, 
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and, consequently, at the point b, = b} the matrix M(b,, 6b,) assumes the 
form 


M (b,", be) = 0 


Assume that the point b; satisfied the conditions of the lemma but 
its coordinates do not satisfy any of the relations (4.5). Then among 
the minors of order n, - n, + q of the matrix M(b,, b,) there will be 
one which is different from zero. Because the rank of the matrix 
I €41 (57) || is equal to q, there exists for arbitrary values of b} a 
minor of order n, — n, of the matrix M, which is not zero. The vector 
matrix of the group G,, is the matrix Vol. 2 
0 afis/apls 


iy ot) iy Oty iy 
evaluated for 8," = f,° = 8°. Assigning to the quantities 


By? other fixed values we obtain again a matrix of the group G,, which 


can be formed by multiplying the first one by a certain constant non- 
degenerate matrix [1]. As a consequence of this fact the ranks of both 
matrices at any given point (b,, b,) are equal [7]. 


Therefore the rank of the matrix 
afi? / du” | 
| / 


also does not change if it is evaluated for values of u”, B 12 different 
from the primary ones. . 

Then by a proper choice of values for u and A, the quantities b, *2 in 
transformations (4.4) can be made to assume desired values. This, however 
contradicts the assumption of the lemma. This completes the proof of the 
lemma. 


Let us note that relations (4.5) are the equations of the invariant 
varieties of the group G. . 
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In fact, for t= 1, ..., p,(l <m) the operators 
(b1) = (b1) 


can vanish identically or by virtue of those relations (4.4), correspond- 
ing to the given 1, which depend only on b,, i.e. by virtue of the equal - 
ities 


(01) = = fp, (bi) = 0 


Introduce the following definition. 


The order of a critical point of the space Ey. will be defined as a 
natural number p, > m+ 1 for which: 


1) stability (instability) of the trivial solution of system (1.1) is 
preserved no matter what are the coefficients a of the forms qi(a, x) 
m+, ..., pp- 1); 


2) by a change of the coefficients of the forms %, (a, x) stability or 


instability of the solutions of system (1.1) can be < ee according 
choice. Obviously, any critical point of the space Ey has a finite 


order; in the opposite case such a point is not critical at all (in the 
sense of the definition given in Section 2). 


Everywhere in what follows we shall consider only those points of the 
space Ey which belong to a closed spherical neighborhood of the origin 


of the coordinates with an arbitrarily large but finite radius. Conse- 

quently, we can indicate for the magnitudes of the orders of the critical 
points belonging to this neighborhood the exact upper bound P, because a 
function, bounded at every point of a closed set, is bounded in this set. 


Assume that the space Ey consists of ordinary points (q = r) and 


singular points of orders 0'< q, < ---<q, <r, and let P, be the highest 

order of critical points contained in it. Let us find the relations to 

be satisfied by the coordinates of the critical points of the space Ey . 


Consider the matrix M, of the group Gy, h = P,). It is not difficult 


to indicate its minors of order N, - N+ q,(« = 1, ..., e) which are 
different from zero and depend only on the quantities al 
The relations, by virtue of which all minors of order N, - N+ q of the 
matrix M, vanish, can be written in the form of relations (4.3) where 
bi, bf are linearly ordered sets of the quantities al = eal al 
1° 
. Let n, = N,, n,=N,, % = 


402 L.M. Markhashov 


Making use of the lemma we can convince ourselves immediately of the 
correctness of the following theorem. 

Theorem. If the point (aj. meee ee ) of the space Ey isa 
critical point, then its coordinates etiolt necessarily at least one of 
the relations (4.5). The manifolds they determine are invariant manifolds 
of the group Gy . 


The author has considered a system of the second order (n = 2). For 
the system of the first approximation the known critical manifolds were 
obtained. The critical case of a single zero root was discussed. Speci fy- 
ing the coefficients by the equalities a} ~ a) = 0, a? = k, a; = - 1 for 
systems of second and third approximations, the critical manifolds co- 
incide with the boundaries of the region of stability in a well-known 


example of Liapunov [5 ]. 


5. Let us find out to what extent the method used in the previous 
sections reflects the specific nature of the stability problem. 


Let the system of equations 


(z, a) == () 4,..., (zc H) (5.1) 


be given, where the ¥* stand for the symbols of algebraic or differential 


and algebraic operations on the variables x', ..., x" with coefficients 


“pte? a" which can assume all possible real values. 

Assume that it is required to find necessary and sufficient conditions 
in order that a certain property (¢€) of the solutions of system (5.1) be 
realized for x C H. 


It is obvious that if the form of the operator ¥' is given, then the 
necessary and sufficient conditions for the realization of a certain 
property of the solutions of Equations (5.1) depend on the coefficients 
a only. 


These conditions are covariant with respect to arbitrary transforma- 
tions of Equations (5.1) which preserve the property sought and the form 
of the equations. 


Let x/ = f(x’, a) be such transformations which form an r-parameter 
group. Then 


W' (x, a) = n(x’, a) (2’, a’) 


196! 


| 
(5.2) 
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and transformations (5.2) form a group G,(p <r). The regions of the 
space Ey of the coefficients a in which the property (¢) is realized, or 
the opposite property (¢), if such property exists, are separated by the 
invariant manifolds of the group G,. 


If the group G, is multiply transitive so many times that all its 
invariant manifolds, obtained by equating to zero the minors of the 
matrix of the group, are the minimum invariant manifolds for any of its 
points [1], then the regions sought exist and form systems of intransit- 
ivity of the group G, which can be easily found. 


For the completion of the problem it is now sufficient to verify that 
the property (¢) is satisfied for any single point of each system of 
intransitivity. 


Consider a simple example. Let it be required to find necessary and 
sufficient conditions in order that the quadratic form 


(a, 2) = (is, = 1, 2) 


be of definite sign. 


The transformation x' = atx’) possesses the required properties. We 
have 


(a, 2) = ¥ (a’, 2’), = 


The matrix of the group with components 


has the form 
ay 0 
au | 
0 
| 
The group G, is simply trapsitive. The minors of the third order of 
the matrix vanish on the invariant manifold 


2 
441499 — = 


consisting of singular points of second order (excluding the point 

4; = %9 = %, = 0 which is a singular point of zero order). The regions 
> 0 and @ at, < 0 form systems of intransitivity and 
consist of ordinary points of the transformation. 
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It is obvious that for a,, = a,, = 1, a,, = 0 the form Wa, x) is of 
definite sign. Consequently, it is of definite sign also at any point of 
the region a, a’, > 0. 


The regions in which the form Wa, x) is of variable or constant sign 
are defined analogously. 


As seen from the above, the information about the specific nature of 
the property (€) (definiteness of the sign) was needed only at the last 
stage of the process of solving the problem. Its extent was insignificant. 


If the group is intransitive, then the extent of the supplementary in- 
formation necessary to solve the problem is possibly larger. Such in- 
formation can often be obtained from Equations (5.1), and the equations 
themselves can be generalized in such a manner that they admit a group 
of higher order. 


Thus, the equation 


y™ + ayy) + ...4 any = 0 (a, = const) 

Vol. 2 
does not admit other transformations besides the identity transformation. 1961 
The problem of stability of the trivial solution of this equation, how- 

ever, can be generalized and solved completely, using the formulation 

described in previous sections. 


In Section 4, additional information concerning stability was used 
and, consequently, the methods used there are specific for that type of 
problem. 


The author expresses his gratitude to N.N. Krasovskii far his atten- 
tion to this work and a number of essential remarks made by him. 
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Conditions are given under which one can select the input signal of a 
system so that a given periodic process may be generated approximately. 
The problem investigated here is related to the theory of programmed 
control [1, p. 231] since it considers the possibility of finding pro- 
gramming functions which will guarantee a stable periodic programming 
process. Under realistic conditions the programming functions can be 
given only approximately. This article presents estimates of the admis- 
sible errors of the required programming functions. From the strictly 
mathematical viewpoint, the problem can be reduced to the formulation of 
the conditions for stability of the periodic motion in the presence of 
constantly acting disturbances bounded in norm. An estimate of the abso- 
lute value, of the mean absolute value, and of the mean-square value of 
the above-indicated admissible error is given. The case when the con- 
structed periodic motion is discontinuous is also considered. A part of 
the basic results is carried over to the case of a non-periodic approxi- 
mate motion, 


1. Let us consider the differential equation 


dz; 
Li (ay ny t) + Gi eons (1.1) 


t) are 


Under the assumption that all the functions f (x), ine 
periodic functions of time with period w, we set ourselves the problem 
of selecting such periodic functions ¢;(t) that a given system of 
periodic functions x; = W(t) (i= 1, ..., nm) of period w may be a solu- 
tion of the system (1.1). The solution of this simple problem has the 
form 


n’ 


Pi (t) = (4) — Ai (Hi (1.2) 


In practice it may, however, turn out to be entirely inapplicable. 
Indeed, if the system of the functions x, = W(t) defines some 
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programming process, then this process can be realized only in case the 
process is stable relative to the initial disturbances. Furthermore, 
under real conditions, the programming functions ¢;(t) are selected from 
some narrowly prescribed class of functions, for example, from the class 
of polynomials, trigonometric polynomials, piece-wise constant discon- 
tinuous functions, and so on. 


Equations (1.2) can, therefore, be satisfied only approximately with 
a certain error. In case the programming functions ¢,(t) are expressed 
as linear combinations of functions from a system of mutually orthogonal 
functions, it is simple to compute the mean-square error of the approxi- 
mation. It is also known that a knowledge of the absolute value of the 
error makes it possible to obtain an estimate of the mean value and of 
the mean-square value of the error, while the knowledge of the mean-square 
value of the error permits one to obtain an estimate of its mean value. 


Thus, the investigation of the problem on the preservation of the 
stability of the periodic motion of the system (1.1) under constant dis- 
turbances, bounded in the mean or in their mean-square value, is of 
special interest. The study of disturbances, which are bounded in the 
mean, can be carried over to the case of shocks or 5-type of disturbances, 
as will be shown in the sequel. 


For the general case, the stability of motion under constantly acting 
disturbances bounded in the mean was considered in the work of Germaidze 
and Krasovskii [2]. Questions on the stability of the periodic motion 
under constantly acting disturbances bounded in their absolute value were 
considered in [3,4]. 


Problems on the existence and on the preservation and stability of 
periodic motion bounded in the modulus of external forces were considered 
in [5,6] on the basis of Liapunov’s function. In the present article, 
estimates of the absolute mean and mean-square values of the admissible 
error of the approximating programming functions are obtained in a differ- 
ent way. Here, the approximating periodic motion I has the following pro- 
perties. 


1) All trajectories which start for t = t, in a small enough neighbor- 
hood of I’ do not leave an ¢-neighborhood of I’ when t > ty. 


2) In the ¢-neighborhood of [ there exists an asymptotically stable 
periodic motion whose region of attraction contains some neighborhood 


of T. 


Therefore, if the error of the approximation lies within admissible 
bounds, then the presence of a small enough error in the choice of the 
initial conditions will not prevent the approximate realization of the 
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periodic process, since the obtained process will approach asymptotic- 
ally a periodic motion close to the assigned one. 


2. Let us assume first that the functions ¥,(t), which determine the 
periodic motion I’, are continuous and piece-wise differentiable. 


Making the following change of variables in the system (1.1) 


we obtain 


dz; 


Balt) Bult), t) + Gilt) — 


Introducing the notation 


we can express the system (1.1) in the form 
Zn, t) + 74 (t) 


Equations (2.1) represent, obviously, the system of equations of the 
disturbed motion; the functions r;(t) determine the error of approxima- 
tion of the approximating functions ¢,, while the deviation from zero of 
the solution z,;(t) of the system (2.1) coincides with the deviation of 
the solution x(t) of the system (1.1) from the assigned periodic motion. 


By first separating in some way the linear part from the function 
«++, t), we can write (2.1) in the form 


n 


= >> (t) Ze + Ri (21, t) + 7: (t) 


k=1 


dz; 
at 


or in the matrix-vector form as 
dz/dt = A(t)z+ R(z,t) + r(t) (2.3) 


Let us determine the norm of the vector z and the norm of the matrix 
A by the following relation’: 


* The norm of the vector z may be defined by any other of the known 
methods, and the norm of the matrix A can then be defined by the rela- 
tion | 4 | = max | Az | when | z || = 1. In this case, all preceding 
remarks remain valid [7, p. 111 ]. 
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max|%|, 
1<i<n 1<i<n 


Let D be the region given by the inequalities |{z ||<«, 0<t <, 
and: let us impose the following restrictions on the system (2:3): 


a) The functions A(t), A(z, t) and r(t) are periodic in t and of 
period 


b) In the region D, the function R(z, t) satisfies the Lipschitz con- 
dition 


yCD 


c) For a fixed z, the functions a;,(t) and R,(z, t) are Lebesgue 
integrable in absolute value on the interval [0, o). 


d) The functions r, (t) are Lebesgue integrable on the interval 
[0, w). 


e) There exists a fundamental matrix W(t, r) of the system z°=A(t)z, 
which satisfies the conditions W(r, r) = E (E is the unit matrix) 


Be, a>d0 


f) The quantity 
=a—LB>0 


We call attention to the fact that in view of a theorem of 
Caratheodory [8, p. 120] the conditions (b), (c) and (d) guarantee the 
existence of a unique solution of the system (2.3) in the region D. 


Let us introduce the notation p(t) = || r(t) |}. 


Theorem 2.1. Let the conditions {a) to (f) and one of the following 
conditions be satisfied: 
A = t 
(A) py sup p(t) 
p, =\p(thdt < (1 


0 
wo 


(C) = (\ p? ( (t) det ) ) 


0 
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Let 5 = «/2B. Then the following assertions are true: 


1) Every solution z(t) of the system (2.3) which is such that 
| z(ty) || < & will not leave the region D if t > ty > 0. 


2) In the region D, there exists an asymptotically stable periodic 
trajectory which attracts all other trajectories that come out of the 
region lz <6, t>0. 


We shall now prove the theorem. Obviously, without destroying the 
generality, we may assume that t, = 0. By Cauchy’s formla we have 


t 
z(t) = W (t, 0) z, + (t, (R(z, 2) -r(t))dt (2.4) 
0 


Hence, on the basis of (b) and (e) we obtain 


t 


|2(t)| < Be-*"| + B\ (L 2] + p(x) de (2.5) 


0 


Setting u(t) = e*'*)|| 2(t) ||, we rewrite (2.5) in the form 


u(t) < B\ z+ B\ (Lu (x) + e**p(x)) dt (2.6) 


. 


0 


From this it follows in accordance with Lemma 1.1 of [9] that 


t 


u (t) BeBt \ p(t) dr ) (2.7) 


Hence 


|z(t)| << @, (t) + ®, (t) (2.8) 


where 


t 
Assuming that || Zo || < & = € /2B, we have ®,(t) <«/2 if t > 0. We 
shall show that if one of the conditions (A), (B) or (C) is satisfied 
then sup ®,(t) <6 if t > 0. 


Suppose that condition (A) holds. In this case we have 
t 


@, (t) he at\ 


. 
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t 
e~* \ dr. 
0 
we deduce at once the required result. 


Suppose that condition (B) holds, and let t = kw+r,, OS ry <@. In 
this case we have 


hwo 


®, (t)< Be" ("+ ...- < B- 
-€ 


This yields the required result. 
Suppose, finally, that condition (C) holds. Then, obviously we have 


which again yields the required result. 


And thus, if one of the conditions (A), (B) or (C) is satisfied, we 
find that sup ®,(t) < 6 if t > 0, and, furthermore, that ®,(t) < «/2. 
Hence, if t > 0° we have || z(t) || < 8 + €/2<«, which peeves the first 
part of the theorem. 


In order to establish the existence of a periodic solution we must 
give a large enough number N > 1 such that ®,(t) <5(N - 1)/N. Since 
sup ®,(t) <5, it is obvious that such a number N always exists. Next we 
find a number 


T =mo>i*inBN 


where m is a positive number. 


Since ®,(T) < 5/N if t > 0, it follows that || 2(7) || < 5 if 
| z(0) || < 5. 


Hence, the mapping z = z(7) transforms the region || z || < 5 into a 
part of itself. In order to apply now a well-known principle of con- 
traction mappings [10, p. 90], we consider two points z, and yp in the 
region ll 2 i < 5. The difference between two solutions of the system 
(2.3) determined by these points satisfies the integral equation 

t 
z(t) —y = 0) (2 — yo) +) 1) — 


0 
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From this we obtain the inequality 


|2(t)—y (t)] < Be-* yp | + BL\ (2.9) 


Introducing the notation u(t) = || z(t) - y(t) ||e**, we obtain 
t 


From this and from a known lemma [9]. it follows that 


u(t) < Biz, — yy 


Thus, we finally obtain 
(t)—y(t) |< Bla — (2.10) 
and since Be < 1/N 


This shows that the conditions for the applicability of the principle 
of contraction mappings are satisfied. Hence, there exists in the region 
|| z || < & a unique point Yq such that y(T) = y(0) = yo. This point deter- 
mines for us the required periodic motion. Since y(w) = y(w+ T), it 
follows that the point y(@), being a fixed point, must coincide with 
y(0). Hence, the period of y(t) is w. The asymptotic stability of y(t) 
follows from (2.10). 


3. Let us next consider the case when the periodic motion x; = W(t) 
which is to be realized may have a finite number of discontinuities of 
the first kind. In this case the approximating programming functions must 
have the form 


Pi (t) = Pi (t) — Pu 


at those points where the derivative w,;"(t) exists, and 
pi (t) = nnd (t — te) (3.2) 


at the discontinuity points t,, ..., t,. Here 7,;, is the saltus of the 
function ¢,(t) at t = t,; 5(t — t,) is the Dirac function. 


Under the assumption that the function ¢;(t) will be approximated by 
functions of the same type, let us express the error in the approximation 
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in the form 


m 


ri(t)=re(t)+ (3.3) 


where r,°(t) is a function whose absolute value is integrable on[0, @]). 


Making use of the change of variables z; = x; — W;(t) in the system 
(1.1), we are again led to the system (2.1), and by separating in some 
way the linear part we obtain again the system (2.3). It should, however, 
be mentioned that even in the case when the functions f (x, coon Buy t) 
of the system (1.1) are infinitely often differentiable with respect to 
Xy, «++» %,, the matrix A(t) and the function R(z,t) may turn out to be 
discontinuous functions. In the more general case of the determination 
of the first approximation system and of the solution of the stability 
problem of this system, one should take into consideration the results 


obtained by Aizerman and Gantmakher [11 ]. 
Let 


m 


p(t) = p°(t)+ > red (t—te) 


k=1 


p(t) = max |r;° (t)| for t= tx, = max | Fix | 


Theorem. Suppose that the conditions (a), (b), (c), (e) and (f) are 
satisfied and that the functions r,(t) are representable in the form 
(3.3). Let 5 = «/2B, and let us suppose that the inequality 


w m 
. 


\ p (t) dt \ p°(t)dt te < — 


0 0 Ko. 
is valid. 
Under these hypotheses both assertions of Theorem 2.1 are true. 


The proof of Theorem 3.1 is essentially a repetition of the proof of 
Theorem 2.1. Indeed, Formula (2.4) obviously applies in the present case 
if one makes use of the rule for the integration of expressions involv- 
ing the Dirac function. 


The only questionable step is the transition to the limit from the in- 
equality (2.6) to the inequality (2.7). Let us show that this step is 
valid. Since for t = 0, the inequality (2.7) is true, and since both 
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sides of the inequality are continuous from the right, this inequality 
will be valid if 0 <t < h, where h is some positive number. 


Let ry be the infimum of the numbers t for which (2.7) is not true. 
Because of the fact that both sides of (2.7) are continuous from the 
right, we have 


Te 


(ty) > ( + \ p(t) (3.5) 


On the other hand, setting t = r, in (2.6), and replacing u(t) under the 
integral sign by a larger quantity from (2.7), we obtain 


t 


u (t,) << + p(t) dt + B \ e**p(t) dt 
0 | 


t 
0 0 0 


Applying to the second integral the rule of differentiation by parts 
(which is valid under the given conditions, since we are dealing 
essentially with a Stieltjes integral 


e**p(t)dt 

0 
and since the integral exists), we obtain an inequality which contradicts 
the inequality (3.5). 


From here on the proof of Theorem 3.1 is an exact repetition of the 
proof of Theorem 2.1. 


We call attention to the fact that Theorem 3.1 can be formulated so 
that it will apply to the more general case when the programming func- 
tions p(t) are of bounded variation. In this case, one should consider 
the equation 

t t 


(t) = W(t, ty) 2) + W(t, R(z, + (t, 
ty te 

where the second integral is a Stieltjes integral with the integrating 
function G(t) (G,(t), ..., G,(t)) being of bounded variation. This can 
be reduced to the previous case if one introduces the generalized func- 
tions r,(t) by defining them as r;(t) = G;*(t) at the points where the 
derivative exists, and as r,(t) = r,;,5(t - t,) at the points of discon- 
tinuity of G;(t) (r;, is the saltus at the discontinuity). In the pre- 
sent case, the set of points of discontinuities of G;(t) may be infinite 
(but denumerable). 
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An even more general approach to the problem is possible on the basis 
of the concept of a generalized differential equation which is based on 
Kurtsveil’s [12] generalization of the Perron integral. 


4. Making use of the method of proof of Theorem 2.1 and of an idea 
expressed in [13], one can carry over some of the results of the indi- 
cated theorem to the case when the system (1.1), as well as the pro- 
gramming functions x; = W(t), are not periodic. 


Let w be an arbitrary positive number, and let 


hy 


{+o 
h, = sup \ p(t)dt, h,=sup ( \ p* (t) dt ) 
o<t 0<t< co ; 


<oo 
0 


Theorem 4.1. Suppose that the conditions (b), (c), (d), (e) and (f) 
are satisfied (except that the integrability of the corresponding func- 
tions holds on any segment t, t + @, t >0), and suppose that at least 
one of the following inequalities is valid: 


(A) 


C) 


Then every solution z(t) of the system (2.3) which satisfies the con- 
dition 


|2(0) || Se/2B 


will not leave the region D when t > 0. 


The proof of Theorem 4.1 is the same as the proof of the first part 
of Theorem 2.1, except for the difference that in place of the inequal- 
ity ®,(t) < «/2B one has to have the inequality 


®, (t) <> 


Finally, let us consider the case when the approximating (non- 
periodic) motion x, = w(t) has isolated discontinuities of the first 
kind, In this case, we again assume that r,(t) can be represented in the 
form (3.3), and we define the generalized function p(t) in accordance 


with (3.4). 
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t+w—o 


h, = sup \ p(t) dt 
t 


0<1< co 


Repeating the arguments used in the proof of Theorems 2.1 and 3.1, we 
establish that if 


hy << e/2Be (1 — 
the solution z(t) of the system (2.3), under the condition that 
| z(0) || < «€/2B, will not leave the region D when t > 0. 


Thus, also in this last case, we can realize the desired programming 
process approximately with a accuracy of ¢«. 
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In the present work there is presented a method for investigating forced 
oscillations and the stability of systems described by linear differ- 
ential equations with periodic coefficients. The method is based on the 
reduction of the problem to the solution of a Fredholm integral equation 
of the second kind. 


1. Derivation of an auxiliary formula. Let us consider the 
system of differential equations 


= > Dra (k (1.1) 


where the b,, are constants and the F,(t) are given functions of time 
such that 


= Fe(t + 7) (1.2) 


The functions F, can be assumed to be piece-wise continuous. For what 
follows it is sufficient to assume that the characteristic equation 


= | Dea — | = 0 (5,, is Kronecker’s symbol) (1.3) 


does not have roots A = A,. (p = 1, ..., nm) which are equal 


2ni 


w= Fs, 
where s is zero or any integer. 


It is required to find a periodic solution of period T of the system 


196 


418 


Oscillations and stability of quasi-haramonic motions 419 


(1.1). This problem has been studied in detail in [1]. Below, there is 


given a new form of the solution which is needed in the sequel. Let 
= X(t) (1.4) 


be the sought periodic solution of (1.1). 


In [1] it is shown that 


& D'(i,) e~*e* — 


p=1 j=1 0 


t 
7 


—(i—e ret) | F; (t) dt} 


0 


where A. (A) is the algebraic cofactor of the element of the determinant 
(1.3) whish stands in the jth row and sth column, and it is assumed that 
no two of the numbers A, (p = 1, ..., nm) are equal. 


Jol. 25 From (1.5) it follows directly that 


= (2) Fe (2) dz 


(Ae) 


wr (2)= >) 


e=l 


Let us now suppose that in place of the functions (1.2) we have the 
functions 


(t) = Fy (t +7) 
on the right-hand side of Equation (1.1), where r is a parameter. The 
corresponding periodic solution will be denoted by 
Zp = Z,* 
Making use of (1.6), we obtain at once 


n T 


(0) =D \ Fale (1.8) 
kK=15 


On the other hand, having made a change of the variable y = t +r in 
(1.1), we obtain 


(1.5) 
1961 
n T 
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n ee? 
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Z(t +t) = 2,*(t) 
From this we find that 
(t) = (0) (1.9) 
Substituting this expression into (1.8) and replacing r by t, we ob- 


tain an integral representation of the solution (1.4): 


x, (t) = (Zz) Fx (z + t) dz (s=1,2,...,8) (1.10) 


k=1 


Next, we note that Equations (1.10) remain valid if in place of U,, 
we use the formulas 


Dux (z)= Dax ftorOCz<T (4.11) 
i.e. one may write 


z,(t) = (1.12) 


Through the introduction of a new variable, Expression (1.12) can be 
transformed into the form 


sx (¢ — y) Px (y) dy (e=1,2,..., n) (1.13) 


x (2) = (— z) (1.14) 


The Fourier expansion of the function ¥,, has the form 


4 (Pin) z 


Formula (1.15) follows from (1.14) and the equation 


T 
r\ Usa dz = 
0 


Noting, furthermore, that in accordance with (1.15) the function Yk 
(t — 1) is a periodic function of period T in each of its arguments, Sa 
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taking into account a known property of the integral of a periodic func- 
tion, one may consider the limits of integration in (1.13) as constants 
equal to 0 and T, i.e. 


n T 
= \ Yul —y) Fay) dy (1.16) 


We also note some other properties of the function ¥.,. From (1.14) 
and (1.17) we obtain 


Pax (2) = — = 2) for 0<z<T (1.47) 


The following relation also holds: 
(0) = 2 


This follows from the property of Fourier series 


u. + u,, (T) 
¥ux(0)= 
One can show also that the function ¥,,(t -r) is continuous in the 
square 


O<tcT, O<tcT 


if k 4's, while the functions Ye have discontinuities equal to | along 
the diagonal t = r. 


All this was considered under the assumption that Equation (1.3) does 
not have multiple roots. It is, however, not difficult to show that 
Formulas (1.16) and (1.15) are valid without this assumption. 


2. Forced oscillations of a quasi-harmonic system. We shall 
consider the system of differential equations 


= > brake +p Mua (t) + Fy (t) 


a=] 


where the by, are the same as in (1.1), m(t) and F,(t) are given func- 
tions of time of period T, and » is some parameter. 


We shall seek a periodic solution of the system (2.1) which is of 
period T. Let us suppose that such a solution of (1.4) exists. Then, 
taking into account (1.6), we find that this solution must satisfy the 
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system of Fredholm integral equations of the second kind: 
nT T 
x(t) >) | —y) maa (y) (y) dy + (t —y) Pay) dy 


k=10 a=1 9 


Making use of a well-known procedure for the reduction of a system of 
integral equations to a single integral equation, and taking into account 
the periodicity of the functions occurring under the integral sign, we 
reduce the system of equations (2.2) to one equation: 


X(t) =X(t+nT), X(t)= a(t) when (s—1)T <t<sT 
FQ) = Fal) dy 


0 k=1 
when (s —1)T <t<sT 


Let us introduce a kernel, defined in the square 


O0<t< nT, O<y<nT 
by means of the formulas 


n 


K, (t,y) = >> — y) Mea (y) = Kea (t, y) 
k=1 


(s—1)<T (a—1)T <y<a'T (2.5) 


Making use of the introduced notation, we may write the system (2.2) 
as one equation of the form 


nT 


X (t)=p \ Ky(t,y)X + FW 


0 


Let us note that the homogeneous equation 
nT 


X(t)=p \ Kilt,y)X 


0 


will have non-zero solutions if, and only if, the homogeneous system 
corresponding to the system (2.1) has a periodic solution of period T. 
In view of this it is not difficult to show that the known theorems on 
the existence of a periodic solution of the system (2.1), which are 
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given in[2], are simple rephrasings of the known theorems of Fredholm 
[3] applied to Equation (2.6). 


Let us now proceed with the solution of Equation (2.6). In the general 
case 


nT 


X(t)=p \ R(w,t,y) F (y) dy + (2.8) 


where R(z, t, y) is the resolvent of the kernel in (2.5). For small 
enough t, y) is a power series in 


R (uty) = >) Kins (2.9) 


i=o 


where K; are the iterated kernels evaluated by the recurrence formula 
nT 
Kiss (t,y) = \ ky (t, 2) ki (2, y) dz (2.10) 

One can show that the sequence of operations associated with the re- 
presentation of the series (2.9) and of the solution (2.8) is entirely 
equivalent to the determination of the periodic solution of the system 
(2.1) in the *non-resonance case" [2] by the method of a small para- 
meter. From the theory of Fredholm’s equation it is known that the 
series (2.9) converges for all yx such that 


2.41) 


where py is the smallest (in absolute value) » for which the homogeneous 
equation (2.7) has a non-zero solution, and that the series diverges 
when || > |~9|. On the other hand, from what was said above, it follows 
that pz» is the smallest (in absolute value) value of the parameter for 
which the homogeneous system corresponding to (2.1) will have a periodic 
solution. From this it follows directly that if || >|,| it is im- 
possible to construct a periodic solution of the system (2.1) by the 
method of a small parameter. For many problems it is possible to estimate 
ty and to have a method for constructing forced oscillations for arbi- 
trary values of the parameter. These results can be obtained by applying 
in the solution of Equation (2.6) Fredholm’s method which gives the solu- 
tion for arbitrary values of the parameter. In the general case, the re- 
solvent is a meromorphic function of the parameter sp: 


= pa An (ts y)/ n (2.12) 
=0 
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From this it follows that in the general case the periodic solution 
of the system (2.1) is a meromorphic function of the parameter. Expres- 
sion (2.9) is the Taylor series expansion of the function (2.12). There- 
fore, the number of yp, can be determined as the smallest (in absolute 
value) root of the equation 


A (po) = 0 


For practical evaluations of the coefficients entering in the numer- 
ator and denominator of (2.12), one can use the recurrence formulas [4 ] 


nT 
An = Ky (t,y)—m \ Ky (t, 2) y) de 
0 (2.13) 


nT 
Anis = \An(t,t)dt,  Ay(t,y)=Ki (ty), Ay=4 
0 
It is not difficult to establish that the coefficient A, (t, y) is a 


linear combination of the iterated kernels K,(t, y), ..., K,(t, y). For 
their practical computation one can use the following procedure. 


We introduce the matrix ||K, (t, y) || which consists of the functions 
K,,(t, y). We shall evaluate the iterated matrices by means of the 


formula 
T 


0 


The corresponding elements of the matrix ||K; (t, y)|| will be denoted 
by K, ate, y). With each matrix || K; (t, y) || we associate a scalar func- 
tion of two arguments defined in the square (2.4) by the formula 


K;(t,y) = Ki, when (s—1)Tot<sT, (a—1)T (2.45) 


By direct evaluation one can verify that the function K;(t, y) thus 
constructed coincides with the ith iterated kernel (2.10). In the evalua- 
tion of the coefficients A, it is necessary to evaluate integrals of the 
form 


nT 
\ K,(t, t)dt 2.16) 
0 


Taking into account (2.15) and the periodicity of all iterated kernels 
in each of their arguments, we find that 
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n 
~ spl Ki(t, ae (spl Ki(t, y) Kaat(t,y)) (2.17) 


a=! 


One can also construct the solution of Equation (2.6) in a different 


order by making use of known formulas for the coefficients of Fredholm 
[4] series. 


As an example, let us consider the case of system (2.1): 
> Dea ta | phy Fy (t) (kz- 1,2,..., 
Making use of (2.2) we obtain 


T 


where 


1 D (Ym) j 


Hence, making use of the expression o from (2.18), we obtain 
T 
5(t)- wl W(t —y)/(y) dy 


0 


where 


1k=1m 


M (¥,,) Ym 
= = 


sy = (2d is — y) Fe(y) dy 


Utilizing the known formulas (2.13), we shall construct the resolvent 
R(t, y) of the kernel 
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¥(t—y)/y) (2.20) 


After evaluation with an accuracy of up to p®, we obtain 


R(t, y) = f(y) 
(2.21) 


L, (t, y) 


M (,) vel 
Ly (t, y) x k--r e 


= M M M (p,) 
F=—00 


M (%p,) 
ete. 


Everything that has been said in this section can be extended directly 196) 
to the case of finding almost periodic solutions of the system (2.1) if 
the functions F,(t) have the form 


Fy (t) = @x 


where the functions ¢,(t) are of period T, and v is a real number. As is 
known [2], if in the case considered there exists an almost periodic 
solution, then it will be of the form 


= eK, (t) (e = 1, 2,..., 8) 


where x,(t) is of period T. Hence, if one introduces new unknowns 
Yo = ™ 
then the system (2.1) will take on the form 


n 


= (bia Za + ph Mea (t) + Px (t) (2.22) 


a=] a=1 


and the problem will have been reduced to finding periodic solutions of 
period T of the system (2.2). 


3. Stability of a quasi-harmonic system. Problems on the in- 
vestigation of the parametric resonance, of the stability of periodic 
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motions, and other problems lead to the necessity of examining the pro- 
perties of homogeneous systems of linear differential equations with 
periodic coefficients. Let us consider the homogeneous system which cor- 
responds to (3.1): 


= > + >) Mia (t) (k (3.1) 
a=1 


a=] 


In accordance with the theory of Floquet [2], we shall look for solu- 
tions of the form 


x, (t) fig(t) (3.2 


where the f;,(t) are periodic functions of period T. By making the sub- 
stitution 


z,(t) = ey, (t) 


we obtain the system 
” n 
The characteristic exponents A; have to be determined from the condi- 
tion that for A = A, the system (3.3) will have a periodic solution of 
period T. But if there is no such solution, then in view of what has 
been said above the system of integral equations 


n n T 
X(t) =p y) man (y) 20 (y) dy (3.4) 


k=-1La=—10 


ao 


> ’ (2 -+ Pin) Ym: 
a(A, 4) > e (3.5) 


m——oo 


will have a non-trivial solution. 


Just as above, the system (3.4) can be reduced to a single integral 
equation with a kernel defined in the square (2.4) and depending on the 
parameter A. Then, a necessary and sufficient condition for the exist- 
ence of a periodic solution of that equation will be the vanishing of 
the Fredholm determinant, which in the given case is a function of A: 


A (Ai, = 0 (3.6) 


Equation (3.6) can be used for the determination of the characteristic 
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exponents, and also for the separation of the regions of stability in 
the space of the parameters. In addition to the ways indicated in the 
preceding section for the evaluation of A(A, p), one can utilize the 
relation 


nT 
R(d, p, t, (3.7) 


By substituting on the right-hand side of (3.7) for A(z) an infinite 
series, and taking into account (2.9) and (2.16), we obtain 


n=] 


Hence, equating coefficients of equal powers of p, we determine 
successively the coefficients A;: 


A, = Oy, A, = a,? — Ge, A; = — 3a,a, +- 2a etc. (3.8) 


where, in accordance with (3.5), the quantity a; is a function of A. If 
one looks for a solution of the system (3.3) or (3.4) in the form of a 
trigonometric series 


yi(t)= >) 
k=—©o 


then one can determine the coefficients U;, by means of an infinite 
system of linear equations. The determinant of this system which is a 
function of A and yp is called Hill’s determinant of the system (3.4). 


One can show that the expansion of the determinant in powers of yp co- 
incides with the expression for A(A, »), where the coefficients A, @) 
are determined in accordance with (3.8). In other words, Hill’s deter- 
minant is the denominator of the resolvent kernel of the system (3.4). 
It should be noted that the choice of the constant matrix || B ||, con- 
structed from the numbers 6,,, is essentially arbitrary and corresponds 
to various choices of the parameter. In particular, one may select for 
the matrix ||B || in (3.3) the matrix AE (E£ is the unit matrix). Then 
the corresponding system of integral equations will take on the form 


T n 


9 
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@(z) FD it’, (3.10) 


By combining the terms which are proportional to A with the terms con- 
taining variable coefficients, one can obtain the following system of 
integral equations: 


x, (t) \> (t ~T) — Mya) (t) dt (3.11) 


By taking the integral equations in the form (3.11), we obtain the 
expansion of Hill’s determinant in powers of A, and analogously to the 
cases (3.4) and (3.9), the coefficient A;(A) will be the sum of 
fractional functions of A. The question on the choice of the matrix ||B|| 
for the best convergence of the corresponding series will be the topic 
of a separate discussion. 


As an example, let us consider the homogeneous system corresponding 
to (2.18) and the homogeneous integral equation with the kernel (2.20). 
Making use of the formulas derived above, we obtain 
(3.12) 
M (h + ¥,,) M (2 + 


Py=—CO Pr 


where the f; are the Fourier coefficients of the function f(t). 


Each of the terms in the expansion of A(A, a) can be written in finite 
form. 


From the general theory for the equation with the kernel K(t, y) we 
have [4] 


T7 
A (a) =| aot | dt (3.153) 


0 0 


Let us consider the quantity (3.13) as a function of A. In view of 
(2.20), this leads to the consideration of the determinant 


| 
AK, (A) det | (3.14) 


¥ (0) 


For the sake of simplicity, let us assume that the roots of Equation 
(1.3) are simple. Then one can show that the function K,(A) has only 
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simple poles at the points A =A, + yy, p= 1, ..., m, where k is an 
arbitrary integer. Here, the residue of the function K,(A) at the point 
A = A, + Y does not depend on k,, and is equal to 


where K,.* is the determinant obtained from (3.14) in the following way: 
1) The sth column is replaced by a column consisting of ones; 
2) In place of the functions W(t; - t ;) one substitutes the functions 


M (1, + 


where the prime indicates that the term corresponding to k = 0 has been 
omitted. 


From what has been said, it follows that the expansion of the deter- 
minant K (A) into simple partial fractions has the form 


(A—i,) 


e=1 k=—oco e=1 
Substituting (3.15) into (3.13), we obtain 


- Ako 


is 


T 


and, hence 


(3.18) 


n=1 


A result similar to (3.18) was obtained in [5]; there, however, the 
quantities A, (pu) were expressed in the form of infinite determinants. 


Formulas (3.17) and (3.19) always yield convergent expansions of the 
infinite determinants A,(u) in powers of the parameter, and they thus 
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can serve as effective means for computing the determinants. 
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1. Basic propositions. Let us consider the equation 
(a—O(g, &))y=0, +2), JOR=0 (1.1) 


Floquet’s [1-3 ] theory for this type equation leads to the following. 


Suppose that a fundamental system of solutions y,(€) and y,(&) is known, 
then 


Yo(E) = yo(E + = (E) + (5) 


is also a fundamental system, and the C; can be determined in such a way 
that X(€) = C,Y,(€) + C,Y,(€) will satisfy the relation X(€ + 7) =p X(€), 


where p is determined by the condition 


P | a a2 
a2) 


p=a+Ya?—1, = = (4); Gee) / 2 


Let us now consider three possible cases. 


1) The inequalities — 1 < a < 1 determine in the ag-plane a region 
where the solutions have the form 
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X,(§) = cos — 1p, (E) sin 


(8) = (E) cos (8) sin 


pi(E) = P(E + 2), 


2) In case |a| = 1, certain lines are determined on the aq-plane. 
Along these lines the solutions are of period # or 27. 


X(E +a) =+X(€) 


3) Finally, the inequalities a > 1, a < — 1 determine a region in the 
aq-plane. In this region the solutions can be expressed in the following 
form: 


It is not difficult to see that in the first case the solutions are 
non-increasing, that in the third case they are unstable in the Liapunov 
sense, and that the region |a| < 1 is a region of stability of the 
initial equation. The curves |a| = 1 determine the boundaries of the 
region of stability in the aq-plane. 


Below, we give investigations of the boundaries of the regions of 
stability for Equation (1.1), of the periodic solutions in the region of 
stability. 


2. Construction and properties of the boundaries of the 
regions of stability. Let 


(9,8) = 


v=1 


in Equation (1.1). 
We shall seek the equation of the boundary of the region of stability 
|a| = 1 in the form 
a(q)= 
u=0 
Then the solution along the resulting boundary will have the form 
y(—)= (2.2) 
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Here the y,(€) are determined by the system of equations 


» 
yy.” + (a, — ®,) = 0, = 0 (2.3) 
v=0 
which is obtained as the result of substituting (2.1) and (2.2) into 
(1.1). The requirement y,(€ + 27) = y,(€) must determine Equation (2.1) 
of the sought boundary, and also the periodic solution (2.2) along this 
boundary. The condition of periodicity will be fulfilled automatically 
if one seeks the solution of the system (2.3) in the form 


» = 2>) (yjtp cos p& Yap Sim p—) (2.4) 


p=0 
Suppose, furthermore, that 
= 2 cos -}+ sin 2p) (2.5) 
p=1 


Then the substitution of (2.4) and (2.5) into (2.3) yields the follow- 
ing system of equations in Yup and a): 


— 
>) >} >} {QvpYp—v. a [52p — S2p—q.m + S2p—q.—m] + (2.6) 
v=] p=1 
2 
Vip [Sop q,m Sop ~~ bop | > -m Yu—v, m 


p 


val Seppq.m + Sap—q.m Sep—q.—m] 


v=1 p=1 q=0 


» 
+ Pep Yp—v.q [Sep—q.m— + Sep—q.—m] } = >) [a, — m 


v=0 


Here 5, , is Kronecker’s symbol. Let us introduce the notation 


+ + 
+ a= == 


In the new notation the system (2.6) can be rewritten in the more 
compact form 


[Qvam Yu vq Ys | | >; fay md, o| vom (2.8) 


One can make the following remarks with regard to the introduced 
quantities (2.7): 
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a) Since in (2.5) the summation otarts with one, a = 0 when k <0; 
therefore, the terms ¢,* (m— q)/2 and ,(q—a)/2 Cannot occur simul - 


taneously on the right-hand side. 


b) The right-hand side vanishes if m+ q and, hence, also m—- q or 
q — m are odd. Thus, the summation on q should actually be performed in 
(2.8) on even indices when m is an even number, and on odd indices if m 
is odd. Hence 


= @ (q+m= 2+1, /=0,1,...) 


Let us consider the solution of the system (2.8). Setting » = 0, we 
arrive at the following equations: 


[ay Yom 0) 


which have non-trivial solutions for You only if a = n® (n an integer). 
Suppose that a, = 4-0. Then = 0, and the quantities 
are arbitrary. "Setting next p = lL. we obtain the system of equations 


+ t ! + + + 
PinmYon QinmYon = AynYom — M*) Yim 


From this it follows that 


Yim = - QinmYon! (n = m) (2.9) 
When m = n we obtain the conditions which determine Sa” and a),: 
[Pian — lyon + QinnYon = (2.10) 
The system (2.10) admits a non-trivial solution if 


Ginn Pn 
Phan Qinn 
Assuming that 


[Pin + {Pin}? 


and noting that P* 


inn + Qinn = 9, we find 


inn Qinn 


Now we can determine, up to within an arbitrary factor, the Sas” (the 


435 

| 
Ain (- (j= 1,2) ( ) 


436 Iu.P. Pyt’ev 


index j was introduced to distinguish between two possible solutions of 
the system (2.10)). From (2.9) we can determine (again up to within an 
arbitrary factor) the For The y),, J* remain arbitrary. 


Setting » = 2, we are led to the following system: 


iF 


Whence, if m#-n, we obtain 


2 
Yam = [Pram Yo—v.q Qvam — 


| 


Here, the quantities on the right-hand side are known except for the 
Yul For their determination, as well as for the determination of the 


a,, one can obtain the following equations by setting m = n: 
v=1 


Let us rewrite the system obtained and express the unknowns explic- 
itly: 
+ (Pine — tial yin — = +...) 
(Pin — + — = +...) (2.44) 
In this form 
+ j - =0 
Pen —— din Qinn 


coincides with the determinant of the system (2.10), and, therefore, in 
place of 


Qinnyin + (Pian — inl Yin 
we can introduce new variables 
‘in = Yin + (Pin — 
Then the system (2.14) takes on the form 


i 
i ,,i+ j 


Vol. 
R 
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+ 
Qinn Yan 


igt 
Qinn Yon 


+0, 


From Equations (2.15) it can be seen that a, J takes on an exact value 
(it depends on Yon’ ‘Yon? ) while depends linearly on 


Ta” namely, just as Yo?” it is determined except for a mliplicative 
factor. The Yon! remain arbitrary and will be determined at the next 
step. 


Let us consider the case of an arbitrary p. If m4 n we have 


» 

v=1 


On the right-hand side of (2.16) stand known quantities, except for 
the y,_ 4 n. Which are determined by a system obtained from (2.8) by 
setting m= n: 

Here, just as in the preceding equation 


+ 
Pian 


A 


” inn 


Therefore, setting 


we obtain a system in terms of a, and Ine 7s 


where on the right-hand side are terms which are linear in the Ya 
From the system (2.17) it can be seen that the a, / have exact values; 
the quantities ine tw can be determined to within the above-mentioned 
factor, and hence Y,_, , * are also determinable to within this factor, 
while the ye still remain arbitrary. 


Thus, if (%," }? + [d., ]? 4.0, the method developed above makes it 
possible to construct the equations of the boundaries of the regions of 
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stability in the form 
j 
a, = n* + 


and to determine the periodic solutions along these boundaries 


yi = 2 cos + sim (2.19) 


The formulas obtained permit one to make several general assertions 
relative to the properties of the periodic solutions and the boundaries 
of the regions of stability of the initial equation. Starting from the 
fact that P, - and Q,, tng are different from zero when q and m are both 
even or both odd, we conclude that the solutions which can exist along 
the curves a = a,J(q), and which for q = 0 pass through a(0) = n? (n 
even), contain only even harmonics Yan that is, they are periodic of 
period m7. Indeed, from (2.9) it follows that the y,,/~ are different 
from zero only for even m. The formulas for You! also show that m is 
even, for the summation is carried out in them only over even q. By 
assuming that up to pz — 1 the solutions contain only even harmonics, we Vol. 2 
can conclude on the basis of (2.16) that the pth solution has the same 1961 
property, which proves the truth of the stated assertion. An analogous 
assertion’is true for odd n. From the results obtained it follows also 
that the region which lies between the curves and a, and 
contains the axis q = 0, is a region of stability, since along the axis 
q = 0 the original equation has a stable solution. 


We note that through the point (0.0) in the aq-plane there passes a 
curve a= a)(q) below which there are no regions of stability. Indeed, 
when » = 0, we have the solution You = 0, m# 0; the quantity Yea is 
arbitrary. The quantity yy, = 0 because the original equation does not 
have an odd periodic solution. The following system (y = 1) has a solu- 
tion of the form 


n? PomYoo: Yim Q 


m? 


Yim ym Yoo 


Setting, finally, » = 2, we are led to a system which determines the 
Yeu (m 4-0). When m= 0, this system takes the form 


a a 


Since 240 = PL ao = 0, the second sum vanishes identically. For a,, 
we obtain 
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because = P. * and Qo = 


v0q Og ° From here on the solution is 
carried out the same way as in the case n # 0. 


Before we pass to the consideration of the case when the condition 
(2.11) is violated, let us note that the results can be considerably 
simplified if ®(q, €) = gq, - €). In this case Q, ven, * 0, and the system 
(2.8) can be split into two systems relative to ben and y,, a? taking 
on the form 


If one introduces into the discussion the quantities 


v=1 
then the general solution can be expressed in the form 


» 
in — mf, 2, => (2-21) 


v=] vel @¢ 


* then become 


ah? — > Sa wis a1 


sin vE 
p=1 oan 0 


The results a,'+? and y, 


Let us now consider the — when condition (2.11) is satisfied. In 
reps with (2.12), a,,J = 0, and therefore all the terms which con- 
tain y,,/ * will vanish in the system (2.14).We must require now that 
this system has a non-trivial solution y,,. For this purpose we express 
the terms remaining on the right-hand side in terms of y,,/ * (in accord- 
ance with (2.9)). Thus, we obtain 


+ = 9, | Ray? 


on 


2nn 
q 
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= = 
M, = {PyqnP ing QignQina) 


OF 
Na = ine i Qian Qing! + 
R,, 


q 


q 


Hence, the condition 


L M 


N,, — R, 
will yield two values for ay). After this we find Yon! except for an 
arbitrary factor. In conclusion, we note that the violation of the condi- 
tion (2.11) indicates the absence of the 2nth harmonic in the function 
®,(£), and leads to an expansion of the region of stability near the 
point q = 0, a(0) = n? (in Fig. 1, condition (2.11) holds; in Fig. 2, 
the condition (2.11) is not satisfied). 


3. Construction of solutions within the region of stabil- 
ity. Within the considered regions of stability the form of the solutions 
given by Floquet’s theory can be made more precise. The method developed 
above permits one to construct solutions of period 27s, which are realized 
in the region of stability along the curves a = a(q) which pass through 
the points a| ee (1/s)*, where (l/s) is an irreducible fraction. 


alt 


As above, we shall look for a solution, along the indicated curves, 
in the form 


>i (yp; cos + yz sin (3.4) 


The equations of the curves along which such solutions can exist we write 
in the form 


440 
| 
— 
4 
Vol. 
ne 
' 
g g 
Fig. Fig. 2. 
|_| 


‘ol. 25 
1961 


Equation with periodic coefficients 


v=] 


Then the discussions which led to the construction of the stability 
regions lead to the following system of equations: 


v=1 


Here, in analogy with (2.7), we have introduced the notation 


Pram = = + + Ge, (m—qyas + (q—myre (3.4) 


In spite of the exterral similarity of the system obtained with the 
system which determines the equations of the boundaries of the stability 
regions, the nature of the solutions of the obtained system is quite 
different. In order to establish this, let us consider the properties of 
the — Pan and ? (which for s = 1 coincide with the terms 
* and Q 


vqn 
see that 


* introduced earlier. On account of (3.4) one can easily 


Pa = = Yvmg 


This system of relations is valid for arbitrary s (in particular, for 
s = 1). However, if s 4 1, one obtains a set of relations which are not 
true for the case when s = 1. Let us consider the terms P, .* * and 
Q a in which one of the indices g or m is equal to l, vhen, as above, 
l/s is an irreducible fraction, i.e. 1 Aks, k= 0, 1, ... . Then one 
can show that on the right-hand side of (3.4) only one of the terms can 
be distinct from zero. Indeed, the index t of any term ty," distinct 
from zero must be a positive integer. Hence, the only terms which can be 
simultaneously different from zero are either dy. (nt @)/20 and 


t t 
q)/2s °F (a+ q) /2s and $y, (q—a)/2s° Of these terms only one 
is found to be distinct from zero if m= l or q= Ll. Indeed, suppose 


q)/2s and are different from zero. Then it is neces- 


sary that 1 + q = 2k,s and | ~- q = 2k,s, where k, and k, are integers. 
From this it follows that 1 = (k, + k,)s, which contradicts the 
previously agreed condition that 1 #¢ ks. If one assumes that the second 
pair is distinct from zero, then the requirement that | + q = 2k,s and 
q- | =2k,s leads again to the contradiction that | = (k, — k,)s. These 
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conclusions make it possible to note a number of special properties of 
the numbers (3.4). We find that 


Pei = = = = = (3.5) 


and also 


= = = (3.6) 


Next, suppose that $y 14 q)/2s is distinct from zero. Then 


Poa = = = Qrat (3.7) 


If, however, $y 401 ~q)/2s is different from zero, then we have 


Prat Qt = Qrar (3.8) 
Equations (3.7) and (3.8) cannot hold simultaneously. 


Let us consider the solutions of (3.3). For » = 1 we obtain 


4, 


3 
From this, with m4 l, it follows that 


. s+ st 
Yim = § 1? — m? 


(3.10) 


In “sae however, that m= | we find that a,* = 0, since Pia’ oe. 


Setting p = 2, we obtain a system of equations of the form 


+ Qiamyia | + PrimYot QsimYot = Sim + — Yom (3.11) 


Substituting Expression (3.10) into the system (3.11), we are led to 
a system of equations in y),* (homogeneous for m= 1) from which we re- 
quire that it have a non-trivial solution when m= |, The last require- 
ment must determine a,*. If we make the indicated substitution, we 
arrive at the following relation: 


st st pst s+ 


The above-mentioned properties of the numbers P and Q make it possible 
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to establish that 
and also that 
Pra Rita lq Prat PrigQiai 0 


These identities which are false in case s = | alter the solutions of 
the system, which now has only one solution if 


a’ + + 
3 (2 —¢ s? 


q 


And thus, the Sus” remain arbitrary and are not interconnected. The 
remaining computations do not present any difficulties (they proceed as 
in the case of the finding of the boundaries), and lead to the con- 
struction of two independent solutions (this is different from the case 
of finding the boundaries, where along each boundary there was found 
only one periodic solution). 


Thus, the curve, along which there can exist a solution of period 
27s, is given up to within the second approximation by the equation 


l [P + 


(+) 4 {> (3.13) 
Pp 


On the other hand, if condition (2.11) is as the equation of 
the boundary passing through the point a|, = n® can be written in the 
form 


(3.14) 
Pr. 

Since the last expansion begins with linear terms in qg, there arises 
the question whether the curves (3.13) and (3.14) can intersect if l/s 
is near n, while q is sufficiently small. We shall show that this cannot 
happen. 


The condition of sufficient nearness of l/s to n we shall write in 
the form 


l/s =n +-6/s (3.15) 


where @ is a positive or negative integer. If one selects s large enough, 
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such that |0/s| <« is fixed), then | l/s - n| (In Equation 
(3.15) 6 < 0 when j = 1, and 6 > 0 when j = 2). For the proof we note 


and = when 1 = ns + and p = ns 


After this it is not difficult to see that the largest term in 


yy + 
a (2 — p*)/s* 
Pp 


will, for a sufficiently large s, be 


+ 
Therefore, one can investigate the intersection of (3.14) with 


a*= (=) i (Pinal? {Qinnl*} an 
But these curves cannot intersect since the equation a,/ = a** does not 


have a real root, as is easily verified. This completes the proof. 


Thus, the structure of the stability regions is as follows: the 
region of stability is everywhere densely filled with curves of the form 
(3.13); along these curves there can exist two linearly independent solu- 
tions of period 27s. These curves intersect the axis qg = 0 orthogonally 
at the points a| q=e" (1/s)?, where l/s is an irreducible fraction. 


In conclusion, the author expresses his deep gratitude to [u.N. 
Dnestrovskii for a number of valuable suggestions. 
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This article contains a set of rules which make it possible to distin- 


guish between the qualitative pictures of the behavior of integral curves 
in the neighborhood of a periodic solution in the plane. 


1. Statement of the problem. Basic definitions. Let us con- 
sider the system 


r=fi(z,y), y=fe(zy) (1.1) 


We shall assume that the system (1.1) has the following properties: 


a) the functions f;(x, y) are given in some region G of the xy-plane, 
they are real, continuous and twice differentiable with respect to their 
arguments; 


b) there exist two differentiable real functions 
(4), y= 


periodic in t of period 27, which constitute a solution of (1.1). The 
graph of this solution lies entirely in G. 


It is known[1] that the periodic solutions fall, in relation to the 
structure of their neighborhoods, into two classes: the isolated ones, 
and the non-isolated ones. 


Definition 1.1. The periodic solution (1.2) of the system (1.1) is 
said to be isolated if there exists a small enough 5-neighborhood 
S(M, 5) G of the set M, which does not contain a graph of any other 
periodic solution of (1.1). 


| 
445 


V.I. Zubov 


The isolated periodic solutions of the system (1.1) are called limit 
cycles. One distinguishes between three types of limit cycles according 
to the behavior of integral curves in their neighborhoods. 


We shall denote by p((x, y), M) the distance of the point (x, y) from 
the set M. 


Definition 1.2. A limit cycle is said to be: 


1) stable if there exists a small enough neighborhood S(M, 5)C G 
such that all integral curves of the system (1.1) which begin in S(M, 5) 
come arbitrarily close to M as t + ~.In other words, if (x),y,) © S M,8), 
then the quantity p((x, y), M) + 0 as t + ~, where 


x= Xo, Yo): y = y(t, To. Yo) (1.3) 


is a solution of the system (1.1) whose graph passes through the point 
(x9, ¥o( when t = 0; 


2) unstable, if there exists a small enough neighborhood S(M, 5) such 
that when (xo, ¥)@ S(M, 5), then p((x, y), M) + 0 when t + — «; 


3) semistable, if there exists a small enough neighborhood S(M, 8) 
which is divided by M into two regions S, and S, such that p((x,y),M)+ 0 
when t + (xg, yg) S, and p((x, y), M) + 0 when t = Sp. 


In connection with all possible pictures (configurations) which 
illustrate the behavior of the integral curves in the neighborhood of a 
periodic solution (1.2), there arises the question on the stability in 
the Liapunov sense [2 ] of this periodic solution or on its conditional 
stability in the Liapunov sense. The problem of the present article is 
the formulation of criteria which will permit one to distinguish between 
various types of the qualitative behavior of integral curves, and also 
to determine the stability or instability, in the Liapunov sense, of the 
periodic solution (1.2). 


2. The fundamental form of the equations of motion. Let us 
draw through each point of the graph M of the periodic solution (1.2) a 
normal, and let us take such a small neighborhood S(M, 5) G that the 
segment of the normals contained in this neighborhood which correspond 
to distinct points of M will not intersect. Furthermore, the segment of 
the normal passing through the point (¢,(t), ¢,(t)) which is contained 
in S(M, 5) will be denoted by N,. By a theorem on continuity with respect 
to initial conditions, one can find a point (x), y,)© N, such that the 
solution (1.3) of the system (1.1) will lie in S(M, 5) when t¢ [-T7,T], 
where T > 0 is chosen arbitrarily. Let us keep fixed the chosen point 
(xp, Yo). We construct the segment of the normal \, which corresponds to 
a small enough value t > 0. We denote by 
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T= T(t) 


the first instant of the intersection of the graph of the solution (1.3) 
corresponding to the fixed initial point x), y, with the normal N, when 
t moves in the positive direction t > 0. We introduce into consideration 


the functions 


Z(t) = 2(t(t), Zo, Yo) — Pile), (t) = (T(E), Zo. Yo) — (2.2) 
Now we consider the function 
H1.(24, 2g, t) = + (0), (Ai (t) = /i (Gi Ge ()) (2.3) 


Since z,(t), z,(t) is a vector colinear with N,, we have 


H (2, (t), 22(t)) = 0 


Let us construct the differential equations whose solutions are the 
functions (2.1) and (2.2): 


dt dt dt’ dt dt dt at 


dj, (t) df, (t) 


dz (t) 
dt “2 di 


H (2, (t), = 24, + 


fe (t) 2 0) (2.9) 


Making use of (1.1), (2.2), (2.4) and (2.5), we find 


t (21 + 22 + Pa) + /2 (4) (21 + Qi, 22 + Pa) 
d dt 
= (2, + + Po) (0), 


dz. 


+ P2) — (t) (2.7) 


The relations (2.6) and (2.7) which we have found for the specific 
functions (2.1) and (2.2) can be treated as a system of differential 
equations for the determination of the functions r, z, and z,. This 
system has a number of properties which are useful for solving the stated 
problem. 


Lemma 2.1. The function H(z,, 2», t) defined by the relation (2.3) is 
an integral of the system (2.7). 


Corollary. Let us consider the solution of the system (2.7) 
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a= (t, Z,°, to) (i = 1,2) (2.8) 
and the solution of Equation (2.6) 


determined by the initial conditions 


A= 2° when / = to; t= lo when? = to. 
By Lemma 2.1. the function H, evaluated on the solution (2.8) of the 
system (2.7), remains constant. Let us give a geometric interpretation 
of this situation. 


Through the points of the graph M let us draw directed lines, so that 
the line, with direction v,, passing through the point ¢,(t), ¢,(t) 
makes an angle with the tangent whose cosine is given by the formula 

H (21, 22, t) 


18) = 
V fi? (t) + ha? + 


196 
where z, and z, are determined by (2.8). 


One can assert that the solution (2.8) of ‘the system (2.7) determines 
the solution 


X(T — lo, Xo, Yo) = 21 (t, 21°, 22°, Lo) + Gr (t) 


2. 
(T — lo, Loy Yo) = (t, 21°, Za”, + Po (t) 


of the system (1.1) with the initial conditions x, = z,° + ¢,(t)), 
Yo = 22° + b(t) when t = ty. 


Indeed, differentiating both sides of Equations (2.10) with respect 
to t, and making use of Equations (2.6) and (2.7), we find that the 
functions x and y, as functions of the argument r — t,, satisfy the 
system (1.1). Hereby, the solution (2.10) with t = t) passes through the 
point (x), y,) which lies on the direction Ve and at the instant t 


passes through a point lying on the direction v). 


The above-given lemma makes it possible to lower the order of the 
system (2.6), (2.7) by utilizing its integral H. 


Let us introduce new unknown functions by means of the formulas 


E = (t) — (t), N = 24/1 (t) + (¢) (2.11) 
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Inverting this transformation, we obtain 


_ Efa(t)+ (t) + 


Differentiating (2.11) with the aid of (2.6) and (2.7), we find 


+ (0), 22 + (t)) Ol + _ (2.13) 


dy _ 


Bearing in mind that the quantity 7 is constant, and taking into 
account the behavior of the solutions of the system (1.1) which start on 
Ny, one can set n = 0, which does not restrict the generality of the 
problem stated in Section 1. 


Keeping this in mind, we eliminate the functions z, and z,, defined 
rol. 25 by Equations (2.12), from Equations (2.6) and (2.13). 
1961 


Then we obtain 


a - fy? (t) 4+- fa? (4) — (ay°dfy (t) dt + / dt) (2.14) 
dt (t) + a, + a) + (t) + + Ga) 


(¢) + (t) — (8) / dt + / dt) 
(f(t) fa + @2°E + (4) Ga, @2°E + 


x 


Let us denote the right-hand side of (2.14) by F(é, t) and the right- 
hand side of (2.15) by G(é, t). Setting r = 0 + t in Equation (2.14), we 
obtain the equation 


= F (&,t)—1 (2.16) 


for the determination of the function @. 


The last equation, together with the equation dé /dt = F(é, t), we 
shall call the fundamental form of the equations of motion. 


Theorem 2.1. In order that the periodic solution of the system (1.1) 
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be stable in the sense of Liapunov, it is necessary and sufficient that 
the zero solution 0 = 0, € = 0 of the system (2.15), (2.16) be stable in 


the sense of Liapunov. 


Proof. Necessity. Suppose that the periodic solution a = ,(t), 
y = $,(t) of the system (1.1) is stable in the Liapunov sense, i.e. for 
every fixed 8 and any given « > 0 there exists a 5(e) such that when 


+ (yg (t,))?1 < then VI(x - ,(t))? + 


(y - by (t))? ]<e if t >t, where x, y is a solution of the system (1.1) 
with the initial conditions Xp» Yo when t = ty. 


Let us consider the solution 


= 0(t, Eos fy) (2.17) 


of the system (2.15), (2.16) with the initial conditions ¢,, 0) when 
t=ft 


The solution (2.17) can be expressed in terms of the solution of the 


system (1.1) in the following way. Vol. ; 


Let r(t, %9, Yo, to) be a single-valued continuous function whose 
values give the instant of intersection of the solution x(t — ty, x9, Yq), 
y(t — ty, x9, ¥9) of the system (1.1) with the N,-direction, under the 
condition that the initial point (x), y,) lies on the direction Ne, 


Then the functions 


= fy (t) — to, Zo, Yo) — (t)) — — to, Lo, Yo) — Po (t)} (2.18) 


will yield the solution of the system (2.15), (2.16) with the initial 
conditions 


Eo =f. (to) — (t,)] — fi (to) [Yo — (t,)], 6= 8, when = (2.19) 


Our immediate aim is the estimation of r —- t. 


Suppose that L is the length of the closed curve M. Let us divide M 


by means of the points Ag, ..., A,_ into n equal arcs. On the arc 
[A,, A. ] we take a point B. such that a circle with center at B; will 
pass the points A; and Ai, (A, = Ay). Let 


v= inf V 7,7 (0) + (t =[0,2z}) 


t€ [0,27], 
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If we now denote by t; the time length of the arc [A;, A 
we will have 


j+ then 


t;<L/nv 


We shall assign different positions to the point A, on the curve M. 
Then on the basis of the principle of choice [3], there will exist a 
lower boundary p, > 0 for the radii of all possible circles. Inside 
each of these circles we construct a concentric circle of radius a < Py- 
One can select a, > 0 so small that no two of the circles of radius a, 
with centers at B. will intersect for any fixed position of A). Here, 
Po and t; will approach zero if n+ 


Suppose that for the sake of definiteness r < t on some interval. 
Selecting A, so that B,=N,, and taking a, in the nature of ¢, we con- 
sider the instant of time t + t®, where t° is the time length of the arc 
(By, B, 1. At the instant t + ¢ we will have 


V [x Yo) — Gr + + Ly + — to, Yo) — G2 


But then, during the time interval [t, t + t®], the solution of the 
system (1.1) will intersect the direction N,. Hence, t- 1 < t® < 2L/nv. 
From this we find that in general 


jt —t| < 2L/nv (2.20) 


Next, one can show that the solution of the system (1.1) 


— ty, Yo); y (t — to, Yo) 
is uniformly continuous when ¢t > ty. 


Indeed, because of its stability this solution is contained for 
t >t, in S(M, «). For a sufficiently small «, dx/dt and dy/dt are 
bounded in S(M, «), when t > t,, by the same number, which shows the 
correctness of the above assertion. 


We now give bounds for the functions € and @: 
18) S| fe (2) || 2 ta, Yo) — Pi ()| +1 AL Olly  — ty, Yo) — | + 
| fe (t)| | — ty, Lo, Yo) — — to, Lo, Yo) | + | | — bos Zor Yo) — 
— y(t — ty, Zo, Yo) |, %| + 


From what has been established before, and from the last inequalities, 
it follows that for sufficiently small |¢,| and |@,|, the quantities 
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|€| and |@| will be arbitrarily small when t >t). This completes the 
proof of the necessity. 


Sufficiency. Suppose the zero solution of the system (2.15), (2.16) is 
stable. We shall show that the periodic solution (1.2) of the system 
(1.1) is stable in the Liapunov sense. 


Indeed, let us select the point (x), y,)<=S(M, 5), where 5 is a small 
enough positive number, and t, so that 


V [Xo — Px (to) + [Yo — Pa (to) < 


Next we choose a t,° so that the directed segment N, ° contains the 
0 


point (x), y,). We now construct the solution 
E E(t, Eo, to’), 


of the system (2.15), (2.16). 


(t, Eo, — 


It is clear that if 5, is sufficiently small, then |¢)|,|t) — tg | 
can be arbitrarily small, and hence the quantities 


| y —to°, Lo, Yo) — Pa (t) | (2.21) 


| (t to”, Xo, Yo) (t) 


will also be small when t > t,°. 


From the uniform continuity of the functions ¢,(t) and ¢,(t) follows 
the smallness of the quantities 


(tT — to? + to) —qi(t) when t>¢,°, i=1,2 (2.22) 
In view of (2.21) and (2.22), we now find that the quantities 


| x (t — to, Xo, Yo) — (4), ly (t — to, Zo, Yo) — Po | 


are arbitrarily small for t >t, if 5, is sufficiently small. This 
completes the proof of the sufficiency. 


Note. The closed curve M divides its neighborhood S(M, 5) into two 
regions S, and S,. One can ask the question of the stability, in the 
Liapunov sense, of the periodic solution (1.2) of the system (1.1) under 
the condition that the initial point (x), y,) lies in one of the regions 
S, or S,. The question on this type of conditional stability in the 
Liapunov sense can be reduced to the question on the stability (in the 
Liapunov sense) of the zero solution of the system (2.15), (2.16) under 
the condition that € > 0 or & < 0. The validity of this assertion follows 
from the proof of Theorem 2.1. 
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Theorem 2.2. To every periodic solution of the system (1.1) contained 
in a small enough neighborhood of M, there corresponds a 27-periodic 
solution of Equation (2.15). This equation (2.15) has no other periodic 
solutions which lie in a correspondingly small enough neighborhood of 
the point € = 0. 


Proof. Suppose that in the neighborhood S(M, 5) of the set M there is 
contained the graph of a periodic solution y(t), ¥,(t) of the system 
(1.1) of period T. 


Let us denote by (y,°, wb”) the point of intersection of the graph of 
this solution with the direction Ny, and let us set 


Eo = (0) [1° — — (0) — G2 (0)] 


We shall show that € = €(t, €,, 0) is a 27-periodic solution of Equa- 
tion (2.15). We may write the equation for the quantity r which corre- 
sponds to the periodic solution y(t), ¥,(t) in the form 


dt/dt =f (i (t), pa(t), 4) (2.23) 
Equation (2.23) is obtained from (2.14) if one replaces € in it by 
= fa (t) (a(t) — 1 — (t) — (2.24) 


The right-hand side of Equation (2.23) is a periodic function in t of 
period 27 and inr of period T. We shall denote by r(t) the solution of 
Equation (2.23) with the initial condition r = 0 when t = 0. 


From geometric considerations it is clear that r(27) = T. By means 
of a simple verification, we can convince ourselves that the function 
r(t + 27) — T is a solution of (2.23) with the same initial conditions 
as those of r(t). Because of the uniqueness theorem we have r(t + 27) = 
r(t) + T. 


The last relation shows that’ the function €, defined by Formula (2.24), 
is a periodic function of period 27. 


If one now assumes that Equation (2.15) has a periodic solution, then 
one has to admit two possibilities: either two distinct values of € co- 
incide on N,, or this does not happen. In the first case, € is a periodic 
solution, of period 27, corresponding to a solution of (1.1); in the 
second case, € will describe a spiral motion, and hence it cannot be a 
periodic solution of the system (2.15). 


3. Analytic case. Let us assume that the right-hand sides in the 
system (1.1) are analytic in x and in y in a small enough region of WM. 
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Then Equations (2.15), (2.16) can be expressed as 


co co 
d d 
k=1 k=1 
where the series in (3.1) converge when |&| < r, r> 0. 


Direct computations show that 


a 


(t) + (3.2) 


Let us set 


2n Qn 


0 0 


It is known [4] that when G, < 0 the periodic solution (1.2) of the 
system (1.1) is a stable limit cycle, and, as a matter of fact, it is Vol. 7 
stable in the sense of Liapunov; if G, > 0, the solution (1.2) is an un- 196) 
stable limit cycle which is stable in the Liapunov sense when t + — «. 


Let us see what happens when G, = 0. We make a change of variables in 
(3.1) by setting 


t 
=nexp\b, (t) dt (3.4) 
0 
Then we obtain 


co a co 


Next we look for a solution of the second equation in (3.5) of the 
form 


N=c+ (3.6) 


where g,(t) (k= 2, 3, ...) are periodic functions of period 2” which 
are still to be determined, while c is an arbitrary constant. 


Substituting (3.6) into (3.5) and equating coefficients of equal 
powers of c, we obtain 


dgy/dt=r, | (k~=2, 3,...) (3.7) 
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If the functions g,, ..., g,_ can be shown to be periodic functions, 
then the function g, will also be periodic provided that 


radt = G, = 0 
Q 
Let us assume first that G, #0 for some m > 2. Let this m be kept 


fixed. We next look for a solution of the first equation of (3.5) in the 
form 


hy (t) (3.8) 
k=1 


Substituting (3.8) into (3.5) and equating equal powers of n, we find 


dh,/dt=P, (k=4, 2,...) (3.9) 


After h,, ..., hy_ , have been found, and if they turn out to be 
periodic, then h, will also be periodic, provided 
Qn 
\ P,dt = F, =0 
0 
Let us assume that there exists a number | > 1 such that Fy # 0. Let 
this l be fixed. 


Theorem 3.2. 1) If m is odd and G, < 0, then the periodic solution 
(1.2) of the system (1.1) is a stable limit cycle. If, furthermore, 
1+ 1>m, then this periodic solution will be stable in the Liapunov 
sense, but it will be unstable in the Liapunov sense if 1 + 1 < a. 


2) If m is odd and G, > 0, then the periodic solution (1.2) of the 
system (1.1) is an unstable limit cycle. If, furthermore, | + 1 > a, 
then this periodic solution is stable in the Liapunov sense when t+-~, 
but it is unstable in this sense if 1+ 1< am. 


3) If m is even, then the periodic solution (1.2) of the system (1.1) 
is a semistable limit cycle. Furthermore, if | + 1 > m, then this 
periodic solution is conditionally stable in the Liapunov sense in that 
direction in which the integral curves of the system (1.1) approach 
arbitrarily close to M. If, however, | + 1 < m, then this type of condi- 
tional stability does not occur. 


Proof. Let us make the change of variables 


m--1 l~1 
n=Z+ D + (gm —Gut) 6+ >) + Fit) 
k=2 k= 1 (3.10) 
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Then we obtain for the determination of the functions Z and o the 


following equations: 


oo co 
>) Ce(t)Z", o=Fi2Z'+ D de(t)Z* (3.14) 
k=m+1 
Without loss of generality we may assume that the behavior of the 
solutions is being studied for Z> 0. 


If we first consider the system of the first approximation 


ds/dt = F,2', dZ/dt = GmZ™ 


then its direct integration leads to the formulas 
Z=Z,(1+[(1—m] 
m—I—1 
(m= 1) Zo + (1 


(1 —m)G,,Z,"" (m—t—1) 


When 1 = m- 1 
Fy 


= 6) In{i + (1—m)GmZ,” 't 
G= % n + ( m) 0 


From these formulas follows the validity of the assertions made in 
Theorem 3.1, since the effect of the dropped terms is unessential. 
Indeed, setting Z = Z, when t = 0, we obtain from (3.11) 


For all Z <r, where ry is a sufficiently small positive number, we 


will have the inequality 


P+... 
(3.14) 


a 


where a and b are constants such that ab> 0. 


From (3.13) and (3.14) we have, when Z <9 
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b I—m+1 I—m+1 


if l-m+1¢4 0. 
If m+ 0, we have 


The number r, can be chosen so small] that when Z < r, we have 
CZ™ <Gm2Z" dZ", (3.17) 
Integrating the terms in the asad 


CZ" < dz™ 

ol. 25 
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= 


+ (1 —m) <Z 4+ (3.18) 


The inequality (3.18) will be valid whenever Z <r,. The inequalities 
(3.15), (3.16) and (3.18) lead at once to the proof a the theorem in 
the general case. 


Theorem 3.2. If for every a, G, = 0, then there exists a neighborhood 
of the periodic solution (1.2) of the system (1.1) such that through 
every point of this neighborhood there passes a periodic solution of the 
system (1.1). 


Hereby it is true that if F, = 0 for every 1, then the periodic solu- 
tion (1.2) is stable in the Liapunov sense. 


If, however, there exists an | such that F, #0, then the periodic 
solution (1.2) will not be stable in the Liapunov sense. 


Proof. If G. = 0 when m > 2, then all terms of the series (3.6) are 
periodic functions. If 


t 
\ r,dt 
0 


then the series (3.6) is convergent [5] when |c| < cy. Hence, the series 
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determines a periodic solution for every c with modulus |c| < Cy. Be- 
sides that, when F; = 0, | > 1, we have the equation (3.8) in which 
h,(t) will be a periodic function of period 27, and the series on the 
right-hand side will converge when h < hy. It follows from this that 
every periodic solution of the system (1.1) which lies in a small enough 
neighborhood of M has the period 27. If, however, F; 4:0 for some l, 
then, by Theorem 2.1, one can conclude that the periodic solution (1.2) 
of the system (1.1) is unstable in the Liapunov sense. 


Theorem 3.3. If the right-hand terms in the system (1.1) are analytic 
functions of x and y in some neighborhood of M, then the periodic solu- 
tion (1.2) of the system (1.1) is either a limit cycle, or through every 
point of some small enough neighborhood S(M, 5) there passes a periodic 
solution of the system (1.1). 


The proof is a direct consequence of Theorems 3.1 and 3.2. 


4. Remarks of general nature. In this section we shall make some re- 
marks of a general nature without giving any proofs of our assertions. 


4.1. If the right-hand terms in the system (1.1) are n times differ- 
entiable in their arguments, then the right-hand terms of Equations 
(2.15) and (2.16) will have the same property. 


If one applies Taylor’s formula for the representation of the right- 
hand sides, and then drops the remainder terms, then one obtains a system 
of equations, for the determination of @ and é, with polynomial right- 
hand sides (on the right-hand side will occur polynomials with periodic 
coefficients). If in the application of Theorem 3.1 to these polynomials 
it should turn out that a< n, or a> vn, then all the conclusions of 
Theorem 2.1 remain valid for the original system (1.1). 


4.2. The application of Theorem 3.1, more precisely, of the ideas con- 
tained in its proof, makes it possible to obtain a deeper insight than 
that afforded by the usual results for systems containing a small para- 
meter, even then when the solution (1.2) and its period depend on this 
parameter, 


4.3. The general case can be covered by considering the roots of the 
equation 


where 


¥ (Eo) = 9 


(2m; Eo, 0)— Eo, <6, 5>0-—is sufficiently small 
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In [1], Equation (5.8) was given for the determination, in the first 
approximation, of the characteristic exponents in the case of parametric 
resonance of quasiharmonic quasistationary systems. In the present paper, 
equations are given which permit the determination of the characteristic 
exponents to an arbitrary degree of accuracy. These equations are 
employed in order to derive formulas, of importance in applications, 
which permit the determination, up to second-order terms inclusive, of 
the domain of parametric resonance of elastic systems. A simple stabil- 
ity criterion for solutions of second-order equations is also presented. 


1. Consider the following system of differential equations: 


where » is a small parameter, C = (w,?, éeeg w,*) is a diagonal matrix, 
and >O(=1, ..., m), and 


l 
k=-l 


P(r) = PM (4.2) 
k=—l 

(k) (k) 
js’ 

Consider Hill’s determinant [1 ] (see Formula (1.8)) for the system 
(1.1), which depends on the complex variable p. The matrix X of Hill’s 
determinant consists of quasi-elements, i.e. of matrices of m rows and 


with complex numbers v 
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m columns. On the principal diagonal one finds elements of the form [1 ] 
(putting (k@)* = 1 for k = 0) 


cok (p) = — ((p + + pv (p + + @,* + prio) 
(r=1,...,m, k=0,+4414,...) (1.3) 


All the elements of the matrix X lying off the main diagonal have 
order p. Let 0 = 0), » = 0. Consider the set of 2m numbers 


Om, — — Om (1.4) 


and let us omit from this set those numbers which differ from a given 
one by terms of the form k@, (where k is an integer). Let us relabel 
these numbers p,, ..., p, (n < 2m). Let us denote the integer s by the 
symbol [j ] whenever either pj = Op; =-%,, and set further 


ky = (Pj — (1.5) 


From (1.3) it follows that Hill’s determinant has, for » = 0, @ = 65, 
a zero of order n for p = iw,, because in each row the diagonal element 
vanishes. These rows, as welf as rows which are similarly placed in 
other iufinite determinants, will be termed singular. Let us show that 
in this case the infinite Hill determinant may be reduced to a determi- 
nant may be reduced to a determinant of order n. 


Let us divide the elements (1.3) of each row of the matrix X which 
contain by the expression — (k0)~?((p + kOi)? + and denote 
the resultant matrix by U. Let us replace by zero all the elements in 
the singular rows (which contain the factor y) of the matrix U and de- 
note the resultant matrix by Z. In the matrix Z we have unity down the 
main diagonal in the singular rows and zeros otherwise. For uw = 0 the 
matrices U, Z reduce to the identity matrix, and therefore the matrices 
Ut, Z* may be expanded in power series in p. The elements of the 
matrix Z~! may be obtained from the corresponding elements of the matrix 
U~* by disregarding all terms which become infinite for p = io,, 0 = 04- 
As will be shown later, there always exists a positive number « > 0 such 
that whenever 

|p—iwg|<e, (1.6) 


then the matrix Z~! exists and Det Z'¢ 0, # «. We also have 
Det X = Det (XZ™) (Det (1.7) 


It is readily verified that the matrix XZ~'has the property that 
along the non-singular rows the non-zero elements occur only along the 
main diagonal. Expanding Det (XZ~') in terms of these elements we ob- 
tain a determinant of order n whose elements are taken from the singular 
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rows and from the columns which pass through the diagonal elements of 
the singular rows of the matrix XZ~'. 


The characteristic exponents Ip; = io, | <e, j=1, ..., m, must 
satisfy the equation 


D(p, 9, = Det | ((p + + ps?) + er (Pp, 9, = 0 
(,,=1, =0, sr) (1.8) 


x @ 


(x—k,) (x—k,) 
Va r (p+ k,8i) + 2, r 
(p + + p,” (p + 701)? + 


The mode of construction of the succeeding terms of the series (1.9) 
is obvious. The primes in the summations in (1.9) are to be interpreted 
to mean that the summations are to be extended over all possible differ- 
ent combinations of the integral values of the indices written under the 
summation signs, with the omission of those terms which, for p = ia,, 

6 = 04, there is a zero in the denominator of the fraction involved. 


The convergence of the series (1.9) follows from the convergence of 
the power series in » for the matrix Z|, which converges provided that 


l 
DS NO |) < min | (p + + (1.10) 
k=—l 


provided wo,’ — (@, + kG)? #9) 


where |P| denotes the norm of the matrix P. 


If in Equations (1.8), (1.9) the elements 6, (p, 0, mw) are written up 
to terms of order O(u* * 1) then Equation (1.8) enables one to determine 
the characteristic exponents up to order O(u**!). In[1], in Equation 
(5.8), only the terms in Equation (1.9) up to order p° were retained. 


A similar procedure may be employed in order to discuss the resonance 
of quasistationary systems of first-order differential equations with 
periodic coefficients. 


2. Consider the special case of the system (1.1) when Mr) = 0 and 
P(r) is a self-adjoint matrix [2]: 
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ay 
(C+ pP ¥ =0 


where C, P(r) are the same as in (1.1) and (1.2). If in this case, in 
the expansion (1.9) for b -(P, 9, ), one retains only the terms of 
order p®, then Equation (i8) will differ only by an unessential factor 
from the equation obtained by Iakubovich [3] in his consideration of 
dynamic stability. 


Suppose that for a given g the equations 


= @,-+ @, (g, = i,....m, &= 1, 2, 3....) (2.2 


hold only for a single choice of the numbers k, h. On the boundary of 
the domain of stability for a canonical system of differential equations 
there always exist multiple characteristic exponents. If, in (1.9), we 
retain only the terms of order p, then, from the condition of the multi- 
plicity of the roots of Equation (1.8) in the special case of the differ- 
ential equation (2.1), it follows that 


t+“ 


) 2 m 
+4) 2 o? 


r=ij=-i (@, ++ 190) 


(j) 
Thr 3 


~(k+i) 
Nor 


(oy 190)? | 


Equation (2.3) is a generalization of Malkin’s formula [2] for the 
determination of the domain of resonance for canonical systems. It is 
easy to write down the corresponding equations for higher-order approxi- 
mations, but they are involved in appearance. 


Example 1. Determine the domain of resonance for the canonical system 
of differential equations 


Oo = + = 20; (@ k= 1, 2, 3,... 
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ae +((5 os =0 (2.5) 
where 
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We have 


(— a - 
Vea, aoa) og, a 


(1) 
=% Tig =e 


il “il 


and from Formulas (2.3) and (2.4) it follows that 
pea? 


04 = + Vaio, (@1 — @2) (301+ (@2 — @1) 
(2.6) 


Equations (2.3) and (2.4) can be used for the determination of the 
domain of instability, up to order »”, for a single equation of type 
(2.1) (i.e. for Hill’s equation). Since the characteristic exponents 
p= 0.5 k@i (k = 0,+1,+2, ...) lie on the boundary of the domain of 
simple parametric resonance [2, p. 341], we may employ, for the deter- 
mination pf the domain of simple parametric resonance, Equation (1.8): 


D(0.5k0i, 8, p) =O (k=0, +1, +2...) 


3. Equation (1.8) may be employed to obtain (more simply than in [ 4, 
p. 598]) a criterion for the stability of solutions of a single second- 
order equation with periodic coefficients of the form 


dy 
+ (08, p) + (@*? + (04, y =O (3.1) 


where w* > 0, the functions f, (Ot, #), f,(Ot, pt) are real-valued func- 
tions with real arguments, and are continuous with respect to yw; here p 
is a small parameter, 0< pw <e, (€ > 0): 


co 


k=—00 k=—oo 
@ oo 


k=—oo k=—0o 


On the boundary of the domain of instability in the plane of the para- 
meters 6, pp, the characteristic exponents are numbers of the form 
p= 0.5 k@i, that is, there exists a periodic or semi-periodic solution 
with period 2707! (see [2, p. 316]). 


Equation (1.8) (in this case the determinant is of second order) for 
the determination of the domain of instability for 


09 = 2@k-", | 6 — < 2@ (k + 1)", 
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is just 


D (0.5 ki, 6. = a, (9, | by (6, 


From (1.9) we obtain (omitting for simplicity in writing, the argu- 
ments Vp 7,) 


a, (0, p) = @* — 0.25 + O.5pkOvoi + — (3.5) 
» (0.5k + %) v_, bi + 4_, 
0.5v,k0 + 
x 
(0.54 + x) + (0.54 +4) 
+P wo — (0.5k + o— + 
x 


(0.5kv_ Oi + +... 


and also 
-(0.5k + x) v_, + 4_, 
by (0, = —O.5pkv,6i >) * 
x 


(0.5k + x) v_,0i 


rol. 25 (0.5k + 7) +a,_, 


(ome (), 3. 


The prime after the summation signs in (3.6) means that in the sums 
one is to omit the terms which have zero in the denominator for 0=2ek ! 
that is, that y, y, ..., # 0, # &. From (3.6) follows a rough estimate 
of the domain of convergence of the series (3.5), (3.6). Indeed, (3.3) 
must be satisfied, and also 


| | (2k — 1) (cy + 1) 2)? + + (A=1,2,...) (3.7) 


where Cy)» Cy are defined in (3.2). ‘By the same method employed in [ 4, 
p. 599] the following theorem may be shown: 


Theores. Suppose that w satisfies (3.7) and that @ is such that 
2@ (k +- 0.5)! 2@ (k — 0,5)? 
Solutions of Equation (3.1) are stable when: 


(1) pv, (u)>0, D(0.5k§i, 8, >0 (asymptotically stable) 

(2) = 0, D(0.5k6i, 64) >0 (bounded solutions) 

(3) pv, > 9, D(0.5k9i, 6, = 0 (there exists one periodic or 
semi-periodic solution with 
period 

(4) pv, D(O5kOi, 6, 0, (6, =O (there exist two linearly 
independent periodic or 
semi-periodic solutions) 
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In all other cases the solutions of (3.1) are unstable. 


Taking into account the terms written in (3.5), (3.6), one may deter- 
mine the domain of instability up to the order u® inclusive. 


Example 2. To determine a stability criterion for solutions of the 
equation 


d 


when 0 = @, p > 0. We have vy = a, v_y =v, = 6, k= 2, 6b (O, wp) = 9. 
The stability condition is 


(@? — + (w? — + (ua — 4p%ab2Q? (@* — > 0 (3.10) 
Hence the solutions of (3.9) are stable when 
< ‘/s0, 0< p< 0.125" (| (a> 0) 


In conclusion, I wish to thank A.I. Lur’e for suggestions and help 
with the present work, Vol. 
196) 
BIBLIOGRAPHY 
Valeev, K.G., On Hill’s method in the theory of linear differential 
equations with periodic coefficients, (K metodu Khilla v teorii 


lineinykh differentsial’ nykh uravnenii s periodicheskimi koeffi- 
tsientami). PMM Vol. 24, No. 6, 1960. 


Malkin, 1.G., Nekotorye zadachi teorii nelineinykh kolebanii (Some 
Problems of the Theory of Nonlinear Vibrations), p. 353. GITTL, 
1956. 


Iakubovich, V.A., O dinamicheskoi ustoichivosti uprugikh sistem (On 
dynamical stability of elastic systems). Dokl. Akad. Nauk SSSR 
Vol. 121, No. 4, 1958. 


Valeev, K.G., O reshenii i kharakteristicheskikh pokazatieliakh 
reshenii nekotorykh sistem lineinykh differential’ nykh uravnenii s 
periodicheskimi koeffitsientami (On solutions and characteristic 
exponents of certain linear differential equations with periodic 
coefficients). PMM Vol. 24, No. 4, 1960. 


Translated by J.B.D. 


466 
2. 


‘ol. 25 
1961 
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1. The problem of determining at time T the maximum value of the 
quantity y_ (7), a solution of the differential or difference equation 
L(y) = f(t) under the conditions | f(t) | < M, on[0, T], was con- 
sidered in {1,2,3]. This problem is considered here under stronger re- 
strictions for the right-hand side of the equation, namely, in the equa- 
tion 


Ln (y) = y™ + (th y+... + an(t)y =/ (0) (1.1) 
the function f(t) must satisfy the conditions 


It is required to determine the function f,(t), satisfying (1.2) and 
providing the largest modulus to the solution y(t) of the equation 
L(y) = f,(t) at time 7. For definiteness it is assumed that 


y(0) = y' (0) =... = 0 


A similar problem was formulated in [4] under certain restrictions 
imposed on the distance between the extrema of the function (1.5). 
Under analogous restrictions for difference equations, [5] treated a 
more general problem: it was assumed that 


The algorithm quoted in [6] allows one to construct a function f,(t) 
giving the modulus of y(7), generally speaking an extremal but not the 
largest value. These restrictions are removed in the present work. 


The problem formulated above is encountered in the design of control 
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systems when: (1) in regard to the disturbances acting on the system it 
is known only that they are limited in the modulus and the derivative; 
(2) the application of rougher but simpler evaluations imposes prohibit- 
ively severe demands upon the parameters of the system; (3) the statis- 
tical characteristics of the disturbances are unknown or their applica- 
tion undesirable because of a responsibility of the system. 


The problem of accumulation of disturbances is a particular case in 
the question of optimum control in L.S. Pontriagin’s formulation. The 

difficulties arising in finding the maximal function f(t) are connected 
with the existence of two restrictions upon the right-hand side of Equa- 
tion (1.1). Therefore, this problem requires special consideration. 


As is known, the solution y(T) of Equation (1.1) can be expressed in 


the form 
T 


y(T) = \ G(T, tf (1.3) 


0 


Let f’(t) = f(t), then (1.3) can be expressed in the form 


T T 
y =\ F(t)@(t)dt, F(t) =\ air, t)dt (1.4) 
0 t 


The expression for F(t) is obtained upon substitution of 


f(t)= \ (t) dt (1.5) 


into (1.3) and change in the order of integration in the resulting double 
integral. Function F(t) is continuous and differentiable, having on 
{[0, T] a finite number of extrema; modulus of F(t) is bounded on [0,7]. 
The above formulation can also be expressed 
as the following degenerate variational 
problem: find a function ¢,(t) belonging 
to a class of functions A satisfying on 
T] the conditions 
t 
(t)| <M, @(t)dt| <M, (1.6) 


0 


and giving the largest value to the func- 
tional 


(1.7) 


0 
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2. Let us find the algorithm for the construction of a function d,(t) 
which we will call maximal. First let us introduce some notations. By 
t(j = 2, ..., p) we will denote the extremum points of function 
x= F(t), assuming t, = 0, t,,, = T. For definiteness it is assumed that 


t, and consequently all t; where j is even are maximum points of F(t). 
Let (Fig. 1) 
H=maxF(t) te[0,T), zs=H—Fi(t) 
2=|—H — F(t)||=H+ Fit) 


For even j we introduce functions t (2) 
and t;,(2), while for odd j the functions 


t ;,(2*) and t ;,(2*). 
Let j be even, then the quantities 
ty(z)=t; tor 


tu(z)=tj. for z>H —F (t;_,) 
ty (2), tor H—F (t)) H —F (t;_4) 


are the nearest, from the left of t.;, roots 
(Fig. 2) of the equation H - z = F(t) 
relative to t. 


Further, the quantities 


tip (2) = for H — F (t)), tir (Z) = for H — F 


tip (2) = tor H— H — F 


are nearest, from the right of t;, Toots of the equation H - z = F(t). 


Let j be odd, then the quantities 


ta(z’)=t) tor 2 CH + F(t)), ta(z)=tj. for 2 >H + F (tj), 


tu(z) tor H+F(t)<2 < H+ F(t;4) 


are the nearest to the left of t;, Toots of the equation H + F(t) = z*. 


Furthermore 
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lie (z’)=t; tor 2°QH + F (tj), tip(2°) = tor 2 > H+ F (tj41) 
tj, (2°) tor H F (tj) <2? H + FP (tj41) 


are the nearest, to the right of t;, roots of the equation H + F(t) = z*. 


Assume 


(2) = tjr (z) — tyr (2), 5; (2°) = tir (2°) — (2°) 


Introduce functionals ®; ,(z, z*) dependent on the parameters u, where 
indices i, j may assume all possible integer values from zero to p, but 
for each of the functionals i < j. 


Functionals ®; (z, z*) are defined by the sets of all positive, con- 
tinuous, monotonically increasing, in a strict sense, functions z = y,(u), 
z* = y,(u), where y,(0) = y,(0) = 0. If z+ z* ¢ 2H, then 


2°) = de(z)— (2.1) 
k=i+l k=i+1 


The first sum contains terms with even, while the second sum has terms 
with odd values of index k. 


If the inequality 
Za + Za = 1 (Ua) + Y2(Ua) = 2H 


is valid for some u,, then for u > u,, and consequently for z > z,, 
> z,° 


Di; (2, 2°) = (20°) (2.2) 


k=i+1 k=i+1 


The first sum in (2.1) is equal to the sum of interval lengths between 
t isa. and tips where F(t) 2 z; the second sum is equal to the sum of 
interval lengths between tien, and tips where F(t) ¢ z*. 

The maximal function ¢,(t) is constructed stepwise with the aid of 
the functionals ®; ;(z, z*). 


First step. Assume z = z* = u and let a, be the first value of u upon 
increase from zero, for which the inequality 


Vol. 2 
196) 


470 

| Poj (4, = C, 
Co= 0<a,<H 


‘ol. 25 
1961 


Accunulation of disturbances in linear systems 


would be satisfied for at least one function ® ;(u, u), where ®, ;(u, u) 
increases at a certain neighborhood ‘to the right of the point u = a). 


By Ea we denote the system of intervals belonging to[0, T] on which 


F(t) > H- a,, while by E,” we denote the system of intervals from [0,7] 
on which F(t) < — H + a ,. Assume (Fig. 3) 


Pa (t)=M, forte Ga(t)=—M, for tek, 
Pa, (t) = 0 for (= [0, E.,” Fa, 


If a, = H, then q(t) is the maximal function, where a, = H. If 
a, <A, then ¢,(t) coincides with Gq, (t) only on the set 


Eu, = + Ea 


In the following steps ¢,(t) will be defined on the set [0, T] - E, 
Note that if ®, ;(a,, a,) = C, then (Fig. 3) 


fa, (tir) = \ Pa, de M (41, %) = M,C, = M, 
0 
Thus, in order to carry out the first step it is necessary to con- 
struct functions ®, ,(u, u) (j = 1, ..., p) and determine the quantity 
u=a,, for which, at least for one j, the modulus | ®, ;(u, u)| = Cy for 
u = a, and which increases with increasing u. 


Second step. In the general case for u = a, the following system of 
equalities may take place: 
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Dui, Doi, =. = Dui, (a), a) = Cy 
= =... = Doi, (0), = — C, (2.3) 
= Poin. (A) a,) Doi, = Cy 


The system of equalities (2.3) has N such rows. Each row contains at 
least one function. The functions in (2.3) are distributed so that their 
indices satisfy the inequality t, < tg < ... < < < < 
< < ... For any function from an odd row, ®, ;(u, u) increases, 
while for any function from an even row it decreases in some neighborhood 
to the right of the point u= a). If 


| Do 5-1 %)| = | Doj(%, Do, j-1 (U, U) = Do; (u, u) 

at some neighborhood to the right of the point u = a,, then in the system 
of equalities (2.3) only ® j-1(¢), a,) is included. 

Let us consider 5 (2 z*) for quantities z and z* greater than a). 
From the relation 

Doi, (z, 2°) = C, 

we will find at some neighborhood to the right of the point z= a, the 
function z* = 99; (2). From the definition of (2, z*) it follows that 
as long as z + z* € 2H, the function 94, is defined uniquely and at 
some neighborhood to the right of z = a,, the inequality z* = 994,02) z 
is valid. 

If in the increase of z from a, for some a the inequality @ oi, @) + 
a = 2H is valid, then for z > a we let 9; (z) = % 9; (a). 

1 | 


Note that if in 5% z*) the sum 


(2) = 0 for 2 >a, 2° > a, then (z) = 2H — a, 
k=1 


Let us consider  ;, (2, z). From the relation 
Dqi,(2, 2) = C, 


we find the function z* = Doi, (2). 


If 994, (2) > #9; (2) in the neighborhood to the right of z = aj, 


472 
: 
7 
4 
7 
Vol. 
196 
(2.5) 


‘ol. 25 
1961 


Accuaulation of disturbances in linear systems 


then for subsequent constructions we will utilize only the function 
(2). 
2 


If 0). (z) < ®,. (2), then from the relation 
Oi, Oi, 
Dj i, (Zz, 2°) = Doi, (z, 2°) — Doi, (z, 2°) = Dis, (%, = 0 (2.6) 


we find in some neighborhood to the right of z = a, the function 
z* =, , (z) (this is possible since otherwise ® ; (a,, ay) would be 
1°2 2 


(z). 


larger than C,), and utilize further the functions oi, (2) and ii, 


Assume now that in the first row of the system (2.3) all functionals 
up to ®,; including (i, < i.) have been considered and that for further 


construction the functions 


Doi Dini,» i (2.7) 


a 


remain, where i, < ig < and in the neighborhood to 


the right of z = a, 


(2) > (2) >... > (2) 
From the relation 


(z, = Doi, (%, Cy 


we find the function @,; (z). If 9; (z) in the neighborhood to the 
v 


right of = a is larger than }; ; but is less than the preceding @; ,; 
€ p € 
function from (2.7), then for subsequent constructions we retain all 
functions from (2.7), preceding 0; ; (z), and the function #; ; (z) 
e*y 


which is found from the relation 


Dy i, (2, 2°) = Oy, (2, 2°) — Doi, (2, 2°)=0 


We will consider thus all i, from the first row of (2.3) and deter- 


mine the corresponding functions ,;(2). 


Let us consider now the second row of (2.3). From the relation 
(z, 2°) = +1 (2, 2°) (z, = Di vig, 2.10) 


ty < t 44, we find the function z = 


. (2%). The index 
atl 
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is determined as follows: 

At some neighborhood to the right of the point a, the relation 
%; u) = ®, ;(u, u) is satisfied identically with respect to the argu- 
ment u for all ® (u, u) and i, ¢j ¢i,-, while for the index j > i,-, 
but smaller than 1 ,,, the inequality % ; (u, u) > ®, ;(u, u) is satisfied 
in any arbitrarily small neighborhood to the right (Fig. 3) of the point 
a). 

Next consider ®; »'? z*). From the relation 

at 

(z, 2°) = Dui, (2; 2°) — Dy. (2, 2°) = — 2.41) 


, 
are? 


we find z = 
a 


a2?) If at some neighborhood to the right of 


(z*) we re- 
atl 


= a, the function @, ,; 
a 


a 
tain one function @; | ; »(2*): In the opposite case we find from the 
a” ‘at 


(z*) is greater than , ; 
+2 a 


relation 


(2 2°) = Doi, 2°) — , (2, 2°) = 0 (2.12) 


a+l 


the function z= @, . (z*). Further, we will consider functions 
at2 


Using the analogous reasoning, it is possible from row to row to con- 
sider all functions included in the system of equalities (2.3) and to 
construct at some neighborhood to the right of the point u = a, the 
system of functions z= @ ij(4) and z* = 6, ;(4). 


Let us locate all ®; (z, z*), used for the determination of the system 
of functions @ ij? in the order of ascending indices 


Di,;,(2, 2°), 2), Pin jn (2, 2°) (2.13) 


Substituting in each element of (2.13) the functions % ij (4) in place 
of the corresponding arguments, we will obtain the functions 
®; ;@, u) or ®; ;(u, ij(4)). If in (2.13) j, < jpy,, then we will 


add to the sequence (2.13) the function ® jae u), inserting it be- 


tween 


and ®, . , The result is the sequence 
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As was pointed out above, to each %. se from (2.14) corresponds a 
function ms ee ). These functions form the sequence 


ip—1)p 


Let J, £ J © Jygy, where j, and j,,, are indices of some function 


® (u) from (2.14). 


If 


function 


= then let ®;(u) denote the 


k 
i=1 


(u)= Din ines (u), wv) 


(u) >> (4) 4 (Dig igs u) 


t=1 


k 
If j = j, then the functions ® = % ®.  . (u) form a sequence 
Je tw Ji-vi 


®; (u), (u),... (u) 2.18) 
Their indices form a sequence 
(2.19) 


All elements in (2.19) can be divided into N groups according to the 
number of rows in (2.3). In each group the elements j, are distributed 
in the order of ascending index k, while the indices in the elements of 
the ith group are smaller than the indices of the i + 1 group. Let j, 


belong to the ith group from (2.19), then ® ,® ., belong 

Je J 

to the ith groups of the sequences (2.18), (2.14), (2.15). If 9 ii, : 

+ 
belongs to the ith group and is determined from the relation 


as functions of z, i.e. 0. . =, . (2), then the remaining func- 
Tk] kt k+1 
tions of this group are also determined from the corresponding relations 
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as functions of z. If, however, © tates is defined as the function of 


z*, the remaining functions of this group are likewise defined. From the 
scheme of construction of functions White. it follows that: 
1) At some neighborhood to the right of the point u = a, for all u 


the functions wen Ac from one group vary monotonically with the in- 
crease of index k, while at the same time, the difference ¢ Sailin Ne - 
0 Secs i, does not change sign with the increase in u in the region of 
this neighborhood. 


2) In this neighborhood .6 jal (u) > u for any k. 
kJ k+1 


3) All ®; (u) belonging to this group are identically equal to each 
other at the neighborhood to the right of u = a). 


Note that 
Din (us ik ik+s (u)) = > OF (u) — (95, (4)) 
i=jzp+1 i=jptl 


i=in tt 


(2.20) 


where each sun is a monotonically increasing function of the argument u. 


Let us denote by E.” the system of intervals defined by the sum of 
the first components of all functions from (2.14), and by E, the system 


of intervals defined by the sum of the second components of all functions 


from (2.14). From (2.20) it follows that if a, < u, < uy then 


(2.24) 
Let us define now the function ¢,(t). 


Gu(t)=M,, if teL£,’; if tek, 
Pu (t) = 0, if (0, E,* —E, 


From (3) above it follows that ¢,(t) belongs to class A of the func- 
tions considered; it is easy to show that Y(¢,) increases with the in- 
crease in u. All this is valid at some neighborhood to the right of the 
point u=a,. The second step ends when u = ay, if for this value of u 
at least one of the following four cases occurs: 
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A) It may be that for y = a, 
+ (29) = 2H 


for all functions from (2.15). In this case we consider that ¢, (t) co- 


incides with the maximal function ¢,(t), the construction of which is 
thus completed. 


B) Let j, < J < Jpg, where j, and j,,, are the elements from (2.19), 
then it may be that | @ (a,)| = C, and | ®; (u)| increases to the right of 
u=a,. These relationships can take place simultaneously for several j 
lying between j, and j,,, and for several values of the index k. 


C) For one or for several values of k and for u = a, the difference 


(u) - changes sign. It is assumed that @ ; 


ajaes belong to one group from (2.15). 


D) For u = a, the difference ® i ipo — u changes sign for one or 
for several values of k. If for u= a, at least one of the cases (B), 


(C) or (D) takes place, then in order to define ¢,(t) for u> a, it is 
necessary to transform and augment the sequences (2.14), (2.15), (2.18), 
(2.19) according to the following rules. 


Let us assume case (B). Depending on the sign of ®(a,), ®; (a), 
F(t) there can be eight cases which can be represented by the 
following scheme: 


+ Co 
Co 


. For u= a, there will be 


either (a) Og, 2 = 


or (b) 2= Oj, (42) 


(22) 


In case of (a) at some neighborhood to the right of z = a, we find 
z* = * i? from the relation 


Dj, 5 (2, 2°) = Dj (aq) — Dj, (a2) 


From the relation z*) = = ®;(a,) we find 
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and sequence (2.14) in place of u 
in (2.15) in place of 0. . we substitute 0. . 
k+1 
(2.18) and (2.19) between ® and ® ay’ j, and j,4, we insert correspond- 


ingly ®; and j. 


In case of (b) we find from the same relationships the function 
and z = 55, and repeat the same procedure as for 
+ 


(a). 


If between %,, and $;, for u = as there are valid several relations 
+ 


of the type | ®-(a,)| = Cy, we then utilize the same method which was used 
at the start of the second step for determination of @, .(u), and intro- 
duce into the sequences (2.14), (2.15), (2.18), (2.19) corresponding 
corrections. 


Assume that case (C) occurs and let, for example, oj, ik 

mined from the relation z*) a,) as a function of Vol. 7 

z. Then from the relation ®. (a,)=®. (a,) we 196) 

find the function z* = pitas (z) in the neighborhood to the right of 
1 

( (u)) 


(u, 


_(u)) and ®. 
(u)); in (2.15) in place of 0. 

; in (2.18) and (2.19) we strike out 


In (2.14) in place of 
we substitute ®. u, 0; 
J k+1 J 1) 
we substitute 
+1 k+1 


Assume that case (D) occurs, i.e. @ i) — u changes sign for 


a». Case (D) can have several versions: 
1) In (2.15) 


the right of it is only @®. . =u 
7 k+1 


is the function furthest to the right, or to 


In this case in (2.15) in place of 0, . and@. . we substitute 
u) = u, in (2.14) in place of and ines 


ute ian sdnen u); in (2.18) and (2.19) we strike out %, and j,. 


we substi- 


2) The function * 5 " belongs to the ith group from (2.15), and to 
the right of it in this group can be only the function ii (u) = u; 
+1 
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let, for example 


Then from the relation 


ik (2 2") = Dj, ing 


we find z= @. *); substitute in (2.15) in place of 6 (u) 
and @. . (u) the function 6 (u); in (2.14) substitute 
kt) 
in place of . and etc. 


3) The function a P -" is the furthest to the left in the ith group 
from (2.15). Let, for umnte 


in ig 4) = (Or, 1) 
If 0. . (u) = u, then from the relation z*) = 


oL 25 te find the “J; in (2.15) 
1961 ~ = oi, (2a a,) we ind the function z = Se-obe (z in ( we 


we substitute ®, (u, 6 | (u)) in olan of ®. (u, u) and 


J J 
da! u), ete. 


If # u then, from the relation z*) = 
(a,, a,) we will find z= @, (2,18) 


95 7 . (u) in place of the previous function with the same index; in 


(u), u) (the are different in the. two ex- 


pressions). Thus all cases hove been considered which can occur when 
U= Go. 


(u)) in place of ®; 


The thus-transformed sequences (2.14), (2.15), (2.18), (2.19) form 
new sequences which can differ from the original ones only by the number 
of groups. Utilizing these new sequences it is possible to determine 
¢,(t) at some neighborhood to the right of u=a,. If for u= a, case 
(A) applies, then $a ,(t) coincides with the maximal function; if however, 


for u = a, any one of the cases (B), (C) or (D) applies, it is necessary 
to transform the new sequences obtained as shown above and to determine 
¢,(t) for u> a,. The construction of ¢,(t) will be completed if for any 
one of the analogous steps for 0 < u < H the case (A) will apply. Since 
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F(t) is bounded on[0, T] there will be a finite number of steps 
necessary in order to construct the maximal function. Thus, the algorithm 
for constructing ¢,(t) has been indicated. 


3. We will prove now that the previously constructed maximal function 
¢,(t) indeed gives the largest value to the functional (1.7). Let ,(t) 
be an arbitrary function of class A; we will prove that 


Y (@m) — Y (gr) >0 (3.1 ) 


From Section 2 it follows that if on[0, T] there is no such point 
for which 


t 


\ (t) dt | = M,, then @»(t) = M, sign F (t) 
0 


(to) | 


It follows immediately from (1.7) that in this case ¢,(t) yields the 
largest value of the functional Y(¢). 


Let us consider the most general case. From the construction algorithm 
for ¢,(t) it follows that for f,(t) there can be the following relations 


Pig. 4. 


(see Fig. 4, where on the intervals denoted by the solid line d, = My, 
dotted line ¢, = - Mj; outside of these intervals ¢, = 0; t, = t,, 


1) At points ti, ty, tj, the equalities 


Im (t1) = fm (te) = = fm = Mo (3.2) 


are fulfilled, while at some neighborhood to the left of each of these 
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points f,(t) <M. There are i, numbers h, > h, > ... > ay 20 such that 
@m (t)= M, sign (F (t) — hy) (3.3) 


The function ¢,(t) = M, sign (F(t) —- h,) on the interval (t,, t,), 
with the exception of the interval (t,, t,“) & (t,, t,) where t,” is 
nearest to t, point of intersection of function x = F(t) with the straight 
line x = hy; on this interval ¢,(t) = 0. 


Function ¢,(t) = M, sign (F(t) - h,) on the interval (t,, t,), with 
the exception “of the Laesevel (ty, ty *) where t,° is nearest te t, point 
of intersection of function x = F(t) with the straight line x = hy; on 
this interval ¢,(t) = 0, etc. 


2) At points tie tite soe ti, the following equalities are ful- 
filled: 


(ti,41) lm (ti,+2) Tm (ti,) == M, (t;, ti) (3.4) 


With regard to this group of equalities and determination of the func- 
tion ¢,(t) on the corresponding intervals, it is necessary to repeat 


literally everything as in the previous case, with the only difference 
that 


O> hits > > 


3) At points t, 


int)’ ti ti, the following equalities are ful- 
filled: 


2 
fm (ti,41) = (ti,42) = = fm (ti,) = — My (3.9) 


where at the same time f,(t) > — My at some neighborhood to the left of 


Function ¢,(t) is defined on the intervals ti 


(t,-p ti.) in the same way as previously, but here 


0> hi, > (3.6) 


4) At points t. 


ti the following equalities are 
ful filled: 


fm (tints) = fm (tite) = = fm (ti) = — My (3.7) 
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Everything is determined as in (3), the only exception being that 
0 < hi, eee hi, (3.8) 
5) At points tie the following equalities are ful- 
filled: 
(ti,41) }m(tig+2) se (ti,) M, (3.9) 
Here one should repeat literally everything that was said in (1). Next 
follow equalities (6) coinciding with the equalities in (2), etc. 
Figure 4 shows such a function f,(t). Let us show that 


t 
i, 
. 


\ > 0 (3.10) 


0 


where t; “ is the root of equation F(t) = 0 nearest to ti from the 
l 


.-, t,) let us denote the following systems 
of intervals belonging to (0, t; “) (see Fig. 5, where the intervals from 
(t,’, t,”) are indicated with double lines forming A,; (t,, t,°) is A,” 
all other intervals from (t,*, t,°) form A,’): 


+ A; (t t;). 


then | F(t)| < h; and @(t)=-M,; if A; then h; F(t) 2 and 
¢,(t) = 0 (A;* is the interval (t ;, t;*)). 


From above it follows that 
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ti, 
i, 
=> dt + | dt + \ dt} 
j=1 4; 4; 


The integrals on the right-hand side are evaluated along the intervals 
A “. Utilizing the generalized theorem about the 


contained in A; 
mean, it is t 
F (Gm —qr)dt = | F (a;)| \ at 


4j 


that 
(a, — A;) 


| F(@m—@r)dt = F(b;) } (@m—ar)at 
4; 


F (c;) \ (— @r) dt (c) = 


4;" 


(6;= Aj) 


4;’ 
| F(—@,)dt = 
a;° 

Therefore 

ti,’ 

\ F — @r) dt (3.11) 
) \ (—@r)de} 


4;” 


=> | F (a;)| \ | Pm — Gr | dt +- F (d;) \ (@m — Pr) dt 
A 4;’ 


j 
. It is 


Note that (¢, - dt 0, since ¢,(t) = M, on A,’ 


obvious that 

k 
D dt + | (Gm —or)de (—¢r) dt} > 0 
~ 


4; 
Let for some k < t, be shown that 


Ly 
{1 F(a)! + F (63) + F (cs) | >0 


j=1 4; 


We will show that a similar inequality takes place for k + 1. Indeed, 


let 


at @,(t))d 
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Then if 


\ (Qn — Pr) dt> 


Akt1 


(@m — Pr) dt + (—q,) dt 


| 


it follows from the inequality | F(a,,,)| > max (| F(b,,,)|, F(C,,,)) that 


Ak+1 A 


dt < 


then from the inequalities 


j=1 4; A;’ 


max (| F F << (| F (a;)|, F (¢;)) 


it follows that 


k+1 
{ F (a,)! \ \@m — dt + F (bj) \ (Pm — Gr) F | at) >0 
j=1 4; 


The inequality 


| F (a,)| | dt + F (b,) \ (@m — @r) dt F (— dt >0 


Ay A, A,” 


follows from 


 (@m—g)dt>0, | F(a;)|>max(|F(b,)|, F (c,)) 


Thus, the inequality (3.10) is proved. It is proved analogously as 
well as when 


j (— g,)dt > 0 


A 
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Then one considers the interval (t; » t; °), where t; “ is the root 
3 3 


of equation F(t) = 0 nearest to ti, from the right. It can be shown that 


\ F (@m — Gr) > 0 (3.12) 
ti,’ 
The proof of this inequality is analogous to that of (3.10) and is 
therefore omitted. Note only that for the proof one utilizes the inequal- 
ities of the form (3.8) and the inequality 


tj 
\ (@m — Pr) dt <0 
ti,” 


Next, one considers the interval (t; “, t; °) and proves the inequal - 
ity 3 5 


\ F (@m—Q,r)dt>0 ete. (3.13) 


All these inequalities are proved analogously to (3.10). Since the 
number of such intervals is finite this proves the validity of (3.1). 


It may be that the limiting equalities for f,(t) will start not from 
case (1), as was shown above, but from any of the following cases. 
Furthermore, case (1) may be followed immediately by case (3), etc. How- 
ever, the proof of (3.1) remains unchanged. 


Example. In the equation y+ 2¥+ 100y= f(t) for T= 1 y. (1) = 4k 
under the condition | f(t)| < 100k; Yeax(1) = 3.3k under the condition 
| f(t)| € 100k; | 830k. 


Note 1. The algorithm for constructing d,(t) presented above can also 
be applied in the case of a linear difference equation; in contrast to 
the presented case, however, d,(t) may not be the only function giving a 
maximum to the solution at time T (see [5 ]). 


Note 2. If only a few steps are required for the determination of 
g(t), this can easily be accomplished graphically. In the general case 
it is not difficult to program the evaluation of d,(t) and Y,(t) on an 
electronic digital computer. 
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MATERIALA PRI VDAVLENII TONKOGO LEZVIIA 
PLASTICHESKOE POLUPROSTRANSTVO) 
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D. D. IVLEV 
(Voronezh) 


(Received Novenber 2, 1960) 


The plane and axisymmetrical linearized problems of penetration of thin 
bodies into a plastic half-space were considered in[1] and[2]. 


In [3] linearized equations of some three-dimensional problems of the 
theory of ideal plasticity were considered. 


In the present work, a problem of penetration of a thin blade into a 
plastic half-space is investigated, An analogy is established between the 
linearized theory of ideal plasticity and gas dynamics. This circumstance 
permits the utilization of the results obtained in the theory of a wing 
of finite span [4,5] for the determination of the velocity field and 
displacements for a problem of penetration of a thin blade into a plastic 
hal f-space. 


l. Consider a thin symmetrical blade being forced into a half-space 
of a rigid-plastic material (Fig. 1). The equation of the surface of a 
blade is given: 


z = (2, y) (1.1) 


where 5 is a small dimensionless parameter. 


The half-space is determined initially by the inequality x > 0. We 
assume that the blade is stationary, and that the half-space moves 
vertically along the x-axis with constant velocity. The motion will be 
assumed sufficiently slow so that we may neglect small inertia effects. 
Denote by o;, the stress components; by ¢ ;, the components of the strain 
rate; by u, v, w the velocity components along the x-, y- and z-axes, 
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respectively. 
We seek the solution in the form: 
r 
| (1.2) 
bs, = + be, 5, Oy’, ... 


The components with zero superscript correspond to 
the state 5 = 0, i.e. when the blade has zero thickness. 


(1.3) 


where k is the yield strength of a material. 


The problem now is reduced to the determination of the components of 
the disturbances. These disturbances will be denoted by primed letters. 


Let us assume that the plastic state is fully developed. Thus, we will 
have [6 ] 


Ty:? = + 


t) 


TxyTyez = Tex (s, 
TzxTxy = Tyz (s, (1.5) 
TyzT zx Txy (s, 


" Equalities (1.4) or (1.5) are obtained by elimination of the direc- 
i tional angles, using general relationships which are generalizations of 
the known relationships of M. Levy for the plane state of strain. 


We note that (1.4) and (1.5) are equivalent. However, for the linear- 
- ization both are used, since these relationships are squared. 


: Substituting (1.2) in (1.4) and (1.5), and taking into account (1.3), 
we obtain 


Setting 
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u°=const, 
k) (sy + 
Lk) (6, 4 (1.4) 
4 
S Txy Txz (1.7) 
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we obtain from the equilibrium conditions 


eu a. au 
— t a: = (1.8) 


Consider now the relationship for the strain rates. We shall write 
down the basic relationship in the form[7 ] 


+e, +e,=0 (1.9) 


+ 6,—S+ sk 3+ "/sk 
Tx2 Tey 
6+ % 6 + ak 
yz xz yz 


&x + 
+ &yz 
Linearizing (1.9) we obtain 
e, +e, +e,’ =0, = = 0 
It follows that 
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4 = (1.12) 


ox* oy 


In the following we shall consider the kinetics of the phenomena 
occurring during the penetration of a blade. The normal to the surface 
of a blade is 


n= 6 j—k (1.13) 


where i, j, k are the coordinate unit vectors. 
The velocity vector is 


v = (uy + du’) i + + (1.14) 


On the surface of the blade the velocities 
are tangential to the blade, therefore 


(vn) = 5(u, + bu’) + — dw’ =0 (1.15) 
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Linearizing (1.15) we obtain 


ow 


—— = Uy = ( S 
Or for ), on 


where S is the projection of the blade area on the xy-plane. 


Figure 2 represents the penetration of a blade in the xy-plane (z= 0). 
Two cases may occur: (a) when the disturbances in the xy-plane do not 
extend beyond the region S; (b) when these disturbances extend beyond S. 


The first case is realized for 
— Fy/Fs<1 (1.17) 


The second case is realized for 


—F,/F:>1 (1.18) 


In the second case we have to consider the conditions in the disturbed 


zone in the xy-plane outside of S. From the symmetry in this zone it 
follows that 


W (2, Ys — 2) — W (2, z) 


\ Thus, in the disturbed zone in the xy-plane we have 
- W=0 for z=0, outside of S (1.19) 


For the determination of the bulging surface it is sufficient to know 
the velocity profile u’. Indeed, let us assume that the penetration 
depth is h. The equation of the bulging surface is obtained as 


z—h = &O(y, z) (1.20) 


The age on the surface of a half-space will be displaced by an 
amount 5 5s The point with the coordinates h + 


5s.’ must “be, fbb Yh on the surface of the bulging material. 
have 


sx’ = O(y 4- dsy’, 2 + ds,’) (1.24) 


Linearizing (1.21) we obtain 


90 
w’ = for z=0, on S 
Ox 
or 
(1.16) 
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= 2) (1.22 


The quantity 5s,” represents the displacement of points of the surface 
along the x-axis. 


In the theory of ideally plastic bodies the velocities derived from 
the basic relations are determined within a multiplicative constant. The 
true velocities of the disturbance along the x-axis are 5A”. Consequent- 


ly 


0 


The quantity A is found by equating the bulged volume of the material 
to the volume of that portion of the blade which penetrated into the 
body: 


h 


dydz =\ F(x, y)dady (1.24) 


Ss 


1961 where = is the region of the determination of u’ for x = h. 


From (1.22) and (1.24) we obtain 


h h 


M(y, z) \ y)dxdy \\ dy dz) (1.25) 


0 Ss ot 


2. Consider the first case (Fig. 2a). We write a solution in the form 
of a potential 


uy | OF d= dy 


W (x, y, 2) (2.1) 
where gq is a portion of the xy-plane formed by its intersection with the 
characteristic cone with vertex at a point 
Yo 


Note that the velocity potential is 
completely determined by the boundary con- 
ditions, which are independent of time. 
Thus, the velocity field is in a steady 
state. It is also clear that on the bound- 
ary between plastic and rigid regions we 
have u” = v’ = w’ = 0. The expression u’ 


is found from (2.1): 


uo OF d= dy 


u’ \ - 
qd 
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Consider now the second case (Fig. 2b). We utilize again (2.1). Out- 
side of the blade, however, i.e. in the region q, (Fig. 3), the function 
OF/dx must be zero. One circumstance has to be underlined. The analogy 
between the linearized relationships in gas dynamics and the theory of 
ideally plastic bodies is essentially complete, in spite of the fact that 
the basic relations in these two cases are completely different. In the 
first case reference is made to the irrotational flow of an ideal com- 
pressive gas and in the second to the flow (without shear along two com- 
ponents) of an incompressible ideally plastic material. 
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The present paper considers the problem of the drawing of a plastic strip 
through the rigid walls of a die. The solution of this problem is based 
on a plasticity condition of a special type [1], and is in simple closed 
form, 


As usual, plane-plastic equilibrium is defined by the differential 
equations 


(1) 


and a plasticity condition of a special form 


\ 
1 x m 


atk 
(ss + Gy) + m<ak 
It is convenient to transform this system of equations from the com- 


ponents o,, 0, and r ,, to new variables & and ¢ by means of the formulas 


Gx) _ 
sy) 
Introducing Expressions (3) into the differential equations (1), we 
obtain a system of two equations of the first order for the two new 
variables w and ¢. It is of hyperbolic type, and after the introduction 
of the variables 


Y 


k + sin cos 2p) — m, Txy = ksin sin 29 (3) 


it can be transformed to two differential equations of the following 
form: 


(2) 
with 
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‘ 
cos a —sinn 


The equations of the characteristics 


xrsin yn + ycos = const, = const 
xsin— —ycos& = const, — = const 


determine two families of straight lines in the xy-plane. These lines 
enclose the angles 4 = Ww with the x-axis and intersect at the variable 
angles 2W. The basic system of equations (5) has the integrals 

rsiny +- ycosy = /(n), zsin§ — ycos& = g(&) (6) 
which contain the arbitrary functions f(y) and g(é). 


In addition, there exist simple particular integrals corresponding to 
constant € and 7. 


At the outset we take note of the particular integrals 
 zsinyn +ycosy = f(n) (7) 


which have a net of characteristics consisting of nonparallel straight 
lines 7 = const and a family of parallel straight lines. 


Further, we note the particular integrals 
N=, = g(é) 


which have a net of characteristics formed by a family of parallel 
straight lines and nonparallel straight lines & = const. 


Finally, we note the particular integrals € = &), 7 = 79, which have 
a net of characteristics consisting of two families of parallel straight 
lines. 


It is not difficult to see that along the characteristics 7 = const, 
inclined at the angle /- y to the x-axis, the normal stresses o, and 
the shear stresses r have the form 


Syn = k (2p — sin 2p cos 2p) — m, t = ksin® 2p 
In an analogous way, it is easy to show that along the characteristics 


€ = const, which form the angles 6 + Ww with the x-axis, the normal 
stresses 0, and the shear stresses r will be 
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Sy = k (2 — sin 2 cos 2) — m, t = —ksin® 2p 


We now investigate the distribution of stresses in a plastic strip 
which is drawn through the smooth rigid walls of a die [1,2], assuming 
that the walls form an angle of 2y, and that the drawing force and back- 
pull are 2P and 2Q, respectively. Because of symmetry with respect to 
the x-axis it is necessary to study only the upper half of the strip, 
bearing in mind that along the x-axis vay 0 and d= 0. 


First, we investigate the stress 
field in the plastic strip, which con- 
sists of triangular and quadrilateral 
regions, shown in Fig. 1; further we 
assume that there acts a uniformly dis- 
tributed normal pressure all along the 
contact segment AB. 


The coordinates of the point A we 
denote by x,, y, and those of point B 
by Xo» Yo: 


It is not difficult to determine the 
quantities € and 7 in the regions AEB, 
CAE, EBD and CEDF with the help of 
the particular integrals (7) and (8). The quantities € and 7 must satis- 
fy Equations (5) and be continuous on the lines AED and BEC. The rela- 
tive contraction of the thickness, that is, the compression of the strip 
r, is determined by the following formula: 


_ sin — 1) 
sin (p, + 7) 


and the angles a and f will be 
¥, Yo 3 


In the region AEB W= Wy, G= y, the quantities € and 7 are con- 
stants 


and the net of characteristics is formed of two families of parallel 
straight lines inclined to the x-axis at the angles yj ¢ y. 


In the region CAE the quantities & and n are determined by 
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tan = 


and the net of characteristics consists of a bundle of straight lines 
passing through the point A and straight lines parallel to BC. 


In the region EBD the quantities € and 7 are expressed as follows: 


¥Y2 
tan 


and the net of characteristics consists of a bundle of straight lines 
passing through the point B and straight lines parallel to AD. 


In the region CEDF the quantities € and 7 are 


we = tan 1) yi 
z—TZ2 


and the net of characteristics is formed by two bundles of straight lines 
passing through the points A and B. 


The horizontal component of the resultant of all forces acting on the 
section ACF must be equal to the drawing force P. Hence it follows that 


Vi 


P=\ [on+t cot dy, P= py; 


(p ! m) =\ m) T cot dy 


0 


It is clear that along the entire segment AF the quantity 7 = wW, and 
the stress components 0, and can be expressed as 


Sn m = + — sin (— -+ p,) cos p,)}, t= sin? (E-) 


Further, it is not difficult to show that the quantity € = Wy + y 


along the segment AC, the quantity & = w, at the point F, and along CF 
there exists the relationship 


—y, = —y, sin 2y, 
Sin — 1) sin 


Carrying out the preceding integration, we obtain after certain trans- 
formations 
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cos 


‘sin — [sin Po Sin (Wo »,) sin ri} (9) 
and for = we have p + m=mk, 


The horizontal component of the resultant of all forces applied over 


the cross-section BDF must be equal to the back-pull Q. Hence it follows 
that 


ve 


Q =| [6,—Tet pjdy, 


Us 


q+ = \ [(Sn m)—-T cot | dy 


0 


It is obvious that along the entire segment BF the quantity ¢ = y, 
and the stress components are 


Gn n)—sin(p, y)cos(p, + y)), t= —Asin®(p, + 
Moreover, it is easy to show that the quantity 7 = Ww, — y on the seg- 


ment BD, that, as before, the quantity 7 = wv, at the point F, and that 
along DF there exists the relationship 


sin (y + ) 
— Ye = — yesin sin (p, - 7) sin (p, 4 


Carrying out the integration we fina, analogously to the previous case 


m = 2k Yo Sin — 1) | (Yo— —¥,) sin 
(10) 


and for = 7/2 we have q + m= 


The horizontal component of the resultant pressure along the contact 


segment AB must equilibrate the difference P — Q. Hence there follows 
the equation 


Q — P = Gn(y2 — y;) 


P+ Mm) = (Gn Mm) (Ys — 
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It is obvious that along the segment AB there is applied the normal 
stress 


Gn m = k (2p) — sin 
Therefore, after simple transformations we obtain 


(9 — P) tan, + (p+ 2m)uan = 2k — sin 


It is easy to see that this equation is a consequence of Equations 
(9) and (10), which were introduced earlier. 


We remark that the solution 
which has been constructed is 
valid as long as the angles 


~ 1 — 
B>0, w>ta, w>ta 


and as long the following con- 
dition is fulfilled: 


The particular case when 
the side BEC coincides with 
BDF, and the region CEDF 
degenerates into the section 
DF, corresponds to 


B= 0, ptm=k(2y, + sin 2y,) 


We examine, next, another stress field in a plastic strip consisting 
of triangular and quadrilateral regions as indicated in Fig. 2. We shall 
assume that a uniformly distributed normal pressure acts on the contact 
segment AE, 


Here, it is easy to find the quantities € and y in the regions ADE, 
CAD, CDF, DEFG and EGH with the aid of the general integrals (6) and 
the particular integrals (7) and (8). These quantities, € and », should 
_— Equations (5) and be continuous along the lines ADF, CDE and 


The relative contraction of the strip thickness, that is, the com- 
pression r as before, is expressed as 


__ sin 7) 
sin (, + 7) 


r 
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and the angle as 
B= 7 


In the region ADE the angles J = %, d= y, and the quantities € and 
are constants 


+7, 


and the net of characteristics consists of two families of parallel 
straight lines inclined at the angles ¥ ¢ y to the x-axis. 


In the region CAD the quantities & and » are determined in the 
following manner: 


= 


and the net of characteristics consists of a bundle of straight lines 
passing through the point A and straight lines parallel to CD. 


In the region CDF the quantities € and » are expressed as 


and the net of characteristics is formed by two bundles of straight lines 
passing through the point A and the point symmetrical to A. 


The horizontal component of the resultant of the forces applied across 
the section AC must be equal to the drawing force P. Hence it follows 
that 


p +m =k(2($, + 7) + sin2(p, + (11) 


In the region DEGF the quantities € and y are given by 


+: 


and the net of characteristics is formed by a bundle of straight lines 
through the point symmetrical to A and straight lines parallel to DF. 


In the region EGH the quantities & and » are 


+ 2y; sin 2y 
and the net of characteristics consists of two families of nonparallel 
straight lines. 
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It should be noted that the solution which has been constructed has 
physical meaning only in those portions of the regions CDF, DEGF and 
EGH which lie to the left of the straight line JB. 


The horizontal component of the resultant of the pressure along the 
contact section AB must equilibrate the difference P —- Q. Hence there 


follows the equation 
UV: 


Q—P =\ 


Ve 
(q+m)y,—(p+m)y, = (3n m)dy 


VU 


It is evident that along the section AE there is applied the normal 
stress 


in + m = k(2p, — sin 2%p,) 


while along the section EB there is applied the normal stress 


Sy = k(2 — sin 2H) 


where the angle Ww is related to y by 


in cos (p +- 7) 
y—y = 


Calculating the foregoing integral, we have, after some simple trans- 
formations 


(q m)sin (p, + ¥)—(p + m)sin(p, — 7) = (12) 
= 4k sin {(p,—7) cos (p,— 7) cos — sin (p,—7) [Po Sin wp, cos 


We note that the solution which has been constructed is valid as long 
as the angles 


0<B<2, 
and as long as the following condition is met: 


The particular case when the side IB coincides with the side CE 
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corresponds to 


B= 0, = T 
m = k(2ap, -+ sin 


The results of computations for the angle y = 10° and for various 
values of the angle ¥ from 45° to 80° in 5° increments are indicated 


below. 


The values p = (p+ m)/k and 
q = (q + m)/k as functions of r, 
determined by Formulas (9) and 
(10) or by Formulas (11) and (12), 
are indicated in Figs. 3 and 4 by 
solid lines. Values of D and q 
corresponding to — = y and 
= y are connected by the 
dotted curves I and II. 


-+—-+ 
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In conclusion, we remark that, along with the stress field, it is not 
difficult to construct the velocity field in a plastic strip. Moreover, 
it is easy to show that there are no inconsistencies between these fields, 
and that they completely agree with one another. 
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A method of deriving the solution of the bending problem for an infinite 
plate on a linearly deformable foundation of general type is presented 
in publications of Korenev [1]. The solution of the bending problem for 
a semi-infinite plate on elastic foundations of some special character- 
istics was obtained, on the basis of the theory of integral equations of 
the Wiener-Hopf type [5], in [2,3], and furthermore in[4]. 


A general method of deriving the solution of the bending problem for 
a semi-infinite plate on a linearly deformable foundation of general 
type, with additional loading taken into account, is given below. A de- 
tailed presentation is worked out for the case of a semi-infinite beam 
on the elastic half-plane. A well-known approximate solution of this 
problem has been given by Gorbunov-Posadov [6]; he himself concedes, 
however, that the approximate method just mentioned is less accurate 
than his method of analysing beams of finite length. The reader will 
find below the results of computations which show the deviations of 
Gorbunov-Posadov’s solution from those obtained in the present publica- 
tion. 


1. Assume a thin semi-infinite plate (0 < x < ~, y < of 
rigidity D to rest on a linearly deformable foundation for which 


co 


wy (r) = \ fo (t) Jo(rt) dt (1.1) 


0 


In this formula w)(r) denotes the settling of a point on the surface 
of the foundation at the distance r = y (x* + y*) from the origin of the 
coordinates, where a unit force is applied. The function f,(t) can be 
arbitrary; only its behavior at infinity is supposed to be known. 
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fo(t) = [1 + 0(4)), 


= const 


Equations (1.1) and (1.2) are valid for almost all suggested models 
of linearly deformable foundations. We note that 
Jo(t) = (1 — vo") 
for the case of a homogeneous half-space. 


Furthermore, we assume that the semi-infinite plate is acted upon by 
the loading q*(x, y), and the free surface of the foundation by the addi- 
tional loading q (x, y), where 


q(z,y)=9, (<9), (1.3) 


In this case the problem of determining the contact stress p(x, y) 
and the deflections w(x, y) of the plate is equivalent to that of solv- 
ing the system 


wo(Ve— + 0) + dy = w(x, y) 
(— <2, y< 


(x, y) = (x, y) — y) —x <y< 20) 


followed by fulfilling the boundary conditions for the free edge of the 
plate 


Ow Bw Pw 
Ox Ox Oy" 


where v is Poisson’s ratio for the plate material. 


Passing from the functions w(x, y), p(x, y), q°(x, y) to their 
Fourier transforms [7] w(x), p,(x), q* (2), we can reduce the above 
system to 


ox + dE wa (2) 


d? 


The corresponding form of the boundary conditions for the free edge 
is then 


(+ 0) — Avery (+ 0) = 0, 2 = 0 (4.5) 
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We use here the notation 


oo 


k (a) = Var + eye dr 


—co 
The Fourier transform required for this function is 
oo 


\\ wy (Va? exp (iAt + ian) da drt 


—oo 


K (u) = 55 


With the aid of procedures given on p. 80 of [7], the expression for 
K(u) can be transformed into 


K (u) = rwo(r) Jo(r Vin? +B) ar 
0 
On the basis of (1.1) and with the aid of the formula used for the 
Hankel transforms [7], we find 
(Vu? + 22) 
K 1.7 
= (1.7) 
Assuming A > 0, we represent the general solution, equal to zero at 
x +o, of the differential equation of the system (1.4) in the form 


co 


(2) = (do -|- a,Axr) 4 \ g(|2—s|)(qa* (s) — pa(s)| ds (2 > 0) (1.8) 


It can be shown that in this presentation 


i 
8(t)= ga (l-+ =; 


The symbols a, and a, denote arbitrary real constants. 


Equating (1.7) to the first equation of the system (1.4), we arrive 
at the integral equation 


(1.10) 


0 


with the kernel 
L(t)=k(t)+c%g(t), = (mOD)* (1.11) 


and with a right-hand member which can be transformed, with the aid of 
the inversion theorem[7] and by virtue of (1.3), into 
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The functions Q*(u) denote here the Fourier transforms of the func- 
tions qy* (x). 


To solve the obtained integral equation of the Wiener-Hopf type of 
the first kind, we use the procedure which we have employed in [8,9]. 
First we solve the equation 

xz (s)ds = (2 >0, Imt>0) (1.12) 


0 


If, in the case under consideration, we can find y;(x), then the 
solution of Equation (1.10) can be obtained by the formula 


(2 
Pr(X) = Ao (2) — iha,| at 


‘ol. 2 2 20 
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The solution of Equation (1.12) is to be derived from the formula 


(x) = (1.14) 


i (5) (u) 


established and proved for integral equations of analogous type, but of 
the second kind [5]. The function y(w) must be regular and differ from 
zero in the upper half of the plane (excluding the point ~), and satisfy 
the equation 
= \ L(x) = tpa(u) Pa(— <u<oo) (1.15) 
—oo 
Furthermore, its behavior at infinity must be restricted by the con- 
dition 
th, (w) = 0 (we) (u <1, w-+ 00) (1.16) 


By the contour y is meant the straight line (— ~, ~) parallel to the 
real axis of sufficiently small distance from the latter, more accurately 
stated, at such a distance that all singular points of the function 
w)(w) be situated below this straight line. It can be shown by immediate 
substitution of (1.14) into Equation (1.10), with (1.15), (1.16) taken 
into account, that (1.10) is actually satisfied [8,9]. 
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In this way the solution of Equation (1.12) is reduced to the problem 
of finding the function ¥)(w), or, using the terminology of [5], to the 
problem of factorizing the function L(u), which in the case under con- 
sideration is, according to (1.11), (1.9) and (1.7), of the form 


24 +23 
L(u) = (1.17) 
It is possible, as shown in the paper just mentioned, to factorize any 
function H(u), continuous in the interval (— «, o), differing from zero 
and equal to unity when u+ +t o. If, moreover, the function H(u) is even, 
its factorization H ‘(u) = x(u)x(-u) is unique and ascertained by the 
function 


(1.18) 


With this in view, we reduce the function (1.17), which is to be 
factorized, first to the following form: 


L(u) ' C1 + p/2 + 4%) (3—p)/2 
Taking (1.2) into account, we now see that the expression within 
braces satisfies the conditions necessary for its factorization, in 
accordance with Formula (1.18). The factor before the braces is factor- 
ized elementarily. In accordance with the above statements we shall have 


(w) = (4) — ino) Xa Qw) (1.19) 


(1.20) 


It is shown in[2] that in the case of an elastic homogeneous hal f- 
space [ f,(t) = 0/2 = c,, » = 0] the formlas just obtained become 


3 
(w) = WA — iw X,(w), (w) =[] Re Vi—iw>0 (41.24) 
jJ=1 
= h) = (iA cost, A) 
exp | 55 sing; = (j = 4, 2, 3) (41.22) 
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@,=ce, dg=—c, (1.23) 


2. Expression (1.19) obtained for w)(w) is to be substituted into 
(1.14), which gives yx;(x), and this latter function is to be substituted 
into (1.13). As a result of the further obvious transformations we obtain 
the formula 


w)| Ya (w) dw (2.1) 


+- A*)* agve+h 


P,(w) = Ag + (w + td) Ay 
= (iA), A, = (iA) — (iA) (2.4) 


Here, and everywhere in the following, a prime denotes a derivative. 


Substitution of Expression (2.1) for p)(x) into Formla (1.8) leads, 
after simple computations, to 


dw + 


(ae tp, (w) 


Dw, (x) = D (ag + a,42) + 


(w + + 


9 
— e—twx dw (x > 0) (2.0) 


Another expression can be obtained for w(x), if (2.1) is substituted 
not into (1.8) but into the first equation of the system (1.4). The 
formula obtained in this manner proves to be useful in some cases. 


Taking (2.3), (2.4) into account and using the methods of the theory 
of residues, we can find from (2.5) an expression for w(x) and its de- 
rivatives w,'”) for x + + 0; computations lead to 


2n — 3) (id) + dap,’ (1) 
Dw, (+ 0) = (— 


(n — 2) p,%(id) —(2n — 3) dap, (iA) + 


(— iw)" dw, (n = 0, 1, 2, 3) (2.6) 


3 ae w) P, (w) 
T Ox (w? + 22)? 
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We substitute now the expressions for w(x) and its derivatives at 
x = + 0 into the transformed boundary conditions (1.5). As a result we 
obtain two equations from which we find the arbitrary constants a, and 
a,, and this completes the determination of the functions w)(x) and 


Py(x). 


The derivation of the final formulas is, however, not possible by 
means of immediate reduction of the Fourier transform of the functions 
w(x, y) and p(x, y) in accordance with the formula [7 ] 


w(x, P (2. ¥) = \ [wr(z), 


since w(x) and p)(x) have been obtained on the assumption that A > 0. 
This condition will be complied with only in the case when the functions 
w(x, y) and p(x, y) will be simultaneously even or odd with respect to 
y. Consequently, in the general case we will have to proceed as follows: 
to resolve the given loadings q*(x, y) and q (x, y) into components sym- 
metrical and skew-symmetrical with respect to the x-axis, i.e. 


q(t, y)= y) +92" (2%, y), = + Ga" y) 


to find w(x, y) and p(x, y) for even components © q, and for odd ones 
Gs 9, , and then to add the results. 


It so happens that the functions p,(x) and w(x) which we have derived 
here are of interest by themselves as well. The reason is that their 
limiting expressions at A + 0 will represent the solution of the corre- 
sponding plane problem, i.e. of the problem of a beam-type plate in bend- 
ing on a linearly deformable foundation. This follows from the condition 
that, if the plate is acted upon by the loading q*(x, y) = q*(x) cos Ay, 
and the free surface of the foundation by the additional loading q (x, y)= 
q (x) cos Ay, the contact stress and the deflections of the plate will be 


p(x, y) = pr(z) cos dy, w(x, y) = cos Ay 


Thus, denoting by M(x), Q(x), p(x) the bending moment, the shear 
force and the contact stress, respectively, of the beam-type plate, we 
verify without difficulty the validity of the formulas 


= —lim Dw,?(7), Q(z2)=— lim Dw} (x), lim (2.7) 


Carrying out these passages to the limits here is by no means a simple 
operation, however, since according to (2.6) the knowledge of the asymp- 
totic representation of the functions ¥)( iA) and W)*( iA) at A+ 0 will 
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be necessary for that operation, which in turn involves a very detailed 
analysis of the properties of the function (1.19). 


In view of this situation the passage to the limit could be achieved 
only for the case of the elastic homogeneous half-space. It was found to 
be more convenient to start not from Formula (2.5) but from the expres- 
sion for w)(x), which can be obtained, as already indicated, by substitu- 
tion of (2.1) into the first equation (1.4). We shall give here this 
formula. In doing so we restrict ourselves to the case that there is no 
additional loading [q (x, y) = 0] and that the semi-infinite plate is 
acted upon at the point with the abscissa x = 6 by a concentrated force. 
Then, instead of (2.2), we shall have 


tbu (u) 


Substitution of (2.1), with (2.8) taken into account, into the first 
equation of the system (1.4) gives, as shown in[2], as a result of 
transformations indicated there, the desired formula 
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P, (— ics) (cs +- (— ds 
Ves—) [c® (c*s* — a, (ics) 


2 sic n 
ape? 


¢ 1, (ies; 2) — (— ds 


(2;) (A — a)? x [c® +- (c*s* — p, (ics) 


i 
WP, (2;) 
| 


n _i(x—b) 
1 (icuy" du 


(— 1) a; 


V3(a; +-¢) a 


im V >0 


By varying the path of integration (a procedure described in greater 
detail in[2] and[9]) into a loop which embraces the ray (- iA, - ie), 


* The third and the fourth terms of the right-hand side of Equation 
(2.9) for (x) in [2] contain typographical errors. They are 
given correctly in the present paper. 
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Formulas (2.1) and (2.8) can be transformed into 


P, (— ies) __ 9,2)" (es +4) 
\ wp, (ies) [c® +- (c*s* — 
‘ 


ds 


j) iajx 1, (ies; (c?s? —cxs 


a5) (i — aj) 


tp, (des) [c® + — és 


oo 
—oo 
2 iba; 
(c2s? 2p bes ds a 
p, (ies) [c® + (c%s? — (2 + ies) — (a;) (a; + 2) 
A ing 


(2.42) 


3. To analyse a semi-infinite beam (beam-type plate) resting on the 
elastic half-plane (of half-space) and subjected to a concentrated force 
(loading uniformly concentrated along the infinite line x = 6) at dis- 
tance x = b from the end, we pass to the limit A + 0 in Formulas (2.9) 
to (2.12) in accordance with (2.7). Let us start with function y,(w; A), 
defined by Formula (1.22). Considering that 


w= ikcost = 


w 


we may write 


Using, furthermore, the formulas (see pp. 113 and 157 of [10 ]) 


s)— Ina — 
s=V(z—AP ty, y>0 


we find without difficulty 
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4 Iy(z;4) = — 

5 

t 

cs +h u 

where 

T + Gj + — + sin=* (3.2) 

Arch = In(r 
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lim are sim 


20 


= arcsin +i (In 2V 2?-+-y2 + ico (3.3) 

We agree in the following to consider a negative (positive) real 
number to be the limit of a complex number with negative (positive) 
imaginary part. Computations show that reversal of this stipulation does 
not affect the final formulas. Starting from this consideration and using 
Formulas (3.2), (3.3) and (1.23), we find that 


t+ 6,—-2/6—iln(s/c), T— — 21/6 — 
T+ T— 6,—> — 2/6 — i ln(s/c) (3.4) 
T 63> — 1/2 + 


By r +0, + 7/6- i In s/c, for example, we mean here 
lim (T -}- = > = < Jm(inz) 


We now find easily 
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% (ics) = lin x, (ics; 4) = ——.— exp [/ (s)] (3.5) 


cs — 


‘ In s/en/e in /6—lin s/c 
u \ 

(s) = on sin ;, du \ du (3.6) 


To find the latter integral it was necessary to use a known formula 
given on p. 169 of [11]; the handbook [12], p. 171, gives this formla 
with a typographical error. Taking (3.5) to (3.7) and (1.23) into account, 
we obtain instead of (3.5) 


In s+in/6 


1s (ies) = exp — 


Analogously we obtain, with due attention to (2.10) 


511 
where 
Furthermore, we have on the basis of Cauchy’s theorem for analytic 
functions 
u u t u 
on \ = — \ du = \ 8 (3.7) 
0 
sinh 
0 


Ins—in/6 


x2(ies) = —*zexp[—! 


s+-e 


_ In s+in/2 
alies) + \ 


0 
Consequently, according to (1.21) 
ails 


X, (ics) = lim X, (ics) = X (s) = ———— 
o (ics) = lim X, (ies) (s) 


exp|— + > h; (s)| (3.8) 


where 


In s+in/6 Ins+in/2 
i 
hy =F \ — du, hs (s) in 


In accordance with (1.21) and (2.10) we have 


lim wp, (ics) = V es (ics) = cs X (s) 


lim (a) = Xy(ce), Lim pp, (%2) = Vice" Xq(-— ce) (3.10) 


Noting that 
Xo (ce) = Xo [ic exp (— in/ 6)], Xo(— ce) = Xo licexp (F)| 


we substitute into Formula (3.8), instead of s, first e~ *”/® and then 
e*”/6 this leads to 


Xo (ce) = X,(— ce) : 


The expression within the square brackets equals — 1/4 In 3. In order 
to check this statement it is necessary to combine the integrals, which 
appear there, into one with integration limits (i#/3, i27/3) and to sub- 
stitute u = i(1/2 7 - v); this permits us to reduce that integral to a 


tabulated one with the integration interval (0; 7/6). In this way we 
arrive at 


lim ya (%) = Ve/6 exp (— Lim pa (2) = Ve/ 6 exp (3.11) 
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Paying attention to (2.10) and (1.23), we find 


limr,= limr, = — *e-ins (3.12) 
A>0 


Assuming that X(s) is a real function (the proof of this will be 
given below), we derive from (2.12) 


oo 


lim J, (ics; 4) = Jp (ics) = — x\ 


bet dt 


| 
] J = = 
4) = Jo (ce) =e V3 1) V + 1) X 


V3 be) | 00s (3 +5) + cos (= 
1 53 b 


In order to obtain for the quantities M(s), Q(x), p(x) expressions 
more convenient for calculation, we introduce a dimensionless abscissa 
and new arbitrary constants to replace those defined by Formulas (2.4): 


E = Cr, 8 = be, By = ic’: Ao, B, = cA, (3.15) 


Further, we introduce reduced quantities M*(é), Q*(€), p*(€) related 
to the actual ones by means of the formulas 


Turning to Formulas (2.9) and (2.11) and passing to the limit A + 0, 
with (3.10) to (3.14) and (2.7), (3.15) and (3.16) taken into considera- 


tion, we find 


M"() = Bo| J (&) — + Bil &) +o e428) — 


cos( 
8)| + Ma(§—8) 


d*M* 
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_ 2y¥6 V3x/2 (* 
cos (5 


J™ (x) =\ On(s,z)ds (n=0,1, 2,3) 


tn) (s, x) ds 


co 
ds 
Ig(s) On (s, x) ds (n = 2, 3, 4), Ig (x) ={ 


0 


3) = + 5%) X (s) 


co 


M.o(x) = du (3.24) 
a) 14 
denotes the reduced bending moment in the infinitely long beam subjected 


to a concentrated force at x = 0. 


This function has been tabulated in[6]; in addition, [12] gives 
its approximation by elementary functions. The same publication gives a 
procedure for transformation of slowly converging improper integrals of 
the type (3.21) into very rapidly converging ones. Unfortunately, the 
present author was not acquainted with Al’perin’s work [14], which 
presents the same method with application to the same integrals. To B.G. 
Korenev, who called attention to this, the author herewith expresses his 
gratitude. 


The arbitrary constants B, and B,, appearing in (3.17) and (3.18), 
will be found from the conditions of the free end of the beam, i.e. from 
M*(0) = 0, Q*(0) = 0. Substituting into the left-hand sides of these 
equations the values of M*(0) and Q*(0) obtained from Formulas (3.17) and 


(3.18), we arrive at the system 


24 


E J (0) - cos | By + (9) — 2¥6 B, + = 0 


| (1) 2 2 ; (3.22 
E (0) - — Cos J® (0) — 7 — sin B, + fo(B) =! 


The functions f, ,(8) will be obtained from the formulas given above 
for M*(€) and Q*(€), respectively, omitting there the terms containing 
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B, and B, and putting ¢ = 0. We note that the determinant of the system 
(3.22) equals to unity with accuracy to the fourth decimal. 


4. We shall now give a representation of the function X(s) convenient 
for computation, and at the same time we shall simplify the integrals 
(3.20). To this end we use the substitution 


u = Int(— > a<Im(Inz)< +a) 
in Formulas (3.9) 


Texp tTexp (in/2) 
ni 
hye(t)= + = \ dt, hj(t)= ~ \ dt (4.1) 
1 1 


Furthermore, we may write, on the basis of Cauchy’s theorem (see 


\) (4.2) 


Fig. 1) 
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_ texp(in/é) ' 
i ni 
texp(—inr/6) 
{ —t%?'? 


—n/6 


+ Int \ | (4.3) 


—T2 er 


According to (4.1) we have (Fig. 2) 


x 


dt 


By corresponding changes in the integration variables we obtain 


in/e 


hy (t) = \ du 
0 


dt = 0 
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we find 


—in/2 n/2 
t u if ins i In (te?) 
hs(t) = 55 \ ds + \ (4.6) 


0 1 1 aie" 


Taking the sum of (4.5) and (4.6) and carrying out obvious calcula- 
tions, we obtain 


im , 


hs(t) = wet 


Finally, using the notations 


S \ Tt = \ 


H(t) = = — Saye) 4 Sin — Sap) 

and taking into account (3.8), (4.3), (4.7), as well as the relation 
(t—i)~sexp wn t—Lin) = (14+ 0) 


we find 


X(t) = + exp(+ A, (4.10) 
The function H(r) can be expanded into the series 


(— 
2k 1 


cos [(2k +1) 
2k +1 


Int 


(—1)* — 2 sin [(2k + 1) 2/6] 
(2k + 1)? 


(4.11) 


convergent for r < 1. This series is obtained by means of expansion of 
the integrand in the integrals (4.8) in terms of ascending powers of r. 
Expansion in terms of decreasing powers of r would give for H,(r) the 
series 


co 


1 (— 1)* —2sin (2k 4-1) 2/6 cos (2k + 1)%/6) 
H(t) = ! + lint — 


2k + 1 2k +1 
k=0 


— 1)* — 2 sim [(2k + 1) 1/6 

The representation (4.11), (4.12) of the function H,(r) in the entire 

interval (0, «) shows that it is a real function, and the same is true 


1961 


n/2 n/2 
t [; ge’? dp dp 
—n/2 
| 
4 Vv . 
= 12 
k=0 
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of the function X(r); it leads, furthermore, to the very important rela- 
tion 


= H,(t") (O<t<1) (4.13) 


which permits us to simplify significantly 
the computation of the integrals (3.20). 


Let us illustrate this statement with 
the example of the integrals J‘")(é), 
n= 0, 1, 2, 3. Taking (4.10) into considera- 
tion, we subdivide the integration interval 
into two intervals: 


Fig. 2. 


1 co 


0 1 


Then we substitute into the second integral r = s'; using (4.13) we 
find 


1 


J™ = \ F (s) + (n==0,1,2,3) (4.14) 


F (s) = Vs? + V'3s 4- 1 + 1 (s* + (4.15) 


The remaining integrals (3.20) are to be reduced in the same manner 
to analogous forms. The function (4.15) will again appear there in the 
integrands. Table 1 gives its values necessary for the computation of 
the integrals by means of Simpson’s rule, with different degrees of 
accuracy. The function H,(s) was computed with the aid of its representa- 
tion (4.11); for the slowly converging series appearing in the latter 
it was possible to find the sum 
> 2 sim (2k + 1) /6 —(—1)¥ t 


oo . 


k—0 
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The summation of these series was aided by the expansion of tan! 


into a series, as well as by two expansions given on p. 54 of [12]. 


The simplest way of calculating all integrals (3.20) is to use 
Simpson’s rule, except the integral J‘*)(0), for whose computation 
Simpson’s rule cannot be applied in its immediate form. In this case a 
sufficiently accurate approximation is provided by the function (see 


Table 1) 


(8) = \_.0.8000 + 7.600s—5.500s° <1) 


(4.16) 


The formulas obtained here permit us to compute the values of M*, Q*, 
p* for a semi-infinite beam on an elastic half-plane under the action of 
a concentrated force (Table 2) or a concentrated moment (Table 3) at its 
end. These tables also give the values of M*(é), Q*(&), p*(€) correspond- 
ing to the approximate solution obtained by Gorbunov-Posadov on p. 140 
of [6]. 


TABLE 1. 


Values of F(s) Values of F(s) 


Exact - Exact 


| 
| 
| 


782 
-802 
-824 
.804 
- 758 
-627 
297 


te 


on 


oe 
qw 


We note that in the case of loading applied at the end of the beam, 
Formulas (3.17) and (3.18) undergo simplification, because all terms free 
of By and By must be considered to be zero in this case; for the concen- 
trated moment Formulas (3.16) assume the form 


i 1 
M*(—)=M(E/e) 


In the case of a concentrated force acting at the end of the beam, we 
have to use in (3.22) as free terms the quantities 


Ai(B)=0, fe(B)=4 
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165 0.7 825 
264 0.75 806 
330 0.8 760 
0.875 639 
495 || 0.9 | 585 
528 | 300 
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while in the case of a concentrated moment we shall have 


fi (B) = —1, f2(8) = 0 


TABLE 2. 


Exact Solution ~ Solution According to [6] 
| Q° | p* 


co 
1.298 
0.754 
0.452 
0.339 
0.227 
0.141 
0.089 


0.027 


Exact Solution na Solution According to fe] 
| 


1.00 
0.97 


co 
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This paper deals with the problem of splitting of an infinite isotropic 
brittle body by an immovable rigid wedge of finite length, symmetrical 
with respect to its longitudinal axis. The condition of plane strain is 
assumed, and the friction between the wedge and the surface of the body 
is neglected. The consideration is carried on within the outlines of the 
general theory of cracks presented in[1 ]. 


1. Formulation of the problem. According to the common concept of 
splitting, the picture of this process is the following. In the vicinity 
of the inserted wedge, a crack develops (Fig. 1) whose ends C and D are 
to be determined in the course of the solution. If the corners of the 
wedge are rounded, the positions of the terminal points of contact, A 
and B, are also unknown and should be determined in the solution. 


If the wedge is thin enough, the problem may be linearized by reducing 
the boundary conditions to the line CD, which is assumed as x-axis. The 
symmetry of the problem allows for dealing with the lower half-plane only 
(Pig. 2, where a, b, ¢ , d are the coordinates of the points A, B, C, D, 
respectively). Neglecting the bond forces which exist near the ends of 
the crack, the boundary conditions for the lower half-plane reduce to the 
form 


ld r<i@w 


jcc 
locecd 


a<x<b (1.4) 


( 
521 
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where v(x) is the component of displacement in the direction of y; Y 
and X. are the components of stress tensor; f(x) is the function deter- 
mining the shape of the wedge in a coordinate system connected with the 
wedge; — g(x) is the tensile stress in the continuous uncracked body on 
the surfaces of free cracks caused by external loading acting on the 
body with the wedge. 


According to the method of Muskhelishvili [2], the components of the 
stress and deformation tensors can be expressed in terms of one analytic 
function ®(z): 


X.+Y, =4Re 
+ 2X, —2) (2) (2) 
2p + iv’) = x@ (2) + (2) — (2 —2) (2) 


If, on the boundary of the half-plane xy = 0, then, on this boundary 


Ov x+1 


Y,=2Re@(), Im OG) (1.3) 


1 dv 


Re ® (z) Yy Im (2) Ox 


To determine the function ®(z) in the lower half-plane, we obtain the 
following mixed boundary-value problem: 

Im @ (z) =0 (—co<zrqQ¢, (1.4) 


1 
Re (z) = 8 (x) 
7a, 


9 
Im (2) = a<z<b 


2. Solution of the boundary-value problem and determination of the 
constants of the solution. The boundary-value problem obtained can be 
solved by the use of the formula of Keldysh and Sedov [3] in the form 


a 


+ (X (2) = V(z—e) (2 — a) —6) (2—d)) 


a 


The real constants Co and C, have to be determined together with the 
constants c, a, 6, d, which appear in Expression (2.1). 


(1.2) 
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We find the displacement v(x) of the points of the crack beyond the 
region of contact with the wedge. Substituting (2.1) into (1.3) and 
integrating, we obtain for ¢ <x<a 


x a d 


x x 
c 


x b 
-— x 


Xq(z) = V(z —e) (z — a) (2 — b) (d — 2) 


with the integratipn constant D, equal to zero, because at the end of 
the crack (for x = c) the displacement is equal to zero. At the point of 
contact A, the displacement v(x) is equal to the given value f(a), and 


therefore 
d 


a 
t—z 


m, = V(b—e)(d—a), = V(b—a) (d 


any— cng J [ m 2 : my —m) 
(ny *) (my + \ 


my + / my + me) 


where F and A are the usual symbols for complete elliptic integrals of 
the first and second kind, respectively. We obtain, similarly, the second 


condition 


d d 

dt dt 1 

f (b) = wi! (4) X2(t) a(t) 

d 

zx 


x 
a 
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dt 
; 
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Here 
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Jy=\- = Vib—o —a), ls Vid--o) (@—@) 
d 
tdt di, — bl, J Bly le | ly my m 


We find now the distribution of stresses in the area of contact of 
the wedge and the half-plane. Substituting (2.1) into the first of Equa- 
tions (1.3), we obtain 


d 


a 
1 dt 4 . dt 
b 
_ 1) onc, 2nC \ < z< 5b) 2.5) 


At the points A and b (Pig. 1), i.e. for x= a and x= b, the stresses 
should be bounded (for the case of rounded corners). Hence, we have 


a d b 
g(t) Xa(thdt g(t)Xa(t)dt Xa(t)dt (Co C, a) =0 
a 


t—a 
c b a 


In order to determine the positions of the ends of the crack, we re- 
quire that the tensile stress in the vicinity of these ends, calculated 
without considering the bond forces, be of the order K/nm ys, where K is 
the modulus of cohesion and s is the distance from the end of the crack. 
Using this condition, we note that the stresses beyond the crack (for 

d <x are 


¢, 


a d 
1 { dt , dt 
d 
+ \ 7 + 2nCy + 2x (2.8) 


a 
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b 


2B ayy di 


4 + 2nCye = K (a —c) (6— 0) (d— 


fen _ + 


2u X a, 


+- + 2nCid = K (d —c) (d — a) (d — 5) (2.40) 


In this way, we have six relations, (2.3) to (2.4) 


(2.6) to (2.7), 
and (2.9) to (2.10), 


for the six sought constants. 


We consider the case of a wedge symmetrical with respect to the axis 
y, a=—- ec=— d=-— and we obtain 


b 


Because the functions f(x) and g(x) are even, it is easy to show that 


C, = 0, The six relations between the other constants can be reduced to 
the following three equations: 


(2? — — t—s 


= 


Vv 


z 


i 

i i dt x-+1 

—— | (2.12) 


b 
b 
tan — = 0 
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b 
{ f(t) dt + 2nC, = K VR (2.44) 
= 


5 F (k), bes 


Ve— 2?) — b*) 


and F(k) is the complete elliptic integral of the first kind with the 
modul k, 


3. Solution of the problem of splitting by a strip of finite width in 
a stationary field. Consider an infinite plate, with Young’s modulus £, 
Poisson’s ratio v, and the cohesion modulus K, in a homogeneous stress 
field Q. Let a rigid wedge of thickness 2h and width 26 be inserted into 


»— 
ai 


Fig. 3. 


this plate. It produces a crack from—Il to +1. The coordinates of the 
points of contact of the crack and the wedge are known (x) = -b, %) = b) 
in advance, but the stresses at these points are infinite. 


Using Equation (2.11) and considering that f’{x) = 0, g(x) = — Q we 
have 


+ (Co’ = 2Co). (3.4) 
= 2 9 — — 2V(2 — (2? — o = <Ug). 


The distribution of displacements on the segment b6< x <1 is of the 
form 


Co’ dx Qz* dz 
V — (22 — 8) V (22 — b?) (2— — 
(with v(b) = — h). From the fact that v(l) = 0, we obtain 


dx Eh 
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Noting that 


= LE (k) 
x) 


dz 


where E(k) is the complete elliptic integral of the second kind with 
modulus k, introduced at the end of Section 2, we obtain 


E (k) Ehl 
Co =— + — (3.2) 


In order to determine the length of the crack, we use the relation 
which determines the length of an equilibrium crack in an infinite body 


[1] 


(3.3) 


ye—2 


where p(x) is the distribution of pressure on the surface of the crack. 
For the points under the wedge 


_Qz* - 


—b<2z<b 3.4 
p(z) = Ve— (—b<2<b) (3.4) 


Considering, in addition, that at the points of the free crack 
(6< x < l) the pressure Q is applied, and using (3.3), we have 
b b 
2dzx dx _dz K 
Q = +Q\__=— +¢ 


Hence, evaluating the integrals in this expression, we obtain the re- 
lation determining the length of the equilibrium crack: 


(Co + QP) a= K 


It is understandable that the relation (3.5) has been obtained from 
the condition that the tensile stress Y, in the vicinity of z= l, 
calculated without considering the bond forces, is of the order 
K/n (x - 1). 


Substituting the value of Cy” given by (3.2) into (3.5), we represent 
the condition determining the length of the crack in the form 


This fundamental relation can be written in the shorter form 


A (k) 4+- B(k) = 


527 
(3.5) 
(3.6) 


I.A. Markuzon 


4 


F (k) —E(k Vi-k 
A (k) = 4 . » Blk)= kF (k) 
kF (k) 
2Qb (1i—v?) 2Y¥2K (i—v*) Wb 
nEh 


Figure 4 shows the diagrams which facilitate the calculations of the 
length of the crack for any given Q, 6 and Ah, 


Fig. 4. 


If the external loading produces tensile stresses (A; > 0), the dia- 
gram of the function (”, — B)/A has two branches: a stable and an un- 
stable, with respect to Q. The branches corresponding to the unstable 
cracks are indicated by broken lines. For increasing tensile stress, the 
length of the crack initially increases, but the crack remains stable. 
If, however, the value of Q exceeds a certain critical value Q*, which 
depends on the properties of the material and the parameters of the 
wedge, then there is no solution to the considered problem. In the case 
of a compressive stress, only stable cracks exist. Substituting into 
(3.1), (3.5) and (3.6), we obtain the solution of the problem of split- 
ting of an infinite plate by a strip of finite width without external 
loading. The relation which determines the length of the crack then 
assumes the form 


(B (k) = pa) 


528 
where 
| 
“4 if 
0 Vol. 
196] 
05 | 
| i 
(3.7) 


‘ol. 25 


Splitting of a brittle body 


Since the function B(k) is monotonically decreasing, to each value of 
h corresponds only one, uniquely determined, length of the crack. This 
length increases with increasing h, 


The relation (3.7) can be written in the form 


i—b x 


b 
B? (k) (x) (3.8) 


where Lo is the length of the free crack developed at the end of a semi- 
infinite wedge [1]. Thus, the ratio of the length of the crack at the 
ends of a wedge of finite width and the length of the crack at the end of 
a semi-infinite wedge does not depend on h, E£, k, v. Figure 5 shows the 
relation between (I — b)/Ly and b/Ly. 


From the relations (3.4) and (3.6), the solution can be obtained for 
the problem of a semi-infinite wedge splitting a plate in a homogeneous 
stress field. The distribution of stresses on the surfaces of the wedge 
can be obtained as the limit of Expression (3.4). Substituting x= "> l 
and assuming that | and 6 increase to infinity in such a way that the 
difference |— b= L remains constaf#t, we obtain 


Eh OL 
Pr = (Ew + — Qn) +Q (3.9) 


The quantity L in Expression (3.9) can be determined also by a similar 
limiting process in (3.6). We have 
Eh 
(3.10) 
QV +a 
This relation gives an explicit expression for the length of the crack 
L as a function of applied loading. We introduce the parameter a defined 
by 


2 
(—1<a<o), 


0 


b-l 
L 


(3.44) 


For Q= 0 (a = 1) we obtain 


n? | 

=m 4(1—-v*)? K? 
This result fully coincides with the result obtained in[1]. In the 
case of tensile stresses, two branches exist, as in the problem of the 
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wedge of finite width. In the stable region 0< a< 1, the length of the 
crack increases with increasing Q. In the unstable region - 1<a< 0, 
the length of the crack decreases with increasing Q. 


If Q> Q°= n*/4n, then the solution becomes meaningless. The maximum 
length of the crack cannot exceed 4L 9. In the case of compressive 
stresses, the length of the crack decreases with increasing Q, and it is 
always smaller than Ly: 
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ON THE EFFECT OF SHEAR DEFORMATION AND 
ROTATORY INERTIA IN VIBRATIONS 
OF BEAMS ON ELASTIC FOUNDATION 


(0 VLIIANIIT SDVIGA I INERTSII VRASHCHENIIA PRI 
KOLEBANITIAKH BALKI, LEZHASHCHEI NA 
UPRUGOM OSNOVANIT) 


PMM Vol.25, No.2, 1961, pp. 362-364 


A.I. TSEITLIN 
(Moscow) 


(Received December 19, 1960) 


The Timoshenko-type equation is derived for vibration of a homogeneous 
beam on an elastic Winkler foundation. An approximate solution of this 
equation is given for the case of an infinite beam subjected to an in- 
stantaneously applied force. The solution obtained becomes the solution 
for a free beam if the coefficient of elasticity of the foundation is 
assumed equal to zero. Furthermore, by differentiation with respect to 
time, the solution for an instantaneous force gives the solution for an 
impulse (Dirac-type), and by the use of the Duhamel integral the solutions 
for an impulse of finite duration and for a variable force can be ob- 
tained. 


The differential equations of motion for a beam on a Winkler founda- 
tion, with shear deformation and rotatory inertia taken into account, are 
of the form 


El Ox 


Fy 
_k’ FG +ky=q 


dy Ws 


Oz 


Here, y is the total deflection of the beam; y; is the deflection 
caused by bending; y, is the deflection caused by shear; p is the density 
of the material of the beam; I, F are the moment of inertia and the area 
of the cross-section; £, G are the Young modulus and the shear modulus; 

k is the coefficient of the foundation; q is the lateral loading; k’- is 
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a coefficient depending on the form of the cross-section. 
The system (1) can be reduced to the following equation: 


Hy Blk Py kpl \ _/ pBl 
FFG + Ere) a + pl) + 
Noting that 


for the case of a concentrated force at x = 0, we have the following 
boundary conditions: 


’ 


OY; 
3, t) =0, 


The last condition will be derived from the equation of equilibrium 
of the beam with shear deformation only 


We have then 


P Pk 


In addition, the function y and its derivatives should be zero for 
x +o, The initial conditions are 


a 
y (z, 0) =0, (x, 0) = 0 (8) 


Applying the Fourier cosine transformation 


— 
Y (&, #) \ y cos Ex dx 


to Equation (2), we obtain the following equation: 


“vs 
Py; OY. P 
Vol.; 
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F 


ET ’ ’ 7 


In the characteristic equation for (9), the term with the fourth power 
results in a quantity, in the lower part of the frequency spectrum, which 
is smaller by one order as compared to the small correction caused by 
shear and rotatory inertia. This fact is known in the literature. For a 
simple beam, it was noted by Timoshenko [1], who showed that the fourth 
derivative with respect to time corresponds to a small quantity of the 
second order in the frequency equation. In our case, the characteristic 
equation for (9) is identical with the frequency equation of free vibra- 
tion, Therefore, neglecting the term with the fourth derivative with 
respect to time, we obtain 


(1 — cos 


Pes? (1 + 
Y (, t) = Des? + + 


= 
ey? + + (eq? + *) 
From the inversion theorem 


oo 

Pes ¢ cos Ex (1 + cg®eg”*E*) (1 — cos wt) dE 
\ “es? + +e 
0 


y(z, t) = 


Using the dimensionless time r = e,t/e, and substituting é? = 32, 
we write (11) in the form 


y (z, Tt) 


Pest _ (cos eas) (1 + (1 — cos wrt) 4, 
+ + 2°) 


If Expression (12) is decomposed into two integrals, the first of 
them gives the static deflection of the beam on a Winkler foundation 
subjected to a concentrated force P, including the effect of shear. 


For a beam with rectangular cross-section, assuming &’.= 0.833, 
k= G= 0.375 we obtain 
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Here, ky is the coefficient of foundation per unit area of contact; 
h and 6b are the depth and the width of the beam, respectively; y is a 
dimensionless parameter determining the effect of shear and rotatory 
inertia. 


In the majority of practical cases of beams on soil foundation, y is 
a small quantity as compared to 1 and its square power may be neglected. 
Consequently 


y (2, t) = \ cos (x (1 + 72) (1 — cos ds 


V 2(1 + 42 + 2*) 


1+ 
1 + 1.305 yz 


Thus, the effect of shear deformation and rotatory inertia increases 
with increasing coefficient of foundation and depth of the beam, 


The expression for the bending moment can be obtained from (12), 
according to (3), with ¢,= 0. Considering (13), we find 


co - 

P V zcos (x V (1 — cos V i+ 2 

M (2, *) \ 1+ 2? (os 1 + 1.305 =) 
0 


The effect of shear deformation and rotatory inertia is most signifi- 
cant in the case of short-time loading. 


We shall compare the results of the classical theory of vibration of 
beams and the results of the wave theory for a loading in the form of 
a rectangular impulse with time of duration ty. We shall consider the de- 
flections and bending moments at the point of action of the impulse. We 
have for this case 


dz 
V + 2°) 


(9, T) = 55 


@ 
Pe;* (1 + yz) [cos We (t —- To) — cos @eT] 


M (0, T) = dz 


co 

[cos (T — T) - COS 

0 
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Expression (17) gives the results which are practically identical 


with those of the classical theory, even for large values of y (0.05 to 
0.07). The integral (16) was evalu- 


ated forr, = 0.1 by the use of 
=_—— Legendre polynomials and mechanical 


z integration, In this, the weight 
=1/2 


function was assumed p(z) = z 
the interval of integration was 
assumed [0,8 ] and then reduced to 
a5 [0,1]. The orthogonal systems of 
Pig. 1. functions of weight : '/? in the in- 
terval [0,1], are the polynomials 
P,,(V 2). The values of the roots and integral coefficients for these 
polynomials are given in[2]. In the figure, the solid line shows the 
deflection calculated on the basis of the classical theory, and the 
broken line shows the deflection obtained from Expression (16) for 
y = 0.065. 


Considerable discrepancies can be noted in the initial stage, and 
both lines almost coincide as they approach the maximum value. 
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DIFFRACTION OF (SHORT) SOUND WAVES AT AN OBSTACLE 
(CYLINDER, SPHERE, CONE AND PLANE) 


(DIFRAKTSIIA ZVUKOVYKH VOLN (KOROTKIKH) OTNOSITEL’ NO 
PREPIATSVIIA (TSILINDRA, SFERY, KONUSA I PLOSKOSTI)) 


P.I. TSOI 
(Tula) 


(Received June 18, 1960) 


In the theory of sound, the solution of different problems of diffraction 
of sound waves at an obstacle (plane, lattice, slot, cylinder, sphere, 
ellipsoid, etc.) are studied. In this paper, the author applies the 
Poincare [1] method, and presents a new solution to the problem. 


1. Statement of the problem. From the theory of sound, it is known 
that in the case of harmonic motion with a time factor e'7* the velocity 
potential of the sound waves satisfies the Poisson equation 


AD = 0 k=- = (1.1) 


and the boundary condition at the surface of the object 
dD | dn = 0 (1.2) 


Here c is the speed of sound, A is the wavelength, and n is the 
interior normal to the surface >. A solution of Equation (1.1) is sought 
in the form 


ikr’ 


(1.3) 


r 


Here, the first term represents the velocity potential of the 
spherical waves emanating from the source £, r° is the distance of the 
studied point M from the source £, and the second term is a function of 
the disturbance caused by the waves reflected from the surface >. Func- 
tion f is determined from the relation 


ikR 
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where p is the density of the potential sources of the reflected waves at 
the surface =, and R is the distance between an arbitrary point of the 
surface = and the studied point M where the velocity potential ® is de- 
termined (Fig. 1). 


The theory of the Newtonian potential for a straight acoustic layer is 
applied here for the determination of p at the surface >. It is known 
that the normal component velocity, when 
passing through the surface >, undergoes a E 
discontinuity [2], i.e. 


(1.5) 


where dV is the exterior normal deri- 
vative of the potential of the acoustic 
layer, and dV, /dn is the direct value of 
the normal derivative at a point of the 


surface >. Pig. 1. 


For the problem studied, condition (1.5) has the following form: 


1 ikr 1+ ikR’ AR’ 


AR’ (1.6) 


cos t on \ R? On 


Here r is the distance of the source £ from a fixed point of the sur- 
face >, and R” is the distance between the fixed and the variable point 
of the surface >. The symbol w denotes the angle between r and the 
interior normal to the surface > at the point where r is determined. 


Thus, in order to determine the function f, it is above all necessary 
to solve the integral equation (1.6) for different obstacle surfaces >. 


2. Solution of the integral equation for a cylindrical obstacle. 
Assume that there is an infinite cylindrical tube with a cross-sectional 
radius a. Outside the cylindrical tube, at a distance | from the axis of 
the cylinder, there exists a sound source £ with a constant intensity Ty. 


Two planes containing E£ and tangent to the surface of the cylinder 
are formed. The part of the surface closer to the source £ will be de- 
noted by (C), the other part of the surface = is denoted by ({- © 
(Pig. 2). 


We shall prove the following statement. With an accuracy up to terms 
of the order 1/ka in comparison to unity, the density p, which satisfies 
Equation (1.6), is given by the formula 
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p = os on (C) (2.4) 


p=0 on (> —C) (2.2) 


For the derivation of Formula 
(2.1), we take a point A at the sur- 
face (C). For this point, we find the 
second term of the left part of 
Formula (1.6). 


Pig. 2. 
Using a change of variables in 
the integrand of (1.6) and after a simple transformation, the integral 
(1.6) reduces to the following form: 


1+ ikR’ OR’ _inp: 1 1+ ikR’ dR’ 
(2) (C) 
1 ikr 1 oR’ —ik (R’+r’) 

1+ ikR’ 


e cos p sin? dR’dd (2.3) 
V 4a? — 


We shall show that this integral (2.3) is small as compared to ka, 
and can, therefore, be neglected. For this purpose, we use the Poincaré 
method, i.e. the following formula for the determination of an approxi- 
mate value of the double integral: 


\ \n (a, y) W dg — (0,0) 0 exp (+ +) (2.4) 


kV vp 


Here v = @,”, wp = @,”, the plus sign is used when v > 0 and yp > 0, 
and the minus sign is used when v < 0 and pp < 0, The application of 
Formula (2.4) to (2.3) yields 


1+ ikr 1+ ikR’ 


—ik(R’+r) tn2 __ 4,—ikr, 
Via cos sin? } = fe + O[(kay*] 


By neglecting this integral in comparison to ka, we obtain from 
Formula (1.6) Formula (2.1). In order to prove the statement (2.2) at 
the surface ({— C), we show that 
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1 + ikR’ 
f R? 


Let us choose a point B on the 
surface ({—- C) and connect it with 
point E£ by a straight line £B which 
intersects the surface of the 
cylinder = at point A(A < C) (Pig.3). 


Let us construct confocal ellipsoids 
of revolution with foci at points £ and B. Then one of them will neces- 
sarily be tangent to the surface of the cylinder. This point lies at the 
part of the surface ({— C) where p = 0. 


The equation of the surface of the cylinder in the coordinate system 
Az,y,2z, (axis Ay,|| Oy lies on >, and axis Ax, | y,Az, where Az, coincides 
with the exterior normal at point A of the surface *) has the form 


1961 


+ 2;°-+ 2az, = 0 (2.6) 
Instead of Ax,y,z, let us take another system of coordinates Axyz 
(axis Az coincides with the Az,-axis, axis Ay coincides with the projec- 
tion of the line £B onto the tangent plane at the point A of the surface 
>, and the axis Ax is perpendicular to the plane zAy). 


Then the equation of the surface of the cylinder in the coordinate 
system Axyz has the form 


(x sin B 4+- ycos 8)? + 2* + 2az = 


where § is the angle between the axes Ay, and Ay. 


Then the distances of the points £ and B from the arbitrary variable 
point M on the surface > are given by 
r? EM? = x* +- (y + ro cos a)* + -rgsin a) 
R’? = BM? = z* + (y— rocosa)* + (2 rasina) 
where x, y, z are the coordinates of point M, ro = EA, Ry = AB and a is 
the angle between the line £A and the tangent plane at point A of the 
cylinder surface 


By expanding r and R’ into a Taylor series and taking into account 
Formula (2.7) we find R’.+ r in the form 
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Then, on the basis of Formulas (2.1), (2.4) and (2.8), the double 
integral in (1.6) is equal to 


inR’ ds = 


1+ ikR’ 
In \\ On 


-+ikr 1+ ikR’ OR’ 1 1+ ikro 
on — cos exp [— ik(R’ ds=- On COS Yo 


R,? On k(Ro'+ro)sina ~ (Ry+ro)? (cos ), exp [— ik (Ro +- ro)] 
(2.9) 


{+ ikRy OR’) ki (Ro+ ro) 


but [ (AR’ | An)o cos to] 
tp), sina 


Consequently, we have for the point B: Ry + reg = Fr. After omitting 
the index B at cos W, we have 


(x 


Thus, the validity of Formula (2.5) is proven. 
face of the cylinder (2 — C), we have p = 


Therefore, at the sur- 


3. Determination of the function f for a cylindrical obstacle. Here, 
the following assumptions have been made: 


Two tangent planes running from point £ to the surface of the cylinder 
divide the space into three regions. Region I is enclosed between the 
tangent planes and the (C) part of 
the surface, region II is enclosed 
between the tangent planes and the 
(2 - C) part of the surface, region 
III is the remaining part of the 
space, (Fig. 4). 


I. Assume that the studied point 
M lies in region I or in region III. 
Choose the origin A of a moving co- 
ordinate system Axyz. Construct con- 4 
focal ellipsoids of revolution with 

foci at points E£ and M. Then one of them will be tangent to the surface 
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(C) and the other will touch the surface ({- C). It is interesting to 
look at the case when point A lies on the surface (C), since p = 0 on 
¢). 


We draw two lines AE and AM from point A, which are equally inclined 
at an angle a to the tangent plane at point A of the surface >. 


Then the plane EAM passes through the normal O,A to the surface >. Let 
us use the coordinate system Azyz (Fig. 4). Am expansion of R+ r intoa 
Taylor series yields 

2sinasin? 
| 

a 


On the basis of Formulas (1.4), (2.1), (2.4) and (3.1), the function 
f is determined as follows: 


1+ ikr _ sf 2sin a sin? 


ft. 1 1 \ 2sin a cos*® 8 


(Re 


Ry 


)* 


| 2sinacos*8 1-+- ikrg — cos Po 


+ ro 
a 


2Rory sin a sin? B : 2 sin a cos* 
Retro) {(2 Re ) (a sin? a -+ — 7 - ) 
/ 


The problem is analysed with an accuracy up to terms of the order 
1/ka as compared to unity, i.e. 1 << ka. Since a < ro then 1 << ka < kro. 
Thus, we have 


1 ikrg — 2xi ikrog — 2ni 
Consequently 
ik(Re-t re) _ 2sinasin® 


COS Yor 1 * 4 )x 


0 


2sin a cos? 8 | 
a j 


Since cos Wj = cos(1/2 7 + a) = sina we obtain 
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e—ik( Ro+re) aVsina 


nasin®?B\/ (3.3) 
+ 


Using this, one can write Equation (1.1), taking into account the time 
factor e*”* and the sound source intensity To in the following form: 


pilot Kr’) eilal- kKR,—kr,) 


II. Now we shall find function f, 
and consequently function ®, when 
y point M lies in region II (Pig. 5). 


We shall show that region II is a 
sound shadow region. 


The line £A intersects the surface 
= at two points. Let us take a point 
A that lies on the (C) part of the 
cylinder surface. Then relative to this moving point we construct a co- 
ordinate system A xyz, as shown in Pig. 5. An expansion of R+ r into a 
Taylor series yields then 
\ 


R4 r= Ry 4 ro 


Re ; >, ,) sin? a (3.6) 


On the basis of Formulas (1.4), (2.1), (2.4) and (3.6) function f be- 
comes 


iK(R+P) 


ne R, sina ~ r (3.4) 


Here, we assume that Ry + rg= r’ for the studied point M. The solu- 
tion of Equation (1.1) then becomes 


pilot—kr 
Thus, one can apply with an accuracy up to the order 0(1/ka) the 
approximate asymptotic formulas (3.5) and (3.8) for the computation of 
the velocity potential for short sound waves in the case of a cylindrical 
obstacle. 
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Pig. 6. 


4. Solution of Equation (1.1) in the case of various obstacles. When 
applying Sections 2 and 3 of this paper to various obstacles, we obtain 
outside the shadow region 
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pl, R 


0 ro 


where p is determined as follows: 


Por a sphere (Pig. 6) 


Vsina 
fos 2Roro 2hore \ 
For a cone (Pig. 7) in regions I and II, respectively 


_ 2Rorosin B cos* 
p=sin8\1+5 (Ry + ro) sin 2 | 


For a plane (Pig. 8) 
p=sms 


In the shadow region ®= 0 for all above-mentioned obstacles. 
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DIFFRACTION FROM A HALF-SURFACE OF WAVES 
FORMED ON THE SURFACE OF A LIQUID BY 
A PERIODICALLY ACTING SOURCE 
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NA POVERKHNOSTI ZHIDKOSTI PERIODICHESKI 
DEISTVUIUSHCHIM ISTOCHNIKOM) 
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(Moscow) 


(Received Noveaber 30, 1960) 


1. Statement of the problem and derivation of its solution. An in- 
finitely deep, ideal, heavy liquid fills the half-space z< 0. In the 
liquid is submerged a plane, semi-infinite, vertical wall, the edge of 
which coincides with the axis Oz. Under the surface of the liquid at 
several points characterized by the cylindrical coordinates (r°, a, — h) 
are located sources acting periodically with frequency o and having 
maximum power Q. 


We study the diffraction of waves incident on the surface of the liquid. 
Considering the motion of the liquid to be potential, and bearing in 
mind its periodic character, we introduce the velocity potential ¢(r, 6, 
z)e*’*, The function 8, z) throughout the entire half-space, 
occupied by the liquid, should satisfy the Laplace equation 


Ag =.0 
the condition on the free surface of the liquid 


g 
for z=0 


and the conditions of the solid wall 


36 * 0 for and = 2x 


The motion should damp out with increase in depth of the place of 
observation; therefore 


@i(r, U, 0, for z-+ — co 


(1.4) 
545 
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Finally, at the point S(r*, a, — h) the 
function ¢(r, 0, z) should have a singularity 
of the form 

(1.5) 
4n Ry, 
Rj}? = r* + — 2rr’ cos (§ — a) + (z — 2’)* 


The problem consists of finding the solu- 
tion to the Laplace equation (1.1) which 
satisfies conditions (1.2) to (1.5). Bearing 
in mind the integral representation of the 
potential of a source in an infinite liquid 
domain 


co 
Q \ 
4n 


e Jo(kR)dk (1.6) 


we suall seek a function ¢(r, 6, z) in the form 


co 


wk, §) dk +\ (k) (k, r, Q) dk (1.7) 
0 0 


where the function A(k) is determined in such a way as to satisfy the 
boundary condition (1.2). Setting d(r, 0, z) in the form (1.7) in Equa- 
tion (1.2), we obtain the following expression for the function A(k): 


1+ gkie 


A(k) = — i— 


(1.8) 
Thus, the function ¢(r, 0, z) for —2z< h can be put in the form 


= 1+ / 
6. 2)= wk, r, §) dk -\ W (k, r, (4.9) 
0 0 


oo 


The function Y(k, r, 6) is found, following Sommerfeld [1], by con- 
structing the branched solutions of the Laplace equation. It was deter- 
mined by this method by Sretenskii in[2]. 


The function Vkk, r, @) has the following form: 
Jo(kR) + Jo(kR) +V (0, for 


(k, r,0)=5 Jo(kR)+V(0, r, k) for t—a<§<a+a (1.10) 
lve. r, k) for ™+a<§< 2x 
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1 


4 (kat rs Jo (kRn) dn 
R? = — 2rr’ cos — a) 
R? = r* +r’? — 2rr’ cos (§ + a) (1.42) 


To study the form of the disturbed surface of the liquid, we make use 
of the relation between the displacement of the free surface of the 
liquid and the velocity potential: 


is 
From this 


r, O)kAdk (41.14) 


‘ol. 25 ' On the basis of Expression (1.10) for Vik, r, 0), the displacement of 
1961 the liquid surface may be put in the form 


for 


for 
for 


iQs* 


(a — Pig. 2: 
| cos —O) cout (/an) + sin®] (a — O) hina? Can) 
—oo 


cos|!/, (a + 


+ (@ O) C/am) + sin® (a + | Jo ay (1.18) 

The term q, corresponds to the wave excited at the surface of the 
liquid, filling the half-space z < 0, when the source is at the point 
S(r’, a, — h). The term Co corresponds to the wave excited by the source 
located at the image point S,(r°, - a, — h). Finally, ¢, is the required 
diffraction. 


(4.44) 
iQs 
0 
A 
| (&) 
ta = exp ( Jo(< Re) (1.17) 
0 
i 
0 IC 


a! 
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2. Asymptotic analysis of the solution.We seek the asymptotic formulas 
for the displacement of the liquid. We start with an analysis of Ci. Re- 
placing the Bessel function by the half-sum of the Haenkel functions, we 
write the integral in Expression (1.16) in the form 


exp (— 28) | exp (— (2 me) BS, 
0 


Assuming the dimensionless magnitude o* R/¢ to be large, we replace the 
integration along the real axis by an integration along the path OAB 
(Fig. 2) in the first term, and along the path OCB in the second term, 
where AB and CB are arcs of a circle with infinitely large radius. 


In the original expression a pole is located along the path of inte- 
gration at € = 1. 


We assume that the path of integration goes around this pole along a 
semi-circle of small radius lying in the upper half-plane. As is shown 
in the analysis below, the radiation condition is satisfied by such a 
choice of path of integration. In deforming the path of integration in 
the second term of Formula (2.1) it is necessary to include the contribu- 
tion near the point é = 1. Accomplishing the indicated deformation of 
the path of integration, and taking into account the contribution of the 
point € = 1, we transform Expression (2.1) in the form 


co 
f ch ada 
J= exp (— Sai) (i Ra) — 
0 


—oo 


2h d eh 
\ exp = ai ) H(i = Ra) — exp(—* H R) (2.2) 
0 


The integrals entering this expression may be asymptotically evaluated 
by use of the theorem proposed by Sretenskii in {3 ].* carrying through 
the computation, we come to the conclusion that these 


oo 


m=1 


0) 


Then for large values of w the asymptotic expression is valid 
m —o 


0 


548 
Te 
Vol. 
196 
| 
4 
* Let 
= m 


Diffraction of waves from a half-surface 


integrals are of order (o7R/g)?, and therefore 


2h 2 
J = —2ni exp(— ) (— R) + (2.3) 


Thus, for large values of the parameter o* R/¢, the part of the dis- 
placement due to ¢, may be put in the form 


3 2h 3 
eta exp (— H,® R) + (o*R/ey? (2.4) 


Analogous considerations lead, for large values of the parameter 
o* R/¢, to the aymptotic value of the quantity 


exp ( =) (<= )+ (oR / g) (2.5) 


We now pass to the asymptotic approximation of the quantity C3. For 
this purpose, we first determine the parameter with respect to which the 
asymptotic approximation is obtained, and consequently we also establish 
the region in which the asymptotic formula will be valid. 


— 25 We introduce the dimensionless parameters p, p’, and p, defined by 
961 


r= pro, r= R= 


We assume that the quantity w= o*ry/e is large enough for-only the 
first term in a series in negative powers of w to be significant in the 
asymptotic approximation. We also assume that the asymptotic formula will 
be sought for a position of the point of observation and of the source 
for which all the parameters p, p” and p, may be chosen greater than one. 


Reversing the order of integration in Expression (1.18), we obtain 


9) leost? + sin? (a2 — 6) Taw 


oo 
gist cos (a — §)cosh("/2 
cos? (a 


82g? 


(a + (4/2 9) + sin® (a + @) (4/2 


oo 
x exp (-¢ 8) Jo (= (2.6) 
For the inner integral for large values of quantity 2R (and, 


consequently, the more so for large values of 0 * 5/8) we have the asymp- 
totic approximation 


co 
2 2 * 
J; =| exp ( 5. (= 
g g 
0 


Taking account only of the first term of the asymptotic series, we 
obtain the following expression for ¢,: 


t= — exp ( {eos [*/2 (a— x 
cosh (1/4) Ho) / g) dy = 
cos? (a — 9) |cost? (4/2 n) + sin? (a — G) (4/2 


—oo 


co 


(2) 
cos [4/2 (a + \ ch (1/2 n) Ho” Rn / g) dy 
—oo 


2.8 
cos? 9) (4/2 n) + sin® [4/2 (a + 


Let us consider one of the integrals of Formula (2.8), for example, 
the first: 


cosh (1/2 (a? Ry / g) 
[*/2 — 8) |eost? (4/2 + sin? (2 — n) 


dy (2.9) 


Changing the variable of integration according to the formula 


coshn = 1 8? 


we obtain 


oo 


8 (Rn / g) 


4B 
v2) 


cos? (a— (2+ 83) + 8? sin? [1/2 (a - (a — ~§)] 


Putting R,, in the form 


R,? = 2pp'ro? py + (2.11) 
2pp 


and replacing the Haenkel function by the first 
term of its asymptotic representation 


Hg) (2) = (zn) 


the integral Ji may be written in the form 


oo 
* \ F ® ag 
0 
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i 
cos* [Ya (@— + 2) + — OI 
w(B)=i Vip (2.13) 
g 


2pp" 


F (8) = 


The asymptotic evaluation of the integral in Formula (2.12) may be 
obtained by the cross-over method. We will consider 8 a complex variable 
and determine the sign of the root y = vi? + B*) when we introduce cuts 
from the branch points 8 = + ib to infinity parallel to the imaginary 
axis. We assume, also, that on the first sheet, where the integration is 
carried out, the distribution of signs of the roots is as indicated in 
Fig. 3. 


The cross-over point is located at the origin of coordinates, and the 
path (Pig. 4) along which the imaginary part of the function »#(f) re- 
mains constant as one moves away from the origin of coordinates, asymp- 
totically approaches the straight line Re 8 = 6. We deform the original 
path of integration OA, and replace it by the path OBA, where BA is a 
circular are of infinitely large radius. Furthermore, expanding the 
integrand into a series near the cross-over point [4] and applying for 
its evaluation the lemma of Poincaré [4,5], we obtain as the result of 
all these considerations the asymptotic approximation of the integral J, 
in the form 


The evaluation of the second integral in Formula (2.8) is carried out 
in an analogous manner. As a result, for the term 3 of the displacement 
of the liquid ¢ we obtain 


exp(—— )x 


(2.14) 


—, 2.15 
cos (a — §)] cos [*/e(a + 6)] 


| cos (*/, a) cos (*/2 


exp{i3| 


Por a or @ equal to m7, the elevation q; = 0. This means (in the pre- 
viously indicated approximation) that if the source or point of observa- 
tion is in the half-plane relative to which diffraction occurs the term 
C3 vanishes. The phase of the diffracted wave is determined by the total 
distance from the origin of the point of observation and of the source, 
and the damping in amplitude by the square root of the product of these 
distances. It should be noticed that for angles @ close to 7 — a and 
m + a the asymptotic expression (2.15) loses its meaning. 


In conclusion, we note that a similar method may be used for the solu- 
tion of the problem of waves initiated at the surface of a liquid by an 
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oscillating body located near a wall immersed in the liquid. For this, 
one should use the method of N.E. Kochin, which replaces the oscillating 
body by a distribution of sources and sinks. 


The author also solved the problem of waves 
on a surface of separation, when the source is 
located near a solid wall immersed in a half- 
space of fluid which consists of a homogeneous 
liquid, with another liquid of different 
density floating above it. Omitting here the 
rather cumbersome calculations, we present one 
(p) of the formulas obtained. If the plane z= 0 

is the undisturbed boundary of separation, if 
al the layer has a thickness h, and the depth of 
the immersed source beneath the surface of 
Pig. 4. separation is H, the portion of the displace- 
ment of the free surface ¢,, caused by diffrac- 
tion is obtained in the following form: 


On Ving (a — cos + cosh / g) — (1 — / 

exp |— / g) Eo] exp [— g) Eo(r 

(Eo— 1) —[(1 — a) Eo — — (g / o*h) (1 — / g) Eo) re’ 


Here a = p,/p is the ratio of the density of the layer to the density 
of the liquid within the half-space below, and ¢, is the root of the 
transcendental equation 


(1—a)E—a 
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In [1] we considered plane and axisymmetric magnetohydrodynamic flows 

of an ideal gas in the presence of a magnetic field parallel to the flow 
velocity. In that paper, it was shown that two regions of hyperbolic flows 
exist. In the supersonic hyperbolic region the flow is qualitatively 
similar to supersonic flow of an ordinary gas. In the subsonic hyperbolic 
region shock waves extend upstream from the body, so that the flow 

picture is like that of an ordinary gas flow directed in the opposite 
direction. 


We shall show that within the limits of accuracy of linearized theory 
this fact also holds for three-dimensional flows, and that extending up- 
stream will be not only shock waves but also vortex sheets. 


The linearized equations of magneto-gasdynamics for an ideal gas with 
infinite electrical conductivity in a magnetic field parallel to the 
velocity have the following form, after the magnetic field is eliminated 


[1]: 
Ov Ov 
) dx | Oy Oz 


Ov 
oy Ox 


Ov, 
=0 

Here vv and v, are the perturbation velocities, Vo the velocity 
of the unperturbed flow, a the Alfven speed, Hy the unperturbed magnetic 


field, and p, the density of the unperturbed flow. 


The perturbed magnetic field is connected to the perturbation velo- 
cities by the relation 
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h, v 
Hoy ) Vy Hy 


Transforming 
M?— N? 


r 


we reduce system (1) into the form 


ga (N?— (1 — M4) 
M?—N? (i— M) 


Evidently p? is positive and the equation is hyperbolic for 
N/ ¥ (1 = N*) < M< min(N, 1) and for M> max (1, ™). 


The first of these regions (quasihyperbolic [1]) represents the more 
ol. 25 interesting case, where, as mentioned previously, shock waves extend up- 
961 stream. 


The system (4) differs from the corresponding system of linear equa- 
tions for ordinary gasdynamics only in the absence of the third equation 
of irrotationality. 


From the last two equations of system (2) we obtain 


v | 


Oy 


Oy 


The function F(y, z) is in general non-zero. However, if at infinity 
F(y, z) = 0, then across weak compression shocks of arbitrary form the 
function F remains zero. This follows from the fact that the relations 
satisfied across weak shocks coincide with those for characteristics. By 
means of transformation (3), these relations reduce to the usual ones of 
supersonic aerodynamics. Since in ordinary gasdynamics the flow remains 
irrotational across weak shocks to an accuracy of the cube of the shock 
strength, the same remains true in the case under consideration, i.e. 
F(y, z) = 0. The function F may differ from zero only in vortex sheets. 


Since on the body v. =-—v., =-wv_, and, moreover, in the sub- 
sonic hyperbolic region shock waves leave the side of increasing x , then 
evidently system (4) and boundary conditions describe an ordinary gas 
flow near the body in the opposite direction, i.e. v. =-Vp. 


If we take the solution of the corresponding ordinary gas problem with 


555 
(2) 
Ve’ He Ve 
4 =, v, om 
- == (3) 
x = 0 Ox 
ar- y 


556 M.N. Kogan 


reverse flow to be the solution of the magnetohydrodynamics problem in 
question, then the vortex sheet generated by the wing in ordinary gas 
flow will extend upstream in this problem (Figure). 


In the supersonic hyperbolic region the flow picture obtained is 
qualitatively similar to the flow in ordi- 
nary aerodynamics. To reduce system (1) to 
the form (4), it suffices here to replace 

v, by according to (3), leaving the re- 
maining variables unchanged. 


Let us observe some properties of three- 
dimensional flows, which obtain in both 
subsonic and supersonic flows. 


As shown above, in both cases the solu- 
tion of the magnetohydrodynamic problem may 
be reduced to the solution of the corre- 

sponding problem in ordinary aerodynamics. Within the limits of linear- 

ized theory, the latter solution is irrotational.. 


However, it is evident that in the resulting flow, the y- and z-com- 
ponents of the vorticity and current will be non-zero. In magnetohydro- 
dynamic shock waves the tangential components of the field and velocity 
are discontinuous. Consequently, a shock is itself a vortex sheet and a 
current sheet. In three-dimensional flows the shock strength changes 
from point to point; hence, the current can flow either into or out of 
the shock. 


On the body surface the velocity and magnetic field undergo a 
tangential discontinuity. In ordinary aerodynamics the difference in the 
circulation intensity between two adjacent sections of the wing equals 
the intensity of the portion of the trailing vortex sheet between the 
two sections considered. From the solution constructed above it is seen 
that in the magnetohydrodynamic case the vorticity and current from the 
boundary layer are not only in the vortex sheet but also throughout the 
flow, so that the components of the current and vorticity normal to the 
wing surface are not zero. 


Therefore, the currents in the shock, the boundary layer, 
sheet and the entire flow form a "single energy system." 


the vortex 


We observe that the solution for the quasihyperbolic case constructed 
above, with a vortex sheet extending upstream, cannot be fully justified 
within the limits of ideal fluid theory. Nevertheless, it has been 
established in a series of papers that for sub-Alfven speeds in fluids 
of infinite conductivity, the viscous wake extends upstream; this fact 
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serves as a justification of the flow picture proposed here, to a certain 
extent. 


The author expresses his gratitude to A.A. Dorodnitsin and V.V. Sychev 
for examining the results of this work. 


BIBLIOGRAPHY 


1. Kogan, M.N., Magnitodinamika ploskikh i osesimmetrichnykh techenii 
gaza s beskonechnoi elektricheskoi provodimost’ iu (Magnetodynamics 
of plane and axisymmetric flows of gases with infinite electrical 
conductivity). PMM Vol. 23, No. 1, 1959. 


Translated by Cc. K.C. 


ol. 25 
1961 


ON SHOCK WAVES IN THE FLOW OF A POLYTROPIC 
GAS, HAVING STRAIGHT - LINE CHARACTERISTICS 


(0B UDARNYKH VOLNAKH V TECHENIIAKH POLITROPNOGO GAZA, 
IMELUSHCHIKH PRIAMOLINEINIE KHARAKTERISTIKI) 


PMM Vol.25, No.2, 1961, pp. 377-381 


A. F. SIDOROV 
(Cheliabinsk) 


(Received March 5, 1960) 


1. We shall consider the two-dimensional unsteady motion of a poly- 
tropic gas with the equation of state p = a’(S)p, where p is the pres- 
sure, p the density, S the entropy and y the adiabatic exponent. 


Let c= V (dp/dp) be the sound speed, and Uy, Uy the components of the 
velocity vector u. 


In [1] was studied isentropic flow having straight-line character- 
istics in the t-space 


(1.1) 


The quantities Ay and A,, and also the functions u, and uw», are 
assumed to depend on two parameters a) and a», which determine the posi- 
tion of the characteristics. 


In what follows we shall study mainly flows which are not simple waves 
or conical flows; by virtue of the theorems established in[1], such 
flows will be potential flows for y # 2 (for y = 2, rotational flows may 
also have straight characteristics). In this paper we shall give a method 
of finding the flow of a gas behind shock waves of constant strength 
moving into a uniform region, for a class of sufficiently smooth (in 
some sense) shock fronts, when the flow behind the shock fronts has 
straight characteristics. 


For simplicity we shall consider an isothermal gas, though all the 
arguments may be carried over to the adiabatic case with arbitrary y, 
for which we merely state a few results. 


In the adiabatic case, the constancy of the normal velocity of the 
shock front follows at once from the Hugoniot conditions as soon as we 
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are given a constant region ahead of the shock, and we assume isentropic 
flow behind it. In the isothermal gas, this same property is also de- 
duced from the Hugoniot conditions, in addition to the assumption that 
the flow behind the shock wave possesses straight characteristics. 


2. In the equation of state of an isothermal gas p = ep, where 
e? = RT, we assume for simplicity e = 1 (a? is the square of the sound 
speed, which is a constant in an isothermal gas). 


The flow of an isothermal gas with straight characteristics is de- 
scribed by the system of equations [1 ] 


A, =u;+ 4; (i = 1, 2) 

(1 — (G22 + 1) + 29192912 + (1 — 92") (Qu + 1) = 0 
(1 — / Ory — / + (1 — Aug / day = 0 
Ou, | Oa, = Jug | Oxy 
x, — A; (G1, = a; (é = 4, 2) 


Ou. 
q = inp, Vix Ou; Ou, 


Equation (2.5) serves to determine the functions u, and q in the 
*) *9 t -Space. 


We consider a stationary gas with u) = w= 0 and p = 1, into which 
the shock wave enters. The equation of the shock surface may be taken in 
the form 


a, — f (a) = 0 (2.7) 


The equation of the shock surface Ma,, a,) = 0 may be considered as 
general, insofar as a given equation of a surface F(x), x2, t)=0 reduces 
to it, after using supplementary conditions between u,, u, and q as func- 
tions of a, and a, resulting from Hugoniot’s conditions. The Hugoniot 
conditions in the case considered are written as: 


where D is the speed of the shock front and t a tangential vector to the 
shock front. 


The method of studying conditions (2.8) is analogous to the method 
applied in[1] for deriving the basic equations. With the help of 
Formulas (2.1) and (2.5), Equation (2.7) and the formula 
Jat, / — f° Oa, / ot 


= 
V (Gag / Ox, — | 4- (ag Oxy — ay | 


(2.4) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
Here 
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condition (2.8) may be reduced to the form 


(i =4, 3) 


where A; and B; are functions of a, alone, and consequently, since ¢ is 
arbitrary, each must be zero. Thus, we obtain four equations: 


uy + = 0 (2.10) 


OA; 
+ Piz) (par = \ Pij Aa ) (2.11) 
V uy? + 
 , 41 [Ar (por + peo) — Ae (pu + 
{par +f poe) + (2.13) 


Finally, elimination of D from (2.8) gives yet another result: 


— 1 (Wu; us? + ug? + 4) (2.14) 


We shall prove that |u| = ¥ F = const along the shock front. To this 
end we calculate along the front the following: 


q |- qo dus 


Using (2.1) and (2.12), and also the fact that along the front 


“Ou; Ou; 


du; 
Jas 


we reduce the expression for q to the form 


q = — — — V (uy? + (uy? + ug? + 4) + Q (Q = const) (2.15) 


Comparing (2.15) with (2.14), we see that u,? + uy? = F= const along 
the front, the constant Q being determined by the given |u| on the front. 


Thus, in the class of flows of an isothermal gas which we consider, 
shock waves can propagate only with constant speed D, and consequently 
the quantities |u| and q are constant along the front. 


Moreover, analysis of Equations (2.10) to (2.13) shows that the 


following relations obtain along the front: 


uy | Ue = 
G 


le? “1, 72 \u PF 


A, + = 0 
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G, = —.(3F +VF(F+%4)) oF 


2 


(2.18) 


Formulas (2.16) provide the initial data on the shock front for Equa- 
tions (2.3) and (2.4) in the @,-a,-plane, and Formulas (2.17) give the 
initial data for Equation (2.2) in the plane of the velocity components. 
Equation (2.2) and the system (2.3), (2.4) for the functions uw, and uy, 
are hyperbolic in the neighborhood of the line a" + u,” = F when G = G. 
and, generally speaking, are elliptic there when ¢G = G,. The choice of 
the sign in the formulas for wu, and uy is fixed by the direction of pro- 
pagation of the shock wave. The shape of the front at the initial instant, 
given by the function f(a,), may be arbitrary. We observe that for 
conical flow (A, = a), A, = @,) the shape of the front will not be 
arbitrary, but must be either plane or cylindrical. This follows from 
Equations (2.10) to (2.13). 


The function gq, which satisfies condition (2.17), is uniquely deter- 
mined from the equation 


2q"u + — —4q*u+i1=—0 (q=q(u), uw =u," + (2.19) 


and from condition (2.17) for Equation (2.9), the initial conditions for 
the Cauchy problem being 


G VF+VF+4 

We remark further that the function gq does not depend on the shape of 
the shock wave, but is determined only by the speed of its propagation 


into a constant region. 


By means of a velocity potential 9, Equations (2.3) and (2.4) may be 
reduced to a single equation of the second order. 


As an example of that, we use Legendre’s transformation and introduce 
polar coordinates u, = r cos ¢, uy = r sin g then we obtain a linear 
second-order equation for @ of the form 


ro 130° 1 40° 


or 


(Gar +r )=0 


for which 
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From condition (2.16) for Equation (2.21) we set up the following 
problem: 


VF = (—cot + sin pf cot = 


(2.22) 


Here f’ | represents the inverse function to f’, In the coefficients 
of Equation (2.21) the variable ¢ does not enter explicitly; thus we 
may apply the method of Fourier for the solution. Seeking a solution in 
the form ®° = ¥(d) xy (r), we obtain equations for w and y: 


x" —(4rq"*— ©) — 5) x =0 (2.23) 


where A is a constant. Thus, ®° may be taken in the form 


a 


where a, are arbitrary constants. 


For some concrete gasdynamical-flow problems (when A = — k?, k integer), 
with the assumptions of the boundedness of y)(\VF) for all A and suffi- 
cient smoothness of the function 1(¢), it is possible to justify Fourier’s 
method for Equation (2.21) in the hyperbolic case and to prove the con- 
vergence of the corresponding series. 


3. As an example, we solve the problem for an isothermal gas assuming 
that, at the initial instant, the shock is elliptical in shape 


/ a? (3.1) 


and the gas in front of the shock (i.e. inside the ellipse) is at rest, 
with p = 1. 


For t = 0 we have a; = %) and it is sufficient to find the distribu- 
tion of the velocities u) and Us behind the shock wave at the instant 

0. After that, the flow in the 2) — %)— t space is found from Fornm- 
ula (2.5). We observe that in our consideration we assume the hyper- 
bolicity of Equation (2.21) behind the shock. 


The lines x) = 0 and %» = 0, by symmetry, may be considered as rigid 
walls. Boundary conditions on the walls x, = 0 and %> = 0 for the 
potential ®° are set as: 


| | 


| = 0, =0 
Ou, \u,=0 


= 90° 
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In this case 


= V cos? +- sin? @ 


Solving this problem by Fourier’s method, we obtain 


i= (2m)?*, 
and for the velocity potential ®° we obtain the expression 


co 


= soXo + > Som Xom (7) COS 2m@p 


m=0 


n 


V2 cos? -+ sin Sem, = «cost 4 sin? cosmidt (3.5) 
0 


i.e. coefficients are expressed as complete elliptic integrals, and 
‘ol. 25 the initial conditions for y,,(r) follow: 


1961 
VF) =! (3.6) 


Functions y,, are found by numerical integration of the second equa- 
tion (2.23) after determining q by numerical integration of Equation 
(2.19). 


The dependence of functions a) and YU, ON x) and Xo (t = 0) may be 
found from the relations 


du, = | dug = (3.7) 


We note that the motion of the shock wave toward the center of the 
ellipse can only be considered up to the instant ¢ = to, at which time 
the normals to the shock front begin to intersect and the shock front 
becomes broken, 


4. We consider, in conclusion, flows with straight characteristics 
and shock waves in the adiabatic case. 


These flows are described by the equations [1 |] 


A, =u, +00, (4.1) 


*—1 


— 01%) + 20102012 + (1 — 62%) Ou + (4.2) 


(1 — Ouy / Oa, — 201020, / + (1 — a") / = 0 (4.3) 
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Ou, / => Ou, / Oa, 
A, (a,, =a; (i = 1,2) (4.5) 


= Vik = 


As before, we consider shock waves entering a stationary gas and shock 
fronts given by (2.7). The Hugoniot conditions in this case appear thus: 


u-t=0 (4.6) 

p1 (uin — D) = — poD (4.7) 

Pi + (Uin — D)* = Po + poD* (4.8) 

wit (win — = wo uin = + (4.9) 


Here D is the shock speed, quantities with index 1 or 0 refer respect- 
ively to the states behind or in front of the shock, w» is the enthalpy. 


Thus, if given the equation of state and p,, Equations (4.7), (4.8)) 
and (4.9) represent a system for the determination of the quantities Yin 
p and D, which, consequently, will appear constant in this case. The 
difference from the isothermal gas lies in the fact that after giving 
the state before the shock front the shock speed will be uniquely deter- 
mined as soon as the entropy constant a?(S) is known, With the help of 
the expression 

u,A + ueAg 


V us? + 


= const (4.10) 


and condition (4.6), we obtain, in a manner analogous to the case of the 
isothermal gas, the following relations which are satisfied along the 
shock front: 


F 
Cc C 


in which C = u,9, + u,9, = const appears from condition (4.10). Seeking 
a function @ in the form 0 = Ou,” + uy”) and letting u = u,? + ies we 
obtain the second-order equation for the function 0 


(y—1) 6 (0° + -+ (y —3) +1=0 (4.43) 
Here 


Cc 
= oF 
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and @(F) is determined from Hugoniot conditions. Just as in the case of 
the isothermal gas, the function @(u) is invariant with respect to the 
shape of the shock front. This problem with the initial data (4.11) for 
the potential ®(09/da = u;) can be solved by Fourier’s method in a 
completely analogous manner to the isothermal case. 


Thus, by means of the method indicated it is possible, in the adi- 
abatic case also, to obtain exact solutions to some gasdynamical problems 
with shock waves. 


Furthermore, the method considered gives the possibility in some 
cases, both for isothermal and polytropic gases, of solving the problem 
of the motion of a curved piston which drives a shock wave in front of 
it, under the assumptions of sufficient smoothness (in some sense) of the 
piston shape at the initial instant. Thus, we can obtain some general- 
ization to the curved piston of the solution of L.I. Sedov for a constant- 
speed cylindrical piston. These questions will be considered in subsequent 
papers. The exact solutions obtained, moreover, may be used as criteria 
of accuracy for numerical methods. 


In conclusion, we thank N.N. Ianenko for valuable critical remarks. 


BIBLIOGRAPHY 


1. Sidorov, A.F. and Ianenko, N.N., K voprosu o nestatsionarnykh teche- 
niiakh politropnogo gaza s priamolineinymi kharakteristikami (On 
the problem of unstationary plane flows of polytropic gases with 
straight characteristics). Dokl. Akad. Nauk. SSSR Vol. 123, No. 5, 
1958. 


2. Sedov, L.I., Metody podobiia i razmernosti v mekhanike (Similarity 
and Dimensional Methods in Mechanics). GITTL, 1957. 


Translated by C.K.C. 


THE FLOW OF A VISCOUS, ELECTRICALLY CONDUCTING 
GAS IN A TRANSVERSE MAGNETIC FIELD IN THE 
PRESENCE OF HEAT TRANSFER 


(TECHENIE VIAZKOGO ELEKTROPROVODNOGO GAZA 
V POPERECHNOM MAGNITNOM POLE PRI 
NALICHII TEPLOOBMENA) 


PUM Vol.25, No.2, 1961, pp.381-382 


E.P. ZIMIN 
(Kharkov) 


(Received August 10, 1960) 


This paper contains a generalization of the solution for plane flow pre- 
sented in[1], in that it includes the effect of viscous dissipation. 


The problem of the two-dimensional flow of an incompressible, viscous, 
electrically conducting gas through a channel formed by two parallel 
planes subjected to the action of a uniform magnetic field of intensity 
Hy» and in the presence of heat transfer from the walls, was considered 
in[ 1,2]; the first reference contained a solution for a uniform heat 
flux, but excluded viscous dissipation ; the second reference contained 
a solution which included the effect of viscous dissipation, but was re- 
stricted to the case of a wall of constant temperature. 


We shall consider the flow of a fluid through a channel formed by two 
infinite, electrically non-conducting planes at z = + b, exposed to a 
normal uniform magnetic field Hy. The properties of the liquid are de- 
scribed by its electric conductivity 0, its density p, specific heat fp 
viscosity » and thermal conductivity A. The effect of temperature on 
these properties will be ignored. 


If the walls are impermeable to the fluid, it is possible to consider 
that the streamlines are confined in planes x — y. We choose the axis y 
to make the velocity component "y = 0. Then the solution can be written 
W.. = W (2), Ww. — 0, w. = 0, 
= H,, (2), H, = 9, H,= Mg, p= T = T 2) (1) 
the remaining parameters being constant. 


The system of equations satisfied by solution (1) has the form 
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* 


Here a denotes the coefficient of heat transfer. The first three equa- 
tions yield the following solution for W and H, [3]: 


W = 


PN cosh N —cosh( Vz / b) ih Pb [as b) 


P — —dp/ dx = const, N =p, Hob Vc/p 
Here N denotes the Hartman number and 6 is the channel half-width. 


In the present problem the distribution of heat sources is independent 
Jol. 25 of x. It follows that the temperature profiles are similar in all cross- 
1961 sections of the channel, and the temperature T= rx + 6(z). Thus, the 
fourth equation (2) can be reduced to the form 


| 


sinh V 
d*§ Pp? [+ [ PN? sinh(Nz 


| pc, | sinh N 


The value of r can be found from the heat balance 


b 
dH, 2 dW \2 P 
0 
where W° denotes the average velocity. 


Solving (3) and (4) subject to d@/dz = 0 for z= 0 and 6 = O for 
z= +t b, we obtain 


z \2 = 2 
b) 
y j 2 = - 
2coshV 22 1 1 


|? + - 
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Chaplygin investigated the problem of gas efflux at subsonic velocity 
from an infinite vessel when the walls make an angle gv between each 
other [1]. 


In [2] the special case of Chaplygin’s problem is reviewed when g = 2, 
and the author maintains that in this particular case it is not possible 
to use Chaplygin’s results. 


It is shown in the present paper that Chaplygin’s method and his re- 
sults are in fact applicable in this case. 


1. A plane gas stream, symmetrical with respect to the axis, flows 
from an infinite vessel through a Sorda mouthpiece. We follow [2] in 
assuming the flow axis to be the intersection between the plane of syn- 
metry and the flow plane. Introducing rectangular coordinate axes, we 
locate the x-axis to coincide with the mouthpiece axis and be directed 
into the vessel, the y-axis being directed vertically upwards. The origin 
is located where the vertical intersects the x-axis. 


The notation of [2] is used: V is the stream velocity vector with 
components u and wv along the axes; d(x, y) and W(x, y) are the velocity 
potential and stream function, respectively; « is the ratio of specific 
heats of the gas; k is a coefficient in the adiabatic equation; @ is the 
angle between the velocity vector V and the x-axis. 


y2 kup," 


Po = Ply no = const, 


The Chaplygin system of equations has the form 
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or, in the hodograph plane 


00 ~ (4 Ot’ (1 — 0g 
From Equation (1.2) Chaplygin derives an expression for the stream 
function in the form[1 ] 
Ym (T) 
=A+BO+ SB sin (2mQ + @m) (1.3) 
+ BO+ 2; Yon (To) 


m=) 


where A, A, B are constant, B. is a numerical coefficient, y (r) = 
Yis2n is the hypergeometric function studied by Chaplygin. 


If we put 


1 
h= 0,,=— 0, B (1.4) 


and determine from the expansion 


@=2 sin n§ (—a<§< a) 
n=1 


the value of coefficient By we obtain the result of [3] directly from 


2 si 1.5 


where T(r) = T,,(r7) = 7r"y,(r) is a regular particular solution of the 
equation forr = 0: 


dT 
— (28 + 1) = 0 (1.6) 
Thus there is no need to solve the problem in order to find Ww by any 


other method, and it also becomes unnecessary to prove the possibility 
of double term-by-term differentiation of the series in (1.5) inr and @. 


2. In[2] a formula was obtained for the contraction of a stream 
through a Borda mouthpiece in the form 


H ~ 257 + T1 


(2.1) 


In this expression H is the width of the mouthpiece, h is the stream 
width at infinity 


dT 
T(t) = VtF (1, —B; 2; Ty’ = 


t +1)... (—B+m+4) om 
F — 8; 2;t) =1+ >) (2.2) 
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Kibel [3 ] derived a general formula for the contraction of the stream 
in the form 


(2.3) 


h nq To 
om (14 = 1 
H \ — + in | 


With q= 2 in (2.3) we have indeterminancy, which is in fact easy to 
resolve. As a result we arrive at Formula (2.1) — a result from[2]. 


It should, additionally, be observed that the function T(r) is an 
elementary one. This circumstance was apparently originally pointed out 
by Lighthill [4]: 


= -(4— (2.4) 


1 
f1 


Thus, Formula (2.1) is considerably simplified: 


h i—(1 
2@+1)t 
‘ol. 25 
1961 The results of [2] follow from Formula (2.5) as a special case for 


B = 2 and 6 = 3. The necessity of tabulating the degree of contraction 
no longer exists, because (2.5) is obtained in closed form. 


Parametric equations of the free stream profile follow from Chaplygin’s 
results too, and the equation for y is given in[1] (q¢= 1). 


It should be observed, finally, that if the quantities entering 
Formula (2.5) are expressed in terms of pressure (for instance, with the 
St. Venant and Wenzel formula) we arrivé at the formula for stream con- 
traction given by S.A. Khristianovich 


x—1 
h [() Po\ * 


It is evident from Formula (2.3) that this elementary expression is 
valid only for q= 2. 
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As is well known, the Chaplygin equations for the motion of a nonholonomic 
system[1] are derived on the assumption that the independent parameters 
are true coordinates. In [2], Chaplygin introduced a method for the 
integration of these equations, based on the use of a new variabler, 
which is related to the time ¢ by means of the differential relation 


where N is a suitable function of the independent parameters. This func- 
tion was called the additional multiplier by Chaplygin. However, already 
in the case of plane nonholonomic motion, which he uses to illustrate 
his theorem by means of an example, he in fact employs quasicoordinates 
(it must be noted that the general concept of quasicoordinates was 
introduced historically later), without taking due account of the situ- 
ation. While Chaplygin’s example is strictly correct, the extension of 
his theorem of the additional multiplier still remains without theoretical 
justification. Later, some authors (see, for example, [3 ]), expressed 
their doubts as to the validity of Chaplygin’s theorem in the case of 
quasicoordinates. With the aid of superfluous coordinates, Shul’ gin [ 4 | 
showed that under certain conditions the form of Chaplygin’s equations 
is preserved when some of the superfluous coordinates are quasicoordi- 
nates. 


However, the theoretical justification of the equations of Chaplygin 
in the case of quasicoordinates has remained open. Let us mention the 
papers [6,7 ] of Novoselov, where an attempt is made to carry over 
Chaplygin’s theorem to the case of nonlinear nonholonomic coordinates, 
but without an actual proof of the stated results. In the present paper 
Chaplygin’s equations are extended to the case when the independent 
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parameters are quasicoordinates; a theoretical justification of the 
method of the additional multiplier is given in this case; and there is 
given a class of problems in which the application of quasicoordinates 
lies within the limits of the theory of Chaplygin. 


1. Qhaplygin’ s equations for quasicoordinates. Consider a 
nonholonomic system, whose position is defined in terms of generalized 
coordinates q,, ..., 9,- Suppose that there are m degrees of freedom 
(m<n), i.e. there exist n — m nonintegrable constraints relating the 
generalized velocities 9 cove Ini these constraining relations are sup- 
posed to be linear and homogeneous. The coefficients in these equations, 
as well as the Lagrangian L, depend only on the first m generalized co- 
ordinates. 


Let us introduce as independent parareters the quasicoordinates 7), 
., 7, by means of m linear equations (here, and in what follows, re- 
peated indices denote summation, as is customary): 


Ne = Gasp (a,8 =1,...,m) (1.1) 


where the coefficients a,, are functions of q), .-., q,. Using (1.1) and 
the n — m equations of nonholonomic constraints, let us express all the 
velocities .-., 7, in terms of the m independent quasi- 


velocity 7), ..., 


gi = diets (i= = 1,20 09m) (1.2) 


From this it follows that the variations of the generalized velocities 
are given in terms of the variations of the independent parameters as 


We shall begin with the d’Alembert-Lagrange equations written in 
generalized coordinates 


d aL 
dt 04; = (1 n) 


Substituting the 5q; from (1.3) into the last equation, we obtain a 
sum equal to zero; in view of the independence of the variations 67,, 
this sum leads to the m separate equations 


(1.4) 


In these equations, the Lagrangian L depends on the m coordinates 
and the n velocities q), ..., i.e. L=L(q, q;). Upon 
replacing the q; by their values from (1.2), we obtain a function 
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L*(q,, 7), for which 


L* (qa, L (4s, bist) 


From (1.5) it can be easily shown that 


oL b 
io, 


— 


lead us to 


aL* iL* ab - 
d aL | x, 0 2 (1.7) 
dt On, On, aq; On, On, 


Equations (1.7) are Chaplygin’s equations in quasicoordinates. It is 
readily seen that Equations (1.7) coincide with Ghaplygin’s equations 
[1] when Wry soe, Te coincide with the true coordinates, i.e. when 
= (a= 1, ..., m). Indeed, in this case 


ban = be ds. Kronecker’ s 
roe Wass symbols 


and Equations (1.7) become 


d aL* aL 0b. ob 


dt aq; (O45 | 4s (1.8) 
Equations (1.7) differ from the equations of Boltzmann-Hamel [5], in 
quasicoordinates, in the nonholonomic terms. In the construction of the 
coefficients yt in the Boltzmann-Hamel equations one employs both the 
direct and the inverse matrices of the transformation linking the co- 
ordinates and the quasicoordinates. In the construction of the analogous 
terms in Equations (1.7) one employs coefficients from a single rectan- 


gular matrix (with n rows and m columns), which does not have an inverse. 


2. Theorem of the additional multiplier in quasicoordinates. 
Consider a nonholonomic system of Chaplygin type with two degrees of 
freedom. As free parameters let us choose quasicoordinates 7, and 7, in 
terms of which all the true coordinates are given by 


579 
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éL éL* aL %,, 
b. = bsa — No bs. 
dt dt an, iq, 
which, upon substitution into (1.4), making use of the notations 
ob ab aL* 
ia ia 
bisa On, ° bisa On, (I. ») 
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qi = + 


Suppose that the Lagrangian L depends only on q,, q, and all the 
generalized velocities q,, .--, %,, and that the coefficients b;, and bio 
are functions of q, and q,. The equations of motion (1.7) in the system 
under consideration may be written as follows: 

— — —— = XV, 
dt an, On, dt any, 


( 9b; _ 
09; 


and the function L* = L*(q,, 9, 7, 72) is obtained from L by replacing 
the generalized velocities q; by their equivalents from (2.1). 


In order to transform Equations (2.2) let us introduce a new independ- 
ent variable r by means of Equation (0.1). Suppose that the kinetic 
energy T* of the system is a quadratic form in the quasicoordinates 7, Vol. 72 
and 7,. Using primes to denote differentiation with respect tor, we ob- 196) 
tain 


= Nx,’ 


ON, N a ( 


From these equations, in view of (1.6), we deduce that 


OT 1 aN 
= WN aq, ap On,’ 


ON, 09, 
d aT* d @T? 1 @N AT 


dt 


these equations, Equations (2.2) become 


d dL’ 


dt On,’ 


where L° = T° - V, and the function R is defined by 


aans 2 
N ON» N ON» On,’ 
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4 (2.1) 
where 
(a, 8, ¢ = 1, 2) 
sing 
— 1° d aL? AL? 
On, dt Om, ON: 
with 
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ON _ ON _ ON 
on, an, Ba (a, 8=1,2) 

Equation (2.4) takes the ordinary form of the second-order Lagrange 
equations, provided that the function N is chosen so that the following 
equation holds: 


R=0 2.6) 
Let us introduce canonical variables 


On,’ 


Pi 


N2(L,x,' + Mm’), - N2(Mn,' + (2.7) 


Replacing in dL /aq; the quantities q, by p, and p,, by means of 
Equations (2.1) and (2.7), we cbtain 


dL 


09; 


(Aip, + Aipe) (2.8) 


where A; B; are certain known functions of the generalized coordinates 
q, and q,. Substituting now from (2.8) into (2.5), we arrive at an ex- 
pression which is linear in p, and p,. The requirement (2.6) will be 
automatically satisfied if the function N is such that 


i | 


(2.9) 


It is readily seen that Equations (2.9) obtained here coincide with 
Equations (9) of Chaplygin [2] when the quasicoordinates 7, and 7, are 
the true coordinates. Indeed, setting 7, = 9), 7) = 92, it follows that 
b,, = 5, = 1, he. = ea = 0 and Equations (2.9) become 


1 1 
: 


which were given by Chaplygin. 


3. A class of problems in which the introduction of quasi- 
coordinates does not go beyond the limits of Chaplygin’s 
theory. A comparison of Equations (1.7) and (1.8), as well as of (2.9) 
and (2.10), reveals that Chaplygin’s equations and the equations for the 
additional multiplier may be written in the same form, both in the case 
of the true coordinates and in the case of quasicoordinates. Consequently, 


581 
where 
ON, 0q, IM, \a, 3,6 i,2 
jl ‘ 
A; \ on } (2. 10) 
(j = 3, 4, &) 
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the extension of the theorem of the additional multiplier to the case of 
quasicoordinates has now been entirely justified. However, in the case 
of quasicoordinates, as contrasted with the case of true coordinates, in 
the computation of the partial derivatives one must use Equation (1.6). 
Hence, the final form of the equations in the case of quasicoordinates 
may differ from the final form of the equations in the case of true co- 
ordinates. 


In spite of this, among Chaplygin systems there is a class of problems 
for which the final equations in both cases are identical. This class 
obeys the following two conditions: 


1. The number | of true coordinates, on which depend the coefficients 
of the nonholonomic constraints and the Lagrangian, is smaller than the 
number m of degrees of freedom of the system. 


2. The number k of quasicoordinates, which, together with | true co- 
ordinates, are chosen as independent parameters of the system, does not 
exceed the number m — l. 


Let us show that, if these two conditions are valid, then Equations 
(1.7) and (2.9) coincide with the Chaplygin equations (1.8) and (2.10), 
respectively. 


Indeed, suppose that in (1.2) the first 1 (l < m) quasicoordinates 
are true coordinates, and that the coefficients b,, depend only on q), 
-++».9,- From this it follows that be = Gus for r, a=1, ..., l (where 
5, is Kronecker’s symbol) and b., = 0 foro = 1+ 1, 1 +2, ..., m. 


ro 


Suppose that the Lagrangian, in addition to generalized velocities, 
depends only on the coordinates q,, ..., q,- In the first 1 equations 
(1.7), in view of (1.6), we have 


—— t= qs 
079; On, 1, 09; 079, 


and thus the | equations (1.7) become 


d aL (%;, 
dt aq, 


(3.1) 


Starting from Equations (1.8), let us remark that, in the class of 
problems under consideration, the index j in Equations (1.8) must take 
the values 1+ 1, 1+ 2, ..., mn, since the n— l generalized velocities 
91+» +++» GY, are expressible in terms of the independent parameters. 
Since the quantities 97, never appear, the corresponding 
derivatives also do not appear, and thus the first 1 equations of (1.8) 


196! 
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coincide with (3.1). 


It remains to verify that the remaining m — | equations contain 
identical expressions, regardless of whether (1.7) or (1.8) is used as 
a starting point. In agreement with (1.6), we obtain 


which, upon substitution into (1.7), yields 


aL* a ob. . 
09; 074, 


dt ax, 
Starting now from (1.8), the equations with indices 1 + 1, 1 + 2,.. 
again lead to (3.2), because the quantities I (p = 1 +1, + 2, 
by their very definition coincide with 7, 
Turning now to the equations of the additional multiplier, we must 
verify analogously the identity of the finite equations which are ob- 
tained from (2.9) and (2.10). For m= 2 one may add, without leaving the 
class of Chaplygin systems, only one quasicoordinate 7, to a true coordi- 
nate q,. Then we have, in (2.1), that 


by, bys 


db, ab Ob 


i2 


il 
omy On 


and (2.9) takes the form 


1 aN db. 1 aN db 
Starting now from Equations (2.10), one must keep in mind that the 

index j takes the values j = 2, 3, ..., m, and that the coordinate q, 
does not appear explicitly in the coefficients b.,. From this, we obtain 
immediately Equation (3.3) for the additional multiplier N = N(qy, m4). 
Thus, we have obtained a class of problems in which both procedures co- 
incide (to this class belong the cases considered in[4]). In this 
class we have the plane-parallel nonholonomic motions of Chaplygin [2], 
where Equations (2.1) have the form 


q y = asing 


583 
04, Dre On, brs On, 074, 04, qr 
(ix i,...,0; for l+i,i+2,...,a; p mir 
a? 2 
ab i 
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with the angle ¢ and the coordinates x, y being true coordinates, while 
the arc length m7 is a quasicoordinate. Let us obtain the equations of 
the additional multiplier N, starting with Equations (2.9) in quasicoordi- 
nates. The kinetic energy T is 

2T 


m 


= —@(asing + Bcos@)]? + [y + g(a cos@ —Bsing)]? + k2q? 
and Equations (2.8) become 
Ay = 1, Ay 


+ sing 


B, = 0, B, = — 


while (2.9) is just 


which coincide with the equations given by Chaplygin. 


The author thanks Iu.I. Neimark for discussions concerning this paper. 
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EXTENSION OF THE PRINCIPLE OF GAUSS 
TO SYSTEMS WITH DRY (COULOMB) 
FRICTION 


(RASPROSTRANENIE PRINTSIPA GAUSSA NA SISTEMY 
S SUKHIM TRENIEM) 


PMM Vol.25, No.3, 1961, pp. 391-406 


G.K. POZHARITSKII 
(Moscow) 


(Received November 28, 1960) 


In{1] Painlevé presented the foundations of a general theory of motion 

of mechanical systems with dry friction. He showed also that the hypo- 

theses of the existence of solid bodies in conjunction with the proposi- Vol. 2 
tion on the finiteness of the accelerations of the system can lead to 1961 
the contradiction of the law of Coulomb friction, 


A number of scientists, among them F. Klein, R. Mises, H. Hamel and 
L. Prandtl, have participated in the discussions of this paradox. As a 
result of these considerations, there have evolved several possible ways 
of overcoming this paradox by either rejecting one of the hypotheses or 
by changing the law of friction. 


The equations, obtained by Painlevé for the determination of the 
accelerations of the system with friction, in terms of the initial con- 
ditions which correspond to the zero relative sliding velocities of the 
touching surfaces, were written in such a general form that certain 
observable peculiarities of the law of Coulomb friction still remain un- 
explained. These equations are formally applicable, for example, to 
systems with "servoconnections* considered by Béguin[2]. By consider- 
ing initial conditions which assign zero values to some of the relative 
sliding velocities, Painlevé writes: "The investigation of the case of 
static friction is quite complicated but it is impossible to simplify 
it*, and from then on he restricts his investigation to the consideration 
of special cases. In his book there are given, however, the analyses of 
the motions of such a large number of special mechanical systems, that 
all concrete rules for the construction of the equations are clearly dis- 
played. Therefore, one does not encounter any great difficulties in the 
derivation of the general equations of motion in the form which applies 
specifically and exclusively to the law of Coulomb friction, The first 
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part of the present work is devoted to this problem. 


In the second part of this work there are considered systems in which 
all the maxima of the frictional forces can be determined in terms of 
the coordinates, the velocities, time, and of the active forces, up to 
the determination of the accelerations of the system. It is shown that 
the actual acceleration of the system attains a minimum of a certain 
function depending on the acceleration, and differing from the Gaussian 
constraint only by a term which contains the maxima of the frictional 
forces. This variational principle makes it possible to isolate the 
accelerations that correspond to the law of friction even for initial 
conditions which involve zero values of some of the relative velocities 
of sliding. 


l. Let us consider a mechanical system, with holonomic coordinates 
«+++ Subjected to ideal holonomic constraints by means of 
nonholonomic linear relations 


Ayq Aj ni (1.1) 


with the determination of the possible displacements 
Aydq +... + Aj 0) (i 
and the holonomic free contacts with Coulomb friction 


which express the fact that if the relations (1.3) are equalities, then 
the points or bodies of the system slide with friction over the bodies 
of the system or over bodies which are external to the system. 


For the sake of simplicity, we assume that all constraints do not de- 
pend on time explicitly. 


The law of Coulomb friction is expressed in the following form. 


Let the body S, (or point) of the system be in contact with the body 
S, at the point p in space. We assume that there exists a norma] either 
to the body S, or to the body S, at the point of contact p. If N> 0 is 
the normal force of pressure of the body S, on S, directed inward to S,, 
while v is the velocity of the point p, of S, which is in contact with 
the body S,, then the frictional force is equal to kN applied at the 
point p, and directed in the opposite direction to v, where k > 0 is the 
coefficient of friction and depends only on the coordinates of the point 
of contact of the bodies S, and S,. 


Disregarding for the time being the case when v = 0, let us consider 
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the state of the system 


which corresponds to (1.2) and which is such that not a single one of 
the relative velocities is zero. 


Let us impart to the system a possible displacement 


From here on we shall assume that the first n+ k displacements have 
been selected as the independent displacements. 


Let us consider all the space points p), ..., p, at which there occurs 
a contact. Since by hypothesis at each of these points there exists a 
normal to at least one of the bodies, we can select a coordinate system 
whose z-axis is directed along the outer normal, while the x;- and y;- 
axes are at right angles to each other and to the z-axis, and are fixed Vol. 2 


in the body. 1961 


Suppose that in consequence of the displacement (1.4) every point of 
the bodies which is at the ith contact point has received, relative to 
the ith system of coordinates, the displacements 5x,, dy;, 5z,(i = 1, 


In this manner we can number al] displacements, because only one of 
two contact points can have a nonzero relative displacement. 


Since 5z,; vanishes when 5,,, = ... = 5,4, = 0, the expressions 5x,, 


by,, 52; 


; will have the following form in terms of the 5q;: 
ba; = +... 4 Hi, n+ 
dy; = a1dq, + 


(1.5) 


The work of the normal reaction and of the friction on the virtual 
displacements 5x;, Sy;, 5z; is equal to 


bx; kN; by; N 62; 


| 


v. 
—k,N,; 
lv, 


Here v; is the relative velocity with the projections v,,, Viy on the 


x,- and y;-axes. Setting in turn all of the displacements 5q,, ..., 5¢ns, 
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equal to zero except the 5q; displacement, we obtain the equation 


i=1 + 


where S is the energy of acceleration for the system without constraints 
(1.3), and Q; are generalized forces. 


If 
n+k 
2S = + Bigi 


ij=1 


where y ; ;, B;, 5 do not depend on qj then the equation 


as 


j 


will have a unique solution since the quadratic form 
ol.25 oth 
1961 
i, 
is positive-definite and its discriminant which coincides with the deter- 
minant of the last system is not equal to zero. Let its solution be 


Solving the system (1.6), we obtain 


n+k 8 


Pint + Pin Mim 
tmj(Q Qm — Bm + + — kN; + 
m=1 i=1 


(j=1,...,.8+k) 
Setting all 9,41, «++» In+_ equal to zero, we obtain the equations for 
the determination of the reactions 
ats at af 


ane 


If it is possible by means of these equations to determine the values 
of all the linear combinations N; on which the right-hand sides of the 
first n equations depend, and if all these linear combinations can be 
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satisfied with some positive N;, then the motion will be determined in a 
unique way. We shall illustrate this last assertion with an example. 
Suppose that a solid body can be subjected to a plane sliding motion 
along a fixed rough path along the x-axis, on which it rests over a seg- 
ment AB. If the coefficient of friction k is constant of all points on 
the x-axis, then the frictional force will not depend on the distribution 
of the normal pressures on the segment AB, but it will depend only on 
their geometrical sum and will be equal to+kYx |x|, where Y is the 

sum of the projections of all the forces applied to the body upon the y- 
axis perpendicular to the x-axis, and x is the velocity of the body. This 
shows that under nonzero initial velocity conditions the motion is de- 
termined uniquely, even if one cannot determine the distribution of the 
normal pressure. 


2. The consideration of the case of zero initial velocity will begin 
with an example. 


Let us consider a light rod carrying point masses m, and m, at the 
distance a from each other. Suppose that these masses press, upon a 
rough plane surface with a coefficient of friction k, with forces N,, 
and N, normal to the surface. Furthermore, let us suppose that a force 
F is applied in this plane to the rod at a distance b from the point m, 
in the direction from 6, to 6,, and forming an angle ¢ with the direc- 
tion from m, to my, 


Depending on the parameters of the problem, four cases can occur: 
(1) the rod remains at rest; (2) the rod rotates around m,; (3) the rod 
rotates around m,; (4) the rod rotates around a point 0,, distinct from 
m, and m,, or it undergoes a translation. 


All the terms "rest", "rotation" and "translation" should be under- 
stood in the sense of the distribution of the accelerations of the 
initial instant. 


In accordance with the law of friction, the state of rest will occur 
if the equations of equilibrium for the rod 


aR; sin a, + (a — b) F sing = (2.1) 
aR: sin a, + bF sing = 0 (2.2) 


Ri cos am + R2 cos a, + F cosg = (2.3) 


can be satisfied by reactions |R,| < kN,, |R,| < RN,. Here, a, and a, 
are angles formed by the reactions R, and R, with the x-axis, directed 

from m, to m,. The first two equations are the equations of the moments 
relative to m, and m,, while the third equation represents the projec- 

tion upon the x-axis. 
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The rotation of the rod around m, with the angular acceleration will 
occur if in the presence of the force kN, and the force of inertia m,a, 
directed against the acceleration of the point m,, the equilibrium equa- 
tions 

a R, sina, + (a—b)F sing = 0 2.4) 
a(kN, + mea) = bF sing (2.5) 


R, cosa, + Feos@ = 0 (2.6) 


can be satisfied by a reaction |R,|<kN). 


Rotation around m, will take place if the equations 


(kN, mea)a = (a—b)F sing 
aR, sina, + bF sing = 0 
R, cos a, F = 0 


can be satisfied by same « and by an |R,| < RN), 


If we denote by r, and r, the distances of the points m, and m, from 
the center 0,, by h the distance of the line of action of the force F 
from 0,, and by (RN, + myer,), the projection on x of the vector (kN, + 
m,er,) directed against the acceleration of m,, and so on, then the 
rotation around 0, will satisfy the equations 


(AN, + myery) ry + + = Fh (2.10) 
(kN, + myer,)x + + myers), + F cosg = 0 (2.11) 


(AN, + myer,)y + + mere), + sing = 0 (2.12) 


Here, the first equation represents the moments equation about 0,, the 
second one is the equation of projections on the x-axis, where, in con- 
sequence of a known theorem in kinematics, the terms (kN, + mer,), and 
(RN, + mgr,), have the same sign. The third equation is the equation 
of projections on the y-axis, at right angles to the x-axis and directed 
towards the force F. 


The translational displacement with acceleration w satisfies the 
equations 


kN, +- kN, + mw = F 
(AN, +- myw)a=(a—b)F 


+ myw)a = Fb 


Under such a large number of distinct possibilities there arise three 


(2.7) 
(2.8) 
(2.9) 
(2.14) 
(2.15) 
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questions: (1) Is it possible that for the same parameters there can 
occur several variants? (2) Is it possible that the equations for a given 
variant, for example the fourth one, can have more than one solution? 

(3) Do there exist parameters for which not one of these variants can 
occur? 


Comparisons of Equations (2.2) with (2.5), of (2.1) with (2.7) and of 
(2.5) with (2.8) show that not more than one of the first three variants 
can occur. 


Since the moments of the forces R, and R, relative to 0, cannot be 
less in absolute value than (kN, + mer,)r, and (kN, + mery)ro, 
respectively, and since (2.1) contradicts (2.14), it follows that the 
first and fourth variant also exclude each other. 


As a consequence of Equations (2.10), (2.11), (2.12) we have the equa- 
tion of the moments relative to the point m, 


(kN, myer;),a 4+ (a—b)sing =0F 
Comparing this equation with (2.4), we obtain 
(AN, + myer,), = Ry sina, 


From (2.11) and (2.6) it follows that 


(AN, -+ myery). + (kKNg + myers), = Ry cos a, 


As mentioned above, both terms on the left-hand side of the last equa- 
tion have the same sign. 


Squaring the terms of the last two equations and adding the results, 
we obtain 


(kN, mgery)® + 2 (kN, + myery)x + myers), 


-+ x” R? k?N ,? 


which is impossible. Comparing (2.6) and (2.13), we conclude that the 
second and fourth variant exclude each other. An analogous proof can be 
given for the third and fourth variants. 


Thus we have arrived at a negative answer to the first question. This 
means that for arbitrarily given parameters there can occur only one 
variant. 


In the sequel it is convenient to denote by x and y the components of 
acceleration of the point m,, and by x and y + €a the components of 
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acceleration of the point m,. We can now write the equations for the 
fourth variant in the form 


m + m;)z = F cosq — kN, - 

( 1 

+ ms (y + ea) = Fsing —kN,——~ 
V 24 


+ ea)a= Fhsing —kN, 


24. (y+ ea)? 


It is not difficult to notice that these equations are the equations 
for the extremum of the function 


S+ W = + m, + + +m, (2? + (y4 Freosq — 


— F (y + be) sing + kN, + (y 4 ea)? 


which consists of the energy of acceleration S and of the function ¥ 

which is a homogeneous function of order one in terms of the relative 
1961 

accelerations. Below we shall show for the general case that: 


a) The accelerations corresponding to any one of the four variants 
give an isolated minimum of the function S + ¥; 


b) The equations of any one of the variants admit only one solution 
for the relative accelerations (motion). (We shall say that to the first 
variant there corresponds the zero solution which is, obviously, a unique 
solution for this case); 


c) The function S + ¥ has at least one isolated minimum; 


d) In order that the function S + VY have an isolated minimum at some 
point of the space of possible accelerations, it is sufficient and 
necessary that the function 7, which is homogeneous of the first order 
relative to the accelerations, (a part of the deviation of the function 
S + WY) take on only non-negative values. 


In so far as (b) contains a negative answer to the second question, 
we need to give an answer only to the third question. 


Let us suppose that the first variant is not fulfilled, i.e. the 
equations of equilibrium for the rod cannot be satisfied with forces 
whose magnitudes are not larger than the maxima of the forces of friction. 
We shall show that in this case the function S + Y has no minimum. The 
function coincides in this case with the function 
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Freos F (y + eb)sing + kN, V2 + y2t+ kN, + (y ea)* 


It is sufficient to show that the function Y can take on negative 
values in the given case. We note that it is sufficient for this purpose 
to find a point 0,, such that the moment of the force F, about this point 
is larger than the sum of the moments of the frictional forces about 
this center. 


Indeed, the work of all the forces for the possible displacement, 
which corresponds to an elementary rotation around 0,, will then be 
negative. Since in the given case the set of admissible accelerations 
and possible displacements coincide up to within a factor, the function 
Y can be made negative, for it is "the work of all forces on the admis- 
sible acceleration", taken with the opposite sign. 


If |bF sin d| > kN,a or | (a - b)F sin d| > kN,a, then ¥ will become 
negative when x = y = 0 or x = y + €a= 0, that is, for rotation around 
either m, or 


If none of these inequalities is satisfied, then we apply to the rod 
two forces F, and F, of magnitude kN, and kN,, respectively. We apply 
them at the points m, and m, in such a way that their projections on the 
rod have the same sign, and that Fy ya + (a- b)F sin d= 0, Fy,a+ 

bF sin d= 0. 


If these forces are not parallel, then their perpendiculars will also 
intersect at some point 0,; if neither one of them is perpendicular to 
the rod, then O, will be the center of the resulting rotation for which 
Y will be negative. 


Indeed, the equation of moments with respect to O, will be violated, 
since the point 0, lies outside the x-axis, and if this equation were 
satisfied it would, together with the two preceding equations, form a 
complete system of equilibrium equations. But this is impossible by hypo- 
thesis. 


If the forces are parallel then they will be oriented in the same 
direction, and if they are not perpendicular to the y-axis, then ¥ will 
be negative for displacements directed in the opposite direction of the 
forces. 


In fact, the equation of equilibrium for the projections of these 
forces will be violated, otherwise all equations of equilibrium would be 
satisfied. If the forces are perpendicular to the x-axis, then kN, + 
kN,= F sin ¢, and hence ¥ will become negative for a displacement along 
the force F. If only one of the forces, say F,, is perpendicular to the 
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x-axis, and if its magnitude is kN, then the system of the three forces 
reduces to a nonvanishing resultant force F, directed along the x-axis 
in the direction of F,. 


Suppose that the angle between F, and the x-axis is equal to a,. If, 
without changing F,, one deflects it from the perpendicular to the x- 
axis through a small angle 5, then the center 0,, corresponding to these 
two forces, can be determined from the equations 


x, sind — y, cos6 = 0, (xX, — @) cos a, — y, sina, = 0 
The sum of the moments of all forces about 0, will be 


(Fs RN, sin 6) y, RN, (1 -- cos 6) x, 
\(Fs + RN, sind) sind — kN, (1 — cos 


a COS Ae 


os 6 cos 4g—sin 6 sink, 


For sufficiently small 5 this sum can be made zero. Thus, S + ¥ will 
surely not possess a minimum at the origin if it is impossible to satisfy 
the equilibrium equations with reactions (forces) whose magnitudes are 
not larger than kN, and kN,. 


Let us now assume that it is impossible to satisfy the second variant. 
For the second variant the function I] has the form 


Il = (AN, + m,e*a — F sin Fx cos@ + kN, V2 


where ¢* is a solution of Equation (2.5). 


It will take on only negative signs if, and only if, 
(kN + m — F sing) + F? cos? 


It is not difficult to verify that this inequality is satisfied if, 
and only if, a,* < kN, ?. Hence, the function S + ¥ cannot have a minimum 
at the point x= y = 0, « = «* if the second variant is not satisfied. 
For the third variant the proof is analogous. 


On the basis of the presented arguments, and because of property (a), 
we conclude that the motion agrees with the law of friction if, and only 
if S+ WY attains a minimum. Since in view of (c) such a minimum always 
exists, it follows that for arbitrary parameters there exists a motion 
which obeys the law of friction. If the rod is subjected to a pair of 
forces or to a force parallel to it, analogous results can be obtained. 


Summing up, we find: there always exists a motion (or the state of 
rest) of a rod in accordance with the law of friction: this motion is 
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unique and yields an isolated minimum of the function S + ¥. 


The determination of the motions under initial conditions which in- 
volve some zero relative velocites will be accomplished by the following 
scheme: 


Suppose that at the initial instant v, = ... = Vv, = O(r ¢ s). 


Let us assume that =... = 0, and one of the 
distinct from zero. Then assume that the reactions R,, ..., R, at the 
points p,, ..., p, are unknown, but lie in the cones of friction and are 
directed inward the body to which they are applied; the forces of fric- 
tion at the points p,,,, ..., Pp, will be assumed to be equal to k,N; and 


to be directed oppositely to the vectors V,,), .--, V,. 


The choice of the frictional forces at the points p,,), ..-, P, is 
dictated by the requirement that these, and only these, forces go over 
continuously into the forces which are directed against the relative 
velocity if the latter is not zero[1]. 


We note also that, since V,, ..., V, are zero at the initial instant, 
we have at this time 


(Viix = Vix, (Vidiy = Viy 


The equations of motion which are constructed in accordance with the 
indicated assumptions have the form 


aq, 


i=v+l1 i=1 


Here the symbol ( )° indicates that in the partial derivative we 
have set 9,4, = = = = = V, = 0. If after the imposition 
of these conditions only the quantities q,, ..., %,, (n’ <n) remain as 
independent generalized accelerations, and if Equations (2.1) can be 
satisfied by a set Int, Nz > 0, > (R, + R, ;*), then 
this motion does not contradict the law of friction. It it is, however, 
impossible to accomplish this, then one has to try a different but 


similar hypothesis, which consists in assuming that other relative 
accelerations are zero and the remaining ones are distinct from zero. 


In the search for motions which will not contradict the law of fric- 
tion it is necessary to make C_' + C,? + ... + C,” = 27-1 trials, where 
C,* is the number of combinations of r elements with respect to i. 
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In both of the presented cases (1.6) and (2.16), the answer to the 
question on the existence and uniqueness of a system of generalized 
accelerations, satisfying Equations (1.6) and (2.16), remains open. 


Painlevé has shown that there can occur cases when such equations 
have no solutions or when they have several solutions. 


3. Below, we shall consider systems with initial conditions which 
correspond to several zero relative velocities and such that all N; > 0, 
which appear in the equations for the determination of the motion, can 
be determined in a unique manner to within the determination of the 
generalized accelerations by the conditions 


Gn+t eee Qn+k 


In view of the hypothesis made, one can consider as known the virtual 
work of the frictional forces at the points with zero relative velocities, 
because at these points the frictional forces are known in magnitude and 
direction. 


Let us now assume that the relative velocities Vv,, ..., ¥, vanish at 
the points of contact Py, «++» P, at the initial moment, and suppose 
that among the quantities v, ,, Viy Ury there are o (0 < 2r) 
independent variables v,, ..., v, and some v y which can be ex- 


pressed in terms of these v; in the form 


ix “i 


For the indicated initial conditions v, = ... = v, = 0, we have 


Vix = By'v, + ... + Viy = Burr, + ... + (i = 1,2,..., ¢) (3.2) 


Furthermore, the possible displacements 5x,;, 5y; can be expressed in 
terms of the possible displacements v,d5t, ..., v,5t by means of the 
formulas 


bx; = Bite Ot +... + = + ... 4+ (3.3) 


which are analogous to (3.1). We note that in Equations (3.1) and (3.3) 
we understand by V), «++, U, some nonzero possible velocities distinct 
from the actual zero velocities, and the indicated representation of the 
possible displacement is valid because the relations do not contain the 
time explicitly. 


Since v;,, and Viy are zero 


(Vi)ix = (Vidiy Vis 
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Now let Vir cree UD be some system of nonholonomic variables which 
makes the system v,, ..., Uv, complete, and let Q,*, ..., Q,° be the 
generalized forces, which correspond to this system of variables, and 
are composed of the active forces and the known frictional forces at the 
points with nonzero relative velocities, while S’(v,, odes v,) is the 


energy of acceleration expressed in terms of new variables. 


Let us assume that in consequence of the vanishing of all of the 


V,, ---, ¥,, all of the v,, ..., v, also vanish. 


The hypothesis that vy ..+, UV, are all zero is in accord with the 
law of friction if the equations 
Q;'+ >) + = 0 (j = 1,2,..., 8) (3.4) 
t=1 


can be satisfied simultaneously with the inequalities 
Ri? + Re? <k?N? (3.5) 
where the N; are known by hypothesis. 


We shall show that if (3.4) and (3.5) are satisfied, then the func- 
tion 
font 1 
has an isolated minimum at the origin. For this purpose it is necessary 
and sufficient that ¥ can take on only non-negative values in a neighbor- 
hood of the origin. 


The sufficiency is obvious, since under the given initial conditions 
S’ is a positive-definite quadratic form in the variables 0), ..., v,. 
For the proof of the necessity, let us assume the opposite, that is, we 
shall suppose that W(v,°, ..., ¥,°) = - y < 0. Since ¥ is a homogeneous 
function of the first order, it follows that 'W(tv,°, ..., tv,°) =- ty. 
One can always find an R? > 0 such that S’ < R? (4,2 + ... + 0,2). There- 
fore, + +02?) + and at the points tv,° we shall 
have S’ + + oc ty. It is clear that when t > 0 is 
sufficiently small than S’ + ¥ can become negative. 


If Equations (3.4) are satisfied under the conditions (3.5), then ¥ 
can be expressed in the form 
+ Reiviy + V vig? + diy? 


It is clear that "' will be non-negative if each term of this sum is 
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non-negative. The condition for its negativeness is 
kiNiV vis? + viy? > — Ryvis — Reiviy 
After squaring both sides of this inequality we obtain 


In accordance with Sylvester’s criterion, the last inequality will be 
satisfied if 


This condition is obviously equivalent to 
k?N? > Ry? + Re? 
which is (3.5), as was to be proved. 


The proof of the converse assertion, that is, the solvability of (3.4) 
under the conditions (3.5) when VY is non-negative, we have not been able 
to accomplish. One can, however, prove that if VY is non-negative in the 
neighborhood of the origin, then the assumption that at least some 
accelerations, say 0, and ¥,, are distinct from zero leads to a con- 
tradiction. In fact, for the determination of these accelerations we ob- 
tain the equations 


Vix Biy + 


os’° 


Ory 


SRN; - 


as’° 
Ove 

where S S Vo, 0, 0, | 0), ix and ix iy’ 
and where we have set v, = ... = v, = 0. The summation is performed over 
all i that correspond to the vanishing v;. Multiplying the equations by 
v, and v, respectively, adding the results, and taking into account that 
under the initial conditions v, = ... = v, = 0 S”® is a positive-definite 
quadratic form in v), ..., v,, we obtain 


Since S”° > 0, we have a contradiction which shows that either the 
presence of a minimum of S’ + W at the origin guarantees that v, = ... = 
v, = 0, or the system cannot be in the state of rest nor in any kind of 
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motion that would obey the law of friction. In this case we shall say 
that the law of friction is contradictory. 


4. Let us consider the general case when at the initial instant 
«++, Uy are zero, <n, 


Suppose that the assumptions that 1, ..+, Vy are zero and that none 


of the is zero lead to the single proposition that = 


. = v, = O(u< 2v). This will be the case if the first v,, ..., v, are 
selected from the velocities v;,, v; o. @ so that they are 


, iy’ vx’ “vy 
independent. 


For the determination of the Vue y sea v, one can use the equations 


os* 
O; kiN; — (j=p+1,....” 
Dig? +t 


j 


where S* is S, and where we have set ‘ =... vy = 0. It is not diffi- 
cult to see that the preceding equations can be written in the form 


n 


av, \° — > ae +? = 5, 8 +P") (4.4) 


=v+1 


(j =p +1,..., 2) 


If Vat) sana v, are a solution of these equations, then the motion 


(4.2) 
will agree with the law of friction, provided that the equations 


t 


i=v+1 
(4.3) 


in which v;,*, Viy"(OS/d0; -)* indicate that the values (4.2) have been 
substituted for v,, ..., ¥,, are satisfied by the reactions R,,;, Ro; 
lying in the cone of friction 


R,? (i = j,..., ¥) (4.4) 


We shall show that the solution (4.2), which agrees with the law of 
friction, yields an isolated minimum of the function 


Vol. ; 


‘ 
| 
‘ 
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t=s} i 


In fact, 5(S + Y), the variation of the function S + ¥ in the 
neighborhood (4.2) will in consequence of (4.1) have the form 


where A stands for terms of order higher than the second, and 57S’ and 
5?Y* represent all second-order terms in the expansion of the functions 
S’ and ¥*. 


Since 


i=v+1 ‘Vie 


is an everywhere positive function of 5v;,, 5v;,, while 57S is a positive- 
definite function of 5v;, it is not difficult to show by a method analo- 
gous to the one used in the preceding section, that a necessary and 
sufficient condition for the positiveness of 5(S + Y) is the non-negative- 
ness of the following homogeneous function of the first degree: 


—Q/+ - 


i=v+1 


v 


dv; 


im] 


This last inequality will be satisfied if Equations (4.3) can be satis- 
fied by reactions lying in the cone of friction. The proof of the last 
statement can be carried out in the same way as in the case of equi- 
librium, with the only difference that the generalized forces in Formula 
(3.4) have to be replaced by the quantities which are in the square 
brackets. 


It is not difficult to see that the non-negativeness of 5° * guaran- 
tees positive definiteness of 5*S* + as a function of the ut 
-+, U,. This in turn shows that the solution of Equations (4.1) is 
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unique in any region where the v,4,, ---, v, do not vanish. In fact, the 
Jacobian of the left-hand sides of Equations (4.1) exists for all v,,,, 

., v, that do not make v,4,, -.-, v, equal to zero, and it coincides 
with the discriminant of the quadratic form 5*S* + 5tye, which is positive 


wherever it exists. 


If it is impossible to solve Equations (4.3) under the restrictions 
(4.4), but the last inequality is still valid for arbitrary v,, ..., v,, 
then the law of static friction is contradictory. 


Indeed, by adding to all the forces acting on the system the forces 
of inertia 


we consider our system in its initial condition v,, 
to the active forces 


kN; - 


V "24 


and the unknown forces of friction at the points p,, ..., p,. We thus 
obtain a substitute system which differs from the original one by the 
initial conditions, and also by the fact that the forces of inertia and 
friction which were computed under the assumptions that the vy, nia vy, 
were zero, are replaced by active forces. This substitute system cannot 
have any "motion", due to the active forces Q.°, that can agree with the 
law . friction. In fact, for the deterninetion of any nonzero v,’, 


-, U,” for the substitute system, we have the equations 
-S kN; SS 
j ‘ix 


Os 


as 
dv 


dv; 
Multiplying these equations by v; , adding the results, and taking 
into account the initial conditiens’ (, =... = v, = 0), we find that 


their solutions satisfy the condition 


2S il >0 
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Therefore, the assumption that at least one of the v,’, 
different from zero is contradictory to the assumption that [I> 0. 


Finally, we arrive at the conclusion that if one stops the moving 
system and adds to the active forces the forces of inertia and the known 
forces of friction, then one will necessarily have equilibrium (v, = 

.* v, = 0) for this substitute system when [1 >0, in all cases when 
the law of friction of the substitute system is not contradictory. It is 
not difficult to see the similarity between this statement and 
D’Alembert’s principle, for it differs from the latter only in the re- 
spect that we can draw conclusions about the equilibrium only after we 
have introduced the assumption vy) =...8 ¥, = 0 and have obtained from 
it the frictional forces and the forces of inertia. 


Thus, two conclusions can be made if the law of friction is not con- 
tradictory for the substitute system. 


1) From the non-negativeness of the function [I it follows that the 
solution (4.2) is in accord with the law of friction. 


2) The system which is in the state of rest under the influence of 
some active forces, frictional forces and forces of inertia, cannot have 
accelerations which correspond to these forces of inertia if it is under 
the influence of the same active forces and frictional forces. 


The last assertion does not seem probable, and so we shall dwell upon 
the first. 


We shall explain what has been said with an example. Let us consider 
a rigid triangle with vertices A, B, C, which is pressed at these 
vertices against a rough immovable plane by forces N,. Ny, Ns normal to 
the plane. 


To the vertex A there is hinged an inertialess rod which has at the 
end D a mass a that is pressed against the plane by the force N,. Suppose 
that the rod is subjected to a force F, lying in the plane at a distance 
b from the point A and forming an angle a with the rod. 


If | bF sin a| > kN,a, where a= AD, then from the equation 


bF sina (kNg + mea)a 


one can find the force of inertia a2¢a and the frictional force RN, 
which are directed perpendicularly to the rod in the opposite direction 
of the acceleration of its end. These are the inertia force and the 
frictional force found under the hypothesis that the accelerations of the 
vertices of the triangle are zero. If one now applies an active force 

kN, + mé€a at the point D to the rod, and if one considers the substitute 
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system, then, when II > 0, the triangle and rod will necessarily be in 
equilibrium if the law of friction is not contradictory. The first pro- 
position confirms the admissiblity of this motion, while the second pro- 
position denies it. 


We note that it is always possible to find an R? > 0 such that on the 
sphere = R? the values of the function S+ ¥ will be 
positive. 


Since S + ¥ is continuous in the closed region 


...+4+ < R? 


and is equal to zero at the origin, it follows from a known theorem in 
analysis that this function attains a minimum within this region, and 
that this minimum, in accordance with the structure of the variation of 
S+ ¥, will be an isolated minimum. 


5. As was pointed out by Appell [2], the function S’ - Q,’v, - ... - 
Qu, differs from the value of the Gauss constraint only by a constant. 
Therefore, it is natural to give a general formulation of a principle 
for systems with friction that is analogous to Gauss’s principle, and 
which will have the advantage that it excludes the cases of intrinsic 
paradoxes of the law of friction whenever they arise. 


Since, however, S + ¥ for real motion can take on also negative values, 
we shall not use the term constraint. 


The quantity 
i= i=1 
can be called the work of all the forces applied to the system with a 
virtual acceleration. By a virtual acceleration we shall mean, following 
Gauss, an acceleration which agrees with the conditions imposed on the 
system and in which = ..- = = 9- 


Formulation of the principle. If in a system with contacts one knows 
all maxima of the frictional forces, then the actual motion which agrees 
with the law of friction will differ from all neighboring conceivable 
motions by the fact that for a real motion the difference between the 
energy of acceleration and the work of all forces on the real accelera- 
tion will be smaller than that same difference is for any virtual accele- 
ration that is near a real one; furthermore, there will always exist at 
least one motion which satisfies this condition. 


6. Example. Let us consider a solid body which rests with a flat part 
of its surface upon a rough plane. Following Zhukovskii {3 ], we shall 
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assume that the normal pressure N; is known at every element of contact 
d. 


Zhukovskii has shown the following: 


a) If the body is rotated about any center 0;, the forces of friction 
can be reduced to some force Fi in all cases except for ea rotation of a 
unique point O, the pole of friction, when the frictional forces reduce 
to a couple. 


b) Along any straight line in the plane there acts a unique force F;. 


c) The moment of the force F; about 0; is not less than the moment of 
any other frictional force about the same center. 


d) The frictional force which corresponds to any translational motion 
is unique and passes through the center of normal pressure. 


Utilizing these properties, Zhukovskii derives Theorem IV. 


Theorem IV. A necessary and sufficient condition for the equilibrium 
of a solid body resting on a fixed plane is that the force P acting on 
the body along a line in the fixed plane be not greater than the force of 
friction in the direction of this line. If, however, a couple lying in 
the fixed plane acts on the body, then a necessary and sufficient condi- 
tion for the body to be in equilibrium is that the moment of this couple 
be not greater than the moment of the couple of friction obtained by re- 
volving the body about its pole of friction. 


Zhukovskii arrived at this theorem after he had established that the 
equations of motion, obtained from the theorem of angular momentum 
applied either to the centers 0; or to O, or from the motion of the 
center of mass in the projection on the direction P, could have no solu- 
tion, It is not difficult to verify that the conditions of Zhukovskii’s 
theorem coincide with the necessary and sufficient conditions for the non- 
negativeness of the function Y for the given problem. In fact, from the 
condition of the theorem it can be seen, that as soon as these conditions 
are satisfied, the virtual work of the force P and of the frictional 
forces will always be nonpositive. From the proportionality of the fields 
of virtual accelerations and possible displacements, one can deduce the 
non-negativeness of V. If the ratio of the force P to the friction force 
F,, directed along the line of action of P, is equal to |P|/|F;|=A <1, 
then if one applies at all elements of contact forces directed in the 
same way as the force which balances F;, and have magnitudes A, Nido, 
where k is the coefficient of friction, then we obtain the force —AF= P, 
directed along the line of P, since the equations of the lines of action 
of the balancing forces are homogeneous in the components of the component 
forces. The proof is analogous for the case of a couple. 
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If the conditions of the theorem are violated, then it is impossible 
to make an analogous selection of forces. Indeed, in the case when we 
have a couple and a force applied at the center of pressure, the equation 
of moments relative to the pole of friction or the equation of equi- 
librium for the projection on P, will surely be violated. In the general 
case, the moment of arbitrary forces, applied at the points of contact 
and of absolute value less than the forces of friction, will be less in 
magnitude than the moment of F; about the point O;. In fact, it is equal 


to 


D 


where ri is the distance of the element d from the center 0;. Therefore, 


a change in direction or a decrease of the moduli of the forces of fric- 
tion can cause only a decrease of their moment about 0;. 


If the conditions of the theorem are violated, then one can use the 
following equations for the determination of the initial accelerations: 


re (z.—re sin @) rdrd 
mz, = P,— \\ i 


kN = : 
dD V (x, — resin p)* + (y, + re cos @)? 


ay (y. sin @) rdrd 


(z,— re sin @)* + (y, + re cos @) 


9 


kN; 


[— (x, — re sin @) r sin @ + (y, + re cos @) r cos @] rdrd@ 
(x, — resin @)* +(y, + re cos @)? 


where x, and Y~ are the accelerations of the center of mass of the body, 


J. its central moment of inertia, « is the angular velocity, h, the dis- 


tance of the force P from the center of the mass, and the region Dis 
the area of contact. 


The solution of the indicated equations is given by the minimum of the 
function 


— Pyye — Phe 


\ kN; (x, —re sin @)? (ve re cos 
I 


This function possesses second-order partial differential derivatives 
at all points except at z. = Ta =¢€ = 0. It must have a minimum at some 
point distinct from this one, because the conditions of the theorem of 


Zhukovskii are violated. Hence Equations (6.1) have a solution, and this 
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solution is unique, since any two points of the space of accelerations 
can be connected by a continuous curve which passes through the origin. 
Thus we have the following result: 


1) The necessary and sufficient conditions for the Zhukovskii equi- 
librium coincide with the necessary and sufficient conditions obtained 
by the direct application of the law of friction. 


2) The law of static friction is not contradictory in this case. 


3) The application of the law of friction, when the condition of 
equilibrium is violated, leads to a unique solution which agrees with 
the law of friction, 
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The investigation of the motion of material systems on the basis of the 
fundamental equation of mechanics (the analytical method in mechanics) 
has certain definite advantages because it permits one to make such an 
investigation without the consideration of the reactions of constraints 
within the system, which in the majority of cases considerably simplifies 
the problem. This applies especially to the investigation of impact, in 
particular of impact which occurs in a system with one-sided constraints. 
The application of the fundamental equation of mechanics to the latter 
case leads, however, to a difficulty which is caused by the ambiguity in 
the relations between the equations of impact thus obtained. In [i] it 
is shown how this difficulty can be overcome in the simplest case when 
the system is subjected to a constraint which is expressed by a single 
analytic inequality which does not depend explicitly on time. The aim of 
the present study is to extend this method to the general case. 


1. A system of n material points with masses m;, joined by smooth con- 
straints 


S'pai¥i + Pa = 0 (1.1) 


is moving in space relative to a fixed rectangular coordinate system 

(m, = m, = m, is the mass of the first point; m, = m, = m, is the mass 

of the second point, and so on; v,, v, and v, are the velocity components 
of the first point, v,, v, and v, those of the second point, etc.). 


At a certain instant during the motion there is imposed upon the 
system some smooth one-sided constraint 


r, > (1.2) 
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Then there occurs in the system an impact and in consequence of it a 
discontinuous change of the velocities of its points. 


Note. Equations (1.1) and (1.2) are taken as velocity-dependent. This, 
obviously, does not mean that all relations depend on the velocities. 
However, for the sake of brevity of presentation it is convenient to re- 
duce all the equations to the indicated form. The notation used for the 
variables is adopted for the same reason. 


Treating an impact as a process which lasts a very short time but is 
still of a definite duration, we assume that during the impact the rela- 
tions (1.2) prevail in the system and that the fundamental equation of 
mechanics is valid. Then it is not difficult to show that for the case 
of an ideal impact whose duration is zero (classical mechanics deals 
only with this case) the fundamental equation of mechanics takes on the 
form 


my (vj — vio) 0 (1.3) 


where the v;, represent the velocities of the system before the impact. 
The "possible displacements" 5x; of the system satisfy the relations 


pada; =0, rpida, = 0 (1.4) 


From this one can derive a number of equations of impact. However, 
the addition to them of Equation (1.1) does not close the system of 
equations. The number of equations lacking is equal to the number of 
equations which are imposed upon the system by the one-sided constraints. 
The equations of the one-sided constraints themselves cannot be used to 
close the system of impact equations, for they do not give sufficient 
conditions for the determination of the state of the system after the 
impact. Hence, the above-made assumptions relative to the impact are in- 
sufficient and one needs to find supplementary relations. 


Note. We have met a similar situation already in[2]. There, one 
equation was lacking for the closure of the system of equations of in- 
pact. The condition of the conservation of the kinetic energy of the 
system during impact was used there to obtain the supplementary equation. 
This was quite natural because neither the connections within the system 
nor the connections imposed on the system depended on time in {2]. 19 
the present study such a solution of the problem does not apply, for 
here we admit a dependence on time for the constraints. Furthermore, we 
deal here with the case when the imposed constraints are expressed by 
means of certain inequalities and, hence, several additional conditions 
are needed to close the system of equations, 


Thus, under the hypothesis of the present work one cannot make a 
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direct application of the analytical method of investigating an impact 
for it is not clear in the beginning how one can close the system of 
equations of the given setup. Hence, one has to start with a different 
principle. For this purpose we use, as was done in[3], the following 
hypothesis. 


A perfectly elastic impact which occurs in a system subjected to one- 
sided constraints consists of a succession of two phases: the first, 
passive, phase when the impact proceeds inelastically and when there 
occurs an accumulation of reactions, and the second phase, when due to 
the reaction impulses accumulated during the first phase, there occurs 
an explosive release of the system from the one-sided constraints. 


The possibility of such an interpretation of a perfectly elastic im- 
pact was established in[1] for the particular case of a system whose 
constraints are independent of time and which is subjected to an external 
constraint expressed by a single inequality which also is independent of 
time. The physical interpretation of that discussion indicates that the 
same type of conditions may prevail in the general case of an impact. In 
fact, it is for this reason that the above-formulated hypothesis is taken 
here as the general definition of a perfectly elastic impact. The same 
type of definition is suggested by the independence of the condition of 
impact on any assumptions with respect to the quantity and quality (in 
the sense of dependence on time) of the one-sided constraints imposed on 
the system. This makes it possible even in the most general case to 
evaluate the magnitudes of the changes which occur in consequence of the 
impact in the velocities of the system’s points, and then to indicate 
the thus far unknown method of closing the set of impact equations on 
the basis of the general equation of mechanics. 
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2. In accordance with the definition of a perfectly elastic impact 
adopted here, let us consider two of its phases in succession. In this 
we shall follow the procedure used in [1 ]. 


During the first phase, the impact is totally inelastic, namely, all 
the constraints (1.2) imposed on the system remain in effect until the 
end of this phase. This means that at the end of the first phase, the 
velocities u; of the system satisfy the relation 


D>) Titi + rp = 0 (2.4) 


Further, it is obvious that the following relations must hold: 


Pailli+ Pa = 0 


because the equations of the constraints of the system cannot be violated 
during the impact. 
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At the end of the first phase of the impact the state of the system 
is described by the equation 
Sm (ui — Vio) ba; = 0 
in which the Vi9 denote the velocities before the impact, and where the 
"possible displacements" 5x; satisfy the conditions 


Note. It may happen that the number of one-sided constraints imposed 
on the system is so large that the total number of Equations (1.1) and 
(1.2) is equal to or exceeds 3n. For example, a material point moving 
freely in space may be connected by means of flexible inextensible 
threads to an arbitrary number of points of this space in such a way that 
at certain instances during the motion three or more threads may become 
tight. In this case the velocities of the system at the end of the first 
Phase are determined simply by Equations (2.1) and (2.2). 


From Equation (2.3) and from the relations for the *possible displace- 
ments" it follows directly that 


mM, Vig) + > haPai 


where A, and zg are undetermined factors. Let us find them. For this 
purpose we substitute into Equations (2.2) the expressions of u, from 
(2.4), and obtain 


Diday ha pts = 0 
1 | 
= ax PaiPri,s bg. = (2.5) 


Taking into account the fact that the determinant A = | a,,,| of the 
last system is different from zero (this can be established in a manner 
analogous to the proof given in[2]), we deduce that 


Here is the algebraic cofactor of the element a,, in the deter- 
minant A, The last expression makes it possible to exclude from (2.4) 
the undetermined factors A,. Then the system (2.4) is reduced to the 
form 


1 A,, 2 
— Vio = >) Rigi, Rig= (2 A Pai— 
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We note that the quantities R;, satisfy the identity 
pakis=0, = — (2.7) 


In order to establish this it is necessary to repeat for the quantities 
Rig the argument used in [1]. 


The equations (2.6) yield explicit expressions for the u; in terms of 
the factors p,. In order to find the latter we substitute into Equations 
(2.1) the values of u; from (2.6). We then obtain the system 


We shall show that its determinant C= |cs,| is different from zero. 


Indeed, let us assume that it is zero. Then one can find values kg, 
not all zero, such that 
Capks rsiltioks = 0 
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> miRigrhi (wp; >) Risks) 
On the other hand, we have 


mp? = ksRigmiy, 


pi = >) Risks = 0 
These equations can be rewritten in the form 


Paila + rsiks= 0 =— bay ks | 
Not all of the 1, and ks are zero (for the ks this is true by hypo- 
thesis). Therefore, these must exist a linear dependence among Equations 
(2.1) and (2.2), which is impossible. This means that our assumption 
relative to the determinant C is false, and the determinant is not zero 
as was to be proved. Taking into account this established fact, we de- 
rive from (2.8) the result 


= — (S)rsivio rs) 2.10) 


/ 
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where Cys denotes the algebraic cofactor of the element cs, of the 
determinant C. 


Thus, we find that at the end of the first (passive) phase of the im- 
pact the state of the system is described by Equations (2.6) in which 
Hg has the form (2.10). The second phase of the impact consists, accord- 
ing to the definition, of the state during which the system is subjected 
to impulses of the reactions which were accumulated during the time of 
the first phase and were caused by the constraints (1.1) and (1.2). Here 
it is assumed that at the beginning of the second phase, the homogeneity 
of the constraints (1.2) has been re-established. The velocities v,; at 
the end of the second phase of the impact produce a minimum for the 
quantity 

( — Rips y 


under the conditions that 
> Pairs + Pa = 0, > (2.12) 


In accordance with the method presented in [1], we drop the inequal- 
ities in (2.12). Then the unknown v; can be found from the equations 


where A. are undetermined coefficients. For their determination let us 
eliminate from Equations (2.12) the quantities v,; and obtain 


where the a,,, have the meaning of (2.5). In view of (2.2) and (2.7), the 
free terms of this system are zero; the determinant A of this system is 
not zero. From this it follows that all the A, are zero. Thus, from 
(2.13) we have 


vi — Uj Ritts (2.14) 


These equations describe the actual state of the system after the 
impact if the values of v; determined by these equations satisfy the in- 
equalities (2.12). But this they do. In fact, the values v; from (2.14) 
satisfy the relations 


>) (2.15) 


One can establish this by substituting into (2.15) the expressions 
for the v; from (2.14) and utilizing then the inequalities (2.1) and 
(2.8). On the other hand, before the impact we have the inequalities 
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Using them in connection with (2.15) we can establish at once the cor- 
rectness of the inequalities (2.12), which was to be proved. 


Thus, the actual state of the system after the impact is described by 
Equations (2.14). Eliminating in them and Equations (2.16) the inter- 
mediate velocities u;, we obtain the final formulas 


v; Vio (2.16) 
which determine the state of the system after the impact in terms of its 
state before the impact. 


3. It was mentioned above that the state of the system after the im- 
pact satisfies the relations (2.15). 


We shall show that in contrast to other states which are admissible 
by the constraints of the system and which satisfy the relations (2.15), 
the state of the system after impact is such that for it, for all dx; 
subjected to the relations (1.4), the condition (1.3) is fulfilled. For 
the proof one has, obviously, to show that the formulated conditions de- 
termine a unique state of the system and that the latter is precisely the 
state of the system after the impact. It must, however, be noted that 
there is no need to present here all necessary arguments, for they are 
practically the same as those given in the preceding section when we 
analysed the first phase of the system. It is only necessary to replace 
Equations (2.1) by the relations (2.15). This means that the difference 
will be only in the manner of determining the coefficients in Equations 
(2.6). 


Thus the state of the system determined by the above-formulated con- 
ditions is described by the equations 


Vi — Vig = (3.1) 


where the undetermined factors v, must be found with the aid of relations 
(2.15). Eliminating the v; in (2.15) with the aid of (3.1), we obtain 


where the Cg have the same meaning as in Equations (2.8), and, further- 
more 


2 (> TpiVio Ts ) = 
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This shows that this system coincides, except for a coefficient of 
the free terms, with the system (2.8). Hence, 


(3.2) 
where the », are taken from (2.10). Comparing (3.1) with (2.16), and 


taking into account (3.2), we see that the velocities after impact given 
by (3.1) coincide with the velocities determined by Equations (2.16). 
This establishes the following theorem. 


Theorem. Among the various states of a system which are admissible by 
the constraints within the system and which satisfy the relations (2.15), 
the actual state after impact is the one for which the equation 


mi (vi — vio) da, = 0 
is satisfied for all displacements 5x; subjected to the relations 


paidx; = 0, = 


Corollary. Among the various states of a system which are admissible 
by the constraints within the system and which satisfy relations (2.15), 
the actual state after impact is the one for which the function 


m; 


Vio)® 


attains a minimum value. 


The theorem of this section establishes the possibility of the appli- 
cation of the fundamental equation of mechanics for the description of 
an impact in a material system subjected to one-sided constraints. The 
conditions (2.15) which define a perfectly elastic impact can be inter- 
preted as consequences of elastic properties of the imposed constraints. 
Then the application of the fundamental equation becomes especially 
clear. At the moment of impact under the conditions of one-sided con- 
straints within the system, there are imposed on the systems velocities 
supplementary restrictions. Thus, the impact occurs in such a way that 
the fundamental equation of mechanics (for impact) is satisfied for all 
"possible displacements" of the system. The relations for the "possible 
displacements" is obtained by the usual rules from Equations (1.1) and 
conditions (2.15). 
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Pontriagin and his students [1] have considered the general problem on 
optimal control and have derived the "principle of maximum", Rozonoer 
[2] proved this principle in a different way, established the connection 
between the method of dynamic programming of R. Bellman and Pontriagin’s 
principle of maximum, and showed the analogy between these equations and 
the equations of analytical mechanics (Hamilton’s equations and the 
Hamilton-Jacobi equations). 


In the present work there is obtained a formula for the increment of 
the functional by a different method. It is shown that the problem of 
optimum control can be solved by the variational method with the aid of 
Lagrange multipliers. An explanation is given of the analogy between the 
equations of optimum control and the Lagrange equations in analytical 
mechanics. Some special cases are considered. 


1. Statement of the problem. We shall consider the system of 
differential equations 


fi (1, Uy, Ur; =i, (1.1) 


which describes the regulatory process of an automatic control system. 
Here x,(t), euhs x,(t) are parameters of the control object, u,(t), ..., 
u(t) are the positions of the regulating organs. 


It is assumed that the functions f; are continuous, bounded for all 
arguments and have continuous first-order partial derivatives 


It is also assumed that u,, ..., u, are piece-wise continuous and 
satisfy the inequalities 
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(Uy, Ur) QO (j=1,..., m) 


In the sequel we shall refer to Uy, «++, U, as the "admissible con- 
trols". 


Let us assume that at time t, the system is at the point x = (x,°, 
x,°) of the phase space. In [2] it was shown that the problem of 
eptinan control can be reduced to the consideration of the system (1.1) 
(we assume that the new variables have already been intorudced in (1.1)), 
in which one has to select from the admissible controls which lead the 
system (1.1) from the point x(t.) = x°, the u,(t), ..., u,(t) im such a 
way that at the given instant of time t = T the sum 


S = +...+ Cnt, (T) (1.3) 


will take on a minimum (or maximum) value. Here, the ¢,; are certain con- 
stants. 


2. Case when the trajectory has a free right end. We shall 
consider the case when no conditions are imposed on x,, ..., *, when 


t = T. 


Let u,, -.., U, be optimum controls, i.e. they impart to the functional 
S(T) (1.3) a minimum (or maximum) value. From (1.1) we have 


Of 
te, 
Ou, 


Here ¢ ; is an increment of the second or higher order. Multiplying the 
terms on both sides of this equation by A,(t), we obtain 


n af 
j=l 


Next let us integrate both parts of (2.2) from t, to T. For the left- 
hand side we find 


2 


to 


From the condition 


it follows that 
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(to) = (i=4,..., n) (2.4) 
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dz; (to) = 0 


Furthermore, let us set 


= — 


From this it follows that 
_ — 


it, 


In accordance with these conditions we find that after integrating 
(2.2) we obtain 


T 

ty 


(2.7) 


Finally, carrying out the summation for i in (2.7), we obtain an ex- 
pression for the increment of the functional (1.3) when t = T: 


af 


t. t=} 


(2.8) 


The linear part of Equation (2.8) is the variation of the functional 
when t = T, i.e. 
(7 \ iS A du, | dt 2.9) 


t, 1 1 k=1j=1 


If for the controls U;, «++, U, the functional S has a minimum (or 
maximum) value when t = T, then the variation of the functional S will 
vanish when t = T, i.e. S5S(T) = 0. From this it follows that the right- 
hand side of Equation (2.9) must be equal to zero. 


The multipliers A(t) are selected so that 


(2.10) 


/ 


Here one has to take into account the boundary conditions (2.6). 
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Furthermore, because of the independence of the variations du), ..., du,, 
the right-hand side of (2.6) has to be zero, and in addition to the con- 
ditions (2.10) one has to have the conditions 


(2.11) 
Thus, the set of equations (2.10), (2.6), (2.11), (1.1) and (2.4) 
form the system of equations of the problem under consideration. 
Let us introduce the function 
H = +.--+ 


Then the indicated system reduces to a system of Hamilton’s equations 


= OH (to) = 2.13) 
= — OH | 0x, Ai (T) = —¢; | (2.14) 
OH | = 


The condition (2.15) indicates that under optimum control u), ... 
the function H will be an extremum. 


From what has been said, it follows that the problem on optimum con- 
trol can be solved by the method of Lagrange multipliers A(t). In fact, 
the problem can be reduced to the determination of the extremum of the 
integral 


(2.16) 
under the conditions 


For the solution of this problem we construct a new function 


L= >} Ai Ji) 2.18) 
i=1 i=1 


If the integral (2.16) takes on an extremal value for Uy, +++, ¥, for 
the corresponding x,, ..., x,, then by Lagrange’s method 


o— di 0 (2.19) 
i 
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Furthermore, Equations (1.1) and (2.17) can be written in the form 


d @L 1% 

Equations (2.19) and (2.20) are nothing more than Equations (2.10) 
and (2.11) or (2.14) and (2.15). 


It should be noted here that in the application of Lagrange’s method 
one must carefully determine the boundary conditions (2.6) for the 
differential equations (2.19). 


Equations (2.19), (2.20) and (2.21) have the form of Lagrange’s equa- 
tions in analytical mechanics. Furthermore, between the functions H and 
L there exists the relation 


(2.22 
OF; 
3. Some other cases. I. We impose certain restrictions on the 
x(t) (i= 1, ..., m) when t = T. 


1) First case. When t = T, the functions x,(7T) (i = 1, ..., m) can be 
subjected to the condition F(x,, ..., x,) < 0. Here we shall confine 
ourselves to the consideration of the case 


t=T (3.1) 
In order that 5S(T) = 0, we have from (2.9) that 


> (ii + hj bx; + 2 > hj du,=0 whent,<t<T (3.2) 
j=1 


The condition (3,1) can be considered as the new equation of con- 
straint. If one now assumes the existence of the derivatives OF /dx (i = 
1, ..., m), it follows from the first variation of the function F(x,, 


%,) for 5x,(T) (i = 1, ..., mn) that 


OF OF a 


This is the auxiliary condition on the 5x; (i= 1, ..., m) in Equa- 
tions (3.2). Not all of the dF/dx; (i = 1, ..., nm) are zero in (3.3), 
otherwise the function F(x,, ..., ,) would not contain a single one of 
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Suppose, for example, that OF/dx, is not zero. Then it follows from 
(3.3) that 
/ OF 
Oxy 4 Oz, 


OF OF 
= —( bx, * — 


Substituting this expression into the first sum of Equation (3.2), we 
obtain 


n—1l 


ifs Of. 
| Ai hj bx; + 
jes 


or, unifying the notation, 
n 
of; OF 
i 
—2 (imi, ..., 8) 


Then, if the relations (3.5) and (2.11) are both satisfied 


n af, 
= 0 (k=4,..., n) 


5S(T) = 0 in accordance with (3.2) and (2.9). In the case under conside- 
ration one obtains Equations (3.5) in place of (2.10). The boundary con- 
ditions for (3.5) are taken, as before, in the form (2.6). If we intro- 
duce the function 


=>) (3.6) 
i=1 


we then obtain the canonical form of the equations 
aj = Oh, ’ hj — Oz, = (k=1, r) (3.7) 


In this case the problem can be solved by Lagrange’s method. We con- 
struct the function 


- ‘OF OF OF | 

Va. 4 a j\ / OF 

EE hij Ox, Ox, hn > hj Ox / dz, | bx; 

i=1 j=1 i j=1 n n 

Let us select the A,, .--, 80 that 

n n vf 

| 
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=>) + >) — fi) + 
i=1 i=1 


in place of (2.18). From the equations 


a® d 
Oz, az, 


we obtain 


ar 
hi= —> hj Gz, Anta 


j=1 
and also Equations (2.11). 


Let us now consider the multiplier A,,,. The nonhomogeneous equations 
for the A,(i = 1, ..., m) are given by the differential equations (3.10). 
Their particular solutions u; have the form 


l=1 


n T t 
uj = (t) \ Da (0) * (D = det! As (3.41) 
= 


j=. 


Here, the af), seud a(t) are a fundamental system, and D;; is the 
minor with the proper sign of the element A, in the determinant D. 
From (3.11) it can be seen that one can choose an arbitrary constant for 
a particular solution of A,,,. Let 


= 1 (3.12) 


Then Equations (3.10) will be of the same form as (3.5). Furthermore, 
in Expression (3.8) of the function ® one should also set A,,, = 1. One 
can solve the problem in an analogous manner if there are given several 
restrictions (3.1), i.e. if 


Pg(x,,...,2 = m, m< n) (3.13) 


2) Second case. Let us suppose that when t = T all the x,(T) (i = 1, 
.., n- 1) are fixed, while for x,(T) one is to find the minimum (or 
maximum) value. For example, one may be required to find the minimum 
transient process for some control system. 


In this case one has to consider the boundary conditions of Fuler’s 
equation. When t = T, all the x,(T) (i= 1, ..., n- 1) are fixed. There- 
fore, 5x,(T) = 0 (i= 1, ..., n- 1). Hence, it is impossible to deter- 
mine the A,(T) (i = 1, ..., n— 1) in this case; we have only 


A, (T) (3.14) 
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We thus obtain the following differential equations and boundary con- 
ditions: 


Here, xi = 1, ..., n- 1) are fixed values. 


There exist, as yet, no general methods for solving these differ- 
ential equations; in some investigations there are given solutions of 
several linear problems treated by various methods. 


II. We shall derive one relation which is useful for solving some 
linear systems. 


1) For the system 
(3.17) 


we have 


bz; >> (t) >) dix (t) dux (§ = ..., 8) (3.18) 
j=t k=1 


Multiplying this equation by A,(t) and integrating the result from t, 
to T, we obtain 


n n r n 


AS = ba, (T) = — (Ai bai + | dt (3.19) 
i=1 te 


j=l k=1 j=1 


As is known, in order that the functional (1.3) have a minimum value, 
it is necessary that AS > 0. Let us choose the A;(t) so that 


nm 
’ 


— >) Ajayi im (3.20) 


Then, in order that the condition AS > 0 be satisfied, it is neces- 
sary that 


k=1 j)=1 


n n 
j~=1 
(i=1,..., a) a,(T)=2) (@=1,...,a—1) 
Vol. 
j=1 k=1 196 
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fi >> > bixtty 
j=1 k=1 


Then the condition (3.21) can be expressed in the form 


a af. 
DD Aj <0 (3.23) 
k=1j=1 k 
If one now introduces the function H= A,f, + ... + A,f,, then one 
obtains 


or AH<0 (3.24) 


This means that under a control process which is optimal for the 
minimum (maximum) value of the functional S, the function H attains a 
maximum (minimum) value. If one solves the problem in this case by 
Lagrange’s method, then one obtains again from the equations 


the system (3.20). But by 


d 


Ou, dt 


| du, = 0 (3.25) 


This condition indicates that the optimum controls u,, ..., u, give 
an extremal value to the function H;, but it is impossible to determine 
what type of extremum it is, a maximum or a minimum. 


2) The above discussion of the system (3.17) applies also to the 
linear system 


>) aj; (t) 2; + @ (Uy, (i= 1, ..., 8) (3.26) 


j=1 


3) The systems (3.17) and (3.26) can be written in the general form 
= >} ay (t) + X; (3.27) 


j=1 


Multiplying (3.27) and (3.20) by A; and x;, respectively, and summing 
with respect to i, we obtain 
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i=1 i=1 j=1 i=1 


The second term on the left-hand side vanishes, and we obtain [3 |] 


(3.28) 


Integrating from t, to t,, we obtain 


t 


i= 1 


i=1 i, t=—1 


One can use the relation repeatedly in solving specific problems if 
one selects different appropriate values for t, and t,. 
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The selection of the control process for a system in which the controlled 
object is subject to random changes is discussed. The controlling action 
é is formed, subject to the condition that the integral quality estimate 
is a minimum, This estimate is a given function of the off-balance of 
coordinates z,;, the controlling action € and the rate of change ¢ of € 
during the transient process. The problem is investigated using the 
Liapunov-function methods [1,2], modified in accordance with the princi- 
ples of dynamic programming [3,4]. The present results generalize those 
reported in [5] to the case of stochastic systems. 


1. Preliminary remarks. Consider a control system in which the 
transient process is described by the stochastic differential equations 
of perturbed motion 


dr, 
ar = hilt (8) (1.1) 


Here, x; are the deviations of the true values of the coordinates of 
the controlled vector quantity from the prescribed (unperturbed) values 
x,= 0 (i= 1, ..., n), and is the control action produced by the con- 
troller. The particular feature of the system is that it is subject to 
random changes during the control process. This is taken into account in 
Equation (1) by introducing the random variable 7(t). 


We shall assume that f; are known continuous functions of their argu- 
ments which satisfy the Lipschitz conditions in the domain G of the 
Lx, €, 9} space, 0, ..., 0, 9(t)] = 0, and the variable 9(t) 
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represents the Markov random process [6, p. 79]. Under these conditions 
and provided the control action € is known, Equations (1.1) describe the 
random transient process x(t). 


The control action € of the controller will be determined from the 
condition 
J=\ M{o[x, (0), .-., a(t), dt = min (1.2) 


where the symbol M denotes the mathematical expectation of the random 
quantity @ which is a given non-negative function of its arguments. Since 
(1.2) includes €, we shall seek the equation for the optimum controller 
in the form* 


The aim of the present paper is to investigate the form of the func- 
tion ¢ which would ensure the stability of the unperturbed motion x, = 0 
(i = 1, ..., nm) and would satisfy the condition (1.2). 


2. Formulation of the problem. Let P[ Q/L ] be the probability 
of an event Q subject to the condition L, Mi w/L} be the mathematical 
expectation of the random quantity w subject to the condition L and let 
o( At) be an infinitely small quantity of a higher order than At (the 
small quantity At is assumed to be positive throughout). 


Let us now describe the statistical properties of the random function 
n(t). Let us confine our attention to the case where there are two func- 
tions, namely g(a) and q(a, 8), which describe the time changes of n(t) 
and are defined by [6, pp. 231-245] 


P (y(t + At) = a/n(t) =a] = 1—q(a) At + o(At) 2.1) 
P [y(t + At) = B, + At) =a/ H(t) = a] = g(a, B)At+ o(At) (2.2) 


* If the quantity € does not enter into the right-hand side of (1.2), 
then the equation for é can be sought in the form of the ideal con- 
troller = é[ ]. Among the arguments of the function 
€ in (1.3) there is the function y. This means that it is assumed 
that 7(t) can be measured and the corresponding signal can be fed 
into the controller. 
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i.e. the probability that 9(t) will remain constant (9(t) = a) over the 
small interval At is approximately equal to 1 - q(a)At and the probabil - 
ity of the single change n(t) = a + 9(t + At) = B in this interval is 
approximately equal to g(a, A)At. 


In accordance with [6, p. 242], we shall assume that the realizations 
of the random process n(t) are the step functions 7‘?)(t) (except for a 
set of zero probability realizations which will be neglected). 


If the function ¢ in (1.3) has been chosen (and is continuous and 
satisfies, for example, the Lipschitz conditions with respect to x,;, €, 
n), then for each realization 9‘?)(t) and for each initial condition 
Lx so, &, t = to} Equations (1.1) and (1.3) define the continuous 


random solution x(t), 2(t) describing the transient process in the 
system. If this random process is considered in the|x,, ..., x,, €, 9} 
space, then it turns out to be a Markov random process. Let us denote by 
tx(t), E(t), x9, ty the Markov random vector function, 
generated by the initial conditions x; = x;9, € = 9, 7 = 19 when t = ty 


rol. 25 and which for t >t, is a solution of (1.1) and (1.3), as defined above. 


1961 Unless the opposite is stated, it will be assumed that the functions f; 
and ¢ are defined in the entire |x, &} space (the domain G is defined by 
{ x,<e(i=1, ..., n), <0 < 


Expression (1.2) can now be written out in the more detailed form 


oo 


Eo, Nol = \ M E(t), 10, Eo. Mos fo = (2.3) 


0 


and in accordance with our assumptions it will be a function of the 
initial conditions x), €5, 19, to = 0 (when the function ¢ in (1.3) is 
fixed). The quantity on the left-hand side of (2.3) will also be looked 
upon as a functional J, of ¢, since the function ¢ defines the solutions 
{ x(t), E(t), 9(t)} and hence the value of the integral in (2.3) also. 


The problem consists of the determination of the function (1x, é, 9), 
which obeys the following conditions. 


Condition 2.1. The unperturbed motion x = 0, & = 0 when ¢ = €° in 
Equation (1.3) should be asymptotically stable* (definition 1.2, [7], 


* For the sake of completeness let us re-state these definitions. 


Definition 2.4. The solution x= 0, € = 0 of (1.1) and (1.3) (vn- 
perturbed motion) will be defined as stable in probability if, for 
any two numbers, « > 0, q> 90, which are as small as desired, one can 
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p. 810) with respect to any initial perturbations x;9, 9. 


Condition 2.2. The integral (2.3) should be finite for any initial 
conditions and for every initial condition x;, &5, 1 


Jeo (Xo, No) = min J; Eo, Nol (2.4) 
for functions ¢ from a defined class |¢} of these functions. Below, this 
class will be defined as the set of continuous functions ¢, €[ 0, 0, ]=0. 


The problem under consideration is one of the statistical optimum- 
control problems (see [3, 8, 9]). It is a generalized form of the prob- 
lem investigated in[5]. 


find a number 6 > 0 which is such that for any solution of (1.1) and 
(1.3) which at t= ty satisfies the inequality son + 
£." < 8? for t > t,, will satisfy the condition 


P [e, t/6, >1— 


Here, Ple, tf, ty] is the probability that for t > t, either 


(t) +. Ly? (t) + E7(t) 


which satisfies if one assumes a cut-off in the realization x'P) (ey, 
E(P) (ey on leaving the ¢-neighborhood of the point x= 0, & = 0. 


Definition 2.2. The perturbed motion x= 0, & = 0 will be defined 
as asymptotically stable in probability if it is stable in the sense 
of the definition (2.1) and, moreover, the following condition is 
satisfied for anye > 0 qg> 0: 


P (t) — ... + 2,2 (t) + E27 (t) < e* fort >t, + T (Ap, 9], 


0 


Tee e T Eo? < >1— q 


Here, Hy is a constant which limits the initial conditions. 


In the present paper we shall confine ourselves to the case where 
the domain of allowed deviations Zig» covers the entire! x, &j 
space (the constant A, can be any positive number). 


° 
Vol. 
196 
or 


1961 


Analytical design of controllers in stochastic systems 


3. Method of solution. We shall describe the method of solution 
based on the Liapunov-function method. The application of this method to 
statistical stability problems is described in [7]. 


In the present section the problem (2.4) is considered in the light 
of ideas reported in[9] and[10] in connection with optimum speed of 
response. As in those papers, we shall use ideas from the theory of 
dynamic progranming [ 2,3,5 ]. We shall assume that the final functions 
v°(x), € 9), satisfy the following conditions. 


Condition 3.1. The function v°(x, €, 7) is a positive-definite func- 
tion ([1, p. 80] and[7, p. 811]) for all values x, & and the possible 
values of 7. The function v°(x, &, 7) can have an infinitely large low 


limit [11, p. 36], i.e. 


v® (zx, yn) > w(z, —) >0 for {z, +0, 
w(x,§)—0o for §} +00 


Condition 3.2. The derivative (d¥{ v°} /dt) yo {9,10 ] is, in view of 
(1.1) and (1.3), a negative-definite function at ¢ = ¢° and is equal to 


-ol x, &, €], i.e.* 


dM {v° 


Condition 3.3. The quantity dMiv}/dt+ ol x, €, €°] reaches a 
minimum when ¢ = €°, i.e. 


) 


for ¢ belonging to the allowed class of functions {| ¢}. 


* In the terminology of stochastic processes dMW| v°!/dt is determined 
by an infinitely small differential operator for the process [12]. 
This quantity is obtained as follows: the point x(t) = x, &(t) = é, 
n(t) = generates for r > t the set of random realizations | x(r), 
E(r), nir)}/x, mn, t; the symbol v°}/de is defined in the usual 
way as the limit of the ratio }/At when At 0, where 


AM {w®) = M (x (¢ + At), E(t + At), n(t + At))/x E y(t), 


(x(t), E(t), 
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Condition 3.4. The function v°(x, €, 7) can have an infinitely small 
upper limit [1, p. 81] and when of x, &, 7] > 0. 


The function v° which satisfies conditions 3.1 to 3.4 will be called 
an optimum Liapunov function for the problem defined by (2.4). The func- 
tion €°, which satisfies 3.2 and 3.3, determines the optimum control 
law*, i.e. when € = €° in (1.3) the solutions { x(t),é(t), 9(t)} satisfy 
conditions 2.1 and 2.2. In fact, the asymptotic stability of the solu- 
tion x = 0, € = 0 for the probability (2.1) subject to 3.1, 3.2 and 3.4 
follows from the theorems given in[7] (pp. 812-820). These theorems 
were established in [7] for the random function n(t) of a more special 
type, although the discussion applies for variable n(t) of the more 
general form described above. The appropriate proof is analogous to that 
quoted in[7] and will not be repeated here. We shall merely note that 
it follows from this proof that in addition to the asymptotic stability, 
as defined by definition 1.2[7], there is also the probabilistic stabil- 
ity of the solution x = 0, € = 0 in the following sense: for any numbers 


€ > 0, q > 0 one can find 5 > 0 such that the following inequality is 


obeyed: 
P (t) +... + tn? (t) + for t >t, / 


We shall now sketch the proof that the requirement 3.2 follows from 
conditions 3.3 and 3.4. 


To begin with, we have the following equation from (3.1) after averag- 
ing x(t), €(t), m(t)i/xq, €5, 19, tg = 0 over random quantities 


It follows from (3.3) that Miv° (x(t), &(t), 9(t))} decreases with t. 
Integrating (3.3) with respect to t between t, = 0 and t = T, we have 


M {v°(x(T), E(T), (T))}<e — v° (Zo, Eo, No) 


* It is assumed that the functions and &° are sufficiently smooth so 
that one can speak of the existence of solutions of (1.1) and (1.3) 
and use the derivative dM{ v°}/dt and the transformations (3.3) to 
(3.9). 
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We conclude from (3.4) that the integral on the right-hand side of 
this equation converges for T+ «. Since @ is not negative, this means 
that lim Mi@} = 0 when t + », i.e. according to condition 3.4 the 
monotonic function Mi v° (x(t), &(t), 9(t))} will vanish in the limit as 
T + o*, 


It therefore follows from (3.4) that 
v° (Xo, No) =| M (wlx(t), E(t), (3.5) 
0 

i.e. Jro (x5, &, 29] remains finite and J;o = v°. Let us now assume that 
there exists a function ¢*[x, €, 9] # ¢°l x, €, 7] which is such that when 
¢ = €* in (1.3) the solutions { x(t), &(t), n(t)h ps of (1.1) and (1.3) 
yield the following inequality for a certain initial condition x), ¢o, 
No (when ty = 0): 


J (Zo, Eos Nol Jee Eo, No! (3.6) 


It follows from (3.2) that 


dt 


Averaging (3.7) over the random quantities, we have 
{x (t), E (2), N(t)}ee, Lo, Eo, To: to = 0 


and integrating with respect to t as before we are led to the inequality 


M {v°(x(T), E(T), — v° Eo, No) > 
T 


0 
It follows from (3.6) that when T + «, the integral on the right-hand 


side of (3.8) converges, i.e. 


v° (to, Eo, No) \ M {@ {x (t), E (2), ¢* dt = Eo. Nol (3.9) 


0 


* We confine our attention to the case where from ¥| w{ + 0 one can 
conclude that Mi v° } + 
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In fact, it follows from the convergence of the integral on the right- 
hand side of (3.8) that lim Mi@°},s = 0 when t + », i.e. according to 
3.4 (see footnote on p.633) lim Mu%,« = 0 (t + ~). The inequality (3.9) 
contradicts (3.5) and our assumption 3.6). This contradiction confirms 
the optimum property of ¢°. 


The problem is therefore reduced to the determination of the functions 


v(x, &, and J. 


4. Equations for the optimum functions v°, ¢°. The equations 
for v° and €° can be verified from the conditions (3.1) and (3.2). It is, 
however, necessary to know the expression for dM{v°}/dt in terms of the 
right-hand sides of Equations (1.1) and (1.3) and the statistical charac- 
teristics g(a) and g(a, 8) given by (2.1) and (2.2). Let us now derive 
this expression. For the sake of simplicity, we shall assume that y(t) 
is such that 7) <7 7; >-™ 99 <@. 


In order to compute the derivative dM{ v° }/dt from the limit 


dM _ AM {0% 


= for At—0 (4.1) 


one can, in calculating AM{v°}, neglect the terms of the order of 

o( At); then one can proceed as follows. Suppose that the following 
values were realized at the time t, x(t) = x, &(t) = &, n(t) = 9, w(t)= 
v° (x(t), E(t), n(t)). Then, during the time interval At which is such 
that (t< +r < t + At), the following mutually exclusive events can occur 
{13 ]. 


Event A. The quantity n(r), t< r < t + At remains constant, i.e. 
n(t) = n(r) = n(t + At) = const = 7. According to (2.1), the correspond- 
ing probability is 

P(A)~1—q(n)At 


Event B. The quantity 4(r) when t <r < t + At changes in value once. 
According to (2.2), the corresponding probability is 


P(B)=~q(n) At 


Event B can in turn be split into mutually exclusive events B, [ 13, 
p- 424], in which the quantity 9(r) changes its value only once and so 
that n(t + At) = B,, where B,(k = 1, ..., m) is a set of values of n(r) 
which are different from 7. According to (2.2) the corresponding probabil- 
ity is 


P (Be) ~q(n, Be) At 
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In the case of event A, Equations (1.1) and (1.3) will behave over 
the interval At as ordinary differential equations and the increment of 


the function v°, i.e. A,v° will in this case be calculable in accord- 
ance with the usual rules[1, pp. 80-90 ] 


») 
AE — 
Oz; 
t=1 


n 
(x, E, n) Ov” (xz, E, 
SN | Az; + 


n 
E, n) , 
/ dz; ji [z, >, 


i=1 


In the case of a B, event, it is clear that* 
= &, 8) v° (ax, E, n) + (4.3) 


Bearing in mind (4.2) and (4.3), we obtain the following formula for 


rol. 25 the mathematical expectation AM| v°} (to within terms of the order of 
1961 OC At)): 


AM {v°) = P(A) > P (By) 


k=1 


(z, E, +, 


n 
Ov’ (xz, E, 


i=1 


m 


Ya, Bx) (x, 3x) v (2, + 
k=1 


since in accordance with (2.1) and (2.2) 


>) 7( Be) = 9 (n) 
k=! 


The symbol O( At) denotes an infinitely small quantity whose order of 


magnitude is not less than At, i.e. at any rate O( At) + 0 when 
At > 0. 


we have 
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Ov° (x, =, N) 


n 
Ox, il 


AM = At 


i=1 


k=! J 
Dividing (4.5) by At and passing on to the limit as given by (4.1), 
we have 


+ Si" (a, & (nm, Be) — (n) (x, 0) 


| 


(4.6) 


We can now write down the equations for v° and €°. As a consequence 


of (3.1) and (4.6) the first equation is of the form 
Vol. 2 


1 


(4.7) 


+ ( x) 9 (Ns Bx) — (n) (x, &, n) + = 0 
k=1 


The second equation can be obtained from (4.7) by differentiation 
with respect to ¢, since, in accordance with the above (p. 631), when 
€ = €°, the left-hand side of (4.7) is a minimum. The second equation is 


dv°(z,E,m) , O°] _ 


If, in addition, €° is subject to a supplementary condition, e.g. 
|¢° | <1, then the minimum of the left-hand side of (4.7) must be sought 


subject to this condition. 
Thus the problem is reduced to the solution of (4.7) and (4.8). The 


latter are partial differential equations and their general solution is 
very difficult. However, an approximate method of solution of these 


equations is possible. 
5. Approximate method of solution of the equations for v°® 
and ¢°. We shall describe a method for solving the optimum problem de- 


fined above which involves the introduction of a parameter @ . This 
method was outlined for the deterministic case in[10]. Let us consider 
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instead of the system (1.1), (1.3), the auxiliary set of equations 


dz dt 


and let us solve the problem of determination of the stabilizing function 
¢°, which minimizes the functional 


J< No: =| M O1/ 20, Eo. Nos to = O} de (5.2) 


for this system of equations. 


The functions ¢;, and the statistical characteristics g(a; @), 
q(a, 8; ®) of the random variable 4(t, @ ) should be chosen so that the 
problem should be easily solvable for } ='0, and with # varying between 
0 and 1 the system (5.1) should continuously transform into the initial 
system (1.1), (1.3) (for ® = 1). 


Using the equations describing the change in the optimum functions 
v°(x, €, 7; ©), x, &, 9; for the problem (5.1), (5.2) which 
occurs when @ is changed, one can find the optimum solution for the 
original problem. In order to obtain these equations, it is sufficient 
to formulate Equations (4.7) and (4.8) for the problem (5.1), (5.2) and 
differentiate these equations with respect to . Although the resulting 
equations are also rather complex, one can use the intial solutions v® 
and €° at @ = 0 to evolve a procedure for an approximate numerical solu- 
tion. This approach is also convenient because by continuously varying 
the problem through varying @, we shall be concerned with the branch of 
the solution v°(x, &, 7; 0), x, &, 9; which, starting with a 
stable initial solution v°(x, €, 9; 0), C°l x, €, 9; 0] at @ = 0, will 
give for # > 0 a stable optimum system. (The function v°(x, &, 9; 0) 
for @ > 0 will be found to be positive-definite.) The continuous de- 
formation of the system is also convenient in investigating the existence 
of a solution for the optimum problem’. 


6. The choice of parameters of a linear system which will 
minimize the quadratic quality criterion. The aim of the present 
section is to give an illustration of the approach summarized in 


* This is illustrated below in the case of an example involving the 
minimization of the quadratic functional in the linear system (see 
Sections 6 and 7). 
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Section 4. Let us consider a system* which can be described by the linear 
equations (1.1) 


+ mE (j = 4, 2) (6.1) 


and we shal] seek the controlling action in the form 
E= Le, n 


using the minimizing condition for the quadratic functional (2.3) 


\ M (t) + 227 (t) (4) E?(t)] / 210, Zoo, Eo, Nor = 0} dt = min. 


0 


We shall confine our attention to the case where the variable n(t) 
assumes only two values, namely, 7 = 7, and 7 = 94, with transition 
probabilities given by 


P — nj during the time At] = p;; At + 0 (At) (i 7) (6.3) 


The functions g(a) and q(a, 8) (p. 628) will be of the form 


q (|) = Pio; q (Ne) =- Pa 
q(m, 8)=9(m)= Pie for B= 
pn forB=m 


The choice of the parameters for a linear system ensuring good quality 
has been discussed by Chetaev [2 ]. 


The minimization of the quadratic quality criterion was formulated 
and investigated by Krasovskii and Fel’dbaum (see [14] and the biblio- 
graphy therein). 


The Liapunov-function method has been applied to the optimisation of 
control systems by Bertram and Kalman [15 ]. 


* The analysis given in the present section for the set of two equa- 


tions (6.1) can be extended to an nth-order system; however the 
calculations become very involved. 
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Let us write down Equations (4.7), (4.8) for the problem defined by 
(6.3) in the form 


j=1 
+ Pik [v° (2, To, Nk) v° (2, 


Ov® (x, Z2, 
+ 20° Ze, & = QO (=1,2 


Solving Equation (6.5) for ¢° and substituting into (6.4), we obtain 
the following partial differential equations for the optimum Liapunov 


function: 
| > Oz, (M) + mi | + (x, &, me) —v°(z, m)) — 
ol. 25 j==1 
1961 Or” (x, E, )7? 


The solution of these equations should be sought in the following 
quadratic form (see [5, Chapt. IV ]): 


(xy, to, = (ma) + (mM) + e(m)&? @=1,2) (6.7) 


i, j=1 


Substituting the right-hand side of (6.7) into (6.6) and equating the 
coefficients of equal powers of x; and ¢, we obtain a system of quadratic 
equations for the coefficients bj}. by, ¢. 


Having found the solution of this system of equations, for which the 
forms given by (6.7) are positive-definite, in accordance with the re- 
sults of Section 4, the optimum function can be determined from Equation 
(6.5) in the required form 


7. The existence of the optimum control law for the prob- 
lem (6.3). We shall now discuss the existence of the solution v® for 
the partial differential equation (6.6). The system of Equations (6.1) 
cannot always be stabilized by choosing the control law (6.2) with given 


ai; and m;. Moreover, the solutions of Equations (6.6) which are positive- 
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definite functions v°(x, €, 7) do not always exist either. We shall de- 
fine a control law é = ¢‘9 as admissible if with such a law the system 
(6.1) is asymptotically stable in probability and the integral (6.3) is 
finite for any initial condition. The existence of the admissible (and 
optimum) control in the deterministic case has been investigated by F.M. 
Kirillova. In the present paper we shall not consider the existence of 
the admissible solution for the stochastic system (6.1), since this will 
be discussed in a separate paper. We shall merely note that for a given 
control law é = ¢‘%, in order that the system should be asymptotically 
stable in probability and in order that the integral (6.3) should remain 
finite, it is sufficient to have a positive-definite function v, having 
a positive-definite derivative dM{ v}/dt, where v and dMi v}/dt satisfy 
estimates [7, pp. 815-823 ] characteristic for quadratic forms. 


The main aim of the present section is to show that an optimum control 
exists if an admissible control exists. 


Let us set up the auxiliary set of equations* 


>, (M24 me|—U— Ox (i =1,2;0<6 


Zs, &, 9; 0] 


where (7.2) is so chosen that for each 0<=[0, 1] the system is asymp- 
totically stable (in probability) and 


J Eo, ‘o> (7 3) 


= { M {{a,? (t) + (t) + (t) E2(t)] / ao, Teo, €o, No, to = 0} dt = min 


When « = 0, the problem can be solved at once since the basic equa- 
tions are 


In the present case, the existence of the optimum solution can be 
established more simply and by direct means; however we shall give 
the general analysis which will apply to all cases and which 
illustrates the approach to the problem described above in Section 5. 
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~ 


2° ie, & 


and can be satisfied by choosing 


= by, 7,7 + +- cE? 


where the coefficients b;; and c can be determined from the equations 
26,, = 1, c? = 1 which were obtained by substituting (7.5) into (7.4). 
These equations have the positive solutions 


1 
bn =-, bx = C= (7.6) 


If for some # > 0 the problem of the existence of an optimum Liapunov 


function v° can be solved, then the solution (a positive-definite function 
v°) satisfies the equations (6.6), i.e. 


2 
> Oz; — (1 — 0) + | 
t=] j=1 


+ pu lv (2, &, ne; 0) — v° (2, qe; = — 2,? — (i=1,2; 


Let us consider the change in the solution v° of these equations with 
varying ©. Differentiating these equations with respect to @ and de- 
noting dv°/#0 by al x, &, 7; 0], we have 


2 
Oz; 
j=1 


[os + OME — (1 — 6) 


+ Pix (a(x, &, Mes 0) — a(x, = Fi(z, 0) (l= 4, 2; 


where F; is a quadratic form in x, xy, €. If the problem has a solution 
for 0* > 0, then in view of the results given in[7] (pp. 815-820), 
the set of equations (7.1) will be asymptotically stable in the mean 
square. However, in that case (7.7) will have a solution for }= @* and 
this solution will have the quadratic form a(x), zt, €, 9; #) 
these equations can be written down in the form 

F, (x, 8) (7.8) 


(7.1) (7.2) 


. In fact, 


where the symbol (dMiai/dt;, ,);¢7,2) denotes the derivative of a 
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subject to the optimum system (7.1), (7.2) at d= %°. 


It also follows from[7] that under our conditions the solution a of 
(7.8) will exist. By equating coefficients of equal powers of x; and € 
o (7.7), we obtain a set of differential equations for the functions 

ij(%, n), 7), 7) (p. 639). It follows from the above dis- 
cussion that the resulting set of equations can be solved for db ; 5 /d %, 
db ;/d &, dce/d % which are the coefficients of the function a. Finally, 
in ‘order to establish the existence of the solution of the optimum prob- 
lem (6.3), i.e. the problem (7.4) for # = 1, it is sufficient to verify 
that these differential equations for b;;, 6;, ¢ can be integrated with 
respect to } over the interval [0, 1] subject to the initial conditions 
(7.6). However, one can see that this integration would be ——. 
only if (7.7) could not be solved on approaching # = @* or if FF 
b; + ~, c+ for +t 0. However, these difficulties are ealy 
possible for those values of ®* for which the system (7.1), (7.2) either 
loses its asymptotic stability on the average or v°(x, &, 7; #) increases 
without limit at finite points x, € for d+ 0- 0. In the first case, the 
function v° will no longer be positive-definite for 0 +0* — 0. However, 
these changes of v° are excluded, since for & < #* the function v® is 
equal to the optimum value of the functional J, which, at the points x, 
€ lying on a circle of unit radius, is abiuals bounded over 0 =1[0, 1 ] 
both from below (due to the boundedness of the coefficients of the system 
in (7.1), (7.2)) and from above (since, in our view, for the system (6.1), 
(6.2) and consequently also for the system (7.1), (7.2)) a permissible 
control ¢‘9% exists for which the value of the functional I, is not less 
than [,°, i.e. v® <I (q)? this permissible control is obtained for the 
system (7.1), (7.2) if we assume €{9) = 0 ¢- (1-0)é, where ¢ is the 
permissible control for the initial problem. 


It follows from the above discussion that it is possible to extend 
the solution of (7.6) right up to @ = 1, i.e. it follows that the 
optimum solution of the problem (6.3) does, in fact, exist. 


In conclusion, we note “‘ the numerical integration of the differ- 
ential equations for b, b;, c on ve=([0, 1] can be used to determine 
the approximate value I the optimum Liapunov function v® 
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CONTRIBUTION TO THE PROBLEM ON THE 
ANALYTICAL CONSTRUCTION OF 
REGULATORS 


(K ZADACHE OB ANALITICHESKOM KONSTRUIROVANITI 
REGULIATOROV) 


PMM Vol.25, No.3, 1961, pp. 433-439 


M. KIRILLOVA 
(Sverdlovsk) 


(Received March 13, 1961) 


Necessary and sufficient conditions are given for which the stabiliza- 
tion of a linear system is possible under the condition that the integral 
mean-square error (relative to arbitrary initial disturbances) be a 
minimum, An explanation is given for the manifold of initial data four 
which the system can have an optimum stabilization if these conditions 
are satisfied. 


1. Let a control system be described by the equation 


dr, 
\) 


where the x, are phase coordinates, Ay j and 6, are constant parameters, 
while u is the guidance action developed within the control device. The 
system (1.1) can also be written in the matrix form 


dx 
dt 


Ax + bu 


Let us assume that at the initial instant t, = 0 the coordinates of 
the system are x(0) = x). As a criterion for an optimum we shall con- 
sider the functional [1 ] 

J (u) = \ V (u) dt, (V (u) > cu*) (1.2) 
0 

Here V is a positive-definite form. It is required to select the con- 
trol u(x) so that the functional (1.2) will attain the smallest possible 
value. The solution of this problem, the optimum control uy = uy(x), 
will make the system (1.1) asymptotically stable, and will insure that 
the integral error of J(u,) in deviation from the trajectory x(t) will 
be a minimum. We are looking for a control not as a function of time t 
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but as a function of the coordinates of the system x,, ..., x,. This is 
the, problem on the analytical construction of control systems which was 
considered in the works of Letov [1]. The aim of the present note is to 
determine the conditions under which the given problem has a solution. 


2. Let us consider the question on the existence of an admissible 
control for the system (1.1). 


Definition (2.1). The function u(t) will be said to be an admissible 
control if u(t) satisfies the inequality J(u) < + ~. 


We introduce the following notation. If B is an nx nm matrix and ¢ is 
an n-dimensional vector, then the symbol (B_); will denote the ith com- 
ponent of their product. Furthermore, let the symbol (a-b) stand for the 
scalar (inner) product of the vectors a and b. 


Let us assume at first that the vectors 


b, Ab, ..., A™"b (2.1) 


are linearly independent. In this case one can construct an admissible 
control for an arbitrary initial condition xp. 


In fact, if x9 is a fixed point, then for every t > 0 there exists a 
number N(x,, t) such that 


t 


(ao, t)’ 


) 


I 


Here, F(r) is the fundamental matrix of the solution of the system 
(1.1) when U = 0. This means [2, p. 629] that there exists a control 
u,(r) which transfers the point x, into the origin of the coordinate 
system during the time r = t, whereby 


\ (t) dt 


(T) 
u™ (Tt) 


and evaluating J(u*), we arrive at the conclusion that u*(r) is an 
admissible control. 


Next, let us assume that there are only k(k < n) linearly independent 
vectors among the vectors (2.1). It is not difficult to see that the 
first k vectors have this property. Let us complete the system 


b, . (2.2) 
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with vectors cf (n) 


5 in such a way that the vectors 


b, 


ge ees 


will form a basis, and let us make the transformation x = Dy, where the 
matrix D has the form 


b, (Ab), @ (A* 'b), c, c,™ 


Since A*b is expressible linearly in terms of the vectors of the 
system (2.2) 

k—1 
A‘b fod + Ab +... + p, 'b, 0 


we obtain after some elementary transformations the following set of 


equations: 
di - u, dt 7 dt “T i (2.3) 
dy, 


are given by the formulas 


In these equations the elements aij 
1 A 


m 1 


= Dy (Ace) 


Here A is the determinant of the matrix D, while D,, is the algebraic 
cofactor of its element d, ;. 


From Equations (2.3) it follows that the control u acts only on the 
first k coordinates; the coordinates Yaris «+++ Yq are independent of u. 
Let us introduce into our discussion the matrix 


0 0 


10 0 


and let us denote the k-dimensional vector (1,0, 
obvious that the vectors 


0) by b*. It is 
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are linearly independent. This means that for every point of the space 
ly), -++, ¥g} there exists an admissible control. The question on the 
existence of an admissible control for points of the space{x,, ..., x, 
is resolved by the properties of the matrix 


(2.5) 


| « . 
|| An. . \ 


If the roots A; of the characteristic equation of the matrix (2.5) 
satisfy the condition 


Re A; <0 (2.6) 


then there exists an admissible control for every initial state of the 
system (1.1). 
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In fact, due to the linear independence of the vectors (2.4), one can 
construct an admissible control u*(r) for every point (y,°, ..., y,°) of 
the space ly,, ..., y,}. And since by hypothesis lim y; = 0 (i= k+ 1, 

.., M) as t + w, the function u*(r) is an admissible control also for 


Suppose that only m roots of the characteristic equation of the matrix 
(2.5) satisfy the condition (2.6). In this case the set of initial data 
of the system (1.1) for which there exist admissible controls is a space 
of k + m dimensions. 


In fact, the initial values of the asymptotically stable integral 
curves of Equations (2.3) fill an m-dimensional subspace. Let us denote 
this subspace by ly,, kh. 


It is not difficult to see that the direct sum of the subspaces 


consists of those points for which one can construct admissible controls 
u*(r). Just as above, the function u*(r) will be an admissible control 
point (y,, eee, y,)- 


The converse to these statements is also valid. 


If an admissible control exists for every initial state of the system 
(1.1), then the vecotrs (2.1) are either linearly independent, or for 
some k < n the vectors (2.2) are linearly independent and the matrix 
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(2.5) satisfies the condition (2.6). 


If the set of initial data for which one can construct admissible 
controls is a subspace of the kth dimension, then the vectors (2.2) are 
either linearly independent and the roots of the characteristic equation 
of the matrix (2.5) satisfy the inequality Re A; 7 0 (i = 1, ..., n- k), 
or among the vectors (2.2) there are only k, linearly independent ones 
(k, < k), and (k - k,) of the roots of the characteristic equation of the 
matrix (2.5) have the property (2.6). 


The validity of these assertions follows from earlier considerations. 


When an admissible control u*(r) as a function of time has been con- 
structed, then one can assert that there exists an admissible control as 
a function of the system’s coordinates, i.e. u*(r) = u(x(r)). We note 
here that if the admissible control u(x) exists for the initial condition 
x(0) = x), then an admissible control exists also for some region of the 
initial data; namely, it exists for the points x(x», u*, t) of the 
trajectory of the system (1.1) where we have set u* = u*(r), t > 0. 


3. Let us prove the following theorem. 


Theorem 3.1. If there exists an admissible control u(x) for the region 
Gy of initial data, then there exists also an optimum control u(x) for 
the region G), and we have 
uo (7) = mm +... + (3.4) 


nn 


Here the p; are constants determined by the functional and the para- 
meters of the system under consideration. 


Proof. We shall make use of the results of [3] (p. 248). In accord- 
ance with these results, the minimizing of the functional (1.2) leads to 
the solution of the following variational problem. It is required to de- 
termine 


n 


min 
Ox, dt 


k=1 


-V(u)|=0 (M (x) = min J(u), (3.2) 


where the optimum control uy is the solution of the problem (3.2). 


Hence, the optimum control satisfies the equations 


n 
OM ( ) 


n n 
| OM (2) ( 
Fred OL, 


Z = | | + cu? = 0), by 2cu = 0 
k=1 kK 


(3.3) 


In the case under consideration, V(u) is a positive-definite form. 
Therefore, if it is possible to find a positive-definite quadratic form 
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M(x) and a control 


n 
iw V (2x) bs 


n 
NI 


| 


Us = 
0 Ox, Piri 
k~1 


which are a solution of the problem (3.2), then 


[M minJ (u) = J (uy) 


u 


Indeed, by (3.3) we have 
dM (=) V (uw) (3. 


dt 


This means that for the system (1.1) there exists a positive-definite 
form M(x) whose total derivative with respect to time is by (1.1) a 
negative-definite function. 

According to Liapunov’s theorem[4, p. 32] the system (1.1) is 
asymptotically stable; hence M(x) = 0 when t = + ». 


Therefore, through integration of (3.4) with respect to t from 0 to 
+ we obtain 


1961 
\ V (u,) dt 


[M (2) 


t-—0 


Let us assume that for some initial condition x) the minimum of the 
functional (1.2) is obtained for the control u*(x) 4 ug (x), i.e. 


J (ug) > J (u*) (3.9) 


Then the next inequality will hold: 


dM | r) 


V > 0 


Therefore, [M(x) ] t= 09 = < J(u*), which contradicts (3.5). 


This means that the existence of an optimum control will have been 
proved if we show that there exists a positive-definite quadratic form 
M(x) and a linear function u = p,x, + ... + p,*, which satisfies condi- 
tion (3.2). Let us introduce the auxiliary system 
Ay jt; + 4+ (1 (3.6) 


dx, 
dt 


where @ is a positive parameter, 0 < 6 < 1. 


Suppose that it is required to select the u,, ..., u,, € so that the 
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functional 
oo n 


(a, &) \ E) dt \{> + (1 9) uy") dt 


0 


might take on its smallest value. 


The system (3.6) has an admissible control for every value of the 
parameter 4 > 0 and for every initial state if an admissible control 
exists for the original system (1.1). When @ = 1, the system (3.6) is 
transformed into the system (1.1). 


Suppose that x)= Gy. We shall show that an optimum control exists 
for Equation (3.6) when @ has any value in the interval 0 < @ < l. 


Indeed, when 0 = 0, it follows from (3.6) that 


dx k 


+ Uy (3.7) 


Since the control u, acts only on the coordinate x,, we shall, in 
place of minimizing the functional J‘!)(u, €), try to find the minimum 
of the expression 


\ (aun? u,?)dt 


for each k separately. 


From Equations (3.3) we have 


9 9 OM (x) ‘ OM (x) 
Whence 
OM (x) \? OM (x) 
( Ox, + 4 Ox, — = 0 


This means that 


= Ay) Ty 


Since the optimum control u,° must make the system (3.7) asymptotic- 
ally stable, we have 


= (1—V1 + ay) n) (3.8) 


Let us write Equations (3.3) for the system (3.6) 
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n 
>, — (1 — 9) 6)u,| + V'" (a, =) = 0 
J 


n 
om"! 


k=1 


bh = 0 


From this we obtain the next equations for the determination of the 
function (x): 


+ — (1 — 0) + (1 — 8) uy - 

nm a n 
\) _¢ 2 
ot - - } 
k*k 4\<— On, by j 
k=1 


Let us assume that the solution of the problem (3.2) yields some 
positive-definite form 


M (6, r) bi; (9) (bi; bji) 


and the controls 


1 aM) (9, 2) 


Ox, 


n 
(9) 


UK (6, x) = 
(1) 
E° (6, x) = (6.2) p, (9) x, 


Or, 


k=1 


where p,‘*)(0) and p,(@) are constants for fixed @. 


Differentiating (for the time being, just formally) the expression 
(3.9) with respect to 0, we obtain 


n n 

(1) 


n 
(1) 2 2 
a. 
AR d 7 = / } 


k 


The validity of the operation of differentiation can be established 
if it is possible to determine the coefficients of the form dM") (6, x)/d0 
by means of (3.11). In order to accomplish this one has to substitute 
into (3.11) the form M‘!)(@, x) and equate the coefficients of like powers 
of x, and x,x-. Let us show that in this manner we can actually obtain 
equations for the coefficients of the form dM‘!)(@, x)/d@ which have a 
unique solution db ; ;(8)/dt. Let us denote by #(@) the Jacobian of the 
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system of equations for the determination of the db ; ;(0)/d0 obtained from 
(3.11). 


If for some value @ > 0 the problem (3.2) has for its solution a form 
M°(@, x), then the right-hand side of the relation (3.11) will be some 
quadratic form. The left-hand side of (3.11) is the total derivative of 
the function dM ")) (@, x)/d0, evaluated on the basis of (3.6) for the 
value of @ under consideration. Since M‘!)(@, x) is a positive-definite 
form, and since dM¥‘!)(@, x)/dt is a negative-definite quadratic form for 
the controls (3.10) as a consequence of (3.9), the system (3.6) will be 
asymptotically stable for the given 0. Therefore [4, p. 61] the coeffi- 
cients db, (0)/dé of dM") (6, x)/d@ can be uniquely determined by means 
of (3.11) as some functions of the b; ;(), i, j= 1, ..., m, and of the 


parameter @: 
db; (9) } 2 12 
(b,. (9), 9), (3.12) 


Starting with the relation (3.11) one can show that the functions 5 


depend continuously on the b;; and on @ for all those values of b;; and 
6 for which the Jacobian W(@) is distinct from zero. This makes it 
possible to determine the coefficients b; (0) for all values of the para- 
meter in the interval 0<@<1. In accordance with what has been said 


above, it is sufficient for this purpose to show that the Jacobian W(@) 


is different from zero, 0< @ <1, and that for no values of i, j and @, 
can the following relations hold: 


lim (6) = cc when 6, —0 (3.13) 


Let us consider the solution of the system (3.12) with the initial 
condition 4 = 0, b;,(0) (the coefficients b;;(0) of M°!)(0, x) are 
completely determined by Formulas (3.8)). This solution exists at least 
in a small enough neighborhood 0 < @ < p» of the point @ = 0. It is our 
problem to show that this solution can be extended to all @ in the 
interval 0<@< 1. 


Let us select an admissible control u(@, x), &(@, x) so that the 
following inequality be satisfied 


(u (6,2), £(6,2))< < (3.14) 


where E = const > 0. Such a choice of an admissible control is possible 
on the basis of the results of Section 2 of the present article and by 
the hypothesis of the theorem. 


Let us suppose that the solution of Equation (3.12) is extendible only 
to the neighborhood 0 < @ < 6, < 1 of the point @ = 0. This can happen in 
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two cases. Namely, if for 0 + 0, — 0 the system (3.6) loses its asymp- 
totic stability, and hence it is impossible to determine the coefficients 
in @M)(0, x)/0@ in the form (3.12) when 6 = 6,, or if for 0+ 0, - 0 
Equations (3.13) apply. 


Let us consider the first case. The form M°!)(@, x) must lose its 
character of being positive-definite when 6 + 0, — 0. This is impossible, 
for M“)(@, x) gives a minimum for (1.2). This means the first case can- 
not occur. If, however, Equations (3.13) apply, then for values of @ 
near enough to 6, we would have 


J™ (u° (0,2), (6, 2)) > 


which is impossible because of the fact that the admissible control 
u(@, x) satisfies the inequality (3.14). This completes the proof of the 
theorem. 


The author expresses her gratitude to N.N. Krasovskii for valuable 
advice. 
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In designing optimal automatic control systems the control algorithm, de- 
termined by means of the methods of the theory of dynamic programming or 
in accordance with the maximum principle of Pontriagin, is realized on 

the basis of information on the instantaneous position of the controlled 
system in the phase space [1,2]. 


In numerous cases it is difficult to obtain such information, since 
not all the phase coordinates of the system may be accessible to measure- 
ment. It is frequently impossible to measure some phase coordinates due 
to absence of information on the position of the orientation system 
relative to which the position of the controlled system is to be deter- 
mined. Thus, for instance, on a moving ship the direction of the real 
vertical of the location may be unknown relative to which the errors of 
the gyroscopic pendulum have to be determined or the direction of the 
geographical meridian relative to which the errors of the gyroscopic 
compass have to be determined. 


In view of this, it is of interest to seek indirect methods of deter- 
mination of the position of a controlled system in phase space. One of 

the possible methods is considered in this paper, applicable for linear 
stationary and nonstationary controlled systems. 


1. Steady-state systems. The equations of motion of a steady- 
state controlled system can be written down in the following form: 


n 


(P) Up = (t) (j= 1i,..., a) (1.1) 
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In this expression, y, are the generalized coordinates of the system 
and x.(t) are the external forces applied to the system. The functions 
f j,(D are polynomials in D with constant coefficients and D = d/dt where 
t is the time. 


The set of equations (1.1) can be rewritten in the following form: 


Here the superscript (m,) (k= 1, ..., m) represents the order of the 
highest derivative y, with respect to time which is found in (1.1). The 
functions W, which enter into (1.2) will be linear functions of their 
arguments. Assuming that the determinant 

A* = | bis (1.3) 


has a non-zero value, the set of equations (1.2) can be solved for the 
highest derivatives y, a» with the result 


y 


B 


where F. are linear functions of their arguments and B,, are algebraic 
complements of the elements 6;,; in the determinant (1.33. In order to 

transform the set of equations (1.4) into the Cauchy form, let us in- 

troduce the new variables 


The new variables z,, ..., z, represent the phase coordinates of the 
system. Furthermore, let us denote the linear combinations of external 


forces which enter into the right-hand sides of (1.4) by X, (t), so that 
J 


B 


Ae 


3) my, 


Equations (1.4) can now be rewritten in the form 
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, B,; 
(t) = + Lp (t) (6; = 6,, Gn) (1.7) 
where 
(1.3) 
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(1.9) 


Since the functions F (z,, Zy, «++, Z, are linear functions of their 
arguments, it follows that Equations (1.9) can be rewritten in the form 
r 
>) = X;(t) (ij = (1.10) 
k=1 


We note that in (1.10) 


X,(t)=0 for =1,..., (1.11) 


The set of scalar equations (1.10) is equivalent to the matrix equa- 
tion 


z-+az—=X (t) (1.12) 
where 
Z;\|, a X (t) X ; (t) (1.13) 


The solution of (1.12) can be determined by operational methods. 
Assuming 

z(t), = (p) X (0) (1.14) 
and bearing in mind the fact that p¢(p) — pz(0)~ z(t), we find in 
accordance with (1.12) that 


(p)o (p) = pz (0) + (p) (1.15) 


where 


g(p)= pE+a (1.16) 


and E denotes the unit matrix. 


Denoting by ®(p) the adjoint of the matrix ¢(p) and by A(p) its de- 
terminant, we find from (1.15) that 


(p) = (p) 


z(0) 4 1.17 
A (p) A (p) 


Let us denote by M(t) the original for the following representation: 


pD(p). 
N (t) (1.18) 


The function N(t) in an r x r matrix 
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N (t) = (1.19) 


The elements of the matrix N(t) are of the form [3 | 


q 1 


=>) | | 


Qs’ 
h a ! (p) > 


@.%’+h-1 (P) 
Sin 20 
dp) | in (1.20) 


—I|m ( t 
P 1Wp 


Here = 1, ..., 8°) ande, tio (h=1, ..., s”), where s*° + 2s%=r 
are the roots of the characteristic equation 


A(p) =0 (1.21) 

The multiplicities of the roots are denoted by g, and q,-,, respect- 
ively. and A (p) represent the polynomials 

A (p) 


A. (p) = - Avan (p) 
(p (p i@, ) 


1961 
(1.22) 


The prime on the summation sign in (1.20) indicates that the term 
under the summation sign refers not to an isolated root, but to the whole 
group of coincident roots of the characteristic equation (1.21). Using 
the theorem of multiplication of representations, and in accordance with 
(1.18) and (1.14), we have 


= (p) 1.23 
(t — t) X (t) dt (1.23) 


Thus, in accordance with (1.17), (1.18) and (1.23) the solution of 
the matrix differential equation (1.12) is 


(t) = (t)2(0) \A (¢— t) X (t) dt (1.24) 


Since the functions for which #4 (l= 1, ..., m) vanish 
identically, it follows that the elements of the matrix z will be 


n 


N jo, — 1) Xo, (t) dt 


or, in accordance with (1.7) 
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t n n 


k=1 go '=1 i=1 
Defining the function W(t) by 


Wirt) = >) (); 


ge ee, 


the general solution of (1.10) can be written down in the form 


r n ft 
z; (t) N (t) (O) >> Tt) 4, (t) dt (j=1,..., r) (41.28) 


Let us now consider the determination of the position of the system 
in phase space in the case where the law obeyed by the external forces 
x,(t) (l= 1, ..., n) is known but the initial values of the phase co- 
ordinates z,(0) (k= 1, ..., r) are unknown. 


We shall assume that only one of the phase coordinates z, can be 
measured and the origin for this coordinate is unknown. 


Let us choose a new arbitrary origin and measure the deviations S(t,), 
S(t,), of the phase coordinate z, from the new origin at 


times th, Since 


S(t) =S*+2(t) (1.29) 


where S* is the deviation of the new origin from the original origin, 
and using the notation 


S (tu4 1) 


S(t.) = Ly (1.30) 


we are led to the following relation between the changes in the phase 
coordinate z, and the results of measurement L,: 


Zs — 2s (t,) = Ly (p= 14,..., r) (1.31) 
This expression does not contain S*. 


Substituting into (1.31) the values of z (t. 4) and z,(t,,) as given 
by (1.28), we obtain the following system of linear algebraic equations 
in terms of the initial values z,(0) of the phase coordinates 


r 


(Nex (tans) — Nex (ty)) 2x (0) (p=i,..., r) (4.32) 
k=) 
t, 


658 

(1.26) 

r 97 

196 

| 0 9 


‘ol. 25 
1961 


Controlled system in the phase space 659 


Having determined the initial values z,(0) from (1.32), we can use 
(1.28) to find the values of z ;(t) for any time t. 


2. Non-steady-state systems. The equations of motion of a non- 
steady-state controlled system 


k=1 


differ from (1.1) only in the fact that the coefficients of the poly- 
nomials f;,(D) will no longer be constants but, instead, certain given 
functions of time. The phase coordinates z, defined by (1.5) will now 
satisfy the following system of differential equations with variable 


coefficients 
r 


25+ (t) 2x = Xj (0) 2.2) 
k=1 


which can be derived similarly to (1.10). 
The solution of (2.2) is of the form[ 4 ] 


r nt 


Nyx (t, 0) (0) - pa \ Win (t, (j = 1,...,7) (2.3) 
k=] ly 


jl (t, tT) = N jo; (t, T) A* it) 
and N.,(t, +) are the elements of the matrix Nt, r) = 0(t)0-*(r), where 
6(t) 1s the fundamental matrix of the homogeneous matrix equation which 
can be obtained from (2.2) with X;(t) = O0(j=1,..., r). 


Similarly to (1.32), the imitial values z,(0) of the phase coordi- 
nates can be calculated from the results of measurements described above 
with the aid of the following set of linear algebraic equations: 


n 


0 


n 


In order to determine the functions W (ty, r) where ty is a fixed 
quantity, it is necessary to have a know! edge of N,e(ty, r) which re- 
present the elements of the matrix weight function Mt, r) for t = ty. 


n 
Here 
l=1 9 
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These elements are given by 


(te, T) = Zz (T) 


where Z-(r) are the integrals of 


which assume the following values at t = ty: 


Ze(te) = 1, =O (k—1,...,: (2.8) 


Thus, in order to N 0), Nga (ty, 0) and the func- 
tions W tft, age r) « .., Tr), it is necessary to 
integrate (2. 7) (r+ 15 times, with - in (2.8) given by t; = ty, .«.-, 


Having found the initial values z,(0) of the phase coordinates, one 
can, with the aid of (2.3), determine the position of the system in 
phase space for any given instant of time t*. This involves a prelimi- 
nary calculation of the weight functions N.,(t*, r) for j = 1, ..., r, 
which in turn involves the integration of {3.7) r times with t, and s 
in (2.8) given by t, = t*, and s= 1, ..., r, respectively. The method 
for the solution of the above problem with the aid of electronic com- 
puters also follows from the above analysis. 
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1. Statement of the problem. Much work has been done on the use 
ol. 25 of approximate methods of linearization in the analysis of nonlinear 
1961 dynamical systems subjected to the action of random disturbances. In some 
such cases there arises the necessity for an exact solution of the prob- 
len, for the determination of the error in the approximate methods, or 
for the solution when the problem does not lend itself to the application 
of the method of linearization. 


In this work there is considered the behavior of linear dynamical 
systems whose input is a nonlinear function of a stationary random pro- 
cess X(t), i.e. a system described by the equation 


d" Y (t) (t) 


a, (t)— a, (t) (t) = nf; (1.1) 


ds" 


The probability characteristics of the process X(t) is assumed to be 
known. Y(t) is the unknown function to be found, characterizing the 
state of the system, a)(t), l= 1, ..., m are given functions of time. 
The nonlinear function f 0) (j = 1, 2, 3) will be assumed here as one 
of the following types: 

= sign X (1.2) 
[sign (X — a) sign (X a)} (1.3) 
a) sign(X a) — (X — a) sign(X — a)} (1.4) 


The first function corresponds to the nonlinear link of the type 
*yes-no"; the second one to the link of the type "yes-no", but it has a 
zone of insensitivity; the third function corresponds to a link which 
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has a linear interval and an interval of "saturation". The presence of a 
nonlinear link in the operation of a linear dynamical system makes the 
entire problem a nonlinear one, which complicates its solution, especially 
from the viewpoint of the theory of random functions. 


The solution of Equation (1.1) (we assume for the sake of simplicity 

that we have zero initial conditions) can be written in the form 

t 

\ p(t, ty) dt, (1.5) 
Here p(t, t,) is the weight function of the system expressible in 

terms of a system of independent integrals (solutions) of the homogeneous 

equation corresponding to (1.1). Raising both parts of (1.5) to the 

degree m and applying the operation for finding the mathematical expecta- 

tion to both sides of the obtained equation, one can easily establish that 

any moment of the ordinate of the random function Y(t) can be expressed 

by means of an integral of an expression containing mixed moments of the 

random function f-[{ X(t)]. For example, for the mathematical expectation 

and dispersion of the random quantity Y(t) we obtain 


Y (t) 


t 


MIY = y(t) =\ p(t, 4) MY; at, (1.6) 


0 
tt 


DIY) = 95 = p(t, ta) — y2 (9 


00 


In consequence of the hypothesis made at the very beginning on the 
stationary nature of the random function X(t), the mathematical expecta- 
tion MI f ;l X(t) ]} is constant, and fj [X(t,)] f; [ X(t,)]} will be a 
function of r = t, — t, and will not be denies on the arguments t, 
and t, anpavetaly. Therefore, Formula (1.6) can be represented in the 
form 
y(t) = OD\ Pee, (1.7) 


0 


t 


32 \ pit, 


ore 


t) P(t, B+ M IX Ode (1.8) 


Thus, the first two moments of the solution of Equation (1.1) can be 
found if one knows the mathematical expectations 


B= MEIXOD, OD 


If the first and second laws of the distribution of the random func- 
tion X(t) are known, then the determination of By; and vy can be carried 
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out by means of the general formulas for finding the mathematical ex- 
pectation, but the computations required for this are quite cumbersome 
even for the simplest law of distribution of the random function X(t). 
It will be more advantageous to use a different method of evaluation in 
which the function fj (X) is represented as a Fourier transform of the 
transfer function corresponding to f; (X). This makes it possible to ex- 
press the mathematical expectation in (1.9) as a characteristic function 
of the ordinate X(t). For the application of this method it is, however, 
necessary either to assume the existence of the Fourier integral of the 
function f,(X) (which is not valid, for example, for the nonlinear types 
(1.2), (1.4) and (1.4)) or one has to select the appropriate form of the 
contour integration [1]. 


These difficulties can be avoided if one uses the integral representa- 
tion of the right-hand side of (1.1) by the method which was applied by 
Markov [2] for the proof of the limit theorem of the theory of probabil- 
ity, and which is based on the use of the Dirichlet integral. In accord- 
ance with the latter we have 


sign 2 = e (1.10) 


Formule (1.7) makes it possible to obtain an integral representation 
for f;(X) whose substitution into (1.9) yields at once the moments of 
the doution Y(f) in terms of the characteristic function of the ordi- 
nates X(t). 


2. Evaluation of the moments of an essentially nonlinear 
expression of the type f[X(t)]. In view of (1.2) and (1.7) we 


have 


du 
u 


(2.1) 


co 


In an analogous manner, we obtain for the mixed moments of the random 
quantities fl X(t,)] and fl X(t,) ] the expression 


where E(u,, u,) is the characteristic function of the system of random 
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quantities X(t,) and X(t,). 


For the normal random process one can evaluate the integral (2.2), 
and the integral (2.3) becomes considerably simplified. Indeed, suppose 
that x is the mathematical expectation, o,? the dispersion and k(r) the 
normalized correlation functions of the random process X(t). Then 


5.2 
E (u) exp | — 4 (2.4) 


9 


E (uy, Us) = exp ( +- 2k (tT) -+ 4 ) (2.5) 


and in place of (2.2) we obtain 


x? 


dx ) 


0 


m= 


V 2x 
In the evaluation of (2.3) we must note that the integral 


J (x) \ \exp ¢- au,” — bus? — + i (xu, + 


du, duyz 


1961 


can be transformed, through differentiation with respect to y, into the 
form 


J —2x\exp)— — -| 
(7) \ P iab — ) 4ab — 


J (0) (2.8) 


J (0) | | (2.9) 
V 2a \ V 2b, 


Therefore, in view of (2.5) and (2.9), we shall have in place of 
(2.3) the expression 


k(t) 


» 
W(t) \ exp | 


0 


When x = 0, the integral (2.10) can be evaluated by elementary means. 
This yields 


v(t) = sing? k(x) (2.14) 
In an analogous manner, one can evaluate the moments of the nonlinear 


expression f,[ X(t)], which on the basis of (1.7) and (1.10) can be re- 
presented in the form 
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\ {exp [iu (X —a)] + exp [iu (X - 2.12) 


, 1 
()) = 
Evaluating the mathematical expectation of both parts of this equa- 
tion, we obtain 
-{ \ eiau (u) = \ e—iau (u) 


mu u 


—oo 


Since the multiplication of a characteristic function by exp[ + iau | 
is equivalent to the addition of + a to the mathematical expectation, we 
obtain on the basis of (2.2) and (2.6) for the normal random process the 
expression 

+ (2.13) 

Analogously, the substitution of (2.12) in the product f,[ X(t,) |] 


1 4 du,duy 
= — fia (uy + + exp Léa E ta) 


Making use of the integral (2.8), we obtain 


1 d= j 
Vo | 
2 x | 


4. g?) — (z?— a®)E \ r+a 
exp (- (a a“) a! @| 4 


3,2 (1 — §) | 


x 


When x = 0 the last formula reduces to the simpler form 


a= 
exp(— 


For the nonlinear expression (1.4) we have, in view of (1.10) 


du 


(1 = \ explin(X + + a)“ 


du 


\ exp [iu (X a)| (X —a) = f (2.16) 


Evaluating the mathematical expectation of both parts of the last 
equation, and taking into account the fact that 


665 
ol. 25 
(2.14) 


666 


A.A. Sveshnikov 


M {e's | 
we obtain 


E(u) 
> 


e 


tau) (u) — —e aw) < 
which for the normal law becomes 
ps = (x + —(x- 


(x +4 2 (x —a)* 
Making use of (2.16) in the evaluation of v,(r), we obtain, in the 
case of the normal random process with zero mathematical expectation 
the following expression: 


a* 
Vz 


a 
\exp ( (1 7 (a* 


2a* (1 + k) 
Vol. 2 
1961 
(i — FP — — 
@+ek V1—# 
k 
a* — o*k(’ a? 2a* (1 -—k) 
0 
a? — Sk a— 
(1 + k*) 7 a? a? 
| ( FU 7) | (2.18) 
The derived moments of the nonlinear expressions f; { X(t) ] make it 
possible to compute the mathematical expectation and the dispersion of 
the solution of Equation (1.1) which are given by Formulas (1.7) and 
(1.8). 
3. Examples on the application of the method. 1 
us consider the equation 


-1. As the simplest type 
of example on the application of the method developed in this work, let 


dt Y (t) =m -+- ansign X (t) 
This equation describes, 


for example, 


(3.1) 
the deviation Y(t) of the axis 
the gyroscope is installed on a ship in such a manner that the horizontal 


of a gyroscope in consequence of Coulomb friction in the supports, 
axis of the support coincides with the diametral plane of the ship. 


if 


In 


| 
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this case the constants a and n are determined by the structural para- 
meters of the gyroscope, while the random function X(t) is the angular 
velocity of ship’s rolling. The angle 0(¢) of the heeling of the ship 

can be considered to be a stationary normal random function of time whose 
correlation function is given by the equation 


(T) = spe (cos Bt +- sin B\t 


where the constants a, 6 and og depend on the nature of the waves of the 
sea and on the parameters of the ship. 


Since the integration of Equation (3.1) for zero initial conditions 
yields 


t 


Y (t) = n \ sign X dt, 


0 


the application of Formulas (2.6), (2.11), (1.7) and (1.8) will give 


2\ 
y(t) = mt, : tr) Sin k(t) di 


1961 
where, in accordance with (3.2), we have 


a 


k (cos Br ra 


When t >> l/a, the upper limit of integration in the integral (3.4) 
can be considered as infinite. This yields 


\ sin~! (t)dt, be ann? \ + sin’! k(t)dt) (3.5) 


In the given example we shall make use of the method of statistical 
linearization [2], that is, we shall make use of the approximating 
substitution 


sign (t) = AX (1) +-B 


where the constants A and B are so chosen that the first and second 
moments on the left- and right-hand sides of (3.6) are equal. In this 
manner we obtain 


= 2n* A*5,? [1 — ky (3.7) 

Therefore, in the given case, the method of statistical linearization 
gives even a qualitatively incorrect result: in place of the linear de- 
pendence on time we obtain Expression (3.7) which tends to the constant 
value 


667 
I 
ol. 25 (3.4) 
\ 
(3.6) 


A.A. Sveshnikov 


2. AS a more complicated example let us consider the system of equa- 
tions 


(t) d d* d ; 
ky sign X, (t), +497; (t)=kesign X_(t) (3.8) 


where p, q, k, and ky are constants, while X,(t) and X,(t) are independent 
stationary functions of time. Such a type of equation arises, for example, 
in the investigation of the behavior of a gyrovertical installed on a 
rolling boat with Coulomb friction between the axes and the support of 

the gyroscope. In this case, X,(t) is the angular velocity of heaving, 
X,(t) is the angular velocity of rolling, and the coefficients of the 
equation are determined by the structural parameters of the gyroscope. 

For the solution of this problem it is convenient to introduce into (3.8) 
= a complex variable 


(4) +i B (3.9) 
y 


After this, the original system of equations can be replaced by one equa- 
tion 


d 
C(t) — id di C(t) = — imsign X, (t) + xgsign (3.10) 


The solution of (3.10) under zero initial conditions will be 


t 
\ 4) — 4] [xg sign Xe — ing sign dty (3.44) 


Taking into account (3.9), we can find the mathematical expectation 
and dispersion of the functions a(t) and A(t) by means of the relations 


(3.12 


) 
D{a (t)} b> = {M [a (t)}}* — (M [8 (3.13) 


Having made use of the integral representation (1.10), we can express 
all mathematical expectations which appear in (3.12) and (3.13) in terms 
of the characteristic function of the ordinates of the random functions 
X,(t) and X,(t). Since these computations are entirely analogous to those 
of the preceding section, we shall give only the final results which were 
obtained for the normal random processes X,(t) and X,(t) with zero 
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mathematical expectations. In this case 


M =U, or M [a = 0, M [8(¢)] = 
t 


T) (cos At + [sin At — sin A - —sin x 


x sin! keg (t) + xP sin! ky dt (3.14) 


t 


4 
+5 


sin kz (t) — x;? (t)] dt (3.15) 
~ 


where ky (r) and ko (r) are normalized correlation functions and 
X(t), respectively. Formulas (3.14) and (3.15), together with (3.13), 
permit one to compute the values of the dispersions D[ a(t)] and p[A(¢)). 


In an analogous manner one can carry out the solution to the end for 
other types of nonlinearities that may appear on the right-hand sides of 
Equations (3.8). 


4. The application of the method to more complicated problems. The 
complication of the problem can occur in three directions. Firstly, one 
can do away with the normality and the stationary nature of the random 
functions which appear in the equation in a nonlinear manner. This 
generalization does not introduce any major difficulties. The difference 
consists only in the fact that the characteristic functions which appear 
during the process of evaluating the dispersion of the solutions of the 
equations will be of greater complexity. Secondly, one may pass to the 
consideration of nonlinear expressions of the hysterisis type of charac- 
teristics, for example, of the form 


(+ 1, if X(t) > a, or — a < X(t) <a, but X(t) lies in the 


interval (— a, a) intersecting the level X(t) = a from 


above 


fl xct) (4.1) 
— 1, if X(t) <- a, or—- a < X(t) < a, but X(t) lies 


on the interval (— a, a) intersecting the level 


X(t) = — a from below 


The nonlinearities of this type can be expressed explicitly in terms 
of the ordinates of the function X(t), but the integral expressions which 
one obtains hereby turn out to be more complicated than they are for the 
nonlinearities treated in the present work; the derivation of the 
mathematical expectation and dispersion of the solution of the equations 
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becomes considerably more involved. 


The third direction in which one can advance in order to complicate 
the problem is the consideration of equations in which the arguments of 
the nonlinear terms are not random functions with given probability 
characteristics but are algebraic sums of such functions and of the 
solution function. An example of this type is furnished by the equation 


d 
dt 


Y (t) =m+ nf (¢) — Y (t)] (4.2) 


or by the equation 


d™—"y (1 , 


which differ from Equations (3.1) and (1.1), respectively, only in their 
right-hand sides. 


It is not possible to obtain a general method of solution for these 
problems as easily as for problems in which the arguments of the non- 
linear functions are given random functions. Nevertheless, the method 
suggested in the present work is useful for obtaining an approximate 
solution in case the solution of the equation under consideration may be 
assumed to be small compared to the ordinates of the disturbances of the 
random function, In such a case one can find the solution of an equation 
of the type (4.3) by the method of successive approximations, whose 
essence consists of the following. First, one drops the solution func- 
tion which appears in the argument of the nonlinearity, and one deter- 
mines the moments of the solutions of the obtained equations in the same 
way as was done above for the mathematical expectation and dispersion. 
After this one repeats the calculation from the beginning, but now one 
replaces the characteristic functions of the given random functions by 
the characteristic functions of the algebraic sums of these functions 
and of the solutions of the equations found in the first approximation, 
Since the characteristic functions will not be normalized, one may use 
for their evaluation Edgeworth’s series [4], keeping in it only those 
terms which can have a noticeable effect on the result. The moments of 
the second approximate solutions found in this manner can be used for 
the derivation of the succeeding approximations. The finding of each 
successive approximation is connected with great difficulties. Therefore, 
in problems of the indicated type, the given method is to be recommended 
basically only then when the error in the first approximation is sought, 
and when it can be assumed from general considerations that the first 
approximation will give satisfactory results. 


We shall explain what we have said with the example of Equation (4.2), 
which for j = 1 describes the deviation of a gyrovertical, with a contact 
characteristic correction, installed on a rolling ship. In this case the 
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normal random function X(t), which describes the random deflection of 
the pendulum of the deflector, has a dispersion which is considerably 
greater than the dispersion of the angle Y(t) characterizing the devia- 
tion of the gyrovertical. Therefore, the application of the method of 
successive approximations is expedient. Dropping in the first approxima- 
tion Y(t) on the right-hand side of (4.2), we obtain Equation (3.1). The 
dispersion of its solution is given by (3.6). For the purpose of finding 
the correlation function Y(t) in its first approximation,which is required 
for finding the dispersion Y(t) in the second approximation, it is 
sufficient to multiply (3.4) term-wise by a similar equation written for 
another argument ¢, and with the use of (1.10) to find the mathematical 
expectation of each part of the obtained equation. After some transforma- 
tions analogous to those used in Sections 2 and 3, we obtain the next 
expression for the correlation function of Y(t): 


f. ff 


(ty, ¢2) \ \ sin Has 


* 
0 0 


Analogous arguments yield for the first approximation of the correla- 
‘ol. 25 tion function of the connection Ry y(t, t)) of the random functions X(t) 
1961 and Y(t) 


t 


R ty, te) \ kG dt 
ry (4 x I 


For finding the third, fourth and higher moments of Y(t) it is neces- 
sary to take the product of three, four and more expressions of the type 
(3.4) for various values of the argument ¢, and to determine the mathe- 
matical expectations of both parts of the obtained equations. The order 
of computation remains the same but the number of integrations is in- 
creased, which complicates the process of computation. In order to find 
the second approximations of the moments of Y(t) one begins with the 
equation 


Y.(t) = mt 4 \ \ exp (iu [X (§) Y, (E))) d= 
mid. 


where the indices 1 and 2 denote the first and second approximations. 
Since the dispersion of Y,(t) is small compared to the dispersion of 
X(t), the difference 


Z(E) = X (E) — Yi (E) 


can be considered a normal random function. Hence, repeating the caicula- 
tions of Section 2 for the dispersion of Y,(t), we obtain 
tft 
D[Y2(t)] = \ \ k, n) dy 
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where ko(t), t,) is the normalized correlation function of Z(t) deter- 
mined by the equation 


2B (ta, (3,2 + D [V1 (t2)] — 2R,,, (ta, 


where Ky(ty, and Ryy( ty, to) are taken from the first approximation. 


The succeeding approximations can be obtained in a similar way. 
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ON A CERTAIN PROPERTY OF SUPERSONIC 
GAS FLOWS 


(OB ODNOM SVOISTVE TRANSZVUKOVYKH TECHENII GAZA) 
PMM Vol.25, No.3, 1961, pp. 453-455 


0.S. RYZHOV and Iu.D. SHMYGLEVSKII 
(Moscow) 


(Received February 13, 1961) 


When investigating gas flows in Laval nozzles great difficulties are 
encountered in the construction of the flow in the neighborhood of the 
throat of the channel, where transition from subsonic to supersonic velo- 
cities takes place. In this region the gas motion is described by equa- 
‘ol. 25 tions of mixed elliptic-hyperbolic type, the general properties of which 
1961 have not been studied sufficiently up to the present. As is known, the 
calculation of the supersonic part of the flow is substantially 
simplified in the particular case in which the sonic surface is a plane 
perpendicular to the streamlines crossing it. In this case we can investi- 
gate separately the subsonic flow region, which is described by equations 
of elliptic type, and the supersonic, in which the flow is described by 
equations of hyperbolic type. The sonic plane serves in this case also 
as a characteristic surface which divides the two regions of gas motion, 
A great number of papers [1-7] have been devoted to the investigation 
of supersonic flows with a plane surface of transition through the speed 
of sound, 


In this paper we shall derive the general conditions for which the 
surface of transition from subsonic to supersonic velocities coincides 
with a characteristic surface of the equations of gasdynamics. The case 
under consideration is the only one for which the supersonic flow field 
may be calculated independently of its subsonic part, because the transonic 
mixed system of partial differential equations breaks down into purely 
hyperbolic and purely elliptic parts with the conditions prevailing on 
the surface of transition known. 


The system of equations of gasdynamics may be written in the form 


Oov 


OZ Or 


(1) 


Pp = 8) 
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where v,, p, p and s denote the velocity components of the flow, pres- 
sure, density and entropy at the point with Cartesian coordinates <x;. 
The usual tensor notation for summation over the repeating indexes 1, j 
is used, where i, j assume the values l, 2, 3. 


The equations which determine the C, characteristic surfaces x, = 
x(x), x») of the system of equations (1), may be written as follows: 


(2) 
where a= ¥ (0p/dp), is the velocity of sound and n,; are the components 


of the normals to these surfaces, for which the following formulas are 


valid: 


1 das _ Oxy | 


Vol. 


The system of equations of gasdynamics (1), reduced to the C, 196 


characteristics, will assume the form 


Ip Ov; J 
i ap njvj) Ox; 
ij 1 for i Jand 6; ; 0 for i+7) 


Equations (4) contain derivatives of the desired functions only along 
the corresponding characteristic surfaces. 


If the C, characteristic surface coincides with the sonic surface, 
then from Formula (2) there follows that it is orthogonal at any point 
to the intersecting streamline; therefore, for the vector component of 
the velocity along this surface we have 


vj = Fan; (9) 


Using Equation (5), we obtain from Equations (4) 


Jan. 
Oan; 


nin;) = 


(6 


Taking into account relations (3) we have finally 


OX, | Oxy OX; | OX2 > 
= =( (6) 


Y 1+ (Oxy / + (Oxy / Oxy)? Y 1 + (Oxy / Oxy)? + (dx | Oxy)? 
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Equation (6) is the equation of minimum surfaces. It expresses the 

fact that at any point the average curvature of the indicated surfaces 
must be zero. The theory of Equation (6) is closely connected with the 
theory of analytic functions of a complex vari- 
able and is well investigated in [8]. Note 
that this equation was derived without making 
any assumptions whatever about the form of the 
equation of state of the gas or the irrotation- 
ality of the flow. The results obtained may be 
formulated in the form of the following theorem. 


Theorem. Let there be an arbitrary closed 
contour, any point of which is also a point of 
the surface of transition through the velocity 
of sound. Let this surface be at the same time 
a characteristic surface of the equations of 
gasdynamics. Then this surface will have a 
minimum area among all the surfaces which may 
be stretched over the given contour and, 
furthermore, the velocity vector will be ortho- 
gonal to it at each and every point. 


If the contour is formed by a plane curve, then the sonic surface 
passing through it will also be plane, and the tangents to the stream- 


lines at the points of intersection with it will be parallel to each 
other [1-7 ]. 


The sonic surface need not be bounded by a single contour. Cases where 
it is not are frequently encountered in applied problems. As an example 
of the case when two closed curves serve as the boundary of the surface 
of transition, we shall consider the outflow of a gas with sound velocity 
from a ring-shaped opening located in the peripheral part of an axi- 
symmetrical nozzle (see Figure). Here the surface of transition is con- 
fined between two circles located in planes perpendicular to the axis of 
the channel which we shall make coincident with axis x,. Let the first 
circle be situated at a distance x,’ from the origin of coordinates and 
have a radius r’, the second at a distance x,”-and have a radius r”, The 
equation of a minimum surface, passing through both circles, will have a 
form x, = x,(r), where r = i" + at. Therefore, from relations (6) 
it follows that 


d*x, 3 


dr? dr dr 


Interchanging dependent and independent variables in this equation, 
we have 


= 
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(7) 


The general solution of equation (7) may be represented in the form 


C2 


r: c,cosh (8) 


1 
where c, and cy are arbitrary constants. They are determined by the rela- 
tions 
Ca 


= cosh (9) 


As seen from Equation (8), a sonic surface in this case is formed by 
the rotation of a catenary around the axis of the nozzle. It is important 
to note, however, that in this problem not necessarily one and only one 
extremum (8) passes through the two given points A*( x}, r°) and 
A”. (x5, r”)}. As the solution of the system of equations (9) shows, de- 
pending on the relative location of these points, there may be two, one 
or no such extrema. In the case when the extrema (8) may not be drawn 
through the points A’. and A”, the discs perpendicular to the axis of the 
nozzle and located at a distance x,’. and x,”-from the origin of a co- 
ordinate system serve as minimum surfaces. 


It is easily proved that in the analogous problem of the outflow of a 
gas from openings located symmetrically relative to the axis of a channel 
in the peripheral part of a plane-parallel nozzle, sonic surfaces will 
be planes connecting the edges of the openings. The solution of such a 
problem always exists and is unique. 
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In this paper we consider the interactions of magnetohydrodynamic waves: 
fast (s*) and slow (S ) shocks, fast (R*) and slow (R ) expansion waves, 
and also interactions of magnetohydrodynamic waves with plane, ideally 
conducting, walls. The medium is assumed ideally conducting. No re- 
strictions are imposed on the parameters of the medium, 


From the moment of interaction a discontinuity arises which must be 
resolved into some wave combinations. In this entire paper, we determine 
possible wave combinations. The problem of resolving a discontinuity, 
which arises from the interaction of magnetohydrodynamic waves, is a 
particular case of the general problem of resolving arbitrary discon- 
tinuities in the magnetohydrodynamics of ideally conducting media [i]. 


Interactions of ordinary gasdynamical waves, as well as reflections 
of gasdynamical waves from plane walls, have been considered in [2,3]. 
Reflections from plane walls and collisions of shocks, with a magnetic 
field parallel to the wave fronts, have been considered in[4-6]. In 
this case, the problem reduces to pure gasdynamics [7]. Interactions of 
magnetohydrodynamic waves with Alfven and contact discontinuities has 
been considered in[8], 


We introduce some notation, When two waves are moving one behind an- 
other to the right (left), the undisturbed state will be denoted by the 
index 0° (0), the state behind the first wave by the index 1, and the 
state behind the second wave by the index 0 (0°). When two waves collide 
while moving toward each other, the undisturbed state will be denoted by 
the index 1, the state behind the wave moving to the right by the index 
0, and that behind the wave moving to the left by the index 0°. All other 
notations will agree with those in[1]. For brevity, instead of the ex- 
pression: "the line in the pi,-plane, relating the quantities p and H 
on an S*-wave (Ss, R*, R ), when the magnetic field and pressure in front 
of the wave equal H, and we shall write: "the s*-line R*, R°) 
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originating from the point (Po, 


l. Collision of waves of the same type and equal intensity. 
Reflection of waves at a wall. We consider the case of resolving 
an arbitrary discontinuity, when py, = py’, H,, = He, while Au, Av, 
Aw may be arbitrary. This case is of interest, since the problem of 
collision of two waves of identical type and equal intensity, and the 
problem of reflection of waves and Alfven discontinuities at a conduct- 
ing wall, both reduce to it. 


In [1], it was shown that if Pot Hy o#H yo. , then the combina- 
tion consisting of two shocks or simple waves * H contact discon- 
tinuity will correspond to a point in the AuAv-plane. This result 
follows from the fact that such a combination is possible only for a de- 
finite intensity of diverging waves. Thus Au and Av will be fixed for 
given Po, and Hyo 


In the case being considered, the intensity of the S-, S-, Rt-, and 
R-waves, in the combination consisting of two waves, is arbitrary. 
Therefore, in the AuAv-plane, this combination corresponds to a line. 


Any two diverging waves, by which a discontinuity is resolved, are 
divided, generally speaking, by a contact discontinuity. Following the 
behavior of S*-, S”-, R*-, R°-lines in the pi,-plane, we easily see that 
in the above case the two waves must be of the same type and intensity. 


Thus, out of two shocks or rs waves and a contact discontinuity the 


combinations S*KS*, SKS, R’KR*, R KE are possible. 


It is easily seen that the construction of the lines, corresponding 
to S*KS*-, S R*°KR*-, R-KR-combinations, is reduced to relating 
u and v to St-, R*-, and R°-waves, for which the 
pressure and the tangential conpenent of the magnetic field equal Po and 
Hyg . Thus, for the line corresponding to the S*KS*-combination, using 
Ebvotions (1.4) and (1.5) of [1], we have 


vy v » Ar le 29, 


Similarly, the equations for the other lines are established. The 
equations for the lines corresponding to S KS -, R*KR*-, and R KR- 
combinations are, respectively 


Au 


The surfaces, to which correspond combinations of two waves and two 
A-discontinuities (in the above case, the A-discontinuities must be of 
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equal strength, or else the tangential component of the magnetic field 
will not vanish on the contact discontinuity), are easily obtained by 
rotating the lines, which correspond to combinations of two waves, about 
the center line, as was done in[1,9 ]. 


The intersection of these surfaces with the plane Aw = 0 gives the 
already-constructed lines corresponding to the combinations 


S*KS*, SKS’, R-KR 


as well as the lines corresponding to the combinations 


S*AKAS’, ASKS R’AKAR’, AR 


where the strength of the A-discontinuity equals 180°. These lines 
separate the regions which correspond to the combinations 


S*AS KS-AS*, R*AR-KR-AR’, 


For these, the intensity of the A-discontinuities must be 0 or 180°; 
but the surfaces of revolution separate those regions which correspond 
to combinations of the same form, but with rotational discontinuities of 
arbitrary strength. 


The figure obtained coincides with Fig. 1, constructed in[9], for 
the study of the problem of a piston moving in a stationary medium with 
pressure p, and field H,. 


Only in [9], the coordinates chosen were u, v, w, velocity components 
behind the waves and wave combinations. The lines, which in [9] corre- 
spond to relations between u and v on Y* = S*-, Y = S-, P* = R-, 

P” = R--waves, in our paper correspond to the S*KS*-, S KS -, R°KR’-, 
KR -combinations; regions, which in [9] correspond to YP, PP, etc. 
(in our notation R°R), in this paper correspond to S*R 

R*R KERR’, etc. The vacuum lines, shown cross-hatched in Fig. 1 of [9], 
in this paper correspond to the resolution of an arbitrary discontinuity 
by the combination of two R -waves of maximum intensity. After the 
passage of these waves, vacuum appears. 


If Hyg < 0, H,,’.< 0, then the map will not change if the vertical 
axis denotes —Av instead of Av. If, as before, we let the vertical axis 
denote Av, then the upper part of the new map is obtained as a symmetric 
reflection of the lower part of the map constructed for H., > 0, H 9 > 0 


about the Au-axis, and the lower part the symmetric reflection of the 
upper part about the same axis. 


Let us apply the case of the resolution of an arbitrary discontinuity 


|_| 
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to the problem of the collision of two shocks of the same type and 
strength. In this case, the equations p, = py’, Hyo = Ayo” will be exactly 
satisfied. 


We observe that if, in the interactions of waves and discontinuities, 
space A-discontinuities are excluded, then the resolution problem will be 
a plane one. In what follows, we shall consider, for definiteness, that 
in the undisturbed medium H, > 0. This can always be achieved by select- 
ing the direction of the y-axis to be the direction of H, in the un- 
disturbed region. Then, for the collision of S*-waves, we have a discon- 
tinuity on which Au=2u,)> 0, Av = 2u) < 0. This discontinuity must 
be resolved by a wave combination whose image in the AuAv-plane is a 
region lying in the quadrant Au > 0, Av < 0. This will be S*RFS*-, 
S*S"S"S*-, S*S*-combinations. If H,, < 0, which means H,, < 0, Hy,’ < 0, 
then Au> 0, and, as before, Av > 0. But one readily sees that for 
Hy, < 0, a .. < 0 there lies in the part of the plane Au> 0, Av> 0 
of Fig. 1 of [9 ] the very same region, which for Hyp > 0, Hy,’ > 9, lies 
in the Au> 0, Av < 0 part of the plane. 


This requires that a change in the sign of Ay, be followed by changes 


in the signs of H e Ayo’ and of Vo» Vo’, such that the states 1 0 and 


1 0’. are connected by shock relations. In the general case of resolving 
an arbitrary discontinuity, a change in the signs of //_, and H,,’ does 
not lead to change in the signs of v, and v,”, but the shape of the 


figure in the AuAv-plane changes, as was explained above. The problem 
is symmetric, thus the contact discontinuity is absent. 


In place of an initial discontinuity, there remains a zone of station- 
ary gas or a zone of vacuum. From symmetry, it follows that the picture 
of the motion from the left or from the right of this zone is the same 
as the result of the collision of an S*-wave with an ideally conducting 
wall. Thus, for the collision of S*-waves with ideally conducting walls, 
S*H’-, S*-, S*S”-combinations of waves may reflect from the wall. 


The form of the combination depends on the speed of the S*-wave and 
the parameters of the undisturbed region between the wave and the wall. 
On the other hand, in the system of coordinates in which the medium on 
the left or on the right is stationary at infinity, we may consider the 
motion of the medium, from the left or from the right respectively, of 
the plane of the shock, as resulting from motion of a piston with a velo- 
city equal in magnitude to that of the medium behind the colliding wave. 


For the collision of S -waves of equal intensity Au> 0, Av> 0. 
The generated discontinuity, generally speaking, may be resolved by the 
combinations 
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R*S'SR*, S’sss’, SS", R*ASS AR’ 
StAS'S“AS*, ASSA, S*ARRAS*, S‘AAS’ 
which correspond to a region lying in the part Au> 0, Av> 0, in the 


AuAv -plane. For the collision of S -waves with ideally conducting 
walls, the following combinations may reflect off the wall: 


R*AS-, S*AS-, AS, S*tAR, S*tA 


depending on the speed of the S -wave and the parameters of the medium 
between the wave and the wall. 


In the interactions we have considered so far, we have not considered 
the part of R*- and R--waves. Thus, the waves diverging from both sides 
arise immediately after collision. Interaction of waves, in which R*- 
and R -waves participate, reduces, as in gasdynamics [2], to a process 
of penetration of waves, in which the flow cannot be described by simple 
waves. In that case, when the penetration is completed at a known time 
(which will be assumed in what follows), the wave combinations issuing 
from the penetration zone, generally speaking, will consist of shocks, 
simple waves, and Alfven discontinuities. In what follows, we shall 
determine possible combinations of waves, arising from interactions in- 
volving R*- and R--waves, leaving the region of penetration. This makes 
it possible to determine the parameters of the medium after the penetra- 
tion is completed. 


Let us consider the collision of two R*-waves of equal intensity. For 
this Au = uy - uy’ < 0, Av= vg — 0. From Fig. it follows 
that out of the interaction zone the fol lowing wave combinations will 
come out: RT ARH AR’, AR*, R*R AR’, R°SSR*, S* ARR AS*, 
ARR A, R*R*, R* AAR’. 


For the collision of an R*-wave with an ideally conducting wall, the 
following wave combinations may reflect off the wall: 


RAR’, 


RAS, BR, RS, SAR, AR, RA 


For the collision of KR -waves of equal strength, Au< 0, Av< 0. As 
a result, the interaction may produce these waves: R*RRR*, S*RRS*, 
RR, Fig. 1[91]. For the collision of an R-wave with ideally conduct- 
ing walls, the following waves may reflect off: R°R, StR, R. 

We observe that for the collision of one of the S*-, S-, R*-, or R’- 
waves with another, and also for their collision with ideally conducting 
walls, with corresponding velocities of the interacting waves and para- 
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meters of the undisturbed medium, there may arise wave combinations con- 
taining R -waves of maximum intensity, after the passage of which vacuum 
appears. From the exposition, it is clear that the solution to the piston 
problem in magnetohydrodynamics may be obtained as a special case of the 
problem of resolution of arbitrary discontinuities, taking into consider- 
ation the reflection of S*-, R°-, and from ideally con- 
ducting walls. 


2. Interactions of expansion waves of arbitrary intensity. 
Let two R*-waves or two NR -waves interact. If H, in the undisturbed 
medium is positive, then in the first case, Au< 0, Av > 0, and in the 
second, Au < 0, Av < 0, by Formulas (2.2) and (2.3) of [1]. For such 
interactions, the figures in the pH.-plane will not be qualitatively 
different from Figs. 9, 10, 13, 14, of [8 ], obtained for the study of 
interactions of R’- and R -waves with K-discontinuities (such that the 
family of lines, corresponding to R’- and in the pH,-plane, 
depends on one parameter, while that corresponding to S*- and’ S -waves 
depends on two). 


Let us consider the interaction of R*- 
waves with RK -waves. For this, Au < 0, 
while Av may be positive or negative. 


Let the R*-wave collide with the R-wave, 
moving to the right; for this, H o> Hyg” 
(Fig. 1). Figure 1 shows the possible posi- 
of the points (pp, and (py’, 


l. If py > Po” < Hyp) p= 
Py’)), then in the pit,-plane the interactions 
2 a being considered correspond to Figs. 5 and 

6 of [1]. After the penetration is com- 
pleted, the motion will consist of combina- 
tions going to the left or to the right, 
which correspond to regions, lying in the Au < 0, Av A 0 parts of the 
AuAv-plane, of Fig. 9 of [1] if py < p,(p,’, Hyg’> H, = Hyg), or of 


Fig. 10 of [1] if p, > P4(P4’, Hyo’» Hy =H 


Fig. 1. 


2. If py < po’, then in the pH.-plane the interactions being considered 
correspond to Figs. 13, 14 of [1]. After the penetration is completed, 
the motion will consist of combinations going to the left or to the 
right, which correspond to regions,lying in the Au < 0, Av2 0 parts 
of the AuAv-plane, of Fig. 17 of [1] if Po” < P-(Po, Hy, = Hye’) 
or of Fig. 18 of [1] if p,’ 4." os 
g. if p,’ > P_(py, Hy Ayo ). 


yo’ 


3. If py = py’, then in the pi -plane the interactions being considered 


ol. 25 
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correspond to Fig. 5 of [1 ]. After the penetration is completed, the 
motion will consist of combinations, which correspond to regions lying 
in the Au < 0, Av2 0 parts of the plane in Fig. 9 of [1]. 


Let an R-wave overtake an R-wave, moving to the left. As before, 
Au< 0 while Av may be positive or negative. 


1. If H,,’ < Hy), then to these cases in the pi,-plane correspond 
Figs. 11 and 12 of [1]. As a result, there will appear combinations ly- 
ing in the Au < 0, Av2 0 parts of the AuAv-plane, of Fig. 15 of [1] 
if py > Hyg’s Hy = Hyg), or of Fig. 16 of [1] if pg < 


2. If H,,’ > Hy, then we have Figs. 3 and 4 of [1] in the pH, - 
plane. As a result of the interaction, there will arise combinations, 
lying in the Au <0, Av - 0 parts of the AuAv-plane, of Fig. 7 of 
[1] if Po > Hy’» Hy or of Fig. 8 of [1] if 
Po < Py(Po’» Hyg » Hy = 

3. If Hy9’ = Hyg, then in the pH,-plane we have Fig. 3 of [1]. Asa 
result of the interaction, there will appear combinations which corre- 
spond to regions lying in the Au < 0, Av2 0 parts of the AuAv plane 
of Fig. 7 of [1]. 


3. Interactions of shock waves of arbitrary intensity. Let 
us consider interactions of shock waves with arbitrary strength. Let two 
S*-waves follow one another to the right. 

Then, at some instant, the wave running be- | 
hind (S, *-wave) catches up with the front 


wave (S,*-wave). Let > 0. Then Mya 


Hy > 0, H > 0, Au >U, Av <0 My ‘ 


For clarification as to which combina- 
tions will resolve the resulting discon- ‘w 
tinuity, let us turn to the corresponding de 
curves in the pH.-plane in Fig. 2. The 
point (p,’, Hy)’) corresponds to the state 
of the undisturbed medium. The point (p,, 
H,,) on the S*-line, issuing from the 
point (p,.’, H,,’), corresponds to the state behind the S,*-wave. From 
that point issues an S*-line, corresponding to the S;*-wave. 


Fig. 2. 


On this line lies the point (pp, Hyy), where py and Hyg are the para- 


meters of the medium behind the S, *-wave. We present the following cases: 


Po= Hn, Hy = Hw) < p, po’, Hy’, Hy = Hy) 
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This indicates that the point (pp, Hy), belonging to the S,*-line, 
lies above the S,*-line. Then, for the resolution of the discontinuity 
arising from the interaction, there will appear one of the combinations 
which correspond to regions lying in the quadrant Au> 0, Av < 0 of 
Fig. 8 of [1] if Hy,’ > A,(po, Hyp, P= Po’) (Fig. 4 of [1] for pil, - 
plane), or of Fig. Sof (1] if Hy” < Hy Hyg, P= Po’) (Fig. 5 of 
[1] for pH.-plane). The sign of the inequality is determined by the 
actual behavior of the R*-line, issuing from the point (Py, Hyg) and re- 
presented in Fig. 2 by a dotted line. 


2. Po (Pr, Hy H, ) P. (Po', Hy) 


This indicates that the point (pp, Hy,): belonging to the S,*-line, 
lies below the S,*-line. Then there will’ be realized one of the combi- 
nations which correspond to regions lying in the quadrant Au > 0, 
Av< 0 of Fig. 7 of [1] if H,,’-> H, (Po, Hig, P= Po’) (Fig. 3 of [1] 
for the pil.-plane), or Fig. 10 of [1] if < A, Hyg, P = Py’) 
(Fig. 6 of [1] for the pH.-plane). The sign of the inequality is deter- 
ol 25 , mined by the behavior of the R*-line, issuing from the point (py, Hyg). 


For the collision of S*-waves, the picture in the pi/.-plane does not 
change much. From the point (p,, H,,) issues an S*-line, on which lie 


1 
the points (p,, H.,) and (p,’, H my For definiteness, let p, > p,’, 
P 0 0 0 0 0 


and then Hyg > H,,’. As before, Au > 0, Av < 0. Depending on whether 

the S*-line from the point (Pos Hy’) lies above or below the point 

(Po, Hy): we can have two different cases, as in the preceding inter- 
actions. Also as before, in each of these two cases we can have two types 
of resolutions, depending on the behavior of the R’-lines issuing from 
the point (pp, 


We now consider the interaction of S -waves. For this, Au > 0, Av>0. 
Considering as in the previous case the relation between p and H, for 
the interaction waves, we see that two types of resolutions are possible. 


Po > p- (Po Hy’, H, Hy) 


For the case of one rightward-moving S -wave overtaking another, 
the inequality indicates that the point (pp, Hy), which lies on the 
S"-line issuing from the point (p,, H,,), is located above the S -line 
issuing from the point (p,’, H @’)- For the case of two S -waves collid- 
ing, this indicates that the point (p), Hyg), which lies on the S -line 
issuing from the point (p,, Hy), is located above the S -line issuing 
from Hy"). 


For definiteness, we shall suppose that in the case of S -waves 
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colliding, the rightward-moving wave is the stronger. 


Then the resulting discontinuity will be resolved by combinations, 
which correspond to regions, lying in the quadrant Au > 0, Av > 0 of 
Fig. 15 of [1] if Hyg’-< HA(py, Hy, P = Po’) (Fig. 11 of [1] for the 
pH -plane), or of Fig. 18 of [1] if Hyo’ > HApo, p= po’) (Fig. 
14 of [1] for the pH.-plane). The sign of the inequality is determined 
by the behavior of the R--line issuing from the point (po, Hyo)- 


2. Po< P_(Po, Hy’, Hy = Hw) 


Then the resulting discontinuity will be resolved by combinations, 
which correspond to regions, lying in the quadrant Au> 0, Av > 0 of 
Fig. 16 of [1] if Hyg < H(p,, Hyg) p= py’) (Fig. 12 of [1] for the 
pH,-plane), or of Fig. 17 of (i ) “if Hyo > HApy, Hy, p= Po’) (Fig. 13 


yo’ 
of [1] for the pil ~plane. 


And here the sign of the inequality is determined by the behavior of 
the R--line issuing from the point (pp, Hyo)- 


We now consider interactions of S*- and S--waves. For this, either 
when an S*-wave overtakes an S-wave, or when an S*-wave collides with 
an S -wave, Au> 0, while Av may be either positive or negative. Con- 
sider an S*-wave colliding with an S-wave, moving to the left for de- 
finiteness. For this Hyo > yo’ 


1. If the strengths of the interacting waves are such that p, > p,’, 
then, depending on the sign of inequalities (4.1) to (4.4) of [1], i.e. 
depending on the behavior of the S*- and R*-lines issuing from the points 
(Po’> Hy’), (py, H,,) corresponding to Figs. 3 to 60f[1], the generated 
discontinuity may be resolved by combinations which correspond to regions 
lying in the quadrants (Au> 0, Av 2 0) of Figs. 7 to 11 of [1]. 


2. If the intensities of the interacting waves are such that p» < py’, 
then, depending on the sign of inequalities (10.1) to (10.4) of [1], i.e. 
depending on the behavior of the S - and R--lines issuing from the points 
(Po, Hypo)» (p,’, H,,’) corresponding to Figs. 11 to 14 of [1], the re- 
sulting discontinuity will be resolved by combinations which correspond 


to _ lying in the quadrants (Au> 0, Av - 0) of Figs. 15 to 18 
of [1]. 


3. If the strengths of the interacting waves are such that p, = Po’ 
then the interactions being considered correspond to Fig. 3 of [1] in 
the pH,-plane, and the generated discontinuity will be resolved by com- 


binations which correspond to regions lying in the quadrants (Au > 0, 
Av 2 0) of Fig. 7 of [1]. 
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Let, now, an S*-wave overtake an S -wave, moving rightward for de- 
finiteness. For this, Py > Py’. 


l. If the strengths of the interacting waves are such 7 Hy < Hyo 
(one readily sees that this occurs when py > p_ (Po’ » Hyg ‘ = Hy 9)» 
then, depending on the behavior of the RN -line issuing oon Aaa ms 
(Po, Hy 9)» i.e. depending on which of the inequalities (10. 1), (10.4) of 
[1] is “satisfied, the generated discontinuity is resolved by combina- 
tions which correspond to regions lying in the Au > 0, Av2 0 parts of 
the A uAv-plane of Figs. 15 and 18 of [1], respectively. 


2. If Hj, > Hy’, then, depending on the behavior of the S*- and R*- 
lines leouling tole the points (p,’, Hy"), (po, Hyg) of Figs. 3 to 6 of 
[1], the resulting discontinuity may be resolves by combinations which 
correspond to regions lying in the Au> 0, Av 2 < 0 parts of the AuAv- 
plane in Figs. 7 to 11 of [1]. 


3. If Hy, = Hyg’ , then in the pH.-plane the interactions being con- 
sidered co?respond to Fig. 3 of [ 1]’and the discontinuity arising from 
the interaction is resolved by combinations which correspond to regions 
lying in the Au > 0, Av2 0 parts of the AuAv-plane of Fig. 7 of [1]. 


4. Interaction of shock waves with expansion waves. We first 
recall that for the interaction of -waves with S*-, S'-waves, we 
shall assume that the penetration terminates after a known interval of 
time. After the penetration ends, depending on the strengths of the inter- 
acting waves and the parameters of the undisturbed medium, suitable com- 
binations of waves will issue from the zone of penetration. 


Let us consider the interaction of an S*- and an R*-wave. Let the S*- 
wave overtake the R*-wave, moving rightward. For this, Au and Av may be 
either positive or negative. Let the S*-line 
—s from the point (p,, Hy, ) go below 
Then po’ < p,(p,, H Hy= H 
(Fig. 3}. In Fig. 3 are also represented ze? 
possible mutual positions of the points (pp), 
Hy) and (p,’, Hy in this case. tye 


< then H,, My, 
> Hyg” p= Po)- As a yo < of nye 
interaction there may arise combinations . 
which correspond to regions lying in the za» om _ ? 
corresponding parts of the A “our of 
yy 10 of [1] if po’ < p,(py, H yor Hy = Pig. 3. 

9 ) (Fig. 5 of [1] for the pH ,~ plane), or 
Fig. 9 of [1] if py’ > H yo’ Hy (Fig. 5 of [1] for the 
pH, -plane). Only, the waves which are going to the right in Figs. 9 and 
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10 will now be going to the left, and vice versa. 


2. If py = Po”, then Hyo < Hyo’. As a result of the interaction there 
may arise wave combinations which correspond to regions lying in corre- 
sponding parts of the AuAv-plane of Fig. 17 of [1] (Fig. 13 of [1 ] 
in the pi -plane). 


3. If po > Pg’ Hy < Hy’, then as a result of the interaction there 
may result wave combinations which correspond to regions lying in the 
corresponding parts of the A uAv-plane of Figs. 15 to 18 of [1] (Figs. 
11 to 14 of [1] in the pH,-plane), depending on the behavior of the FR - 

and S--lines, issuing from the points (pp, Hypo), respect - 
ively. 

4. If py > Po’> H yo = Hyo’, then as a result of the interaction there 
may arise combinations which correspond to regions lying in corresponding 
parts of the AuAv-plane of Figs. 7 or 15 of [1 ] (Figs. 3 or 11 of [1 ] 
in the pil -plane). 


5. If py > Po’, Hyo > Hyo’ (and assume for definiteness that Hyg” > 
H,(py, Hyp, P = Po’), then as a result of the interaction in this case 
there will appear combinations which correspond to regions lying in the 
corresponding parts of the AuAv-plane of Fig. 7 of [1] if py > p,(po’, 
Hyo’» Hy = Hy) (Fig. 3 of (1] for the pH,-plane), or of Fig. 8 of [1] 
if py < pylpy’, Hyg’. Hy = Hyg) (Fig. 4 of [1] for the pH,-plane). 


The part of the AuAv-plane in which the region corresponding to this 
or that combination lies, depends on the signs of Au and Av. 


Let the S*-line leaving the point (p,, H,,) go below the point (p,’, 
Hy*)- Then Po’ > Hy = Hy). 


1. If Hyg < Hyg’, then py < po” and > P= Po). As a 
result of the interaction there will arise combinations of waves which 
correspond to regions in Fig. 7 of [1] if po’ > p,4(Po, H yo, H, = H,,’) 
(Fig. 3 of [1] for the pi,-plane), and in Fig. 8 of [1 ] if py’ <p,(pp, 
Hy: Hy = Hyo) (Fig. 4 for the pi -plane) ; only, wave combinations going 
to the right will in this case go to the left, and vice versa. 


2. If H o= Hyo’» then Po < Po’. As a result of the interaction there 
will arise combinations which correspond to regions situated in Figs. 7 
or 15 of [1 ] (Figs. 3 or 11 of [1] for the pi -plane) ; again, the 
rightward-moving wave combinations will now go to the left, and conversely. 


3. Hg Hyg > Hyo’» but Py < Po’, then as a result of the interaction 
there may arise wave combinations which correspond to regions in Figs. 7 


to 10 of [1] (Figs. 3 to 6 of [1] for the pil,-plane). 
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4. 1f H yo> H yo. > Po = Po’, then as a result of the interactions 
there may arise Combinations of waves which correspond to the regions in 


Fig. 9 of [1 ] (Fig. 5 of [1] for the pH ,-plane). 


5. If Hyg >H yo *» Po > Po’, then as a result of the interactions 
there may arise wave combinations which correspond to the regions in 


Figs. 7 to 10 of [1] (Figs. 3 to 6 of [1] in the pi, -plane). 


In the case of collision of S*- and R*-waves, there may result wave 
combinations which correspond to the regions in Figs. 7 to 10 of [1 ] 
(Figs. 3 to 6 of [1] for the pi,-plane). 


We now consider the case of S*-waves overtaking Rh -waves moving to 
the right. For this, H yo > Hy’, Av < 0, and Aa may be either positive 
or negative. Depending on the speeds of the interacting waves and the 
parameters of the undisturbed medium, different wave combinations may 
come out. 


l. If Py < Po’ (for this case H yo SH '+(P,” . Hy” » P= Pg)), then as a 
result of the interactions there azy arise wave combinations which cor- 
respond to the regions lying in the Au 2 <, 0, Av< 0 parts of the AuAv- 
plane of Fig. 17 of [1] if py’ < p_(po, Hy, H, = H yo) (Fig. 13 of [1] 
for the pll,-plane), and Fig. 18 of (1) (rig. 14 off" for the pit,- 
plane) if py’-> p_(Po, Hy H )-Only, the combinations going, to 
the left in Figs. 17 and 18 fis abs go to the right, and conversely. 


2. If Py = Po’, then as a result of the interaction there may arise 
combinations which correspond to regions lying in the Au2 0, Av< 0 
parts of the AuAv-plane of Fig. 9 of [1] (Fig. 5 of [1 j for the pi,- 
plane). 


3. If py > Py’, then as a result of the interactions there may arise 
combinations which correspond to regions lying in the Au 2 < 0, Av< 0 
parts of the A uAv-plane in Figs. 7 to 10 of [1 ] (Figs. 3 to 6 of [1 ] 
for the pil,-plane). 


Let now S*-waves collide with R™-waves, moving leftward. For this, 
Po’ < Po. As before, Av < 0, while Au may be positive or negative. De- 
pending on the strength of the interacting waves, and the parameters of 
the undisturbed medium, different wave combinations may come out of the 
zone penetration. 


l. If Hyg < Hyg (for this H yo’ < HApy, H yo P= P,)), then as a re- 
sult there may arise wave combinations which correspond to regions lying 
in the Au e 0, Av < 0 parts of the AuAv-plane of Fig. 15 of [1 ] bed 
Py > P-(Py’> > Hyo’» Hy = H, o), or of Fig. 16 of [1] if py < p_(p,’, H yo? 
Hy = Hyg). 
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2. If H,, = Hy)’, then as a result of the interaction there may arise 
combinations which correspond to regions lying in the Au 2 <0, Av< 0 
parts of the AuAv-plane of Fig. 7 of [1]. 


3. If A yo > H yo. , then as a result of the interaction there aay arise 
combinations which correspond to the regions lying in the Au 2 2 0, Au<0 
parts of the AuAv-plane in Figs. 7 to 10 of [1]. 


Let S-waves collide with R -waves, moving leftward. For this Au may 


be either positive or negative, and Av > 0 and p,’-< pp. 

Depending on the intensity of the interacting waves and the parameters 
of the undisturbed medium, different wave combinations may come out of 
the zone of penetration. 


H yo’ > then as a result of the interaction there may arise 
combinations which correspond to the regions lying in the corresponding 
parts of the AuAv-plane in Figs. 15 to 18 of [1 ] (Figs. 11 to 14 of 
[1] for the pH y-Plane). 


2. If Ayo 9» then as a result of the interaction there may arise 
eusbiantioks o. correspond to regions lying in the corresponding parts 
of the AuAv-plane of Fig. 7 of [1] (Fig. 3 of [1] for the pi y-Plane). 


3. If H,,’-< H,, (for which H,, > H,(po, P = Po’)), then as a 
yo yo yo o” “Tyo 0 
result of the interaction there arise combinations lying in the corre- 
sponding parts of the AuAv-plane of Fig. 7 of [1] if Po > P4(Po’» 
Hyo’» Hy = Hyg) (Fig. 3 of [1] for the pH,-plane), or of Fig. 8 of [1] 


(Fig. 4 of [1] for the pH y-Plane) if py < Hyg’ Hy = Hyp). 


Let R*-waves overtake S -waves, moving For this, H,, > H yo 
yo 
Po < P-(Py’» Hy = Hyg < H yo P= 


Depending on the strengths of the interacting waves and the parameters 
of the undisturbed medium, different wave combinations may come out of 
the penetration zone. 


1. If py > Po’, then as a result of the interaction there may be com- 
binations which correspond to the regions lying in the ag Nagy 
iy of the AuAv-plane of Fig. 16 of [1] if H yo < H_(p,, H 

= Py’) (Fig. 12 of [1] for the piy-plane), or of Fig. 17 of ci ] if 
Hyg’ > HAPy, Hy, P = Po’) (Fig. 13 of [1] for the pH,-plane). 


2. If py = Py’, then as a result of the interactions there may be 
combinations lying in the corresponding parts of the A uAv-plane of 
Fig. 17 of [1] (Fig. 13 of [1] in the pH,-plane). 


3. If py < Po’, then as a result of the interaction there may be 
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combinations lying in the corresponding parts of the AuAv-plane of 
Fig. of [1] (Fig. 6 of [1] for the pH,-plane) if > p,(py, H yor 
A, = Hyo’), or of Fig. 9 of [1] (Fig. fe tie for the pil, -plane) if 
Py’ < Py (Py, H yo’ = Hyg” ). Only, the waves moving leftward in these 
regions will move rightward, and vice versa. 


Let S’-waves collide with R'-waves, moving leftward. For this Au and 
Av may be positive or negative. 


As a result, there may arise wave combinations which correspond to 
the regions lying in the corresponding parts of the plane of Figs. 15 to 
18 of [1] (Figs. 11 to 14 of [1] for the pH, -plane), depending on the 
signs of Au and Av. Let an S -wave overtake’ an R-wave, moving left- 
ward. Depending on the strengths of the interacting waves and the para- 
meters of the undisturbed medium, different waves may come out from the 
zone of penetration. Let the S -line in the pH y Plane go below the FR - 
line. 


l. If yo. > Hyg (for this Po, -< H yor P= 
then as a result of the interaction there may be combinations which cor- 
respond to regions lying in the a parts of the AuAv-plane 
of Fig. 15 of [1 ] if py > p_(p,’, H » Hy = Hyg) (Fig. ll of [1] for 
the pH,-plane, or of Fig. 16 of [1 ] Py < P- Hyp » Hy = Hy 
(Fig. {2 of [1] for the pH ,~plane). 


2. If H (p)’:< Po), then as a result of the interaction 
there may be aaa, which correspond to regions lying in the cor- 
responding parts of the AuAv-plane of Figs. 7 or 15 of [1] (Figs. 3 
or 11 of [1] in the pi,-plane). 


3. If Hy)’-< H yo Py’ < Po, then as a result of the interaction there 
may be conitinatioz® which correspond to regions lying in the correspond- 
ing parts of the AuAv-plane in Figs. 7 to 10 of [1 ] (Figs. 3 to 6 of 
[1] for the pH -plane). 


4. If HL,’ <H yor Po= Po’, then as a result of the interaction there 
may be phe which correspond to regions lying in the correspond- 
ing parts of the plane in Fig. 9 of [1 ] (Fig. 5 of [1] for the pit ~ 
plane). 


5. If A o <4 yo Po’ > Po, then as a result of the interaction there 
may be cadanial which correspond to regions lying in the correspond- 
ing parts of the AuAv-plane in Figs. 15 to 18 of [1 ] (Figs. 11 to 14 
of [1] for the pH,-plane), only, the wave combinations going leftward 
in this figure will now go rightward, and conversely. 


Let the S’-line in the pi,-plane go above the R -line. 
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1. If Hyg” > Hyg (for this py” < Pg, Hyg” > H_(po, H yor P= Po’)), 
then as a result of the interaction there may be waves which correspond 
to regions lying in the Ne ae a of the AuAv-plane of Fig. 
17 of [1 ] if Py < yo”? of [1 ] for the pil 
plane), or of Fig. 18 if Hyp’, Hy = Hyp) (Fig. 14 of 
[1] for the pil, -plane). 


2. If Hy)’-> H yo’ Po’ = Po, then as a result of the interaction there 
may be she Mah which correspond to regions lying in the correspond- 
ing parts of the AuAv-plane of Fig. 17 of [1] (Fig. 13 of [1] for 
the pii,-plane). 


3. If > Hyg, Po” > Po, then as a result of the interaction there 
may be combinations which correspond to regions lying in the correspond- 
ing parts of the AuAv-plane of Figs. 7 to 10 of [1 ] (Figs. 3 to 6 of 
[1] for the pH,-plane), only, wave combinations moving to the right in 
‘ 
the figure will move to the left in this, and conversely. 


4. If H = Hyg, Po’ > Po, then as a result of the interaction there 
may be ner Tet which correspond to regions lying in the correspond- 
ing parts of the AuAv-plane of Fig. 15 of [1] (Fig. 11 of [1] for 
the pil.-plane), only, wave combinations moving leftward in the region 
will move rightward in this case, and conversely. 


5. If Hy)’-< Hyo » Po’ > Po, then as a result of the interaction there 
may be culliesiebs which correspond to regions lying in the correspond- 
ing parts of the AuAv-plane of Figs. 15 to 18 of [1 ] (Figs. 11 to 14 
of [1] for the pH,-plane), only, wave combinations moving leftward in 
the figure will move rightward in this case, and conversely. 


If in the pil ,-plane the behavior of the S*-, R*-, R-lines is 
different from that considered (for example, during the interaction of 
S"- and R’-waves, the S -line intersects the R-line, etc.), then the 
study of the interactions can be carried through in a manner similar to 
that done above. The behavior of S*-, S-, R*-, R’-lines in the pH.- 

plane in the general case will not be examined. 


The case for the interaction of magnetohydrodynamic waves, for which 
R*-, R’-waves overtake corresponding S*-, S~-waves, is considered in a 
completely similar way as interactions in which S*-, S--waves overtake 
corresponding R*-, R’-waves. 


BIBLIOGRAPHY 


1. Gogosov, V.V., Raspad proizvol’nogo razryva magnitnoi gidrodinemike 
(Resolution of an arbitrary discontinuity in magnetohydrodynamics). 
PMM Vol. 25, No. 1, 1961. 


692 
Vol. 2 
1961 


Interactions of magnetohydrodynamic waves 


Courant, R. and Friedrichs, K.0., Swerkhzvukovye techeniia i udarnye 
volny (Supersonic Flow and Shock Waves). IIL, 1950. (English 
edition, Interscience, 1948). 


Landau, L.D. and Lifshitz, E.M., Mekhanika sploshnykh sred (Fluid 
Mechanics). GITTL, 1953. (English translation, Fluid Mechanics, 
Pergamon Press, 1960; Academic Press, 1960.) 


Golitsyn, G.S., Odnomernye dvizheniia v magnitnoi gidrodinamike (One- 
dimensional motion in magnetohydrodynamics). Zh. eksp. teor. fiz. 
Vol. 35, No. 3, 1958. 


Volkov, T.F., K zadache o raspadenii proizvol’nogo razryva v 
magnitnoi gidrodinamike (On the problem of resolution of arbitrary 
discontinuities in magnetohydrodynamics). In Collection of papers, 
Fizika plazmy i problema upravliaemykh termoiadernykh reaktsii 
(Physics of Plasmas and Problems Governing Thermonuclear Reactions), 
Vol. 3, 1958. 


Kato, J., Interaction of hydromagnetic waves. Prog. Theo. Phys. 
ol. 25 Vol. 21, No. 3, 1959. 


1961 


Kaplan, S.A. and Staniukovich, K.P., Reshenie uravnenii magnitogazo- 
dinamiki dlia odnomernogo dvizheniia (Solution of the equations of 
magnetogasdynamics for one-dimensional motion). Dokl. Akad. Nauk 
SSSR Vol. 95, No. 4, 1954. 


Gogosov, V.V., Vzaimodeistvie magnitogidrodinamicheskikh voln s 
vrashchatel’nymi i kontaktnymi razryvami (Interaction of magneto- 
hydrodynamic waves with contact and vortex discontinuities). PMM 
Vol. 25, No. 2, 1961. 


Barmin, A.A. and Gogosov, V.V., Zadacha o porshne v magnitnoi gidro- 
dinamike (The piston problem in magnetohydrodynamics). Dokl. Akad. 
Nauk SSSR Vol. 134, No. 5, 1959. 


10, Landau, L.D. and Lifshitz, E.M., Elektrodinamika sploshnykh sred 
(Electrodynamics of Continuous Media). GITTL, 1957. (English 
translation, Electrodynamics of Continuous Media, Pergamon Press, 
1961; Academic Press, 1961.) 


Translated by C.K.C. 


ON THE FORM OF THE GENERALIZED OHM’ S LAW 
IN A COMPLETELY IONIZED GAS 


(0 FORME OBOBSHCHENNOGO ZAKONA OMA V POLNOST’ IU 
IONIZOVANNOM GAZE) 


PMM Vol.25, No.3, 1961, pp. 468-472 


V.B. BARANOV and G.A. LIUBIMOV 
(Mosco#) 


(Received March 4, 1961) 


The equations which hold for the motion of a completely ionized gas, in- 
cluding the equations which connect the current density with the other 
parameters defined by the problem, may often make use of a two-component 
fluid model, consisting of electrons and ions. In some cases (see, for 
instance, [1 ]) both components of the mixture and the mixture as a whole 
may be taken as ideal fluids. In other cases[2] in the equation of 
motion of the mixture one takes into account the terms connected with 

the viscosity both of the components and of the mixture as a whole. The 
present note considers the question of the calculation of the viscosity 
of the components in the equation used for the current density. This 
equation is usually called the generalized Ohm’s law. Incidentally there 
is also obtained a non-dimensional criterion upon which depends the form 
of the generalized Ohm’s law for a completely ionized gas. 


Let the gas consist of electrons and singly charged ions. For simpli- 
city we will assume that the number of electrons and ions in a unit 
volume is identical and equals n; then under certain conditions [3] the 
equations of the motion for each of the components can be written in the 
form 


CAL 
mn = — Tp, — diva, — en(E -| x H]) 4 R, (1) 
\ 
div; al 1 
min =—T7 Pi- div a; + en (E ivi + Ry (2) 
de 0 di 0 
dt at VeV» at + viV 


Here m_, m; are the masses of the electrons and the ions respectively 
(m, << m;), v,, v; are the macroscopic velocities, P,» Pp; are partial 
pressures, 7., 7; are the tensors of the viscous stresses for the 
electrons and ion gases respectively [3], e is the value of the charge 
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of the electron, and E and H are electric and magnetic field vectors. 
Interaction between the components occurs as a result of the collisions 
and is reduced to a certain average force R, (a = e, i), equal to the 
average variation of the momentum in the collision of particles belong- 
ing to each of the different components (R, = - R;). 


We will consider that the ion and the electron temperatures are the 


same (ny ~ where v__ and v.. are the velocity of random 


motion of the electrons and the ions). ‘From this p,~ p; 


If we also consider that the velocity of the relative motion of the 
components is small compared to the random velocities, then p; = p, = p/2 
(where p is the pressure of the mixture). Multiplying (1) by e/m_, (2) by 
e/m, and adding, we obtain 


e 


mi + 


(3) 


j= —en(v,. — vi) 


Here o is the conductivity of the gas in the absence of a magnetic 
field, j is the current density, andr, is the time between the collision 
of the electrons and the ions. In the case in which each of the components 
has a Maxwellian distribution of velocity one has 

R, am, (v.— vi) 
T, 

Corrections for this expression, when the distribution is close to 
Maxwellian, are given in[3]; but those corrections are, according to 
further evaluations, negligible. 


Furthermore, in order to simplify the formulation we will assume that 
because of the greater mass of the ions the average velocity of the 
mixture coincides with the average velocity of the ion gas (m,v; >> m,v,). 
For this case one has the relations 


Vi, ve~vV——j 


en 


Using these relations, and also the equation of continuity 


-ndivvy = 0 


we transform Equation (3) into the form 
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E vx jx HG V Pe + div | =, Me i | (4) 


We will consider that the characteristic time t for the problem is 
much greater thanr, andr, the times between the collisions of ions 
with ions (t >> maxis, 7 Jj). Using this in (4) it is possible to 
neglect the leading term on the left-hand side in comparison with the 


leading term on the right-hand side. 


In the problem in which the electromagnetic field significantly in- 
fluences the motion, the magnetic forces are of the same order as the 
inértia forces. 


nm V*e 


i. 
pb jHL, or (9 =n(m, + m;) = nm,) (5) 


Here V, L are the characteristic velocity and length of the problem. 
If, in addition,viscous forces are essential in the motion, then 


1961 
V | 
or {~~ L (n = 0.96aTt,) (6) 


Here T is the temperature, and the value of 7 is taken according to 


{3}. 


For the evaluation of the terms connected with the viscosity in Equa- 
tion (4) it is enough to evaluate one of the components of the tensor 
whose divergence appears in (4), because the remaining components have 
the same order of magnitude [3 ]. The component [l,, of this tensor is 
easily transformed into the form 


e e T [dw 0 
Ix Nexx —— Nixx = 0,96 en7 
m, m, 92 dzen 
— (div v— div als fy) 
3 en Oy Ox en Oy en, 
tu Ov T; 
9 a Ju i Ou - 
oy Oyen Ox | m, | oz 
Bid , (Ou Ov Ou Ov. 
—.divv—b, — —)— — 
3 2 | Ox oy | oy Oz 


The coefficients a,°, a,”, b,” and b,” which appear in this expres- 
sion are functions of 7, and w ,; (@; is the Larmor ion frequency) and 
their order of magnitude does not exceed unity in the range of variation 


of or, and @,t ;. In connection with this 
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T, m, 
because (see, for example, [3 ]) the leading terms in (7) are 


dw 


oz °* 


either 


Making use of the estimates in (5), (6) and (8) for terms appearing 
in Expression (4), we get 


| 
i 


Ay = jdivv ~(j9) ¥ ~ env 


nin 
ol. 25 
1961 A, iv x ~ enVo, 


e 2¢ 


me HL 


Ag — 0.96 | ~ 0.96 ni 
Ox m, Oz m, 


‘ 
V 

enb ~Q 
m, 


nm eV% 


~ 0.96 nT 


m™ 
=" 

e 4 


(2 


Here 2 is the characteristic frequency of the problem and the order 
of magnitude of the ratio 2/w; is given on the basis of (5). 


It is easy to see that the relative value of the terms which appear 


in (4) depends on the value of the non-dimensional parameters Q/w,; and 


Depending on these parameters, the generalized Ohm’s law will have 
one or the other of the following forms: 
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1. The case N/w; << 1, a7, << 1. 
Comparing the terms A, with A, and A, with A, we obtain 
that is, the terms A, and A, can be neglected with respect to A, and A, 


for Q/w; <1. In addition, in order to satisfy the inequality, one has 
A, 2 Az. 
6 7 


a) For Q/w, ~ ws , we have A, >> A, and A, ~ A,. Comparing A, with Ag, 
by virtue of {g) we have 


A / m m, 
in, 0, ~ (9) 
m, 0, m; 


that is, the terms connected with the viscosity can be neglected. The 
generalized Ohm’s law has the form 


x Hj) (10) 


This form of Ohm’s law can be used in magnetohydrodynamics. 


j=a(E Vol. 


b) For O/w; << wy, we have A, << A, and Ohm’s law takes the form 


(11) 


c 


This form can be used in magnetohydrodynamics for the study of the 
motion of an infinitely conducting medium. 


c) For ws, << N/w; << 1 we have A, >> A, and the term A, must be 
compared with A,; we have 


(12) 


that is, the terms connected with 
law has the form 


viscosity can be neglected and Ohm’s 


j= sE (13) 
This form coincides with Ohm’s law for rigid immovable conductors. 


2. The case Ye; i, wy ,~ 41. For this, the inequality << 
holds and it is analogous with case lb. 


3. The case 0/w ; « i, wy, >> 1 is analogous to lb. 


4. The case N/w; ~ 1, wy, << 1. Here one has the relations A, ~ Ag, 


| 
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A, >> A4, and also relation (12) holds; therefore this case is analogous 
to le. 


5. The case Yew; ~ 1, or, ~ 1. For this case the terms A,, A, and As 
are of the same order. Comparing A, with A, we arrive at the estimate 
(9), and thus it follows that the terms connected with the viscosity can 
be neglected. Ohm’s law takes on the form 


eni. en / | 


me (E+ xH) =0 (14) 


This form of Ohm’s law can be used in the problems of the motion of 
gas with anisotropic conductivity. 


6. The case 2/w; ~ 1, wr, >> 1. For this we have inequality (9) hold- 
ing and also the inequality A, << A,. Ohm’s law has the form 


jxH—vype—en(E4 + vx H)=0 (15) 


7. The case 0/w; >> 1, wr, << 1. For this case A, >> Aj, A, >> Ag, 
1961 A, << Aj, A, >> Ay. Comparing A, and A,, we get 


Or, < (16) 


As m 


that is, the terms connected with the viscosity can be neglected. 


Comparing A, and A, we obtain 


It follows that for 1 << 0/w; Ry (m;/m,) one has A, ¢ A, ¢ A, and 
Ohm’s law has the form (13). If Q/w; > y(m;/m,), then A, ~ A, and Ohm’s 
law has the form 

j= sE + (17) 

8. The case D/w; >> 1, oy, ~ 1. For this case A, ~ Ax, A, >> Aj, 

A, >> Ag, Ag >> Ay. Comparing A, with A, using relation (16) and com- 
paring A, with A,, we obtain 
Ay Q2 m, Tt? 


It follows that Ohm’s law has the form 
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7 Pe} =SE (19) 


9. The case 0/w; >> 1, wr, >> 1. For this case the relations (16) 
and (18) hold and also A, << A,, and it follows that Ohm’s law has the 
form 


f 
c 


jxH—vpe—enE= 0 (20) 


1 
~—|v x H| 


then, in Equations (19) and (20), the terms containing E can be omitted. 


In such a manner, the terms connected with the viscosity can always 
be neglected in obtaining Ohm’s laws for a completely ionized gas within 
the two-component model. If relation (6) is invalid, that is, the viscous 
stresses can be neglected in the equations of motion, then all of the 
estimates connected with viscous terms in Ohm’s law are strengthened and 
again those terms in Ohm’s law can, of course, be neglected. 
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It is well known that if the condition wr << 1 is not fulfilled in an 
ionized gas (where w is the cyclotron frequency of a charged particle 
andr is the average time between collisions (strong magnetic field, 
rarefied medium)), it is essential to take account of the fact that the 
transfer coefficients depend on the magnetic field, and they become 
anisotropic [1, 5-9]. In the last few years several publications have 
appeared dealing with the flow of ionized gas, assuming anisotropic 
coefficients of viscosity and conductivity. Articles [2,3] give deriva- 
tions of the fundamental magnetic plasmo-dynamic equations taking into 
account the influence of the magnetic field on the transfer process with- 
in a fully ionized gas, and a detailed study of Couette flow is adduced. 
Kaplan [4] and Lighthill [11] have studied the effect of anisotropic 
conductivity on a magneto-gasdynamic shock wave and on the wave motion 
of a conducting medium. Article [10] dealt with the effect of aniso- 
tropic conductivity on the longitudinal flow of a weakly ionized gas in 
a Narrow annular channel within a radial magnetic field. 


This paper deals with steady flow of a weakly ionized gas between 
parallel non-conducting plates within a transverse homogeneous magnetic 
field By. The following assumptions are made in order to simplify the 
problem: 


1) the mean free path in the gas, A, is much less than the transverse 
dimension of the channel 2a, i.e. the conditions of a homogeneous medium 


are ful filled; 


2) the degree of ionization of the gas is small; 


3) the condition os; << 1 is fulfilled for the ions, and this allows 


701 


I.B. Chekmarev 


the viscosity coefficient 7 to be considered a scalar quantity, and the 
effect of ion slip with respect to the gas can be neglected; 


4) the following inequality is satisfied: R, = op V.a << 1, where V, 
is the mean gas velocity in the channel; conditions (25, (3) and (4) 
allow one to use a stream function in the following form: 


j+ ot(jxk) = v xB) 


(where k is the unit vector in the direction of the magnetic field) 


5) the physical characteristics of the gas (p, 7, 9, p, €) are assumed 
constant. 


With these assumptions the fundamental equations for this problem 
take the form 


divv=0 (1) 
rotH=j, divH=0, (2) 
rotE = 0, diweE = 6 (3) 


We will assume that the homogeneous external magnetic field B, = pH, 
is parallel] to the z-axis, whilst there are constant pressure gradients 


along the x- and y-axes (dp/dx) = —- P,, (dp/dy) = - Py and there is an 
external homogeneous electric field E,, and Egy: All equations of the 
system (1) to (3) can then be satisfied if we assume that the required 
quantities are functions of the transverse coordinate z only. The system 
therefore reduces to the following equations: 


Be. , Op 
dz? ly 2° n Tt Oz 


By — (4) 


+ OT/y 3 (Ko. + Byv), 
E,= — 
E. = 


We find from (6) 


= ited [(Lox — @tEoy) + By (@tu + v)] 


[(Eoy +- OTE ox) + By (@tv — u)] 
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: B.=B,, j:=0, w=0 (8) 

(9) 
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Using (9) to eliminate the stream density from (4), we arrive at the 
following system of equations for the velocity components: 
dv N N2 Py 


Beats M 
N= (11) 


The solution of (10), which is even with respect to the z-coordinate, 
is of the form 


(12) 


1961 


E ox 


y wtP.) Bo (15) 


If we determine the constants C, and C, using the boundary conditions 


u=v=0 for z:=a (16) 
we find 
AyoshaN cos BN Agsinha NV sin BN 
Ai A, =sinb? + cos? BN 
A,sinho N sin — Agcosha N cos 8N 


(17) 


For volume gas fluxes Q, and Q, in the directions of the x- and y- 


axes, we obtain by calculation 
a 
A,®D, + AyD, 
2D, 
\ udz = 2a\ A, 
1,4 1,4 
Q,= \ vdz = 2a( A, WA, 


—<a 


MD, = asinba.V cosna.V + Bsin B.V cos 


(D, = B sinna.\ cosha.V — asin B.V cos 3.\ 
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By use of Formula (9) we derive the following expressions for the 
full flows in the directions x and y: 


’ By 
— @TE ,) 4 4 Q,)| 


(20) 


2as Bo 


or,)| 


For known velocity components u(z) and v(z), by using (5) and (9), 
the induced magnetic-field intensities H, and Hy can be found. The in- 
duced electric-field strength E, and 
the volumetric charge density @ are 
determined from Equation (7). ‘ 4 


5, 
We now deal with two particular ) A 


cases. P's — 


1) Assume that a given constant 
channel pressure gradient P, along 
the x-axis maintains the steady motion 
of the gas, whilst Q, = I,= E,, = 9. Pig. 1. 
This example corresponds to the problem 
of the flow of a conducting gas through 
: an infinitely long channel with non-conducting walls whose width is large 
compared to the height. The conditions Q, = I, = 0 yield the equation 


(21) 


It follows from these latter expressions that I, = 0. 


From system (21), using (15), we find 


A, = (MA, — ®,) + ®,(MA,or — ®,) 


The flow in the x-axis direction is given by the formula 


(MA, —®,?+ 02 
(24) 


which for the case M= const, wr + 0 leads to the well-known solution 
of the Hartmann problem with isotropic conductivity and total current 


704 
a 
—a 
196 
— AyD, +- 
: 
where 
2 (23) 


Flow of a weakly ionized gas 


equal to zero: 


2P,a° MeoshM —sinnM 
M?sinn M 


The graphs in Fig. 2 illustrate the relation between the flow 
Q° = Q/(2P, a® : ») and the quantity wr given by Formula (24) for 
various values of the Hartmann number M. If only the intensity of the 
external magnetic field H, is varied, the quantity y = or/M remains 


ast 


Pig. 2. Pig. 3. 


constant and is a characteristic of the degree of rarefaction of the 
medium. A graph showing the relation between the flow 0° and the 
Hartmann number is shown in Fig. 3. Despite the fact that the total flow 
Q, and total current I, are zero, because of the anisotropic character 
of the conductivity transverse flows and electric currents arise. 


2) In the second example it is assumed that both the medium and the 
own can flow freely in the x- and y-directions. For simplicity, put 
= Ey, = 0, whilst the value of P, is assumed to be given. We 
then 


_ 2P,a* (MA, — + or®, 
M3A, 
wr (MA, —®,) — 


M*A, ly = 


705 
7 
782028 
WALT 
A, (26) 
D, 
1A,— 


I.B. Chekaarev 


In the limiting case M= const, wr + 0, the expressions found trans- 
form into formulas of another regime of motion in the Hartmann problem, 
in which the intensity of the electric field is equal to zero: 


2P.@ McoshM —sinhM 
By MeoshM 


2P .a* McoshM — sinhM 


(28}- 


A graph showing the ratio between the flow Qy arising because of 
anisotropic conductivity of the transverse stream and the main flow Q, 
as a function of wr is shown in Fig. 4. 
Lateral flow vanishes both when wr + 0 
and for large values of wr. a a “ae 


It follows from the illustrations on / 
the graphs and from analysis of the 
formulas that at large values of wr the 
solutions obtained tend asymptotically 
to the normal ones which correspond to 
the problem for a non-conducting fluid: 


Pxa* 1 (2z\2 2P.a* 4 20 


Thus the effect of a magnetic field ‘ 
on the main stream is weakened as the < 
value of wr increases because of the — 
decrease in conductivity of the gas. On 

the other hand, anisotropic conductivity 
complicates the whole flow pattern, and 0 
this is expressed by the appearance of 
transverse flows, an induced electric Pig. 4. 
field, and a volumetric electric charge. 
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The linear theory of supersonic gas flow does not give sufficient accu- 
racy for the determination of the aerodynamic characteristics of many 
bodies encountered in practice. For this reason more accurate solutions 
of the equations for the perturbation velocity potential ® have been 
found by various authors (Van Dyke [1], Broderick [2], Moore [3], 
etc.) for bodies lying entirely inside the Mach cone produced in an un- 
disturbed homogeneous gas stream. But in all these works no general 
analysis is given of the effect upon the flow field of replacing the con- 
ditions at the shock wave by the condition ®= 0 at the Mach cone of the 
undisturbed stream, 


An analysis is given below of the effect upon the conical flow field 
in higher approximations of the shock wave produced by a conical body 
lying entirely inside the Mach cone produced in an undisturbed uniform 
supersonic gas stream. By the methods of the theory of the "boundary 
layer", series in a small parameter are found that represent the conical 
potential F in the vicinity of a weak shock wave and in the vicinity of 
the Mach cone (when an expansion of the undisturbed stream occurs). Then 
these series are "matched" with the series in a small parameter (rela- 
tive thickness, angle of attack, etc.) representing F in the "inner" part 
of the flow, which makes it possible to obtain the flow field in the 
entire region between the body and the shock wave. It is known [4] that 
the series in a small parameter representing the exact solution in the 
"inner" part of the flow diverges in the vicinity of the shock wave (or 
Mach cone). Analysis of the solution in the “boundary layer" shows that 
with formal analytical continuation of each term of this series to the 
undisturbed Mach cone, the conical perturbation velocity potential should 
vanish there up to terms of Ove 8) for slender bodies (such as a circular 
cone) and to 084) for thin bodies (such as a triangular plate), where 
€ is the thickness ratio and 5 the angle of attack. (Higher-order terms 
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in the series are infinite on the Mach cone.) Vorticity appears in terms 
Oe #7) and 08°) respectively for slender and thin bodies. The position 
of the shock wave produced by the body is also determined. The result 
agrees with the result of Lighthill [4]. 


l. Let a uniform supersonic stream of gas flow past a conical body 
with speed W,, Mach number M,, and speed of sound a,. We assume that the 
body lies completely within the Mach cone of the undisturbed stream with 
vertex at the tip of the body. A conical flow is produced around the 
body, in which the velocity, entropy and pressure are constant on rays 
passing through the vertex of the body. The conical flow is separated 
from the uniform stream by a shock wave, or partly by a shock wave and 
partly by a Mach cone in the region where the undisturbed stream expands. 
We place the origin of a Cartesian coordinate system at the vertex of 
the conical body, with the z-axis in the direction of the undisturbed 
stream. As independent variables in the conical flow we take € = x/z and 
n = y/z; henceforth we shall use the polar coordinates £ = r cos @ and 
= r sin @ in the &yn-plane. 

The velocity potential ¢(x, y, z) is represented for conical flow by 
@ = zF(r, 0), where F satisfies the equation [5 ] 

(a? (1 +r) — — (1 + Fel) Fre + 2[ F +r) 


r 


(1.4) 


a? = a,?— + + — Wi 


Here a is the speed of sound and y the adiabatic index. (The vorti- 
city of the flow shows no effect upon the following results.) 


2. We find an expansion of the conical potential F as a series in a 
small parameter in the vicinity of a weak shock wave, and in the vicinity 
of the Mach cone when the undisturbed flow is expanded. At the Mach cone 


m, = V M,*?*—1 
Here the perturbation velocity vanishes; that is, at r = r, F= WW, 
and ¥. = 0. We write the equation of the shock wave in the form r=r,(0)= 
r, +AG(@, A), where A is a smal] parameter and ¢(0, 0) = ¢)(0) < ». 


For an irrotational flow the condition of continuity of the tangential 
component of velocity at the shock and Prandtl’s condition on the normal 
component may be written in the form 


ow, my) + 


r=r,(0), F=W,, F, 
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Here the prime indicates differentiation with respect to @. 


For r = r,(@) one can obtain from (1.1) and (2.1) respectively 


4Wy mi* 2 2W, my, 


This shows that near the shock wave there appears a “boundary layer" 
such that if the thickness and angle of attack of the body producing the 
shock tend to zero, the gradient of the modulus of the velocity vector 
in the neighborhood of the shock wave remains finite (F,_. 4 0), whereas 
it tends to zero in the rest of the flow. The appearance of the "bound- 
ary layer" is a result of the fact that the coefficient of F_. in Equa- 
tion (1.1) is of the small order 0(A) in the vicinity of the shock wave; 
that is, we have here an equation with a small parameter in the highest 
derivative (in the direction of r, almost normal to the boundary, the 
shock wave). By analogy with the Prandtl boundary layer in a viscous 
fluid, it is natural to call this phenomenon a "boundary layer," and to 
use the methods of boundary-layer theory to find the flow in the neigh- 
borhood of the shock wave. A "boundary layer" also exists near the Mach 
cone, since for an arbitrarily small perturbation in the vicinity of the 
Mach cone, F is represented by the expansion [5 ] 


where 


W, my! Wy 


31 = My’ 6+ [3m,? — (y + 1) (1 — m,*)| 


C(@) is an arbitrary function; F_, = 28, 4 0 at r= rj. 


We shall seek F in the vicinity of the shock wave in the form of a 
series 


F=W,+ A*F, (0, t, A) + A°F, 4+... (2.3) 


The value t = 1 corresponds to the shock wave.. Substituting (2.3) 
into (1.1) we obtain equations for F,, F,, ... . If a function y(t) is 
introduced according to 


W, 


GO.) 


4 


then the function y(t) satisfies the equation 


y"(2t—y')=y (2.4) 


s 
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The equations for F, are transformed into 


(y’ — 2t) 4 (2.5) 
Here the P, depend upon F,, ..., Fy. The conditions (2.1) on the 
shock wave at t = 1 give 


2W 


(2.6) 
(4, h)| ete. 
From (2.4) and (2.6) we obtain 


y(t) = FI] 2.7) 
The functions P, are sums of products of functions of t and of 0; 
therefore all the equations (2.5) can be integrated in closed form, since 


their integration reduces to the integration of simple ordinary differ- 
ential equations. 


In particular, for F, we obtain 


2.8) 
2= (0, A) + A) (G, A) (0) + A)" (A, A) (OI 


where x), 9, %3 satisfy the equations 


ny" — 2) + (y +1) 4 


2+(y—1) MP | , 
T+ 


— 2) + +1) = 
£3" — 2t) + (y” + 1) = ty’ — 2y 
with boundary conditions 


x, (t) = r2(1) = = 0, = —2- we 7 (1)=—2, =O 


From (2.9) it is easy to obtain the asymptotic representation of F, 
for large t 


W 


3 (9g? + ge’? 2q%y") (— + (2.10) 


711 
»,2 
2(y + 1) 
29 
(y+ 1) MP 


B.M. Bulakh 


and establish the general structure of F, for large t 


F, = (—4)* + by + +... (2 11) 


Here the b, are certain functions of @ and A (whose explicit repre- 
sentation is not required). The term in ln(-t) appears on account of 
x,(t). We consider the "boundary layer* in the vicinity of the Mach cone 
r= r,. As before, we shall seek F in the form (2.3), but here d(@, A) 
is some undetermined function and A a parameter characterizing the order 
of the velocity upon leaving the "boundary layer." Equations (2.4), (2.5) 
A (2.9) retain their form; only the boundary conditions change. At 

= 0, corresponding to the Mach cone, F, = OF,/dt = 0. For y(t) one ob- 
tains the equation 


y (t) = =! +g — 2ct)"* —1)} (2.42) 


where c is an arbitrary constant. The boundary conditions (2.9) have the 
form 


(O) = (0) = (0) = 2,’ (0) = 2,’ (0) = 2,’ (0) = 0 


For small t we have y(t) = 1/2 t? + ...; the solution of the homo- 
geneous equation x.“(y° — 2t) + x9°(y”+ 1) = 0 has the form 


(y + 4) — 1) +3 


Hence it follows that upon transforming to r, — r and @ the expansion 
(2.3) agrees with (2.2), which shows the correctness of (2.3). For large 
t the solution behaves analogously to the case of the shock wave. In 
particular, Equation (2.11) is preserved. 


3. If, now, in (2.3) we transform to r, - r and @ for large t, the 
terms APF, (0, t, A) are all of order O(A'/?), and from (2.3) we obtain 


w = W,— (3.2) 


where w is the velocity component along the Oz-axis in the case of the 
shock wave. In the case of the Mach cone we obtain 
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W, m,! 8V3 
9 
2 


x — + — ee +} + O (A) 


F=W,+A%" 


x (3.3) 


4V3 
7+ (3.4) 


x (r, —r)"* 4 + 
3 


w= W,+ 


Expressions (3.1), (3.3); (3.2), (3.4) differ only in the sign of 
\}/2 and that fact that ¢ is replaced by w. From these expressions it 
follows that if they are valid for small but finite values of (r, - r)i/2 
and represent the linear solution that holds in the *inner* part of the 
flow, then their formal analytic continuation to r = r, gives zero 
values for the potential and perturbation velocity at r= r,. In linear 
theory it is shown that w- W, is a harmonic function of the variables 


1961 
mr 


But any harmonic function that vanishes at a = 1 (r = r,) can be re- 
presented in the form 


oo ‘ 
w—W,=cqlna+ ¥' (= a”) (Cy, cos nO + c,» sin nO) 


n=1 


where co, Cyy, Cag are constants. In the vicinity of the Mach cone it 
reduces to a series in powers of (r, - r)i/? 


w=W, + [—c, V2 + 2 V2n (eq; cos nO + sin x 
— 5eo + > 2n (5 + 4n*) cos + sin 


(ry — 
12 [— co + 2n (en: cos + sin n§)] 


xi (ry —r)'*- 


=i, 2,. . .,00) 


If the expansions (3.2), (3.4) are valid for small but finite values 
of (r, - r)'/2, then (3.5) should agree with (3.4) if the coefficient of 
(r, - r)'/2 is positive and with (3.2) if that coefficient is negative; 
that is, the following equalities should hold: 


+ 2 V 2n(c,; cos sin nO) (3.6) 


—5eo-+ 2n (5 + 4n4) (cys COS + sin 2G) 


ani, ... 3.7 
> 2n (Cyr COS + Cys sin (9-/) 
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Analogously for W. Putting the left side of (3.7) in the form 
5 — (6’/¢)? - 2(¢’/d)’, it is easy to show that (3.7) is a consequence 
of (3.6) (and the same for w). (This fact was also verified by the author 
for special cases: the triangular plate at angle of attack and the 
circular cone. ) 


The above considerations provide a basis for assuming that (3.1) and 
(3.3) represent F for small but finite (r, - r)!/2. In particular, it 
follows that the usual linear theory gives the correct result for F and 
the perturbation velocity inside the Mach cone. We now write (2.3) for 
large t, using (2.7), (2.12), (2.11), in the form 


F=W,-+A°F,-+ (°F, +... 
= W, + A* [a; (— t)* + ag (— t) + a3(— + ay + as (—t)-* +...) + 
+ AS [b, (— + (— t*) + bg (— +... (8.8) 


Here the a, = a,(@, A) are the coefficients of the expansion of F, 
in decreasing powers of t. Upon transforming to r, — r and @ for large 
t, we obtain from (3.8) 


b 


Here the coefficients a,(0, A), b,(@, A) can in turn be represented 
as series in A and ln A. From the expansion (3.9) that represents F for 
smal] but finite (r, - r)!/2 it follows that with formal analytic con- 
tinuation of each term of the expansion to the Mach cone (r = r,) the 
perturbation velocity potential (F - W,) vanishes at r= r, up to 


quantities of O(A*). Terms of higher order than A? become infinite as 


This means that the series in powers of A!/? and ln A, representing 
F — W, in the *inner* part of the flow should, upon formal analytic con- 
tinuation to r= r,, vanish at r = r, with the inclusion of terms of 
magnitude O(A?). Terms of the expansion of order higher than A? become 
infinite (to a definite order) as r+ rj. 


4. We assume that the solution of the linear problem is known under 
the conditions that the potential and the perturbation velocity are 
equal to zero at r= r,. In the vicinity of r = r, every such solution 
can be represented in the form 
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F=W,/1- (8) (ry — r)" (4.1) 
(The factor W, 2/3 a,°*/? is isolated for convenient comparison with 

the results of Lighthill [4].) On the other hand, from (3.1) and (3.3) 

we have 

V, m*8V3 


J 
F = W, — 


ry’ 


For those 6 for which A(@) > 0, that is, the flow is compressed in 
the vicinity of r= r,, we obtain by equating coefficients of (r, - r)3/2 
in (4.2) and (4.1) 


3 
AGo (6) 16 1)? =" A® (6) 


For r,(@) one obtains the equation 
myr, (0) = m, [ry + A@y (8) + = 1 + (r (0) +... (4.5) 


which agrees with the formula of Lighthill [4]. 


For those @ for which A(@) < 0, that is, the flow is expanded in the 
vicinity of r= r,, we obtain by equating coefficients of (r, - r)3/? in 
(4.3) and (4.1), analogous to (4.4), the quantity Aw,(@), which leads to 
the solution in the *boundary layer* and remains undetermined. This func- 
tion characterizes the velocity of expansion of the stream in the vicini- 
ty of the Mach cone. The agreement obtained with the result of Lighthill 
is explained by the fact that Lighthill’s method gives the correct lead- 
ing term in the vicinity of the shock wave. If we transform Lighthill’s 
solution in the vicinity of the shock wave to the variables t and @ of 
the "boundary layer", we obtain 


From the relation (2.3) one obtains 
F =W, + 4 
8 W, 


+... (4.7) 


= W, +4 37+1M 


Although the perturbation velocity potential F - ¥, does not vanish 
on the shock wave, at t = 1, according to Equation (4.6), the derivatives 
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OF/dt that determine the position of the shock are identical according 
to (4.6) and (4.7). These results confirm the possibility of using 
Lighthill’s method to determine the shock-wave position. 


5. The author has investigated the effect of vorticity in the stream 
upon the velocity components in the "boundary layer" and those leaving 
it, starting from the full system of equations for the three components 
of velocity and the entropy [6], and has found that the influence of 
entropy upon the velocity components in the "boundary layer" appears in 
terms of order ors), and or} for those leaving it, where A = «* for a 
slender body, «€ being the thickness ratio, andA = 5? for a thin body, 

5 being the angle of attack, etc. The entropy is ors’) everywhere in the 
strean. 


6. It is well known that for flow past a slender body the order of 
the perturbation velocity is different near the surface of the body and 
in the "middle" part of the flow. For example, for a circular cone the 
perturbation velocity potential F— W, has in the "middle" part of the 
flow the order O(n”), and near the body O(p? ln pz), where p = tane, € 
being the semi-vertex angle. Strictly speaking, there is a “boundary 
layer" near the surface of a slender body. The author has investigated 
this "boundary layer" for the circular cone at zero angle of attack. 


The potential F was taken in the form 


F = Wi ,(t)p* inp F,(T)p? Fay (t)p4 (6.1) 


Calculation showed that the functions F, iC), F,(r) are sums of pro- 
ducts of positive powers of ln r and powers ofr. These functions make 
it possible to separate r and p» for all r, and it is consequently possi- 
ble to represent F as a single expansion in powers of mw and ln w for the 
solution near the surface of the body and in the "middle" part of the 
flow; that is, this "boundary layer" is non-essential. 


The situation is different for the "boundary layer" near the shock 
wave (or Mach cone). A term (1 — 3/4 t) 3/2 appears in the expression for 
F(t, 6, A), which does not admit of a single expansion, since for 
| t| < 4/3 this expression reduces to a series in powers of t, but for 


| ¢| > 4/3 to one in powers of ¢! (the shock wave corresponding to t= 1). 
For this reason the "boundary layer" near the shock wave has an essential 
character. 


7. The practical conclusions from the results formulated above are 
that to obtain higher-order approximations in the problem of flow past 
a conical body it is necessary to seek the perturbation velocity 
potential as a series in a small parameter, and require that each term 
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of this expansion vanish at the Mach cone of the undisturbed stream up 
to terms of Ore 8) for a slender body and 08) for a thin body (where « 
is the thickness ratio, and 5 the angle of attack or other appropriate 
parameter). There is reason to suppose that this result holds also for 
the general case of flow past a body situated within the Mach cone of 
an undisturbed uniform supersonic stream of gas. 


The author thanks S.V. Fal’ kovich for essential comments on the 
questions considered. 
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PMM Vol.25, No.3, 1961, pp. 485-489 


Z.N. DOBROVOL’ SKAIA 
(Moscow) 


(Received October 31, 1960) 


The problem on the penetration of a wedge into an incompressible fluid 
was considered in[1] through [5]. The analogous problem taking com- 
pressibility into account was solved for the case of a thin wedge [6]. 


In the present paper the plane problem is considered, regarding the 
immersion into a compressible liquid of a wedge of finite apex angle 2a 
with a constant velocity Y%> which is assumed to be small as compared to 
the sound velocity a in the medium, The liquid is assumed to be ideal 
and weightless. In its exact formulation this problem is nonlinear and 
so far has not been solved. 


Under the condition of smallness of the penetration velocity, however, 
the changes in all hydrodynamic quantities in the given problem will be 
small, on the strength of which they may be treated in acoustic approxi- 
mation, 


The problem considered is of interest, because under realistic con- 
ditions of penetration we deal with bodies of finite dimensions, when 
their idealization as thin blades becomes invalid. 


In treating the problem on the penetration of a thin wedge, the con- 
dition of flow of the solid surface is referred to the axis of the wedge. 
In the case of a finite wedge angle, however, this condition is not 
satisfied, which leads to a considerable complication of the boundary 
condition in the region of perturbed motion in the plane of Chaplygin 
variables. The problem is solved by means of conformal mapping of the 
region of perturbed motion on the upper half-plane and by reduction to a 
Hilbert boundary-value problem with discontinuous coefficients. 


1. Let the apex of the wedge touch the free surface at the instant of 
time t = 0. For any t > 0 we will have in the region of perturbed motion, 
bounded by a Mach wave, the free surface and the wedge surface: 
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u=su,(z, y, t)+... v=v,(z, y, t)+... 


1.1 
P=Pot y, =Po+p,(z, y, th+... (1.1) 
Here x, y are fixed axes of Cartesian coordinates with origin at the 

point of contact of wedge apex and the free surface, t is the time, py 
and p» are the pressure and density, respectively, of the liquid at rest. 


Let us introduce self-similar variables x, = x/at, y, = y/at. Then 


u, (x, y, t) = Vol, (%, y, O= (21, 
v, y, t) = Ved, (%, %), Pr (x, y, t) = 


Let us substitute Expressions (1.1) into equations which describe the 
plane nonsteady motion of an ideal compressible liquid, and let us elimi- 
nate ¥, and as a result of linearization we obtain 


Op Op 
(1 — zy —2r5-=0 (1.2) 


oy 


Here and in the sequel the bar and the subscript of dimensionless 
quantities will be omitted. 


The problem consists in determining the function p(x, y) satisfying 
in the region ABCD Equation (1.2) and the following conditions on the 
boundary: 

AD 
(1.3) 
on BC 


As the wedge penetrates, the free sur- 
face is deformed primarily in the region 
adjacent to the edge of the wedge. In the 
present study this effect is not taken into 
account, and the condition of constancy of 
pressure is referred to the corresponding 
portion of the y-axis. The treatment of 
this problem is a necessary step, because 
later on it will permit the deformation of 
the free surface to be taken into account 
approximately. 


Fig. 1. 


2. Let us pass from = variable z = re*?, (z = x + iy) into the plane 
of the variable = «ce, (¢ = & + in) with the aid of the Chaplygin 
transformation 
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Equation (1.2) for the pressure will then be 
transformed into a Laplace equation in polar co- CrG+in 
ordinates, the region ABCD of the plane z into 
a curvilinear quadrangle (Fig. 2), bounded by arcs 
of circles AB andDC and segments of axes & and 


Pig. 2. 
7, and instead of conditions (1.3) we will have ali 


=Q(Q onAD, p=0 on DCandCB 
+ sina + cos at | — + n*) cosa +- 2Ensin = 0 
on BA (2.2) 


(For clarity the corresponding points in different planes are indi- 
cated by like letters.) Thus the problem was reduced to the determina- 
tion of the harmonic function p(é, 7) in the region ABCD with boundary 
conditions (2.2). 


3. The function 


1 2 1\2 
(SFA) 
will transform the region considered into the upper half-plane, with the 
exclusion of the segment BA (Fig. 3). The equations of the curve BA 
could not be obtained in explicit form and for this reason the region 
ABCD of the plane (w,) is mapped on the upper half-plane approximately. 
To this end we replace the curve BA (it can be shown that it is suffi- 
ciently monotonic) by a circular arc passing through the points A and B 
in such a manner that the mean quadratic deviation of the ordinates of 
the sought curve be a minimum (Fig. 4). 


The function 
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Fig. 5. 


where 8 is the inclination of the tangent to the approximating circle at 
the origin of coordinates, will map the upper half-plane with the exclu- 
sion of the circular segment on the upper half-plane (Fig. 5). 


The boundary condition (2.2) will be transformed to the following 
condition, satisfied on the real u-axis and the w-plane: 


Re| iw’ (e-i# — | iw’ (e-# — |= 0 on BA 


(3.3) 
=0 on AD, p=0 on ve, p=0 once 


Here w’(Z) is the derivative of the mapping function, and ¢(u) is a 
function, inverse to (3.1), (3.2). 


4. The harmonic function p(u, v) may be considered as the real part 
of some function f(w) = p + ig, analytic in the upper half-plane. Let us 
introduce f,(w) = p, + iq, = f’(w). Then the boundary condition (3.3) 
for the function f,(w) will take on the form 


a, (u) py + (u)qy = 0 


a, = b, =0 (— co <u <0) 
a, = Re [iw’ (¢) — te) 
by = — Im iw’ (5) — 


for $= C(u), OS 


(4p < + 


The boundary-value problem for the function f,(w) formulated above is 
a homogeneous Hilbert problem for the upper half-plane with discontinuous 
coefficients. It has a non-unique solution; the character of the solution 
depends upon the type of singularities admitted at the points of discon- 
tinuity of the coefficients of the boundary conditions. In the problem 
considered the real part of the integral 


J (w) = \A (w) dw 
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is the pressure; therefore, the function f,(w) must satisfy the follow- 
ing conditions: 


1. The function f,(w) must be regular in the upper half-plane, ex- 
cluding the real axis. 


. At the points B and D of discontinuity of coefficients a,(u) and 
b,(u) the integral J(w) must be bounded. 


. At infinity J(w) behaves as cw’. 

. At the point A a singularity of the function f,(w) is admitted, 
and the character of the singularity is determined by requirements 
2 and 3. 


The solution of the homogeneous Hilbert problem is given by the func- 
tion [7 ] 


4 


fr(w) =exp[* iP (w)| — | 


—oo 


where P(w) is a polynomial which takes on real values on the real axis, 
while v. are the abscissas of the points of discontinuity of the function 


tan! (6 (u)/a,(u)). 


The function P(w) and the number of values v, are selected in accord- 
ance with the class in which the solution is sought. 


In the multivalued function tan-*(b,/a,) we isolate those branches 
which are in the first and fourth quarter. 


We note [8 ] that at the point of discontinuity v the functions are 


@(u)= [b, (u)/a, (u)] 
v—0)— v+-0) 
__ 


In the problem considered 
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i _- o(B—0)—o@(B +0) 
@(D—0)—@(D+0) 1 


2 


<0 


Therefore, to satisfy conditions 1 through 4, we must choose 


P(w)=C,, [] (w—vn) = (w— up) (w— ua) 


Substituting these functions, as well as the values of the coefficients 
a,(u) and b,(u) from (4.2) into Expression (4.3), we finally obtain 


(w) = iC, (up — w)—* (ug — x 
“A 
x exp \ 


0 


— Im [iw’ (0) (e7* — 
[ 4 ) du } (4.7) 


Here u, and up are the abscissas of the points of discontinuity A and 
1961 D, while C is a real constant which is determined from the condition that 
at the face of the wedge the projections of the velocity of the fluid 
particles and of the velocity of wedge penetration must be equal 
M(1+ cot a)~* 
C\M \ Op (z, y) 


dy 
Sina dy = { 


cos a| 
x=y=p 


The expression for the pressure is of the form 


p(u, v)= Rel /, (w) dw 


It is easily shown that the integration constant is equal to zero. 
Expressions (4.7), (4.8) represent the solution of the problem in the 
w-plane. 


The function p(u, v) is regular everywhere in the upper half-plane 
and on the real axis, with the exception of a point A with abscissa uy, 
where there exists a singularity of an integrable type. In the physical 
plane the apex of the wedge corresponds to this point. 


5. Let us consider a thin wedge. The solution (4.7), (4.8) is valid 
in this case for any subsonic penetration velocity. Let a in the preced- 
ing formulas approach zero. Then 


fr (w) = — wy (1 — 
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At the face of the wedge 


AB(v=0, 0<u<M?*) u=2". 


Therefore we will have for the pressure distribution along the wedge 


MV1i—2 
MY i—=z 


+2Vi-M 


P — Po = Cypovo?M™ (1 — M?)- In 


(5.1) 


Formula (5.1) coincides with the solution obtained in [6 ]. 


In the case of a thin wedge the formula for the resistive force of 
the wedge during penetration into an incompressible fluid coincides with 
the results of [6]. In the case of a wedge with a finite angle, only a 
numerical comparison with the available results is possible, since the 
function w(¢) which maps the region ABCD on the upper half-plane is 
found approximately. 


We note that this function may be found also in another manner, differ- 
ent form the one suggested in the present paper. The form of the solution, 
however, namely Formula (4.7), does not change. 


The author is grateful to L.A. Galin for valuable advice. 
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The study of longitudinal and transverse elastic waves in media which 
contain curvilinear boundaries is of great theoretical and practical 
significance. 


However, up to the present time it has not been possible to obtain 
results which were sufficiently general to characterize the displacement 
field of elastic waves and which would shed light on their dynamic 
characteristics (amplitude, wave form, etc.). 


The methods of solution of dynamic elasticity problems which have 
been worked out thus far have been applied to certain particular forms 
of curvilinear surfaces [1-8 ]. 


In the case of diffraction of steady-state elastic waves around an 
arbitrary rigidly embedded obstacle, the problem leads to a system of 
singular integral equations which can be reduced to a regular Fredholm 
system [1 ]. 


The two-dimensional problem of the diffraction of an elastic wave for 
a piecewise smooth contour was examined in[9]. This problem also leads 
to a system of integral equations. The solvability of the system was not 
demonstrated in this work. The three-dimensional diffraction problem was 
solved analogously in[10]; moreover, in contrast to[9], the solva- 
bility of the system of integral equations was proved. Because of 
significant mathematical difficulties, the results obtained in [1-10 ] 
do not allow one to deduce any physical consequences of elastic wave 
dynamics. 


In a series of works contained in[11] an infinite series analysis 
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was proposed for the representation of the solution of the elastic wave 
propagation problem in cylindrical and spherical regions. However, this 
method has likewise been applied only to particular forms of surfaces. 


In [12] a sufficiently general method of solution of the problem of 
scattering of elastic waves by an arbitrary curvilinear surface was ex- 
pounded. Corresponding asymptotic formulas were obtained for the reflec- 
tion of longitudinal and transverse waves, and likewise for the head 
wave which is generated by the incidence of a plane transverse elastic 
wave on a curvilinear surface. This method is based on the application 
of a principle of Kirchhoff for a system of wave equations and a 
"principle of the isolation of an element" which has been applied to 
rectilinear [13,14] and curvilinear surfaces [ 15 ]. 


Recently it has been shown that to the first order it is valid to use 
the "principle of the isolation of an element" to obtain the laws of 
reflection and refraction, both for rectilinear and curvilinear bound- 
aries [13,14], that is, for angles that are less than the limiting angle 
(angle of complete internal reflection). There is reason to suppose that 
the principle remains valid for angles larger than the limiting angle. 
This stems from the formulas obtained on the basis of an asymptotic (or 
ray) method [17,18 ]. 


The head wave which is generated by the incidence of a plane elastic 
wave on a rigidly embedded circular cylinder is investigated below; the 
effects which arise in this case are investigated only in the exposed 
region (in accordance with Kirchhoff’s principle). From a kinematic 
analysis it follows that the head wave will not be generated in the 
"shadow" region. In the "shadow" region there exists a more complicated 
diffraction picture that is not investigated. The analysis of the 
diffraction picture in the region of "shadow" or "half-shadow" is possi- 
ble only on the basis of an exact solution and the application of methods 
which are analogous to those developed by Fok for the electrodynamic 
case [19,20 ]. 


1. Formulation of the problem and construction of the 
solution. Let a plane transverse elastic wave be incident, in a direc- 
tion parallel to the x-axis, on a cylinder of radius h placed in an in- 
finite elastic space 


Yo (x, t) e—iul pik,x (1.1) 


It is assumed that the plane of incidence is perpendicular to the 
cylinder’s generators. An outline of the cylinder in the z = 0 plane is 
shown in Fig. 1. 


In accordance with the "principle of the isolation of an element", 
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Fig. 1. 


the reflection potentials near the boundary points of the cylinder have 
the forms 


@ (x, y, t) = apy (a, y, t) = (4.2) 


The components of the displacement vector have, by (1.1) and (1.2), 
the form 


= fo + ti) (1.3) 


We denote by x and x, the angles (Fig. 1) formed by the radius vectors 
to the points Q and P and the x-axis. 


On the boundary of the cylinder we have the following conditions: 
u=v=0 (1.4) 


Using (1.1), (1.2), (1.3) and substituting into (1.4), we obtain 


a, = esin®y —cos yV 1 — sin? 2 = 1— 2cos* 
8, = —(ecosy } 1 — sin? x) sin x, 3. = — 2sin x cos ¥ (1.5) 
=h(ecosy + V1 — sin? y), 2 = 2heosy 


(x) esin® x + cos x V 1 —e* sin* x 


B(y) = — sin* — cos x V 1 — e* sin® 
e sin? y + cosx V 1— e® sin? x 


It is required to find the value of the field at an arbitrary point 
P in the xy-space. We represent the reflection potential (1.2) at the 
arbitrary point P by means of the Kirchhoff formula 
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In this, the surface of integration is to be understood as the sum 
S= Sy + 5S, + S; + S, (Fig. 2). The integrals over S, are zero by virtue 
of the Kirchhoff condition (*shadow* region); the integrals on S, and S, 
mutually cancel. Calculations show [21] that the integrals on S,, approach 
zero for R,, + ~.As a result of this the expressions entering into (1.7) 
have the form dS, = hd dy, r= V(p? + ¢*). Assuming h << R, we may 
write 


e= Vie+ R? — 2hR cos (% %o) & R — heos (x — %o) = R, 


After some calculations analogous to[12], we obtain for the dis- 
rol. 25 placements in the reflected longitudinal wave 


1961 
Uy (P) = iky* cos xo, (P) sin (y,R) 


Here 
h exp[ i(kyR — */qx)] 


Ui(y, Yu WEE A (x) Q (x) exp [tkyf dy (1.8) 


For the displacements of the reflected transverse wave we obtain 


Us (P) ~ sin YoU (y,R), (P) — ike? cos (y, 


— 
Us (y,R) = cos — 


h 
2 


n/2 


x B (x) cos exp | — ipcos (x — x )| dy, 


—n/2 


The quantities entering into (1.8) and (1.9) have the form 


(x) = (1 —e) — % cos — 


+ x, o— 
Q (x) = cos Xk cos — Pp cos 


y= sin! sin y), Xo 
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The local coefficients of reflection A(y) and B(x) are determined by 
Formulas (1.6). 


2. Approximate estimates of the integrals. Integrals of the 
type of (1.8) and (1.9) are most conveniently analysed by the method of 
stationary phase. To do this, we determine the singular points of the 
integrands in Expressions (1.8) and (1.9). Singularities can arise only 
from terms in the local coefficients of reflection (1.6), i.e. for 
sin? y) = 0. 


In this case we have 


siny*=6 (9 =|, <!) (2.4) 


Thus, in the case of incidence of a transverse wave the branch points 
lie on the real axis. As regards the equation 


A = esin*y + cosy V 1 — sin? = 0 (2.2) 


an analysis shows that it has no real roots [12]. 


We turn next to the estimate of the integrals entering into (1.8) and 
(1.9). The equations of the saddle points have the form: 


for the longitudinal reflected wave 


= sin? — (2.3) 
V 1+ 26 cos xo + 6? 


for the transverse reflected wave 


It can be shown that in the sublimiting 
case there exists the relation y‘!) < 

< We determine the saddle-point 
contours of integration for the calcula- 
tion of the displacements of the reflected 
longitudinal and transverse waves. 


In the case of the longitudinal wave 
(1.8), the saddle-point path I’, is 


Im / (x) = (x), Re f (x) <0 


For a verification of the latter condition we make a change of vari- 
ables 
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= +; se'*: (s < 1) 


As a result, if f(y) is expanded in a Taylor series in the neighbor- 
hood of x = x‘!), we obtain 
(x) 


Re / (x) = — 2ssin 6, (y™ + scos6,) 


Hence, the behavior of the function Re f(y) is determined by the sign 
of the second derivative f“(y‘!)). For considerations of simplicity let 
(1) 
x = 0. 


In this case 


Re / (y) = — 2s* sin 9, cos 4, = sin 26* 7” (0) (9; = — 
Assume that f(0) > 0. Then the direction through the point s = 0, 
corresponding to 0* = 1/4, will be the most rapid[12] for the function 

1/2 s* sin 20*. Taking into account that 


6, = — = + 26cosy, + 0 
we obtain the location of the saddle-point contour |’, of the longitudinal 
wave (Fig. 3). 


For the determination of the direction of the saddle-point path in the 
case of a transverse wave, we make the change of variables cos(y - 
1/2 x9) = 1+ is*. Here s is a new real variable. Then the equation for 
the saddle-point contour in the complex plane (y’, x”) will be 


cos — = 1 2.9) 
The saddle-point contour I’, intersects the real axis at the point 


x'?) = 1/2 X» at an angle of 45° and approaches one side as — 1/2 w + 
1/2 X_ + ic and the other side as+ 1/2 7 + 1/2 y,— iw (Fig. 3). 


We represent the displacements in the reflected longitudinal wave in 
the form 


u, (P) cosy U, (x, v, (P) ~ ik, sin A) 
Here 


R) = A (x) exp (R +-hf (2.6) 


Analogously, for the displacements in the reflected transverse wave 
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we have 


Us (P) ike sin 2), (P)  — thy COS 2 (Ho, 2) 


Here 


Us(%» R) = V cos B (3 xp [ik, (R — 2h cos +)| 


The formulas that have been obtained for the displacements of the re- 
flected longitudinal and transverse waves may be easily derived by the 


m 
Fig. 4. Fig. 5. Fig. 6. 


asymptotic (or ray) method. In the present case, this will be a con- 
sequence of an asymptotic analysis of the Kirchhoff integrals under the 
conditions k, ah >> 1 and ky gh >> 1. However, these formulas will be 
required rm, the subsequent investigation of the head wave. 


Expression (2.7) is not complete be- 
cause it does not take into account the 
branch points in the integrands in (1.9). 
The latter must be considered in the de- 
formation of the original contour of in- 
tegration into the saddle-point contour 
I',. We investigate this case in the 
following section. 


ri 3. Investigation of the head 
7. 
wave. We examine the generated head wave 
from a kinematic point of view. Figure 4 
shows the ray pattern for the location of the fronts of the reflected 
longitudinal and transverse waves at some instant of time. We shall find 
the relationship linking the angles y, r and o. From Fig. 5 we have 
cos r = sin x, cos 0 = (a/b) sin y. 


Under complete internal reflection it is clear that o = 0 (Fig. 6), 
and we arrive at the condition corresponding to the emergence of a head 
wave 
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siny* = (3.1) 


As can be seen by comparison, conditions (2.1) and (3.1) are equiva- 
, 1.e. the branch point geometrically determines the limiting angle 


If one now considers the path of the rays of the incident and re- 
flected transverse waves, the pattern will be the following. The direc- 
tion X, = const corresponds to the point of observation P. The effects 
are examined at distances R/A >> 1; therefore, of all the rays scattered 
by the given point of the cylindrical surface, the dominant one will be 
in the direction x, = const. The incident ray is parallel to the x-axis. 
In the approximation of the "principle of the isolation of an element" 
the well-known law of the equality of the angles of incidence and re- 
flection must be maintained near the surface. Therefore the reflected 
ray of the transverse wave will match the angle x'?) = 1/2 Xo» i.e. the 
saddle-point x?) determines the angle at which the transverse wave re- 
flects in the neighborhood of the cylindrical surface (Fig. 7). At com- 
plete internal reflection we obtain 


= = sin! 9 (3.2) 


N 


We examine a particular case of an 
elastic medium. We set A = » (Poisson 
hypothesis), then 


& 


Ltt tit 


siny* = b/a: 1/V 3, or = 35° 
Pig. 8. 
If it is assumed, moreover, that 

b/a = 1/2, then x = 30°, i.e. in both 
cases the head wave appears in the exposed part of the cylinder surface. 
However, for elastic media we always have a> b, hence the head wave 
cannot appear in the shadow region in the present formulation of the 
problem. * 


Let y‘?) = \*. This means that at a certain instant of time the front 
of the reflected longitudinal wave begins to overtake the reflected 
transverse wave front, breaking away from the latter and producing an 


For a= 6 (a fluid medium in which the head wave is absent in the 
given formulation of the problem) the angle y* = 90°, 
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additional excitation — the head wave. The position of these fronts is 

shown in Fig. 8. As a result of this kinematic analysis we see that the 
complete transverse wave field is com- 
posed of two parts 


\ z* U;* i u;* (i = 1,2 
\, Here u; is determined by Formula (2.7), 
\ : and u;* is the integral over the cut I, 
(Fig. 9). We turn now to its analysis. 
1 ‘ Because of the presence of the radical 


V (1 - e? sin? y) the integrand in (1.9) 
will be a double- valued function with a 
branch point = @ lying on the 


+ 
real axis. As a consequence of this, the 


investigation of the integral entering 
into (1.9) is most conveniently carried 
out on a two-sheeted Riemann surface 
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We introduce the final expressions 


Pig. 9. for the displacements in the head wave 


u* (P) ~ik,? siny,U* (y, R), v* (P) = —ik,? * (xy, R) (3.3) 


100 
U* (y, R) = sh ® (x) exp| ip cos (x )| ax 


0 in* 
© (x) = qcos (x #) q? (qg=cosy V §? — sin? x) (3.4) 


We make the change of variables B = ,* - x. Then, taking into account 
the smallness of f, (3.3) takes on the form 


(3.5) 
x*— ico 
V x (i V 2/ 2sin'/28 


The integral that has been obtained, (3.5), can be expressed in terms 
of Weber functions. We use the Fok-Brekhovskikh equality [ 22 ] 


/ 2+8,—too 


\ ei/2 (E*—n*) cos sin B (i ten sy = 
2 2 sin 1/28 


1 


= — 18) Da + im) (3.6) 
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We transform this equality. It is well known [23] that the Weber 
equation is not changed if n, &, 7 in this equation are simultaneously 
replaced by — (n + 1), + i€, + in. Following this, (3.6) takes on the 
form 


%/2+B,—ioo i dp 
\ exp — — cos 8 — iEnsin (i tan 5) 
0 
= + (—0 + in) (3.7) 


Expression (3.5) may be transformed into (3.7) if we set 


= V 2p cos x n = V 2psin x 


Then we obtain 


x cos (1/2 Yo — exp [i — = 
U*(E, n, (ime D_»,(§ - + én) 
‘ol. 25 
1961 Since € >> 1, we may use the asymptotic expansion of the Weber func- 


tion [ 23 ] 


22 2-4-2" 


1 2*) {1 — n(mn—i) n(n — 1) (n — 2) (n — 3) 


Dy, (2) = 2" exp (— 


As a result we obtain 


(8 + i&) exp (— (3.8) 


Finally, the expressions for the displacements of the head wave take 
on the form 


u* (P)zsiny,U*(, R), v*(P)~—cosy,l/* (yp, 


Here 
U* (wp, R) = _ (¥1i- — * cos exp {ike [R — 2h cos cos 


2 V Rh Li 


F (n) 


F (yn) = exp — 3ix exp — if D_»,(— +in), L= (3.9) 
8 2 


y= 5 %o—X" 


The function F(y) can be expanded in an asymptotic series both for 
small and large 7 [22]. 
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The formulas that have been obtained describe the displacement field 
in the head wave for x,/2 > x*, where X* = sin! 6. We remark that in 
the case of a fluid medium (0 = 1), u* = v* = 0, i.e. the head wave is 
absent. 


In conclusion, the author would like to thank N.V. Zvolinskii for 
valuable advice and comments offered during the preparation of this work. 
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ON THE KINETICS OF CRACK GROWTH 
(K KINETIKE ROSTA TRESHCHIN) 
PMM Vol.25, No.3, 1961, pp. 498-502 
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According to present opinion, fracture is a process that develops in 
time. Fracture depends on the character of the loads, which may be of a 
constant, cyclic, impulsive or mixed type. Here we shall limit ourselves 
to the analysis of fracture under the action of constant loads. 


From the very beginning, there are a great number of different defects 
distributed throughout the body, which are embryonic cracks. During load- 
ing, cracks arise in the weakened spots of the body. The simplest case 
of a straight isolated crack in a plane homogeneous field of an elastic 
body was studied by many authors — Griffith {1], Orowan[2], Irwin[3], 
and others. General results were recently obtained in the papers by 
Barenblatt [ 4-8 ]. During the widening of a crack, some elastic energy 
is released which during a slow crack opening is spent on the work of 
the surface forces and the formation of the edges of the crack. In [6 ] 
it was shown that the surface energy (for brittle materials) or the 
Plastic surface work (for metals) is related to the cohesion modulus XK, 
The above-mentioned papers are concerned with the analysis of equilibrium 
cracks, i.e. cracks whose dimensions remain unchanged under a given load. 
A growth of such cracks is only possible with an increase of the load. 


Numerous observations, however, show that with a fixed load cracks do 
grow. This circumstance is one of the main reasons for the dependence of 
the ultimate strength on time. The latter problem (that of the so-called 
sustained strength) is of great practical importance, and is presently 
attracting the attention of many scientists and engineers. In the present 
paper an attempt is being made to develop an analysis of crack growth 
within the framework of continuum mechanics. 


1. Fundamental considerations. According to observations, at 
first there occurs a slow growth of a crack. This stage makes up the 
principal part of the total life time of the element. Subsequently, there 
occurs an accelerated growth of the crack, which in the final stage goes 
into a propagation of the crack with a velocity comparable to sound 
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velocity. It should be noted also that the problems of the development 
of a crack in a real body are connected with local properties of its 

structure and in many respects remain unclear. Nevertheless, it seems 
that some general rules of crack development in the first and second 

stages can be set forth, disregarding structural details. 


In an ideally elastic body, the development of a crack is impossible 
with a fixed load. Thus, the growth of a crack must be related to elastic 
imperfections, in particular to the appearance of flow in solid bodies. 


Let us study at first the case of linear creep, corresponding to the 
model of a Maxwell body. In this medium, the strain rates ¢., ¢ ooMgs 
are related to the stress components ¢,, Oy cree Tey by the relations 

“ox = G dt (Sx — 9), Ney = | G dt Tey (1.1) 
where » is the viscosity coefficient, G is the shear modulus, and o is 
the mean pressure. For simplicity, it was assumed that Poisson’s ratio 
equals one-half. 


Following Barenblatt [4], we shall distinguish between two regions 
in the crack: the internal region, where the opposite edges of the crack 
have separated and there is no attraction between them, and the end 
region, where there exist cohesion forces. The end region d (Fig. 1) is 
small in comparison to the internal region (hypothesis I). The configu- 
ration of the edges of the crack in the end region does not depend on 
the acting loads and for a given material is always the same under given 
conditions (hypothesis II). 


We shall also assume that the condition of finiteness of stresses at 
the ends of the crack and the smoothness of the closure of its edges is 
maintained (hypothesis III). 


Let us study, for definiteness, the states of stress and strain of an 
infinite plate with a straight crack running from x = a to x = b. The 
stress distribution in an elastic plate with given loads does not depend 
on the elastic modulus, with arbitrary values of abscissas of the crack 
ends a, b. Then the same stress field, according to Volterra’s principle 
[9], will exist also in a linear visco-elastic plate. 


This remains the case also with a change of some dimensions of the 
body (for instance, the crack length) with time. The displacement in a 
visco-elastic plate is equal to 


t 


u=u+G de (1.2) 


0 
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where uw, is the displacement in the elastic state. With fixed dimensions 
u, does not depend on time, and then 


G 
=u(i+—t 1.3 


Since the crack configuration in the end 
region is preserved, relation (1.3) charac- 
terizes the rate of opening of this region, 
if t is chosen to be a short time after the 
arrival of the crack at a given point. 


Thus, in a visco-elastic body the edges 
of a crack spread apart with time, whereas 
the ends close smoothly. 


As shown by Barenblatt [4,5], the size of the crack in an elastic 
body is given by the relation 
= (1. 
2A 
where A is the load parameter. Function ®(1) depends on the type of 
crack and is related essentially to the formation of a given crack. The 
cohesion modulus K is equal to 


d 
K (1.5) 


Here the function F(s) characterizes the distribution of the tensile 


stresses, which depend on the cohesion forces. In the elastic body the 
distance between the edges of the crack does not change for a given load. 


Relations (1.4) and (1.5), which express the finiteness condition of 
the stresses at the ends of the crack, hold also in the case of the pre- 
sently studied linear visco-elastic body. As was stated above, however, 
the edges of the crack move apart with time. Thus, with a fixed loading 
and a fixed crack size the distance between its edges also increases at 
the end zone. This should be related, generally speaking, to a decrease 
of K due to a decrease of the cohesion forces. Together with this a 
widening of the crack takes place, which leads to a re-establishment of 
the previous value of K, etc. 


Equation (1.5) essentially represents the equilibrium condition. The 
rate of decrease of K with a fixed size of crack is characterized by the 
value of the local derivative at initial time 


(OK / Ot): =0 
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This change is compensated by a corresponding change of the left-hand 
side, i.e. 


= (1.6) 


dl 2, \ Ol /t=o 


Let us study some formulations concerning the derivative on the right- 
hand side. As it was emphasized by Barenblatt [4], the shape of the end 
region corresponds to that of the highest possible resistance. The sepa- 
ration of the edges in the end region leads to a decrease of the resist- 
ance, and for short times (for a crack of fixed size) we have 


K = (1.7) 


where the coefficient x > 0 can be regarded as some new material constant. 


This characteristic will be very important from the practical point of 
view, since for considerations of the strength of the material the pre- 
sence of flaws (defects, cracks) is not as essential as their eventual 
development. Let us call «x the flaw coefficient. 


Thus, according to (1.6) and (1.7), we obtain 


dl G % 
dt 


() 
From this we find 


(1.8) 


where 21, is the size of the crack in the elastic body. Relation (1.8) 


can be also written as 


pe: 
() = (A t) (1.9) 


Here, and in the remainder of the paper, K is understood to be the 
value of the cohesion coefficient, as determined by Barenblatt. 


If the crack is stable [6], i.e. in order to increase the size of 
the crack, it is necessary to increase the load, ®’(1) < 0 and then 
dl/dt > 0, i.e. the crack grows with time. 


If the crack is unstable, ®’(1) > 0 and consequently dl/dt < 0. This 
result should be interpreted as follows: the flow of the material in- 


troduces a disturbance into the equilibrium state and the unstable crack 
widens catastrophical ly. 


2. Example. As illustrations, let us study two simple examples. 
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1) A crack is formed in a plane field, caused by two equal forces P 
which act in opposite directions along a straight line. It can be easily 
seen that [5 ] 


o@)- 


where 2L is the distance between the points of application of the forces. 
The load parameter is A = P. The time dependence of € is shown in Fig. 2. 
At the initial time € = €, and at time t, = Ky /xG there occurs a 
catastrophic widening of the crack. Thus, there exists a finite time of 
fracture. If the force P is smaller than the critical value, the crack 
does not appear. 


2) The edges of a crack in an infinite slab of width 2 are separated 
by concentrated forces P equal in magnitude and opposite in direction. 
In this case [5 ] 


n 1 


= V sin ne 


In time, the crack develops in the following 
manner. During loading by a force P< P. |. an 
equilibrium crack is formed. Beyond that, it grows 
gradually, at time 


P 


the crack becomes unstable, and there then occurs Pig. 2. 
a rapid fracture. 


' 
' 
' 
' 
' 
' 


~ 


3. Conclusion. The qualitative concept studied above is preserved 
in general also for other linear media that possess a flow property. 
Assume, for instance, that a material follows Boltzmann’s integral rela- 
tions 


— 


(3.1) 
Here the operator is introduced 


t 


(t— s)f(s)ds 


0 


with an after-effect kernel M(t - s). According to Volterra’s principle, 
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the state of stress is the same as in the elastic body. 


For a short time t after the arrival of the crack at a given point in 
the end region, the displacement is equal to 


+ GM (3.2) 


Substitute 


0 


After analysing an equation of the form (1.6), we easily obtain in- 
stead of (1.9) the following relation: 


(/) [K — xM ‘(t)| (3.3) 
2} 
If the effect of time has the character of a negligible damped after- 
effect (i.e. + as t + where M°(0) << 1) then, after open- 
ing, the stable crack will widen for some time, but soon its development 
will stop for all practical purposes. On the other hand, with an undamped 
flow (creep) the growth of the crack does not slow down. The rate of 
growth of the crack is determined, in particular, by the character of 
the after-effect kernel. 


Some other effects can be explained by non-homogeneity and the in- 
fluence of the deformation. For instance, a creep deformation facilitates 
the appearance of cracks [10]; thus the crack which approaches a given 
point in some interval of time encounters a smaller resistance. This 
effect can be taken into account by considering K and x to be functions 
of the previous creep deformation. 


The results studied above refer to linear media. For nonlinear flows 
(for instance, the case of creep in metals) the qualitative concept is 
generally maintained; however, it is difficult to develop quantitative 
characteristics, since in course of time the state of stress of the body 
can deviate considerably from the elastic state of stress. 
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Let a body pass from a state of strain A into an infinitely close state 
of strain B (at constant temperature). The indication that this change 
of state is accompanied by plastic deformation is, by definition, the 
change of the plastic component of the total strain. This statement, 
appearing to be a tautology, actually contains the hypothesis of unload- 
ing. The states of stress and strain should be homogeneous; in the state 
A the plastic strain should be determined by unloading, and then the 
original loading should restore the state; after this, the loading should 
be changed to its value in the state B, and the unloading should be re- 
peated in order to determine the change of the plastic component of 
strain. The hypothesis of unloading is valid only with certain accuracy 
and, therefore, the described criterion for increment of plastic strain 
during the change of state from A to B is approximate, as it is inherent 
to a physical criterion. 


We can give also another definition and another criterion. Let us con- 
sider an arbitrary process AB; by changing the loading, we return the 
body from the state of strain B into the state of strain A, and thus we 
perform a closed cycle of deformation ABA; every intermediate state is 
assumed to be an equilibrium state. We shall consider that the transition 
from A to B is accompanied by plastic deformations if the work of ex- 
ternal forces on the closed cycle ABA is positive, and it is purely 
elastic if the work is zero. This energetic definition we shall call the 
postulate of plasticity. It gives a definition of plastic deformation 
which is independent from the hypothesis of unloading, and it also indi- 
cates a specific method of experimental test. 


There is no reason to reject any one of the above definitions of 
plastic strain and, therefore, they should be compatible. Hence, as we 
shall see, important consequences will be derived. 


Both definitions confirm irreversibility of the process of plastic 
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deformation. Some authors [1] are inclined to consider that the postu- 
late of Drucker asserts the irreversibility of the process of plastic 
deformation. Drucker’s postulate states that if the body passes from the 
state B into the state A) in which the loading returns to its original 
value (i.e. as in the state A), then the work of additional loading on 
this closed cycle of loading ABA, should be non-negative. But this work 
is equal to zero not only for an elastic process, but also for non- 
hardening solids and in some irreversible processes, for instance, in 
the extension of a specimen in the plastic flow range. This means that 
the Drucker’s postulate does not specify the irreversibility of the pro- 
cess of plastic deformation, but is a special hypothesis. 


We shall assume in the following that the reader is familiar with the 
papers [2,3,4.]; we shall use the postulate of isotropy and the isotropic 
spaces of the deformation vector 9 and the stress vector o. Let the pro- 
cess of deformation, at some instant of time, be determined by a progress- 
ing trajectory OK and the point K, and let Fy = 0 be the equation of the 
yield surface in the deformation space and thus the points inside of this 
surface correspond to the possible states of unloading, and the points 
outside correspond to the states of increasing loading. By increasing 
loading, we move from the point K to a nearby point P; the yield sur- 
face changes and its equation becomes Fp = 0. Figure la shows this pro- 


cess: the deformation 9, and the plastic deformations 9? and ay. 


Figure lb shows the same process in the space of stresses. Let the point 
M in Fig. la correspond to unloading (i.e. the stress equal to the 
initial stress oy) and let the point N, coinciding with K, close the 
process in strain; in Fig. lb the points K and M coincide. The examina- 
tion of Figs. la and lb reveals that the points M and N are located in- 
side the surface Fp, and therefore the work of the total stress o on the 
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path KPK (Fig. la) is equal to the work along the path KPMK. Let us 
denote the work by W: 


W = \ sda \ sda (1) 
KPK KPMK 
Since the work of the constant stress Oy on this path is equal to 
zero, it follows that 


\ 
KPMK 


W 


(s 


— @x)da 


The part of this integral on the path K PM represents the work of 
additional stresses, which enter into Drucker’s postulate. We denote 
this work by W) and obtain 


W—Wp \ (s ox)da, Wp (¢—sx)do (2) 


MK KPM 


According to the definition of the point M, we have oy = oy along the 
path MP, and since only the elastic strain changes, it is da=d 
(9° —o\y). Considering the law of elasticity for the path MP, we have 


Gu = (2° am) 


where (E)p is the matrix of the moduli of elasticity with respect to the 
point P. We conclude then that the difference 


W—Wp \ (E)p (a° — ay) d(a° — ay) > 0 
MK 
represents the elastic strain energy corresponding to the difference of 
elastic deformations 9y— 2, i.e. a positive quadratic form. This 
means that W> W). Furthermore, this indicates that the postulate of 
plasticity is more general, less restrictive, than Drucker’s postulate, 
and that the latter is a sufficient but not necessary condition in the 
framework of the former. 


We shall consider now some essential consequences of the two defini- 
tions, given above, of the process of plastic deformation without the use 
of Drucker’s postulate. Figure 2 shows again the process OK in the space 
of deformation, the surface of flow Fy = 0, and the vector of plastic 
deformation yg}. for K. By way of unloading, we move the body into the 
state represented by the point M, and then we perform a process MTPTM 
closed with respect to deformation. The point T is located on the sur- 
face Fy and is determined by the length x of the segment MT and the 
unit vector t; the point P is determined by a small segment & and the 
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umit vector e in the region of additional loading. The vector of plastic 
deformation then becomes 9},, and the 

yield surface is Fp = 0. The change of 

the vector of plastic deformations is 


denoted by 


Aa”? = — ok = tp 


with p being a unit vector. 


On the basis of the postulate of 
plasticity we have 


w= | ede>0 


MTPTM 


As the quantity € is small, the 
matrix of elastic moduli (£) changes 
linearly with € in the transition from 
T to P, and therefore, at any inter- 
mediate point M and at the point P, it is 


d ] 


with, obviously, (£)7= (E)y- The sum of the integrals (4) along the 
paths TP and PT 


\ ode - \ edo \ (erp Spr)edz’ 
TP PT 6 


is, on the basis of (5), a small quantity of the order é?, Retaining in 
(4) quantities of the order & only, we obtain 


x 


W = \ (eur — rm) 
where Our is to be calculated from the elastic deformation a + x’t and 
with the matrix of elastic moduli (E)p, while ory is to be calculated 
from the elastic deformation a + x’t —- ¢p and with the matrix (E)p. We 
thus have 


Sur —Sru = “Bla = (E) x’) t) 
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and the work is equal to 


W = (E),p + §(E),'b]-t + (B),'-t (6) 


On the basis of (3) and considering that b is the elastic deformation 
at the point T (at the crossing of the flow surface Fy), we transform 
(6) into the form 


W = + 


where the notation for a new physical vector is introduced 
= — (EY 


and (£)’.is the derivative of the matrix (£) with respect to the defor- 
mation & in the direction e. 


Since, obviously 


da? de 


the derivative of the matrix can be eliminated from the expression for 
o°, and we thus obtain 


(8) 
This vector, evidently, does not depend on the position of the point 
M, but only on T and the direction TP. Let us assume a point M in the 
vicinity of T on the surface Fy = 0 (approaching it from inside); t thus 
becomes a vector in the hyperplane tangent to Fy. From the postulate of 
plasticity and from (7) we obtain 0° + t > 0 for any vector t. This is 
possible only in the case if o® + t = 0. Thus the physical vector o° is 
normal to the flow surface at the point T, i.e. 


o° = Derad Fx (9) 
Let us consider now a two-dimensional plane normal to Fy and contain- 
ing the vectors o° and t; it intersects the flow surface along a line. 
The distance from this line to the tangent hyperplane (measured in the 
mentioned two-dimensional plane) can be expressed in terms of the dis- 
tance x and the curvature x of the line in the form Z = 1/2«x?, where 
«k is considered to be positive if the line is concave. In the second 
approximation, the scalar product o° + t is equal to - 1/2xx\o°|, and 
therefore we obtain from (7) 
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W = + 


Since & > 0, we obtain from W> 0 
(10) 


This, in general, does not imply the convexity of the surface Fy, 
although convex surfaces satisfy this condition. 


The assumption of the postulate of plasticity for an analogous pro- 
cess in the space of stresses leads to the following analogous results. 
The physical vector 


= (8) = G grad /, (11) 


__ da? 
= a> 


is normal to the yield surface in the space of stresses fy = 0. Here, 


d==|do| and (@) = 


If a trajectory in the form of a polygonal line is considered [3], 
the substitution 


= Gdj (12) 


is introduced into (11), the expressions (5.1) and (5.10) of [3] are 
used, and considering that in the case discussed 


2 
grad /, | grad /, | — 
we obtain 


1 1 
N = Nx, P — = (grad (13) 


In conclusion, let us summarize the obtained results. New relations 
between the physical vectors o® and 9° and the yield surfaces Fy and 
fy are given. One of these relations, for the particular case of absence 
of deformational anisotropy, was obtained earlier by Drucker from his 
postulate. Now it has been shown that the results of Drucker and the new 
relations are the consequences of more general plastic properties of 
solids than those compatible with Drucker’s postulate. 
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The description of finite deformations of a continuous medium is related 
to the use of tensors in the initial-state and the deformed-state spaces 
with identical arrangements of indices (see [1]). In these two spaces 
lol. 25 the identical Lagrangian coordinates é}, é?, é of the particles of the 
1961 medium can be introduced with the covariant and contravariant base 
vectors a and 3° (i= 1, 2, 3) in the deformed-state space or with the 
base vectors 5; and 5‘ in the initial-state space. The metrics of the 
two considered spaces are different. If ds and ds denote the elementary 
segments in the initial and the deformed states, respectively, we have 


We shall consider tensors as invariant objects related to the particles 
of the medium subjected to a deformation process. Consider an arbitrary 
tensor of the second rank in the deformed space 


= = = 3, (0.2) 


In the initial space the tensors 4), Hy, Ay and H, can be established 
whose covariant, mixed, and contravariant components are equal to the 
respective components of the tensor H 


fi, = H,,973°, 1, = A%,3, Hy= Ay= fs, (0.3) 


Since the rising and lowering of indices employs different tensors, 
baB and bay in the deformed and the initial spaces, the components of 
tensors H;, different from these shown above, are not equal to the cor- 


responding components of the tensor H. Similarly, to an arbitrary tensor 
H in the initial space 
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(0.4) 
correspond four tensors in the deformed space 


Hz = = 3% Hy= 3, (0.5) 
which have analogous properties. Furthermore, similar considerations can 
be repeated with respect to the tensors A; and #; (i= 1, 2, 3, 4), and 
thus new groups of tensors can be established, etc. As a result, for the 
original tensors H and H we obtain an infinite sequence of tensors in 
the initial and the deformed spaces. In the following, we shall investi- 
gate the laws governing the construction of the tensors in the sequences 
established for the metric tensors, the tensors of finite deformation, 
and for the derivatives of the tensors of the second order. We shall 
show the applications of new tensorial characteristics in the derivation 
of the equations of state of the medium and in the definitions of the 
rates of stress. 


1. Let us consider the metric tensors @ and G of the initial and the 
deformed states. According to Expressions (0.1) we have 


° on or ° ° A AR Agh* * 
a B a B= *aB’ 
G = = bp 349° = g 9298, G= gag? 9° = 909 = 


ji (a = B) (1-1) 
= (3°, %)= (9, %) = \o (a + 8) 


The following tensors correspond to the tensor G in the initial space: 


929 , A> 8 I = 9a 9g 1.2 
=8§ 9298 = 8 Bop? 


and the following tensors correspond to the tensor @ in the deformed 
space: 


a a Af A A Afr 
5 9a Ig = Sak& §ap9 


As we see, the tensors having mixed components equal to the mixed 
components of G and G are also metric tensors; the tensors Aca) and B(B) 
having covariant and contravariant components equal to the respective 
components of G(G) are new tensors. The new tensors are obviously sym- 
metric; they are, respectively, inverse: = A~! B= A! and the mixed 
components of the tensors = \| a;*|| and B = || b; and A = || a;* || 


B - \| bt are equal 


a 
| "9 | 
=(s, 3. 9), & 


Vol. 25 


Finite deformations of a continuous medium 


© is 


‘Bais =. a; = 7" "9 


Mm, following tensors correspond, in turn, to the tensors A, A~! and 
i, in the initial and the deformed states: 


G= ge B,= bd (1.9) 


P 
’ a 
As ag” G = 34% (1.6) 


G = gap9 a’, By = 2°" a4 (1.7) 


As = 9 2", G=g 34% (1.8) 


from which only the tensors A,, B,, A, and B, are new. For them we have 
the relations 


A?, B,=B?=A*, A,=A*%, B, = B* = A* (1.9) 


i.e. the new tensors can be expressed as the powers of the tensor A in 
the initial state and the tensor A in the deformed state. 


It is easy to notice the law obeyed by the tensors which are obtained 
according to the indicated order of establishing the pan my 5 % 
Thus, to the tensor A, for instance, correspond three tensors A~-, G, 
A-2 in the initial space. The first tensor A~ +, whose mixed components 


are the same as those of the tensor A, has the exponent equal in = 
value to that of A, but with the opposite sign. The second tensor G, 
whose covariant components are the same as those of the tensor A, is ob- 
tained as the product of the first tensor and the tensor A. The third 
tensor A~ ?, whose contravariant components are the same as those of the 


tensor A, is obtained as the product of the first tensor and the tensor 


It is easy to notice that this rule holds also for the tensors (1.2) 
corresponding to the tensor G, and for the tensors (1.6) corresponding 
to the tensor A~ '. Analogous properties exist in the case of tensors 
(1.3), (1. ee and, (1. :8) of the deformed space, corresponding to the 
tensors , respectively. 


This discussion shows that the process of formation of new tensors 
consists of separate steps. Therefore, the rule outlined above will be 
proved if its validity is shown for the n+ lth step, assuming that it 
is valid for the nth step. 


According to the preceding discussion, at the nth step we have the tensors 


tensors A~"*+1, "+2, in the deformed space, 


155 
- (1.4) 
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with the tensors A-*, An A~"™ and A” being new (the other tensors at 
this step have already been discussed). Let us consider now the tensors 
corresponding to these new tensors. 


To the tensor 


A" = BY = gia = Ba B; = ... (1.10) 


correspond three tensors in the initial space: the tensor with the same 
mixed components is A", according to (1.4) and (1.10); the tensors with 
the same covariant or contravariant components as A~ ™ have the mixed 
components equal to a,' or B, ‘ i.e. they are as the 
products of the tensor ra and the tensor A or the tensor A~!. To the 
tensor A~” correspond thus the tensors fn, 1. 


Similar discussion shows that to the tensor A” correspond the three 
tensors A~", A~ "+1, 4-"-1 in the initial space and, furthermore, to 
the tensors i- and correspond the tensors A", A"*+!, and A~", 
A~®+1 4-~"-1 in the deformed space. Consequently, the rule has been 
proved. 


We arrive thus at the conclusion that all the tensors obtained from 
the metric tensors according to the scheme indicated above are the terms 
of the sequences 


(1.11) 


where k is a positive or negative integer, and |k| denotes the number of 
the step which yields a given tensor of the sequence for the first time. 


It is easy to see that the tensors (1.11) are symmetric and, in addi- 
tion, the tensors At and A~* have identical mixed components, which 
implies that their principal values and invariants are also identical. 
The tensors A* and A~ * have identical covariant components, and the 
tensors A~* and A*~! have identical contravariant components. 


We denote by a; and a4; (t= 1, 2, 3) the principal values of the 
tensors A and A, respectively. The above discussion leads to the con- 
clusion that the tensors (1.11) reduce simultaneously to the principal 
axes and their principal values are a; ® and a,* (i= 1, 2, 3), respect- 
ively. 


The quantities a; and @; are not independent. As mentioned, the 
principal values of the tensors A and A~! are identical and, therefore 


(1.12) 
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We shall now consider the tensors which characterize finite deforma- 
tions of a continuous medium. As a measure of strain, the following 
difference is usually assumed: 


ds? — ds* = tas = + (en — (1.13) 


and two tensors of finite strain are considered: the tensor @ in the 
initial space and the tensor @ in the deformed space. Their covariant 
components are equal [ 2 ] : 


— 9, & = (1.14) 


These tensors are, as can easily be checked, linear functions of the 
tensors A and A, respectively: 


Ga LG—., (1.15) 


The reversed relations have the form 
AuG—2 (1.16) 


Using the method explained above, it is possible to establish the 
sequences of tensors corresponding to the tensor @ and @ in the initial 
and the deformed states. With the relations (1.15) and (1.16) and the 
results of the preceding discussion, it is possible to show that these 
sequences have the form 


(G+ 28)*8, (G—2@)*é (hem ...—2, —1, 0, 1, 2,...) (4.47) 


At each step we obtain two new tensors in the initial space and two 
tensors in the deformed space. Thus, at the nth step, the new tensors 
are those corresponding to the following values of k : k = (-—1)"n, 
(-1)"% - 1. 


We see that al] the tensors of the sequences (1.17) are isotropic 
tensor functions of the tensors @ and @, respectively, and consequently 
they are characteristics of finite deformations of a continuous medium, 


We shall note some properties of the tensors (1.17), which are easily 
deduced by the investigation of the relations between tensors in differ- 
ent spaces. Al] the tensors (1.17) are symmetric. The tensors 


(G+ 28)"8, (G—28) "8 (men ....—2, —1, 0, 4. 2,...) (1.48) 
have identical covariant components, the tensors 


- 2%)" (G (m =. 2, (1.19) 
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have identical contravariant components, and the tensors 


° 


G+ (G@—2)""s (m poh, 


have identical mixed components and, consequently, identical principal 
values and invariants. 


In particular, for m= 0, the tensors @ and @ have identical co- 
variant components ¢ 4 determined by the relations (1.13). The tensors 
6 = (G -+ 2@)°@ and @ = (G— 24)" have identical contravariant com- 
ponents 


and the tensors & and @ have identical mixed components 


° 
We also note that, for m= 1, the tensors © and ¢ have identical 
mixed components 


Vol. 2 


A 
z a 


== = + (8%s — Bop), 


oe 
~ 


1 B 9° 
2 (6. — Lack ) (1.23) 


From Expression (1.17) it follows that all the tensors corresponding 
to the tensors @ and @ can be transformed simultaneously to principal 
axes. 


If the principal values of the finite-strain tensors & and @ are de- 
noted by ¢ ; and ey (i= 1, 2, 3), respectively, then the principal values 
of the tensors of the sequences (1.17) corresponding to the index k are 
(1 + (1 - (1 = 1, 2, 3; no summation with respect to 
the index i). 


There exists a relation between the principal values ¢. and € 4 Since 
the mixed components and, consequently, the principal values of the 
tensors @ and @ are identical, we have = i.e. the 


equality which relates the principal values of the finite-strain tensors. 


Let us consider now arbitrary tensors of the second order determined 
by the relations (0.2) and (0.4). These tensors may have identical either 
me components H, and Hop or the contravariant c 
iPS and Ae or, finally, the mixed components H,* and H,* or H,” and a 
In the following we shall call the quantities H”, the mixed components 


of the first type and the quantities A,” the mixed components of the 
second type. 


Let us consider the case of the tensors H and ff with equal mixed 


| 


‘ol. 25 
1961 


Finite deformations of a continuous aedius 


components of the first type 
= H*, = (1.24) 


To the tensor H correspond four different tensors in the initial 
space. The first tensor, with the “sg mixed components of the first 
type as the tensor H, is the tensor H, according to (1.24). The other 
tensors, with the same covariant, contravariant or mixed components of 
the second type as the tensor H, have the mixed components of the first 


type equal to 


respectively, and they are thus of the respective forms 


AH, H An, A HA” 


Similarly, to the tensor i correspond four different tensors H, AH, 
HA~*, AHA~* obtained in an analogous way. 


Thus, at the first step the tensors corresponding to the tensors H 
and may be represented in the form 


A" BA’, A™HA" 
where m and mn are the numbers equal to 0, 1 and 0, -1, respectively. 


It is easy to verify that, according to the relations (1.4) and (1.24), 
to an arbitrary tensor of the type A"HA”" in the deformed space (m and n 
are arbitrary integers, positive or negative, or equal to zero) corre- 
spond the following tensors in the initial space: the tensor ) niin 
with the same mixed components of the first type and the tensors 
variant and mixed components of the second type equal to the respective 
components of the tensor A" HA". Similarly, to an arbitrary tensor 

"HA" in the initial space correspond the following tensors in the de- 
formed space: A~"HA~", A'~®HA~", 
i.e. the tensors derived are of the same form as the tensors (1.25). 


This indicates that the tensors corresponding to the tensor A" HA" 
are formed in the initial space according to the following rule: the 
first tensor, with the same mixed components of the first type, is ob- 
tained by placing the sign over the factors of the tensor A" HA" and 
changing the signs of m and n; the other tensors, whose covariant, 
contravariant or mixed components of the second type are the same as the 
respective components of the tensor A" HA", are obtained by multiplica- 
tion of the first tensor, in that order, by the tensor A on the left 
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side, by the tensor A-} on the right side, and simultaneously by the 
tensor A on the left side and the tensor A-} on the right side. An 
analogous rule holds for the formation of the tensors in the deformed 
space which correspond to the tensor of the form infin in the initial 
space. The application of this rule leads again to the tensors of the 
form (1.25). Consequently, all the tensors corresponding to the tensors 
H and H are of the same form (1.25). 


In particular, if H and Ai are the metric tensors G and é, then the 
relations (1.25) result in the relations (1.11) derived previously. 


If the tensors H and ff have identical covariant, contravariant, or 
mixed components of the second type, a similar discussion can show that 
all the tensors corresponding to H and fi will be also of the form (1.25), 
and analogous rules for the formation of new tensors can be established. 
For instance, if the tensors H and H have identical covariant components 
Hig = = Hyg, we have the following rule. To the tensor A"//A” corre- 
spond the following four tensors in the initial space: the first tensor, 
having the same covariant components, is obtained by placing the sign ° 
over the factors of the tensor A* HA" and changing the signs of m and n; 
the other tensors, having the same mixed components of the first type, 
then the second type and, finally, the same contravariant components as 
the tensor A" HA" are obtained from the first tensor by multiplying on 
the left side, then the right side and, finally, simultaneously on the 
left and the right sides by the tensor A~ 


If the tensors H and A are the finite-strain tensors € and ¢é, 
then, according to the relation (1.15), the products @A* and @A* 
(where a is a positive or negative integer) obey the commutative rule, 
and from the relations (1.25) follow the relations (1.17). 


Let us note that the tensors (1.25) are, in general, not symmetric, 
even if the tensors H and H are symmetric. Furthermore, it is easy to 
show that among the tensors obtained at the steps 2k — 1 and 2k, k = 

1, 2, ..., of the procedure, only the tensors of the sequence (1.25) for 
which at least one of the numbers |m| and |n| is equal to k and the other 


number is an arbitrary natural number from zero to k (including k) are 
new. 


For instance, for k= 1, i.e. at the first and the second steps, we 
have the following new tensors 


AH, HA, HA“, AHA, AHA, 
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in the initial space and similar tensors in the deformed space. 
2. Let us discuss some applications. 


a) In the following, we shall give a generalization[3] of a det 
system of the equations of thermo-elasticity of reversible processes, 
under the assumption that the external heat input and one of the 
potentials analogous to internal energy, free energy, heat content or 
thermodynamical potential, related to the unit of mass, are given. In 
the derivation of the equations of state, the finite strain tensors ¢ 
and ¢ defined by the relations (1.13) and (1.14) are usually assumed as 
the characteristics of deformation. We shall show that if the deformation 
of a medium is described in terms of the tensors 0 =" 9,0, and O 

349 , where sre defined by the relations (1.21), an analogous 
system of the equations of state can be obtained. 


The elementary work per unit mass of the internal surface forces is 


determined by 


dA” = 


P*'d €45 


where p is the density of the medium, Pp are contravariant components 
of the stress tensor P*’s, 9, or J’ = 9, in the initial and 
the deformed states, respectively, and de,, are the increments of the 
covariant components of the tensors ¢ and @ defined by the relations 


= : (Wala + Vals) at 


Ab jo 
-5 
= 


with = v's, = vy being the velocity vector of the particles of the 
medium. 


We shall consider that the components of all the tensors discussed 
and the base vectors are functions of the Lagrangian coordinates é', é?, 
&3 and time t. 


If the expressions for the time derivatives of the base vectors [ 2 ] 


(2.1) 
“a 


9a, (a, i=i, 2, 3) 
dl 


are taken into account, then the relation deag = Barbe d@** can be 
easily obtained and the work of internal forces expressed in the form 
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da d. 
i =0, —- = (), — > 
al dt dl 


i 
dA” = — ; Py (k, e=1, 2, 3) (2.2) 


Bare P,. = Pe abe are the covariant components of the tensor 7 or 
the tensor 


“Kee 
Py = Prea 


We shall consider a medium for which the potentials analogous to the 
internal energy and the free energy are given by the functions 


F=F (gaz, 0°, T, +> pnt, 8) = U—TS 


Here S is the entropy per unit mass; T is the absolute temperature; 
##; are certain independent physical and chemical parameters character- 
izing changes of the physical and chemical properties of the medium 
accompanying mechanical phenomena. 


In the case of reversible processes corresponding to all possible 
variations 5U, 5S,50°, du; or SF, 5T, 50°, the first and the 
second laws of thermodynamics and Equation (2.2) lead to the relations 


aU au ou 1 4 a 
_ OF OF , OF ap (2.3) 


If the admissible increments 5S, § 5y;, or ST, § are 
arbitrary, the equations of state, valid for any process, follow: 


1 / Wy OF 
Pag = | é ) (2.4) 


(the remaining relations having the same form as in[3] are omitted). 
It is clear that the use of the internal energy is more convenient in 
adiabatic processes, while the use of the free energy is preferable in 
isothermal processes. Equations (2.4) indicate that the quantities 
Tag= Pp : ag may be used instead of 6°8 and the systems of variables 
Tag, S, My, OF Tag, T, 4; may be considered. Then a similar system of 
equations can be written if the potentials analogous to the heat content 
and to the thermodynamical potential are taken into account: 


a bad 9 r 


’ 
G G (Yap, Taf» T, | Mn, E%) = F — 


162 V.D. Bondar’ 

Vol. 

| 


1961 


Finite deformations of a continuous medium 


With the potentials ¥ and G Equations (2.3) assume the form 


TS — 


(2.5) 
7, = — SOT — 


Hence, assuming that the variations 5S, ae, 5yu,;, or ST, Sp; 
are independent, we obtain the equations of state in the form 


23 


oy | OG 


(2.6) 


Expressions (2.4) and (2.6) have besn derived with the use of the co- 
variant components P,, of the — 3 and P, and the contravariant 
components 028 of the tensors © and ©. The equations of state can be also 
derived using the components of the tensors P and 0, or the tensors P, 
and 6, with different arrangement of indices. 


Let us consider the tensors P and ©. The relations between different 
components of the tensor © are determined by the equalities 


97° 6,72 af 6," 26°") 


= = One (g* — 20°") — 20") 


Differentiating these equalities, we obtain the equations 
(2.9) 


26,""6," + 236,"") 


We shall consider that the potentials U and F are functions of the 
mixed or the covariant components of the tensor ©. Then, using the rela- 
tions (2.9) and shifting the indices of the components of the tensor P, 
the equations of state (2.4) can be written in the form 


mn al 

on 
OF 

( ag) 


mn 


mn 


The relations (2.10) and (2.11) give the expressions for the mixed 
and the contravariant components of the tensor P. 


763 
av 
= as 6S Pas ay On; ! 
at 
ac OG 
3 
‘ol. 25 
(2.8) 
4 
4 al 
: of, n a 26," 
(oF ( (2.11) 
+m ta] 


V.D. Bondar 


Let us consider now the a B, and 6. The mixed and the contra- 


variant components of the tensor © are determined by 


ke ke ‘ ‘ 
g ak? « 4 (2.12) 


ea 


Since the components of the metric tensor G do not depend on time, 
the differentiation of Expressions (2.12) gives 


and, consequently, instead of (2.4) we have the equivalent relations 


1 es OF 
T Pree | 
k p \ ag," a4," 
av’ \ OF 


(2.14) 
which give the expressions for the mixed and the contravariant components 
of the tensor P,. In a similar way, from Equation (2.6) the expressions 
for the mixed and the contravariant components of the tensor © follow: 
OT 


a 
OT», ot Ss T py 


6,* 


Pi 


It is easy to verify that the relations (2.10) and the first of the 
relations (2.14) can be written in the form 


(2.16) 


k Ak AkT 


where Bo = Bab pko 


of the tensors |), 4, @ , respectively. The relations (2.16) were de- 
rived in[3]. 


fo 


b) In the theory of finite deformation it is more convenient to con- 
sider instead of the tensor = P*’s,a, the tensor = 
5*° - |/pP**, because the quantities o have a potential. 


We shall introduce four different definitions of the rates of the 
tensor ao, and we shall show that one of them coincides with the defini- 
tion proposed by Truesdel] [4]. In addition to the convected coordinate 
system, we introduce a fixed coordinate system in the deformed space x!, 


x?, x3, with the base vectors 2, 9/, i - |, 2,3. Without limiting the 
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generality of this discussion, we assume that this new reference system 
is Cartesian. To the tensor 


2.17) 
Aa 
6, = 3,93, Se G= 


The different rates V., i= 1, 2,,3, 4 of the tensor o are defined as 
the time derivatives of the tensors ¢;: 


ds” «6 


° 
= - 92395, 
Vi di 


The expressions for the components of these tensors can be obtained 
by differentiating the tensor o in the invariant forms (2.17). Using Ex- 


pressions (2.1) for the time derivatives of the base vectors 4 and , 
and taking into account the fact that the reference system is Cartesian 
Vol. 25 and consequently 


1961 
aa 


dt 


we obtain from the differentiation of (2.17) 


a 


a8 


Here the equality o” = l/p P’ *8 and the continuity equation 


do 
dt ' 
have been utilized. 


_ Assuming that at the instant of time being considered the base vectors 
a and % coincide, we obtain the relations which hold in the curvi- 
linear coordinate systems: 


dt di P's 
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8 
dl Yk at Va 395 | dt Val Sak la 
i 
k* k ik 
x ‘ 
(2.18) 


k ov’ 
pr — 


Ox" 


p Par 

In a Cartesian coordinate system the positions of the indices are 
immaterial and the first of Expressions (2.18) coincides with the de- 
finition of the rate of stress proposed by Truesdell. 


It is easy to see that the invariants of the tensor o coincide with 
the invariants of the tensors 0, and o,, and they are different from the 
invariants of the tensors o, and 7,. Obviously, the time-derivatives 
of the invariants of the tensors 0, 9,, 9, become equal to zero with the 
tensors V, or ¥;, and the time-derivatives of the —_ of the 
tensors or 0, become equal to zero with the tensors V, or respect - 
ively, 


4’ 

We note that with the relations 

= AG, A 

the following relations for the rates of the tensor o can be easily de- 
V,(G + 2k) 


V, = 2e3, (G + 2k) 


. 
where e is the deformation-rate tensor. 


The problems considered show that the proposed tensorial character- 
istics may be used in the discussion of different questions of the theory 
of finite deformations. 
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Considered is the question of possible simplification of the so-called 
relations of elasticity in the theory of thin shells. It was thought that 
the simplest version of such relations (often referred to as the first 
approximation of Love’s theory) could lead only to such an error which is 
of the order of O(h/R) (h and R are the thickness and the smallest of the 
principal radii of curvature of the shell). In this connection an opinion 
was expressed [1] that the simplest elasticity relations for shear 
forces and twisting moments can lead to a more significant error. In the 
helical shell example of [2] there are shown the essential defects of 
the solution obtained on the basis of the simplest elasticity relations*. 
These defects, apparently, are connected with the simplification of the 
elasticity relations for shear forces and twisting moments. The simplest 
elasticity relations for normal forces and bending moments were not 
subjected to criticism; it appeared they should not contribute signific- 
antly to errors. 


The present work establishes that this is not quite so. Initially it 
is shown how to obtain complete relations of elasticity on the basis of 
the widely known results of Love, and there is derived a supplementary 
(to the sixth’s equilibrium equation) algebraic equation relating the 
shear forces with the twisting moments. Then it is determined which 
simplifications of the complete elasticity relations are permissible for 
a cylindrical shell. It is established with the example of such a shell 
that the inclusion of the usually ignored quantities in the elasticity 
relations for normal forces and bending moments can essentially affect 
the solution of some problems. 


* Reference [2] came to the author’s attention after the present work 
was completed for publication, 
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The investigation carried out leads to the elasticity relations for 
an arbitrary shell which are basically not unlike those given in {3 ]. 


l. Let us refer to the linear theory of thin shells with constant 
thickness as presented by Love [4]. We will retain part of the notation 
used in [4] and will change the remaining part for convenience. In the 
first and third row below are shown notations used by Love, while in the 
second and fourth row are given the corresponding notations of this 


paper: 


U,, Ug, Us; @, 
S,, Gi, H,, Hg; 
T 12, —T, Mi, —My2, Ma; 


Correct (within the limits of linear theory) values of the components 
of deformation at any point in the shell are determined by Formulas (30) 
derived in Chapter 24 of [4]. The first hypothesis of Kirchhoff-Love 
should be formulated as follows: in the three formulas for e), ey, ¢) 
mentioned above, one can neglect €, 7, ¢, i.e. in defining e,, ey, ey 
one may assume that the section of the normal to the middle surface of 
the shell constrained between its outer surfaces remains straight in the 
process of deformation, is normal to the middle surface and remains con- 
stant in length. On the basis of this hypothesis, we have 


(1.4) 


i—_:z/R, ' 1 


2 Ry T,2| 


where i = 1, 2 as in the following. In the last formula (see [4], 
Chapt. 24, Equations (11)) 


A A 


Hence, neglecting quantities of higher order than the deformation of 
the middle surface (see [4], Chapt. 24, Equations (21), (26)) we obtain 


and consequently 
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Quantities €;, x;, @, r, are determined from the displacement compo- 
nents u,, uy, us in the form (see [4], Chapt. 24, Equations (21), (26)) 


{ du; OA Us 


(1.3) 


(1.4) 


Ae Ue \ Ay uy 


) (1.5) 


As Od, Ay } 


1 Us 1 OA, { (1 6) 


Let us introduce the quantity r* = 7. + @/R,. From the equalities 
(1.5), (1.6) and one of Codazzi’s formulas 


Ay 1 OAs 
it is easy to establish that 


t* — — 
A 


1 Pug dug 1 OA,Oug Ag / te 
Ay O (uy 
dae \ Ay 


By means of simple transformations it is possible now to represent 
the right-hand side of Formula (1.2) in a clearly invariant form relative 
to the transposition of notations of the coordinate lines 


or in a more convenient and also clearly invariant form for the follow- 
ing 


Ry 


wit 


A, (U2 ) Ay O (uy 
1, On, > Ay Ay 
(1.8) 
1 Pus | OAg OA 


t= 
1, Ag On, 1, OA, OA 


and where w = @, + @,, as follows from Formula (5). 
On the basis of the second Kirchhoff-Love hypothesis, stating that 
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at any point in the shell the stress o, is considered negligible* com- 
pared to the larger of the 0, or o, stresses, and in view of Hooke’s law 


we have 


+ ~ (1.9) 


i— y? 


Substituting e; and e,, into (1.9) from Formulas (1.1) and (1.7) we 


obtain 


The forces and moments per unit length are determined from the equal- 


ities 

“ish 

Ti= \ a(t—g—)dz, \ 
3—i 3-t 


(1.11) 


1961 


—'/sh 


Substituting here in place of 0; ando; ,_ ; the right-hand sides of 


the equalities (1.10), we obtain 


(1.12) 


(Xi — @] + 


It is understood, that we are excluding the case when the shell is 
loaded on both outer surfaces by equally distributed normal forces, 
which referred to the unit of the middle surface, have equal magni- 


tude but opposite directions. 
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whereby if R, = o(y; = 0), then y;/6; = - 1 since 
t Xi t 


and consequently 


#=—1+0(), 


B; 


and then Formulas (1.12) can be expressed in the form 
2 lei ++ + (1 +0 (3) — hx | 
— (1 + OB) [th — — 


( 2 [h (xi “++ Vx -i) (Ki — Ys (1 +O (3;)) + 


+ 0@)) x] (1.44) 


wi J 


In Formulas (1.12) for T; 3- i» M; 3— ; appears the expression hr - 
(x; ,)@; equal to hr*® y,o. Therefore, the quantities 
M; 3- ; are linear functions of the two quantities @ and r*. 

The forces and moments per unit length are related by the conditions 
of equilibrium of the shell (see [4], Chapt. 24, Equations (45) and 
(46)) 


3—i 
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The fulfilment of equality (1.18) is guaranteed by Formulas (1.11). 
If one substitutes into (1.18) the quantities T,,, T,,, M,5, My, from 
(1.11) then, as is known, it will become an identity (the same will 
apparently take place by using (1.12)). The second algebraic equality 
relating T,5, T,,, My», M,, must follow from the fact that these four 
quantities are linear functions of the two quantities and r*. 


Two independent algebraic equalities relating Tio To Mio: Mo) can 
be obtained as follows. We will replace in Formulas (1.12) for Tho and 
T>) the quantity @ by the sum @, + @), and we will consider them as a 
system of equations relative to @) and W, (it is easy to see that its 
determinant is positive for R, # R,). Solving for @, and w, from the 
system, we can substitute these expressions into Formulas (1.12) for Mi» 
and Mo). Thereby the terms containing r are eliminated and the two de- 
sired equalities are obtained: 


ta )+ 


a. (hi — Vie 


1961 


These coincide only in the case when R, = Ry. 


Multiplying (1.19) by xy, (1.20) by x,, adding the results and divid- 
ing out X> — X), One obtains (1.18). Adding (1.19) and (1,20) we obtain, 
after reduction by x, — xX; 


Tn) rity 


(1 +g 


| 
+ )| (Tx T 
(1.21) 


(%1 — x2) | (Mi h| 
This equality is fulfilled also when R, = Ry, which can be seen 

directly by using the corresponding formulas (1.12). If in (1.21) 

To) ~ Tho is replaced, in accordance with (1.18), by the expression 

M, Ry * - s,.8.*, and if we limit ourselves only to the main terms (this 

is equivalent to a replacement in (1.21) of y,/B), y,/B, by -1 and of 

the Ms) = M,,-factor by —2; see above ), then instead of the exact 
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21) we will obtain the approximate equality* 


equality (1. 


h? / 1 
My = | R, + Tx) (1.22 


Thus the equalities (1.18) and (1.21) (or the approximate equality 
(1.22)) can be considered as two independent algebraic equations always 
relating Mio. My). It follows from (1.21) and (1.18), as well 
as from Formulas (1.12), that to each umbilic point of the shell’s sur- 
face correspond equal values of the quantities Mio Ms, and Tho T, 
(Mig = = 1 ))- 


Thus, on the basis of the Kirchhoff-Love hypothesis, the components 
Of the shell deformation are determined by the quantities 
€ Xg, which are expressed in terms of the displace- 
ments u,, U,, Us in accordance with Formulas (1.3), (1.4), (1.8). Thereby, 
the forces and moments per unit length (except N, and N,) are related 
with the quantities ¢,, €,, ..-, * by Formulas (1.12), while among them- 
selves they are interrelated by five differential equations (1.15) to 
(1.17) and two algebraic equations (1.18) and (1.21) (or by the approxi- 
mate equation (1.22)). 


An important question arises regarding the possibility of simplifying 
the relations of elasticity (1.12). All existing versions of the theory 
of shells based on the Kirchhoff-Love hypothesis are dependent on the 
choice of certain approximate relations of elasticity. A rigorous solu- 
tion of this question requires evaluation of relative discrepancies bhe- 
tween the solutions (i.e. values of displacements and stresses) of an 
arbitrary boundary-value problem in the theory of shells based on the 
relations (1.12) and the simplified relations of elasticity. It is not 
clear how such an evaluation can be made for a shell of arbitrary shape. 
However, certain conclusions can be made referring to a cylindrical 


shell. 


2. For the cylindrical shell the equalities (1.15) to (1.17) without 
loading terms, the relations of elasticity (1.12), and Formulas (1.3), 
(1.4), (1.18) yield a system of three differential equations 


It differs from the "supplementary" equation derived in [i]. Equality 
(1.22) is fulfilled exactly, if in the corresponding formulas (1.12) 
only the main terms are considered, i.e. if it is assumed: 


4 = Eh — (%; — ATI 


24(1 M; = — Eh? [2ht — — 
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Liu, + + = 0 (j=1, 2, 3) 2.1) 


where Lip, k= 1, 2, 3) are the following operators forming a symmetric 
matrix: 


ops + (1 — v) (1 


P 
= 


+(1—w(1 +38), 


(R& and Rd) are the coordinates in the axial and circumferential 
directions; B = B,, y = y,). 


Let D be the determinant with the elements L.,, and A, the corre- 
sponding minor of the L;, element. The general solution*® of the system 
(2.1) can be defined by the equations 


u, = Ay, ®, Ag®, us = 


where ® is the general solution of equation D®-= 0. In expanded form 
this equation, reduced by the factor 4(1 - v)§ and in which the components 
o(8) are neglected in the coefficients, becomes 


L,® = (1 + 3g) S> + (44 


—— v) 8) 


(4 33 


‘ — s\ 

312+ (1 —v)(2 + BI 


(9 
Ee og? r 3) og* 


[2(4—v) + (7 — 5v) 8] 


2(1 + 8) 


* With the exception of pure elongation and torsion which are not 
sidered here. 
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Without the terms 0(§8) in the coefficients, the expression L,® has the 
form 


og" 


og? 


og 


The same equation (2.3) is obtained if in the relations of elasticity 
(1.12), neglecting small quantities (see (1.13)), it is assumed that 
y,/B; = — 1 (which is equivalent to neglecting the quantities O(8;) and 
the last terms in the brackets in the expressions for M; and M; ,_ ;), 
i.e. if (1.12) are replaced by the following: 


Eh { 
T; le (Ki Ys i) (Yiki | 
Eh | { 
T;. 3—i | @ (Yi Ya i)* @; (Xi he | 
(2.5) 
M; — (Ki Ys ‘) ei] 


12(i1—v 


Eh? 


Mi, 24 (1 + Vv) 


(Yi 2%3 i) @§| 


These formulas are essentially not different from the corresponding 
formulas derived in [3]. Formlas (2.5) for T; 3~ 4 and M; 3~ ; can be 
written in the form 


2—i = 12 (Kj hy i) (ht* - Lio) | 


In the presence of the relations (2.5), the exact equation (1.18) and 
the approximate equation (1.22) are valid. In place of (1.22) the follow- 
ing equation is fulfilled exactly: 


ht / 1 2] 
| (Ma, — 


(it is obtained from (1.21) if it is assumed that y,/B; = - 1). The 
change in the operators L, which occurs when the relations (1.12) are 
replaced by Formulas (2.54 consists merely in that the quantity y is re- 
placed by —f (this does not disturb the symmetry of the matrix || Liyll, 
i.e. some coefficients of the Lip operators remain unchanged while others 
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change by the amount 0(8), which is negligibly small compared to the 
values of these coefficients. The same happens to the operators by means 
of which (through the function 9) are determined the displacements and 
the internal force factors, and consequently similar insignificant changes 
occur in the boundary conditions expressed by means of the function °%. 
Taking all this into account, and based on the fact that the indicated 
small changes of the coefficients (of the order of o()) in the equation 
for © and in the boundary conditions expressed through © lead only to 
negligibly small changes of the function © itself, we conclude that for 
the cylindrical shell one can always replace the relations of elasticity 
(1.12) by the approximate relations (2.5) without essential error. 


Further approximations of the relations (2.5) for the cylindrical 
shell can lead in particular cases to significant errors in the solution, 


as will be shown below. 


3. Rejection of any (secondary) terms in Formulas (2.5) for Ti 3-5 


and Ms 3- ; (here are considered the second and third terms in brackets 

of these formulas) leads to a violation of the sixth equation of equi- 
‘ol. 25 librium or to the appearance of stresses in the displacement of the shell 
1961 as a rigid body. Naturally, these defects can lead to substantial errors, 


as was noted in[1]. Therefore, let us consider the more delicate 
question regarding the possibility for simplifying Formulas (2.5) for T; 


and ¥;. Let us refer to the following relations of elasticity, which 


differ from (2.5) only in the formulas for Tr, and M 


(3.1) 


If one accepts these relations, then in the equations (2.2), in addi- 
tion to the replacement of y by -§ (which differs from y only by o(§)) 
there will occur a change in certain coefficients in a number of oper- 
ators Lik by the quantity O(8) (such changes can substantially affect ©; 
see p. 784). 


Indeed, we will have 


TTT 
Eh 
7; va ve,_;) 
M, ~(% 
12 (i— v*) 
-v = (I v) 3 og?’ 3) ip? (i v) (1 33) 
Log + (3—v) 23-4, Ls ev = — (1 —¥)B 
a a3 a, 
Les * (3 —v)B =; 
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(matrix || L 5 || remains symmetric). 


Then, instead of Equations (2.3), (2.6) one obtains the following: 


+ (3 3) + [6 — 3v(1 — v) 8] 5 


420+ (1 — v4) (1 + 38) + 


»)B| + (1 + B) = 0 

— 6 + - 


(1 — 98) +4 + (3.3) 


In the case when the shell is acted upon by a normal pressure 
q = q(é, ) we will have the following, instead of Equations (2.3), (3.2): 


L,® = 6(1 + v) (3.4) 
L,® = 6(1 + v) (3.5) 


If one chooses q and the boundary conditions for the shel] such that 
| in the solution of Equation (3.4), corresponding to this choice of the 
. boundary conditions, the term with the large parameter B~! would vanish, 
it would then be natural to expect that a significant difference in 
certain terms containing sixth and fourth derivatives in Equations (3.4), 


(3.5) (see also (2.4), (3.2)) will substantially affect their solution. 


In view of this, let us assume 


q = 3qy (36? — 6 — v) cos 2q (3.6) 


Then the particular solution of Equation (3.4) will be 


(the smal] term with the B-multiplier on the right-hand side of Equation 
(3.7) is attributed to the small terms in the L, operator coefficients 


from (2.3); the reason for the retention of shone small quantities is 


778 
(3.2) 
4 ve 
196 
=F (1 ¥) cos 29 — (1 + 08 2p (3.7) 


Basic relations in thin-shell theory 


explained in the footnote*). 


The following displacements, forces and moments per unit length cor- 
respond to the particular solution (3.7): 


u, = 6(1—v*) bcos2g, = 6(1 — v*) —1— =) sin 2g 
‘ RY ‘ ‘ ) 
us = 12 (1 — v*) — 1) cos 2g (3.8) 


(4 —v)(7 v)| Raq, cos 29 


T = —3(1—v) Rqosin2g, M, = — v (38? — 3 + cos 2g 
M,, = 3(1 — v) sin 2q, Ni = + = cos 29 


T, = — 6 + v) cos 2q, Ts, =0 (3.9) 
M, = — (3 +- 2v — 3§?) cos 29, M,, = 3(1 —v) sin 2g 
Ns \ ) hq, (9 65?) Sin 29 


Formulas (3.8), (3.9), with the exception of 7,, contain no small 
terms which, compared to the included terms, are as small as h?/R? is 
small compared to unity. But in the derivation of these formulas the 
small terms were considered when the main terms were mutually eliminated. 


The small term in T, is retained because it is of the same order of 
magnitude as the remaining forces. 


At the boundaries of the shell (for € = +p = +1/2R, Il is the 
length of the shell) we obtain from (3.9) 


* If in the definitions for @ and €> + ve, one considers only the usual 


main terms in the operators Ay, and only the main terms in Formula 
(3.7), we will then obtain w= 0, €5 + ve, = 0. Retention of the small 
term in Formula (3.7) significantly affects the value of T,- Equation 
(3.9) for T, is obtained with this term included. Even though 7, 
appears negligibly small compared to its change prevents ful fil- 
ment of the equations of equilibrium. Therefore, in order to avoid 
possible difficulties, the small quantities are retained in Equations 
(2.3), (3.2), (3.7) and below in the equation for ?,. 
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- (6 (1 — v*) hk? + — v) (7 + v)] cos 2g 

M,,/R=+6(1 —v) sin 2@ 

M, = — [*/2 — ye — 3+ cos (3.10) 
N,+ (1/ R) / 12 (1 — v) Raop cos 2g 


Consequently, assuming the elasticity relations (2.5), then for the 
cylindrical shell subjected to the pressure (3.6) and with the boundary 
conditions (3.10), we obtain the displacements (3.8) and the forces and 
moments per unit length (3.9). Thereby, the state of stress of the shell 
is practically determined by the force 7,, i.e. the stresses correspond- 
ing to the forces Tyo. Ny, T,, T1> N, and the moments M,, Myo, Mg, My, 
are negligibly small compared to the sevens corresponding to 7. This 
stress is 0, = , + ve,)/O -v*) = T,/h. 


In passing we will show how for an arbitrary shell the stresses o1, 
can be éxpressed in terms of the forces T;, Ti 3- and the 
moments M;, M; Beet if these forces and moments are determined from 
(2.5). From the first formula (1.10) and the first and third relation 
(2.5) (if €;» X; are expressed in terms of T;, M; by means of these re- 
lations) for z = t h/2 we have 


h 


r= [0 (xj) + 4 


M, M,_, 


Therefore, if T; and M; are determined according to (2.5), then these 
stresses can be computed by the usual formula 


T; h+6M, h? 


1 


with a negligibly small error as compared with the largest stress Oi, FF 
(for fixed a,, a, and z= t h/2). 


Furthermore, inasmuch as z/R; << 1, Formula (1.10) can be replaced by 
the approximate equation 


R. } @2) 


(the last term in brackets is retained for the case if w= 0, i.e. 
@, = — @)). Hence, for z= t h/2 
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From this equation and 


T 2 | ah | @ = i-v 


Th (kt Xa) — (@r — 2ht] 


resulting from the second and the fourth formula in (2.5), it follows 
that for z = +t h/2 


6 My Ry 


h? — 


(for T)y = T2,, Myo = Mg, this formula becomes the ordinary formula for 

Let us turn now to the relations (3.1) and Equation (3.5), where q is 
determined from (3.6). The particular solution of Equation (3.5) is 


Rt qo Vv 5 


+ ¥) } (3 - cos 29 = 
0 
1961 (i+ — cos (1 4 v) B(E® + cos 2g 


The following quantities correspond to the function 9%): 


R 


‘ ‘ 
cos 29, = 6(1 — v*) — 


us = — (3.11) 


4 4 —w)(7 + ¥) + — v)| cos 2g 


=|6 (i — v4) 


M, = — R*qo }cos 29, 3(1 —v) sin. 2g 
NV, = cos (3.1) 
= (3§? — 6 v) cos 29, T's: SvERg, sin 249 
M, = — (3 + — cos = 3(1 — v) sin 2 
Ng = (9 + 2v — 66?) Rao sin 


In (3.11) and (3.12) there are no terms of the same order of magnitude 
as in (3.8), (3.9). Quantities Uy, Myo, N, T,, Mj, and the main part of 
T, are unchanged. For ¢ = + p we will again have the fourth equation 
(3.10), while the remaining equations (3.10) are replaced by the follow- 
ing: 
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3(2—v) Rqoosin29, M,=—R%q, E — v(3p*—3— jeos2e 


In order to obtain a solution of Equation (3.5) which corresponds to 
T,, Tyg, Ny, My, Myg according to Formulas (3.1), satisfying all condi- 
tions of (3.1), we add to ®, a correspondingly chosen solution % of the 
homogeneous equation (3.2). The function ® can be expressed in the form 


= (Ajcosnk§ cos k& Bysinnk§ sin Agooshh,§ cos 


|- Bosinn k,& sin cos 


(3.13) 


Here* 


(x4 = 3(1 — v*) R2/h?) 


and the constants A,, A,, B,, B, must be chosen such that 7,, Tj,, N,, 
M,, M,, (quantities corresponding to ®, which will be denoted by T,°, 
T,,°, satisfy the conditions 


= v(v — 3p*) cos 29, 
T — M,,.°/ R = + 3vRq,psin 29, 


M,° = Req, 00829 (3 44) 
N,° + (1/ R)OM,,° / dg = 0 


for op. 


Neglecting quantities of the order of h/R as compared to unity one 
can, for example, write the equations for 7° and M,° as 


Small terms by which differ k, and k, are retained because they 
significantly affect some derivatives of cosh kié cos ko€ and 
cosh k,é sin k,é used in forming Equation (3.15). For example 
(cosh cos kof)” = k, sinh cos kg ky cosh sin = 
€*) while, if it is assumed that k, = = ky = 3/K, 


then (cosh kof cos kof)” = ko(sinh kof cos kof — cosh kof sin kof) = 
6x *€°, 


= 18 
T Mi 
a 
| 
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Eh of 


Tv R [( A yoosh KE cos KE -+- By sinnk— sin kE 
A gcosh cos + Bysinnk,— sin cos 

M,°= [(A coun KE cos KE + By sian kE sin kE) cos 2@} - 

+ 7 x) (A, k,& cos k,& cos 2@) + 


and similarly simple expressions for Fan”, n°, M,,°. On the basis of 
these expressions conditions (3.14) become 


b, A, — a,B, + a, A, — = 
b, A; — a,B, —a,’ A, — b,'’ B, = * 
b,’ A, —a,'B, + a, — b,B, = c3x™* 
b,’ A, — a,'B, — a,’ A, — 6,’B, = 0 


(3.15) 


a, =coshkp cos kp, a,’ =sinn kp cos kp —coshkp sin ko 


b, =sinn kp sin kp, b,’ =cosn kp sin kp -+-sinn kp cos kp 
a, = — 1), by = 3x, a,’ = 
by’ = Gvx-* (3p? — 3 + — 2/-v), a, 18x" *p 


18x~*p (6 — +- 1 — a,’ 18x" "p (2 (2 — v) (3 — p*)++17— 8v] 
bs’ =~ 36 (2 — v) xp, Cy = (1 + v) (3p? — v) / WE) 
Co = */4(1 +- — v*) (48g, / RPE), = (1 v) / WB) 


From (3.15), assuming x! << p << « and neglecting quantities of the 
order of h/R as compared to unity, we obtain 


3 q, R* 2 sinh XP COS KP —coshxp Sin Xp 
Ay \ v) (t — v*) x sinh 2x0 +- sin 2xo 
3 geosh%p in x0 -+sinh COS KO 
B, 4 Eh v) (1 sinh 2xp + s sin2xo (3.16) 


A, = v(i +), B, = ER * (1 + 


* The indicated coefficients in Ao, B, were obtained with the aid of 
such approximate equalities as 


ag =! 2 [ 2k) sin kop - (k,? cosh) cos kop] = p* 1) 


783 
Vol. 25 
1961 where* 


V.M. Darevskii 


Let us note concurrently the following. On the basis of (3.13), (3.16) 


qo R* 


Ageoshk, cos ky cos 29 = 6 


v(1 + v) cos 


Consequently, the main part of the function ®, + ®, which is equal to 
3 he qo (ee 


v ‘ 
(1 “T v) COs “4 


sve 


& 


differs from the main part of the function ® defined by Formula (3.7). 


. Thus it is established that the change in the coefficients of some oper- 
ae ators Ai, by the quantity O0(8) (which corresponds to the passage from 
: ip (2.5) to (3.1)) can substantially alter the solving function ®, corre- 
S sponding to the full solution of the boundary-value problem. Utilizing 


(3.16) and neglecting quantities of the order of h/R as compared to 
unity, we find 


u ) Esin 2g = v(1—v’) sin2@ = (3.17) 
Vol. 
Us 2v (1 — v*) C08 08 2g = ev (1 — v*) cos 24 196) 


u,° are displacements corresponding to 


= q ft {2 (1 — v*) [1 + + v (wv — cos 2q 
T, |'/2v — 2(1 — v*) x*f, (E)] cos 24 


[4 (1 — v*) (E) + 3vE] sin 2¢ (3.18) 
N,° = —2(1 — v*) q, Rx/, (E) cos 24q 
= — — v*) (&) + 1/2 ¥] sin 2g 


My = qo — v*) (&) + cos 2q 
M,° = q, R?v((1 — v) (&) + 4/2] cos 2¢ 
= 2(1— v) (1 — v*) q, x! (E) sin 24 


| (sinb COS — coshxp Sin xP) sinnxE sin — (coshxp sin xp + 
-} sinh COS XP)coshxE COS (sinh2 xp + sin 2 xp)! 

J2(&) | (sinh XP COS XP — cosh xp sin xp)oosh xE cos xE — XP Sin xp 

sinh XP COS XP)sinh XE Sin (sinn 2xp +- sin 2xp)? 


sve 


= @oshxp sin xpsinn xE cos xE — 
— sinh xp COS sin (sinh2xp -+- sin 2xp)! 


14 = fosh xp Sin xpeoshxE sin -+ sinnxp COS xpsinexE cos x) 2 xp -}- sin 2xp)! 
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Taking into account the limitation «~! << p << x and keeping in mind 
that |€| <p, it is easy to obtain the following evaluations: 


The quantities u,° and 7° are therefore negligibly small as compared 
to a," and 7° which correspond to the solution ®,. Consequently 
(3.19) 


6 (1 — v*) ( : v) sin 


will correspond to the solution ®, + 9. 


Also, from (3.18) and (3.12) it follows that the state of stress cor- 
responding to the solution ®, + ®, is practically determined by the 
force T,. 


Thus, based on the relations of elasticity (3.1), the cylindrical 
shell, subjected to the pressure (3.6) with the boundary conditions 
(3.10), obtains practically the same state of stress as that based on 
the relation (2.5). Likewise, the same displacement u, is obtained, but 
the displacements u,, u,, which are of the same order as u,, are differ- 
ent. For p< V2 (1 <2yV2 8) vw = 0.3, the difference in the maximum 
absolute values of u, (i.e. |u,| when € = 0) is 5 per cent, as can be 
seen from Formulas (3.8), (3.9). Although this discrepancy is not large, 
it is important that it does not depend on A/R in this regard it is 
significant. It is understood that the indicated discrepancy is not con- 
nected with the displacement of the shell as a rigid body, since such a 
displacement is defined by the quantities u,, u,, u, of the form 


u,; =a-+ a’ +a’ sing, u, = b + (b’ + a’ &)sing + (6° — cosq 
us = (b' + a’ E)cosq@ — (b” — a" )sing 


(a, a’, a”, b, 6°, b” are arbitrary constants). The fact that the differ- 
ence between the two derived values of displacements u,, u, (see (3.8), 
(3.19)) is proportional to v is due to the fact that the difference be- 
tween the corresponding coefficients in Equations (3.4), (3.5) is also 
proportional to v (see (2.4), (3.3)). 


Analogous results are obtained if instead of (3.1) one utilizes the 
relations of elasticity which differ from (2.5) only by the formula 
T, = [Eh/(1-v?)] ; + or the formula M, = - [£h?/12(1 - v?)] x 
(x; + vK;_ ,). As far as the simplification of Formula (2.5) for T; by 
means of eliminating one of the quantities X;€; or hx; is concerned, in 


the general case it is without foundation: these quantities, generally 


R* Gos 
) 


V.M. Darevskii 


speaking, are of the same order of magnitude. * 


4. The example presented is not unique. Similar examples occur for 
any loading of the type q = Q(&) cos nd, where n= 2, 3, ..., and Q(é) 

a polynomial of second or third power. Then Equations (3.4), (3.5) have 
particular solutions (of the same form as q) for which the term with the 
large factor 8! vanishes in Expressions (2.4), (3.3), while the terms 
which distinguish Expressions (2.4), (3.3) from one another are not 
negligibly small as compared to the other terms in these expressions if 
nis relatively small. Such solutions, apparently, differ substantially 
(in the above-indicated sense) from one another (with the increase in n 
the difference decreases, therefore n = 2 in the case considered). The 
presence of these particular solutions of Equations (3.4), (3.5) for 
certain boundary conditions leads to significantly different functions 9, 
which causes a substantial difference in the corresponding displacements. 


In these examples the differences in maximum stresses became negligibly 
small (relative difference is of the order of O(h/R)). Examples of a 
different kind can be given when the elasticity relations (2.5), (3.1) 
formally lead to substantially different maximum stresses. This differ- 
ence occurs not because of the differences in the solving function, but 
for another reason. The reason is that for certain discontinuous load- 
ings, in the formulas defining the internal force factors by means of the 
solving function, the terms possessing a singularity depend on the choice 
of the elasticity relations, particularly the relations for bending 
moments. 


Let us turn to the case when a tangential force Q, (in the axial 
direction) or Q, (in the circumferential direction), uniformly distributed 
on a rectangular element o, acts on a cylindrical shell surface. The 
element o is bounded by two segments of generators with the length 2a= 

2 Ra and two arcs of lengths 2b = 2R£. In this case, of all internal 
force factors, only N, = Nn,‘ is unbounded (for Q, acting) or N, = n, ‘2? 
(for Q, acting). They are unbounded in the neighborhood of the corner 
points (with the coordinates = t a, d= + B) of the loaded element oa, 
and to them correspond the maximum stresses (this does not contradict 

the Kirchhoff-Love hypothesis in the above-presented formulation). On 

the basis of the elasticity relations coinciding in regard to T;, M; with 


(3.1), the following asymptotic formulas were obtained in[5] for n,‘* 
and Nn, 


* One should note that for the cylindrical shell the discarding of 
X,€ , im Formula (2.5) for T; does not alter Equation (2.3). 
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Here s = 4ab is the surface of the element a, while A is the thick- 
ness of the shell which in [5] is denoted by 2h. In utilizing the 
elasticity relations (2.5) one obtains other, more harmonious formulas 


Inp. 


They differ from the preceding* ones by 33.3 per cent and 58.2 per 
cent respectively, independently of the value of h/R. 


In this case, one can justify the simplified relations (3.1) only on 
practical grounds, pointing out the following circumstances. If a and 6 
are commensurate with R, then the n*» and N,**? forces determined from 
‘ol. 25 the asymptotic formulas are, respectively, smaller (in magnitude) than 
(h? / R°)(Q,/ Inp| R*)(Q,/ 


while the forces r,‘» and T,*?, roughly speaking, are characterized by 
the quantities Q,/R and Q,/R. Therefore, the forces ny,‘ and n,{?) can 

exceed 7,‘ and T,‘*), respectively, only at points which are extremely 
near the corners, at a distance of r = Rp < h(R/h) exp (-R?/h?) << h. 


From the elasticity relations used in[5], the forces at? and p,‘*? 
are expressed by means of the solving function with the aid of the 
operators containing, respectively, the following combinations of 
eighth-order derivatives (from the various derivatives entering into 
these operators only the eighth derivatives possess singularities): 


8 


(1 + V) +(L+v)5 


s 


Instead of these expressions one obtains the following ones by 
using the relations (2.5): 
a8 
08 
2 (3 — V) — (1 | og? 


This then leads to the indicated difference in the asymptotic formulas. 
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In practice, however, instead of having corner points, the boundary of 
the o-element will be rounded with radii which are larger than the given 
values of r. Also larger than these values of r will be the width of a 
zone adjacent to the boundary of o where the actual loading will be 
attenuated. Consequently, in this case, the existence of points at which 
Nn,“ and N,‘*) are primary is unrealistic. If, however, a and b are 
sufficiently small, then the element o can be considered practically as 
an oval-shaped region with a varying radius r = Rp, and it may be assumed 
that the largest value of the forces N, will 
approximately equal the values of these forces on the boundary of the o- 
element, due to the action of the force Q,(Q,) located at the center of 
o. They can be found from the asymptotic formulas derived in[5, pp. 169, 
170], from which it follows that N,‘!)(N,‘?)) can be larger than T,‘! 
(T, 2?) only for r << h, which is also unrealistic. 


Nevertheless, in the theoretical sense, one cannot neglect to con- 
sider the difference in the derived asymptotic formulas. 


5. In connection with the question considered, one should mention 
[6]. In it, basically, the following conclusion was drawn: based on the 
Kirchhoff-Love hypothesis, the elasticity relations should be assumed in 
the simplest form, i.e. they should be expressed as for the plate. This 
conclusion is based on the fact that the hypotheses, more general than 
the Kirchhoff-Love hypothesis, lead to the formula for M, in particular, 
which differs from the corresponding formula (2.5) by three additional 
terms, one or maybe two of which (the evaluation of the second term in 
[6] is not sufficiently substantiated) are of the same order of magni- 
tude as the terme, in the referred formula (2.5). Strictly speaking, 
nothing yet follows from this, since the algebraic sum can be a quantity 
of higher order of smallness than the individual terms. Also, even if 
the sum of the three indicated additional terms is a quantity of the 
same order as the first one of them, it is not impossible that under 
even more general hypotheses or by using the equations of the theory of 
elasticity, the correction to Formula (2.5) for M, (at least for a 
particular class of problems) will be a quantity of higher order of 
smallness than the ¢ ,;-term in this formula. Finally, the various correc- 
tions in the elasticity relations, being of the same order of magnitude, 
can affect the solution by different amounts (see footnote on p. 786). 
Therefore, there is no sufficient basis for asserting that the error in- 
troduced by the Kirchhoff-Love hypothesis is a quantity of the same 
order of magnitude as the corrections obtained by means of improvement 
in the simplest relations of elasticity, even if only the relations for 
T; and M; are considered. As far as such corrections are concerned, they 
can be substantial, as has been established. Note, by the way, that the 
effects developed here from the simplification of Formulas (2.5) for 
T;, M; are also obtained by simplification of Formulas (2.5) for 
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Thus the consideration presented in[1], the results of [2] and the 
investigation carried out in the present paper lead to the following 
conclusion: if, in addition to the error of the Kirchhoff-Love hypothesis, 
one admits only an error of the order of h/R, then, in the general case 
(for an arbitrary shell and loading), it is unlawful to replace the rela- 
tions of elasticity (1.12) by simpler formulas than (2.5). 


6. In conclusion, we note a curious fact, in view of which the 
utilized example of the cylindrical shell, subjected to the pressure 
(3.6) and with boundary conditions (3.10), becomes of independent 
interest. 


Let us set q) = q,h?/R? in Equation (3.6), where q, = 1 kg/cm?. Assum- 
ing €< p < y (R/h) we find that for sufficiently small h/R the quantity 
max |q| is arbitrarily small. But, meanwhile, there will be acting in the 
shell a rigorously constant (non-attenuated) along the length, axial 
force T;, self-equilibrated at each end of the shell, and equal to 6Rq, 
cos 2¢ according to Formula (3.9) (this quantity remains constant as 
max |q| decreases with a decrease in h/R). The stress corresponding to 
this force, 0, = 6Ri-*q, cos 2¢ will be arbitrarily large inasmuch as 
h/R is regarded sufficiently small. For example, for p = 3, (1 = 6R) and 
h/R = 1/400 we will have max | q| = 0.000376 kg/cm”, i.e. the pressure is 
practically absent. But due to this negligible pressure, the force T, = 
6 Rq, cos 2¢, which is self-equilibrated at each end of the shell, remains 
rigorously constant along the whole length of the shell, whereby max 
|o,| = 2400 kg/cm?. Should the pressure q be rigorously equal to zero, 
then on the strength of the Saint-Venant principle, the end-equilibrated 
force T, # 0 could not remain constant along the length of the shell. 

The example presented is qualitatively different from the known case 
when the surface loading is rigorously equal to zero, while the sel f- 
equilibrated load T, at each end of the shell remains constant only 
practically along the length of the shell because of quite slow attenu- 
ation (such a case can be realized if one should take for ® Expression 
(3.13) with A, = B, = A, = 0 and assume static boundary conditions which 
are satisfied for the given choice of ®). 
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The progress of the theory of shells takes place in the direction of de- 
velopment of approximate computational procedures adapted to the treat- 
ment of certain types of problems encountered in various technical 
applications. Particular attention is being paid in this development 

also to the question of representing the methods of analysis by means of 
sufficiently simple and clearly understandable steps, leaving to the de- 
signer the possibility of unobstructed orientation in making an appropri- 
ate choice among the available approximate ways of computation. With this 
circumstance in mind, one notices easily that the equations of the general 
theory of shells, taken in their usual form and containing the non- 
associated quantities S, My, H, are not convenient for deri- 
vation of approximate theories, since the simplification of the equations 
mentioned, accomplished by omission of certain terms considered negli- 
gible in comparison with some other terms, is very often a speculative 
operation, understandable only to a narrow circle of specialists. The 
process of deriving approximate theories is considerably improved if in- 
stead of the stress resultants and couples we use more unified quantities, 
such as stresses acting in the extreme layers of the shell thickness, as 
fundamental unknown quantities of the problem. In the following we offer 
a particular version of presenting the general equations of the theory of 
shells in terms of the stresses just mentioned. It is shown that in this 
representation both the derivation of the fundamental equations and the 
statement of a number of known theoretical results are clearer and 
simpler. In the process of setting up the equations we use the generally 
accepted notations for the quantities appearing in the analysis and 
adopted also in[{1] to[5]. small quantities will be treated in all 
equations with the accuracy to 1+A + A? = 14 A, where A is the ratio 
of half-thickness of the shell to the radius of curvature of the latter. 
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1. Equations of statics. Assuming the axes of the coordinates 
a, B, z to be directed along the lines of the principal curvatures and 
the outer normal to the middle surface, respectively,and using the law 
of linear distribution of the fundamental stresses across the shell 
thickness, we have 


Sy = my, i Sa = Se Me Sah Sie Mis (1.1) 


where 0,, @, and o,, are the normal stresses and the shear stress, re- 
spectively, at a point of the middle surface, while m,, m, and m,, are 
the normal stresses and the shear stress, respectively, at the extreme 
points z = + h, produced by bending and twist, respectively. The total 
stresses at these extreme points will be 


T mi, Se Mo, 


= Sg — Ms, 


Substituting (1.1) into the expressions for the stress resultants and 
couples, we find 


Vol. 


Ga (1 kez) dz, 196] 


a (1 + k, z) dz, 
-+- dz, 
k,z) dz, 


T, = + ; myhol, M, h® [my (hy it hk,) 
4 h (1.4) 
T, = 2h(s, 4 M, [me + (As = Re hk.) 


S, = 4 


MioAs}, H, 
= 2h [512 + H, =- 


; h? (my + 
h? + S424) 


Substitution of (1.4) into the well-known equilibrium equations for a 
shell element gives 


OT; 1 OS, — OB Sy Ss OA 


AS; 1 OT, T3—T; 0A , 
A da ' B OB AB 08 ' AB da 


{ ON, ON, Ny OB Nz aA 
Ada B 08 AB 8B — kT, + 93 =9 


+ q2=0 
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10M, 1 0H, , Mj—M, 0B , Hy+H,0A_ 
Ada BO AB da AB’ 
any 10M, M,—M, 4 H, + H, OB 
A da ' B OB AB AB 
S,—S,+ k,H,—k,H,=0 


N, 


It is easily seen that the last (sixth) equation is fulfilled identi- 
cally. Turning to the other equations, we find that after elimination of 
the transverse forces only the stresses o,;, m; will appear in them. In 
the interest of brevity we introduce the following symbols: 

1 Ox y OA y OB 
Ls (2, 9) = + AB (1.4 

For x= L,(®, 0), y = L,(®, 0) we have 
L, (x, y) +Ly(y, 2) = L, (y, — 2) = L,(z,—y) (t.8) 


where V? represents the Laplace operator in curvilinear coordinates. 
Equations (1.5) assume the form 
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Le Mm, 
Ly (S325 — 


2he 
+> L, (my, my — 


Si Se 


R, 


h 
[Ly (my, mz) + Ly (me, - 


For the quantities n,, n, we obtain from (1.6) the expressions 


(1.10) 


1’ 


= Ly (my, +- Lg (mya, my — Mg) + Ae Ly (Sy, 26,2) + (S12, — 32) 
Ly (mz, 2my2) + Ly Me — My) + AyLy (Gz, 2642) + (Siz. 32 — 95) 
The coefficients n, and n, are in the nature of auxiliary quantities, 
and they disappear from consideration as soon as relations (1.6) are 
substituted into (1.5). It is easily seen in this operation that the 
terms with A, and A,, appearing on the right-hand sides of (1.10), will 
be superfluous; it is therefore possible to use for these quantities the 
formulas 


n, = Ly (my, Leg (myg, my — mg) (14) 


Ng = Le (my, Ly — Mm) 
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Equations (1.9) and (1.11) will represent the first group of funda- 
mental equations of the theory of shells. 


2. Geometric equations. The strain components and the displace- 
ment components at an arbitrary point are connected with each other by 
relations which can be written as follows: 


au ou, U, 
1-+-kyz | Ada i+kez| BoB ' ' 


{ 1 aU, U, 24) | aB 1) 
1 kyz A Oa AB 03 B 08 AB oa (<. 
1 ou, OU, 


Using the hypothetic relations of Kirchhoff-Love, namely e,, =ee,, = 
eg, = 0, we find from the last three equations of the system (3.1) 
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where u, v, w are the displacement components of a point of the middle 
surface, while 
1 dw 1 dw 


h=ku— fo = kev BB (2.03) 


Substituting (2.2) into the first three equations of the system (2.1), 
we write them in the form 


Cag = + 2%, Cap=lg+ 2%q, Cap = 22t (2.4) 


where 


= L,(u, v) + kyw, =Ly (fi, fe) hy 
= 1, (v, u) + kyu, Ly (fo, fi) — 
w = L,(u— v) Ly (v, —u) 


2t = 14 (fe, — fi) + Le — fe) — La (v, — Ly (u, — 2) 


(2.9) 


represent the deformation components of the middle surface. Relations 
(2.5) are the second group of the fundamental equations of the shell 
theory. We note that the expressions for ¢,, ¢, and w are independent of 
the Kirchhoff-Love hypotheses; they follow immediately from (2.1) and 
are exact. 


The third group of fundamental equations will be furnished by the re- 
lations of compatibility of the deformation components of the middle 


| 
| 
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surface as given by Gol’denveizer. If, instead of the reduced components 
of bending and twisting deformation used by Gol’denveizer, we use the 
actual components (2.5), the compatibility equations assume the form 


Ly — Lg (t, — Hq) — (hey + Keg) Ly — @) + 2h, Ly ( @, =U 
Ly (#1, — 21) — Ly — (hy + Keg) Ly (1, — @) (+ @, &.—&,) =0 
Ly (¥1» %2) + Le (Yer + + = 0 (2.6) 


where (2.7) 
= L, —L, (+ @, &; — = — &) 


Equations (2.6) differ from the corresponding equations of Gol’ den- 
veizer by appearance, in the first two equations, of some supplementary 
terms containing the curvatures k, and k,. The third equation remains un- 
changed, since the correction involved would be of the order of magnitude 
of A“ in comparison with unity. 


3. Equations of elasticity. Disregarding the component o, as 
negligible in comparison with the fundamental stress components 0, and @,, 
we obtain from Hooke’s laws 


1 5 
(3.8) 


Substituting (1.1) into (3.1) and representing the deformations in 
the form (2.4), we obtain the elasticity relations of the shell theory 
in the following simplest form: 


- E 
Eh 


E 
-p? ’ 2 1 


E 
———; (8; - 


(3.2) 


Formulas (3.2) represent the fourth group of the fundamental equations 
of the general theory of shells. 


Equations (1.9), (2.5), (2.6), (3.2) give us a complete system of 
fundamental equations of the general theory of shells; for certain bound- 
ary conditions along the boundary line of a shell, the system just indi- 
cated permits actual problems to be solved. 


4. The use of auxiliary functions. Lur’e and Gol’ denveizer 
have shown that if the shell is subjected to loads along the boundary 
only, i.e. if gq; = q. = 93 = 0, then the equilibrium equations can be 
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satisfied by expressing all stress resultants and couples in terms of 
four auxiliary functions. Analogous considerations, which reduce to 
juxtaposition of Equations (1.9) and (2.6) show in the present study that 
it is superfluous to introduce a fourth function; the relations of the 
authors mentioned can be represented by means of three functions in the 
following manner: 


= hu, (a, b, c), Se = hx; (a, 5, c), S19 = — 5, c) 


3e,(a, b, c), Ms = — 32, (a, b,c), Myo = —w(a, b, ce) 


The quantities a, b, c are here auxiliary functions of the coordinates 
a and f, to be substituted into (2.5) to (2.3) for u, v, w. All stress 
resultants and couples can be determined from (4.1) on the basis of (1.4). 


5. Compatibility equations in terms of stresses. Substituting 
the deformation components from (3.2) into (2.6), we obtain the compati- 
bility equations for the components of deformation in terms of those of 
stress 
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Sg, 0) — (Ay Ag) Ly (51, 2542) — (S42, 


Lg (My, -+- Ly (Myo, My — M,) — 


_™m — my — pms 
Po) + La (Pes Pi) — Rah 


In the last of these equations 
1 


Py = Ly (51, 2642) + Le (S42, 6; — — Ly (3, + 


1 
Equations (1.9) and (5.1) are a system of six equations for six un- 


knowns; they represent the basic equations for the solution of problems 
in terms of stresses. 


Po = Le (G2, 2642) + Ly (542, 52 — — 


6. Complex equations of V.V. Novozhilov for the case » = 0. 
If » = 0, we substitute 


i i i 
into the equations of equilibrium (1.9) and the equations of compatibil- 
ity (5.1), which transforms the double system into an equivalent system 
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of — complex equations in terms of the complex stresses t,, 
namely 


Ly (ty, +(1—i ya) (tia, — ta) - 


9 


Ly (tz, + (1—i y =) (tie, ta— ty) Ly (ty, — 4 


i ty Qs 


where 


(6.3) 
ry = Ly (tg, — — Le (tia, tr — te), = Lg (th, — —Ly (ti2, — 4) 


If » # 0, a system of substitutions, analogous to (6.1) which reduces 
Equations (1.9) and (5.1) to a system of three complex equations, cannot 
be obtained. Such a possibility could be created only by simplifying 
these equations at the cost of omitting some smal] terms of the order of 
magnitude of A, leaving in them at the same time some small terms of the 
same order of magnitude; this would be, however, an inconsistent pro- 
cedure. 
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7. Fundamental equations of the theory of plates. Substitut- 
ing R, = ~, R, = © into (1.9) and (5.1), and taking into account (1.12) 
and (5.2), we obtain the fundamental equations of the theory of plates 
in curvilinear coordinates: 


Ly (31, 2542) + Le (S12, — Sg) +; 
Lg + Ly (S12, 52 — 51) 4 


(41, 42) + Le = 0 


3(1 + p) 


2h? 


2 


(m, + m,) 4 q3 = 0 


Ly (my, Ly my — my) — L, (m, + mg, 0) - 


Lg -+ Ly (my, My — (m, mg, 0) = 


1 
Equations (7.1) and (7.2) describe the plane state of stress in a 
plate; they represent two equations of equilibrium and one equation of 


compatibility of deformation components; Equations (7.3) and (7.4) de- 
scribe bending of the plate; they consist of one equation of equilibrium 
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and two equations of compatibility. 


In the case q, = q) = 0 we introduce an Airy stress function ®a, §); 
with the notations 


= Ly (®, ()), Qo = 0) (7.5) 


the solution of Equations (7.1) can be taken in the form 
(7.6) 
= Lo (Po, Gi), = Ly (Pr, Sig = — Ly (G2, — G1) = — Le (Gi, — Fo) 


while Equation (7.2) is reduced in this procedure to the biharmonic equa- 
tion of the plane problem 


(7.7) 
Analogously, introducing another function ’ and using the notations 
L,(¥, 0), y, = L, (¥, (7.8) 
we can satisfy Equations (7.4) by setting 


m, = Ly (Pr, Po) + (Pe, Yi), Me = Le (He, Yr) + (Yi, Po) (7-9) 
My. = (1 — Ly (2, — = (1 — p) Le (Hr, — He) 


while (7.3) assumes the form 
3 
Y= qs (7.10) 


Combining (7.9) with the elasticity relations (3.2) and Expressions 
(2.3) for the bending and twisting deformations, we find that 


Therefore, instead of (7.10) we will have the equation of Sophie 
Germain 


Vviw= +. (7.12) 


The left-hand sides of Equations (7.1) to (7.4) are the principal 
terms in Equations (1.9) and (5.1) of the general theory of shells. This, 
as well as the further transformation of these equations in accordance 
with (7.5) to (7.12), is taken into consideration in the derivation of 
approximate theories of analysis of shells. 
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8. Approximations of the theory for the case of shallow 
shells. Let us consider the state of stress of a shell under the assump- 
tion that the stresses due to extension and those due to bending are of 
the same order of magnitude, so that o, = m;. In this case, we obtain, 
by omitting in all equations (1.9) and (5.]) small quantities of the 
order of magnitude of A as compared with unity, the following approximate 
equations: 

Ly (51, + Le — Se) 4 
(8.1) 
Ly (Sq, 26,2) + Ly (S12, 52 — + 


3(1 3(1 - 


1 
Ly (my, + Ly my — m2) — +h 


Lg (mz, + Ly My — m,) — 


1+ 
(6; + 52) + - Rh (91, G2) + Le (Ge, = 0 (8.4) 


It is not difficult to see that (8.1) to (8.4) correspond to the equa- 
tions adopted by Vlasov in the theory of shallow shells. We know that 
these equations have been obtained by Vlasov on the basis of some geo- 
metric and static assumptions. The present discussion shows that the 
theory developed by Vlasov is a mathematically consistent theory accurate 
to 1+ A= 1 in such cases, when the stresses due to extension and to 
bending are of the same order of magnitude. The passage from the equations 
(8.1) to (8.4) to those of Vlasov is materialized by formal utilization 
of the results of the preceding section for the case under consideration. 
We find that Equations (8.1) and (8.3) coincide as regards their struc- 
ture with Equations (7.1) and (7.4); this does not mean, however, that 
they are identical. The fact is that in the case of g, = 0, g, = 0 sub- 
stitution of (7.6) and (7.9) satisfies Equations (7.1) and (7.4); the 
former are thus the integrals of the latter. This does not apply to Equa- 
tions (8.1) and (8.3), since the substitution of (7.6) and (7.9) produces, 
on the basis of Gauss’ condition, on the right-hand sides of (8.1) and 
(8.3) small quantities differing from zero; e.g. for (8.1) we find 


L, (31, 2512) + L, (S40, Se) = R 


L, (®, 0) 
(8.5) 


Ly (52, 2542) + Ly (S12, 6g — = Ri L, (®, 0) 


The right-hand sides of (8.5) (as well as the equations obtained from 
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(8.3)) are small in comparison with the terms which cancel each other on 
the left-hand side; therefore (7.6) and (7.9) may be regarded with a 
sufficient degree of accuracy to be the integrals also of Equations (8.1) 
and (8.3). 


Substituting (7.6) and (7.9) into Equations (8.2) and (8.4), we obtain 


af 3 


4 1 
= R, L, (Ye, Re Ly (Yi, Ye) | 


These equations coincide with those of Vlasov if the function ¥ is 
replaced there by the deflection w according to Formula (7.11). This re- 
placement is equivalent to omitting, in Expressions (2.5) for the com- 
ponents of bending and twisting deformation, the tangential displacements 
u, v, while retaining the radial displacement w, which is in agreement 
with the adopted degree of accuracy. 
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1, In a number of cases in the solution of problems of the linear 
theory of shells, auxiliary functions are introduced which enable the 
problem to be described by a single equation of high order. The general 
method by which these functions are introduced reduces to the following 
[1,2]. 


Let us suppose that we are given a set of equations in partial deriva- 
tives 


n 


’ 
‘J 


or 


t=} 


where u. are the unknown functions, a; (0/dx ) are linear differential 
operators of finite order with constant coefficients. Consider the set 
of algebraic equations 


derived from (1.1) by a formal replacement of the operation of differ- 
entiation with respect to x. by multiplication by some parameter a»: Let 
us suppose that the first n- 1 equations of (1.2) enable us to express 


D; (a4, 
~ Ria, 


Obviously D; and R can be taken as polynomials in Gis sees Gye We 
introduce the function ® assuming that 


n 
ine] 
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OL, 


and that ® satisfies the equation 


\- ( } D; + tan (a R\ ae, 
j=1 


Here K(a)) is the determinant of the set of equations (1.2). 


It will readily be seen that any function ® satisfying (1.5) provides, 
by means of the relations (1.4), a solution to the set of equations (1.1). 
If the last of Equations (1.1) is nonhomogeneous, then Equation (1.5) will 
also be nonhomogeneous. We shall apply these ideas to the equilibrium 
equations of a shallow shell in terms of displacements 


y 


We then have the representation 


i+v 1) PO 


i—v 
Aw 


R, + Ra) + \ + 
1 


The function ® must satisfy the equation 


(1.12) 


D 


Get RR, RE OF 
In[3 ], the following set of equations was derived from a considera- 
tion of the equilibrium of a shallow shell: 
V9 = 0, + DVtw—Z=0 (1.13) 


By introducing a function ® given by the formulas 
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| (1.4 
a 

us D; | n—1), u, = R | 

( ge i—v @ itv ( 1 v ) Ow 

1 / dv du \ | q 

(1.8) 
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we q = 


we can reduce this set to the one equation 


12 (1 — v*) Z 
+ om = 0 (1 .16) 


In[3 ], an investigation of the equilibrium of a cylindrical shell 
let to the following set of equations in the displacements (for simpli- 
city we shall assume that only transverse loading is applied): 


Oxdy 2 dxdy* 

i+yv Oru Ow 


Ov i—v 


0 (1.17) 


0 (1.18) 


(1.19) 


1961 Equations (1.17) to (1.19) differ from Equations (1.6) to (1.8) in 
that they contain a number of additional terms. They can be reduced to a 
single equation with the aid of the expressions 


Ox*dy ad 


w= 
and we obtain the following equation for 9: 


o 
dx*dy* 


oD (1—wh 


74 — (1 — v)(- ) +- (1 -— v) 2 (1.23) 


Other versions of the theory of shells can also be simplified by the 
introduction of auxiliary functions. 


It appears that Mishonov [4] was the first to point out that Equa- 
tions (1.15) are not always valid in the case of a spherical shell. 


This fact indicates that auxiliary functions should be used with 
caution and renders pertinent the following questions. 


1) For what types of shells does the introduction of auxiliary func- 
tions with the aid of (1.9) to (1.11), (1.15) enable us to investigate 
any type of state of stress? 


2) If for certain types of shells Equations (1.9) to (1.11), (1.15) 
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cannot always be used, then what states of stress of these shells do 
these equations describe? 


3) Can any state of stress for a cylindrical shell be described by 
Equations (1.20; to (1.22)? 


4) What is the degree of arbitrariness of the function D in the above 
representations? 


We shall consider these questions in the following sections. 


2. Let us consider the possibility of realizing (1.9) to (1.11). 
Suppose that there exist three arbitrary sufficiently smooth functions 

u, v, w related by Equations (1.6), (1.7). We shall try to find a func- 
tion ® by means of which solutions (1.9) to (1.11) are realized. We shall 
suppose for simplicity that the region occupied by the plan of the shell 
is simply-connected. From (1.6) to (1.7) we have 


Ow 
\ Ry Ry Or | Uo | 


\ Ry R,/ oy 


(2.1) 


196 
where K is the operator of the plane problem in the theory of elasticity 


for a region with zero conditions on the boundary, and Uys Y% represent 
some solution to the homogeneous plane problem of the theory of elasti- 
city for 2. Also, from (1.11) we have 


9 
Zw (Dy (2.2) 


where Z is the biharmonic operator for 1 with zero conditions on the 
boundary, and D, is biharmonic in the 0-function. 


We introduce now the operator C which assigns to each sufficiently 
smooth function ® a pair of functions u, v according to Formulas (1.9), 
(1.10). Evidently, the biharmonic function ,, as follows from (2.1) and 
(2.2), must be given by the relations 


= Co lip + My Rs + | (2 3) 
lv i—v v \ dw 
R, oy 


Ow 

( 1 i—v | vo 
R, * R,/ dy 


We will show that the right-hand side of Formula (2.4) is a solution 
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of the homogeneous equations in the plane problem of the theory of 
elasticity for 2. In order to do so, it is sufficient simply to establish 
the relation 


= 
| \ Ow 
Ry oy 


We shall evaluate the operator KC by making use of the symbolic method 
and by denoting the operator of differentiation with respect to x by p, 
and the operator of differentiation with respect to y by q.We then have 


(e+ - 5 pat | 


KC = 


Here Cy, Cy are given by (1.9), (1.10): 
i+v v \ ye 
+ PP + Pe + 


* R, ) Pa +\ R,/ 


From (2.6), (2.7) we obtain 
2 TR, ) + 92)? | 
KC =: 
Also, if we take into account that (p* + fi*z” 1) = » we can easily 
obtain (2.5) from (2.8). It has thus been established that the right- 
hand side of (2.4) is a solution to the homogeneous equations of the 
plane problem of the theory of elasticity. We shall denote this solution 
by u,, v). Thus the biharmonic function ®, must be determined by the set 


le, J 


which in expanded form can be written as 


CMY 9) 


| v/v 1 \ Vv \ 


oD, 


2 


In order to determine ®) from (2.10), we make use of the Goursat 
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relation ® = Za+ + 6+ b, After substituting this relation in (2.10), 
multiplying the second of Equations (2.10) by i and adding to the first, 
we find 


a” (3—v) (1 


— (fi (za” +b 2a” | ) uy+iry (2.41) 


Further, on the basis of the well-known Kolosov-Muskhelishvili rela- 
tion 


Here d, W are analytic in the {/-function, Thus a, 6 must be determined 
from the relation 


a” (3 — v) (1— v) — (1 — v*) 


It follows from (2.12) that 


1 “xp 
a” (3—v)(1—v) 2p * 


1 


Also, if we take into account that in the case of a plane state of 
stress kK = (3-— v)/(1 + v), we see immediately that a and 6 can always 
be found from (2.14) if 1/R, — 1/R, #0. 


Thus, provided the shell is not spherical, solutions (1.9), (1.10) 
are always realizable. It follows also from (2.14) that if ®,, ®, satisfy 
simultaneously (1.9), (1.10) for given u, v, w, then 


Ry, r R, R, r 


1 Vv 
where mi, Mo are arbitrary constants and P is an arbitrary polynomial of 


the second order. Consequently, the function @ for given values of a, »v, 
w can be determined to the accuracy of eight constants. 


We shall now consider the case of a spherical shell. 


— v)( — )— 
b” + 2a 
(za” (-p-— + 2a (Gr 
(2.13 
[(.! 
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If Ry = Ry = R, Expressions (1.9), (1.10) give 


i—v? @ i—vy? 
®, dy 


2R dx V?®, 


It follows from (2.16) that 


uw 
= 90, =(1+v) (2.17) 


Thus, in the case of a spherical shell, Expressions (1.9) and (1.10) 
cannot always be used; in fact, they can be used only when conditions 
(2.17) are satisfied. It will readily be seen that conditions (2.17) are 
sufficient for realizing solutions (1.9), (1.10). Let us consider now an 
example when conditions (2.17) are not satisfied. Suppose that 


f(r)x fir)y 


a’ a’ 


(2.18) 


It will be seen that Expressions (2.18) satisfy (1.6), (1.7) and re- 
present some symmetrical deformation of a shell fully restrained on the 
edge r= a. The corresponding loading can be found from (1.8). It can 
easily be shown that the first of conditions (2.17) is satisfied but the 
second is not, since 

(2.19) 


Thus, with the given conditions, (1.9), (1.10) are not possible. 


In the case when (2.17) is satisfied and ®,, ®, satisfy simu] taneous- 
ly (2.16) 


— Dy = + a (x? + 2.20) 


where ®° is some harmonic function and a is a constant. 


3. Refer once again to (1.14), (1.15). Since the method of investiga- 
tion here is analogous in every respect, we shall simply formulate the 
basic results, which reduce to the following. 


a) Suppose that k, ky + ik, 0, i.e. that the shell is not 
spherical. In this case, for any sufficiently smooth functions related 
by (1.13), Expressions (1.15) are always possible. 


b) If ®,, , are two functions satisfying simultaneously (1.15), then 


MD, — Dy = a,x* + agy* + agry agr + asy +- ag (3 
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where the constants are arbitrary, and @, @, are related 
by the expression 


c) If the shell is spherical (ky = k Expressions (1.14), 
(1.15) are possible only if 


Ehk 
Then, if satisfy simultaneously (1.15), - 9, = )°, where 
some harmonic function. 


4. An examination of the expressions of Vlasov (1.20) to (1.22) leads 
to the following conclusions. 


For any three functions related by (1.17), (1.18), Expressions (1.20) 
(1.22) are always possible. Then, if ®,. ®, satisfy simultaneously 
-20) to (1.22), we have 


(Dy — Dy = ay, (x? 4+- 


where P is an arbitrary second-order polynomial. 
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EXPANSION OF A CIRCULAR OPENING IN A 
RIGID-PLASTIC PLATE 
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Vv. V. SOKOLOVSKII 
(Moscow) 


(Received Nowember 27, 1960) 


This paper treats a problem of expansion of a circular opening in an in- 
finite rigid-plastic plate, taking into account the increase of its 
thickness near the contour. This problem was formulated and solved by 
Taylor and Hill [1] using the Tresca plasticity condition. 


Let us analyse the problem of expansion of a circular opening using 
the plasticity condition 


and the associated flow law. 


Three annular regions must be distinguished here: a plastic region 
a<r<b with a varying thickness of the plate, A; a plastic region 
6b <r«< ec with a constant thickness ho; and a rigid region e< r <~ 
with a constant thickness ho, as shown in Pig. 1. 


The equilibrium equation for a plate of thickness A is known to be 


(h3,) h (3, — Sy) 


= i) 
or r 


The usual relationship between the 
stress components and strain rates 


3,7 — 3.3, -+- 6,* = 
! C 
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The condition of incompressibility can be expressed as 


where c determines the time scale. Let 


a=a/e, B=b/e, 


We shall assume that all unknown quantities are functions of p only. 


Consider first the annular region a< p < f where h is variable, and 
let us investigate the basic equations describing the plastic flow in 
this region. The equilibrium equation is now written as 


d (hs,) h(s,, — 
do p 
and the plasticity condition as 


The equations relating radial velocity with the stress components are 


di 


do 
f 


and the condition of incompressibility 
pdh dv v 
h do do 


Let us express the stress components 9, and g, in terms of a new vari- 
able as follows: 


Equations (1) and (2), 
(3) and (4), result in 


together with 


V3 w —2COS @ COS ip 
2 (w—1)cos?p 
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o dh : w sing (6) 
h do (w—- 1) cos 


Equation (5), after elimination of », results in a differential equa- 
tion of second order. Changing the variables 
dq tan? pvsinp\* 3/sing 


\ sin @) exp (V 5@), exp(— V3¢@) 


this equation reduces to the Abel equation. We finally have 


| dw 2 cos? @ cos? 2 (1 + cos? @) cos* p— cos @ sin © 
w dq sin® @ sin® p ow + sin? @ sin? 

In the vicinity of points p = a and p = § we can deduce approximate 
integrals of (5) and (6). In the neighborhood of a point p = a, d= 0 it 
is easy to obtain 


) 
he Di 


and near the point p = 8, d= 7/3 it is easy to find 


Differential equations (5) and (6) permit the construction of func- 
tions ¢, » and h inside of an interval a < p< f§. The approximate inte- 
grals (7) and (8) permit us to obtain the same integrals near points 
p = a and p = f, The integral curves of ¢ and » are shown in Fig. 2 for 
p = 0,276, C= 0.78, D= 3.61 and h= 3.61 hy at p = a. 


It has to be noted that near the contour of the opening, where A is 
varying quite rapidly, the theory proposed above cannot claim any high 
degree of accuracy. 


Let us analyse now an annular region 8 <p <1 where A is constant. 
Obviously, we have here the known solution satisfying the condition 
o9,+0,= 00rg=0 forp = 1. This solution is 

cos q 


exp | — w=v=i), h = ho 


where 0 < ¢ 


and in 
= * h 
gq w = 1 — 2E, (7) 
where 
> x " 8 
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The value of p = 8 corresponding to p = 7/3 is 


\ 
= 0.571 


V 2exp|- 


The results of an approximate integration of (5) and (6) are shown in 
Table 1. They are applicable to the whole annular region a< p < BB where 
the thickness of the plate is variable. 


The dependence of the stresses 9, and og, on p are shown by solid lines 
in Fig. 3, and the dependence of h by a solid line in Pig. 4. Both o, 
and are continuous ina<p 


06 
94} 


a2} 


Consider, for the sake of comparison, the same problem using the 
plasticity condition 


“4 


and the usual relationships between the stress components and strain 
rate components, as was done by Hill. 


First consider an annular region a < p< f, where the thickness of 
the plate is variable, and let us investigate basic relationships which 
describe plastic flow in a part of this region where o,=- 2k. Equation 
(1) and plasticity condition o, = — 2k, together with (3) and (4), 
establish 
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and therefore 


Eliminating w» from (9) results 
d (26 —1)(s 


0 
dp 


which can be integrated in a closed form. Since o = 1/2, forp = Bf, 
have 


i— 2s 


and therefore 


(23 — 1) ( 
9 
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0.97 


1). Lae 


4t 


9 
9 
9 

0.233 

0.220 

0.208 

0.195 

0.183 

0.172 

0.160 

0.149 

0.138 

—{). 0.128 

961 - 24 0.118 

—), 26 0.108 

972 0.098 

O77 303 0.089 

O81 322 0,080 

984 0.072 

987 0.064 

0.056 

- 0.049 

994 - 0,042 

996 0.035 

997 433 0.029 

0,023 

0.017 

000 472 0.01 

0.010 000 0.006 
001 0.001 
a 0.000) 
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1. 
1. 
1. 
1. 
1. 
1: 
1: 
1.: 
1. 
1. 
1. 
1. 
1. 
1. 
1. 
1.0 
1. 
1. 
1. 
1. 
1. 
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in (10) 
h do 
3(s 1)? 
e—s+t 
“ 
= tan ) 
v3 
1) hy 2 1 23 
w= h exp : tan (12) 
TABLE 1. 
fol. 25 
u | - 2k 2k | . h/ Ne 
0.276 | 0.000 } i 
0.280 0.188 ( 
0.290 0.309 b 
0.300 0.384 
0.310 0.442 
0.320 0.491 7 
0.330 0.534 j 
0.340 0.572 } 
0.350 0. 606 
0.360 0.638 i 
0.370 0.667 
0.380 0.695 7 
0.390 0.721 | ) 
0.400 0.745 
0.410 0.768 6 
0,420 0.791 
0.430 0.812 
0.440 0.832 
0.450 0.851 b 
0,460 0.870 
0.470 0.888 4 
0.480 0.906 
0.490 9.922 
0.500 0.940 7 
0.510 0.958 | 6 
0.520 0.972 
0.530 \ i 
0.540 1.001 ) 
0.550 1.016 
0.560 1.031 
0.570 1.046 
0.571 1.047 
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This solution is valid foro <0 or 


| (15775) | = 0.3618 
V3 L* 2V3/) 
Consider now the annular region 8 < p <1 where the thickness of the 
plate is constant. Here is valid the known solution satisfying o,+0,=0 


forp=1 


value of p = § corresponding to o, = — 2k, Gg = 0 is 


3 = exp | ) = 0.607 


results obtained by Hill are shown in Table 2. 


TABLE 2. 


o,/2k ) h/Ng 
.84 
.39 
.06 
.87 
.73 
64 
.56 
.50 
-46 


. 3900 500 
.855 .145 
910 .090 
.948 .052 
.973 .027 
. 988 012 
.997 .003 
1.000 000 
1.000 000 


These results are valid only for that portion of the annular region 
a<p<f of varying thickness where 2k. 


The values of 0, and og as a function of p are shown by dotted lines 
in Fig. 3, and those of h by a dotted line in Fig. 4. 0, is continuous 
in the whole interval a <p< 1, and og is discontinuous at p = Com- 
parison of solid and dotted curves in Figs. 3 and 4 indicates a consider- 
able difference between the stress components a, and Gg, and also some 
difference in h, 


In conclusion, we mention a solution of the same problem by Prager 
[2 ], where the Tresca plasticity condition and the associate flow law 
were used. 


Equation (1) and the condition o,=- 2k, 9g = 0 in the plastic zone 
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with variable thickness h, and (4) result in 


v—pdh dv 


h dp’ dp p 


Since v= 0, h= hy for p=, it is possible to find 


3 
v=B—p, h=h— 


It is easy to see that 


0<e 


<-—e 


0 r 


so that 


<8 


Comparison of these results with the previous solutions shows quite 
marked disagreement of the values of the stresses 9, and 7,, as well as 
of the strain rates v and the thicknesses A. 
Vol. 25 
1961 
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ON THE VELOCITY FIELD FORMED BY A FLAT DIE 
PRESSING ON A PLASTIC HALF-SPACE 
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The problem of a flat die pressing on a half-space was first considered 
by Prandtl [1]; Hill [2] found another solution of this problem; later 
Prager [3] indicated the possibilities of constructing solutions which 

are combinations of the Hill and Prandtl solutions. Below are considered 
additional possibilities of constructing the velocity field. 


196 


In the triangle ABA’ (Fig. 1) 
the slip lines are straight 
lines, and the Geiringer rela- 
tionships [4] have the follow- 
ing form: 


@ (2) 


where v, are the velocity components along the curves § = const, and 7) 
along a = const. 


In the region ABCD, ¥3 = 0 and v, = const along the curves a = const; 
moreover, the Geiringer equations are satisfied identically. Solutions 


in the region A”’B’C’D’ are constructed in an analogous way. 


Let us specify one of the velocity components along AA’, for example 
vo- Assuming that the die moves downward as a rigid body, we have 


v —1 on AA’ (1.1) 


From (1.1) along AA” the second velocity component vg = yvy2x(a- v,) 
is determined, Thus, the values of the velocity components v, and % in 
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Velocity field formed by a flat die 


the plastic region are completely determined. 


Hill’s solution (Fig. 2) corresponds to 
the following stress distribution along AA’: 


forz <0 


for x >0 


At x= 0 the velocities remain undeter- 
mined. In the Prandtl solution we have along 
AA’ 


All previous solutions differ from one another in the assumption of 
the location of the rigid-plastic boundary. Except for the Hill’s solu- 
tion, the velocity field is not determined by the assumed location of a 
rigid-plastic boundary. 


The existence of a possibility of such a solution will be demonstrated 
for a combined solution obtained by the following velocity distribution 
on the boundary AA” (Fig. 3): 


It is possible to construct other 
solutions. A possible velocity dis- 
tribution in a plastic region is ob- 
tained, for instance, setting on AA 


a 


= for a, 2 } for Zz >a 
In the Hill solution the region of the multivaluedness of the velocity 
field is reduced to a point z= 0 (see Fig. 2). 


We note that for an infinitely small curvature of the free boundary 
the construction of the Prandtl solution is impossible. Indeed, the per- 
turbations of the slip-lines net in ABA” will be determined on one side 
by the perturbations of the segments AD, and on the other side by the 
perturbations of the segments A’D’. Generally speaking, the perturbations 
of the characteristic lines in ABA” will be different, and the construc- 
tion of a unique net is impossible. Hill’s solutions can be constructed 
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for arbitrary perturbations of the boundary. 


BIBLIOGRAPHY 


Prandtl, L., Uber die Harte Plastischer Kérper. Gottinger Nachr., 
Math-Phys. Kl. 1920. 


Hill, R., Mathematical Theory of Plasticity. Oxford, 1950. 


Prager, W. and Hodge, P.G., Theory of Perfectly Plastic Solids. N.Y., 
London, 1951. 


Geiringer, H., Fondements mathématiques de la théorie des corps 
plastiques isotropes. Mem. Sci. Math. Paris, 1937. 


Translated by R.M. E.-I. 


: 818 
2. 
¥ Vol. 2 
196! 


‘ol. 25 
1961 


DISTURBANCES IN AN ELECTROMAGNETIC FIELD CAUSED 
BY SHOCK WAVES UNDER THE INFLUENCE OF A 
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Strong shock-wave propagation through a gas involves very sharp changes 
in the properties of the gas after the shock front has passed; pressure, 
temperature, density, electrical conductivity and other parameters of 
the medium undergo a very marked increase. 


If the shock wave is propagated within a space where there are 
magnetic and electrostatic fields, the change in properties of the medium 
due to the passage of the shock-wave front causes disturbances in the 
magnetic and electrical fields which, themselves, will be propagated as 
electromagnetic waves. Problems associated with the radiation of electro- 
magnetic waves caused by shock waves have been dealt with by several 
authors [1-4], 


In this paper we discuss the problem of electromagnetic wave radiation 
resulting from the propagation of spherical shock waves in weak electric 
and magnetic fields. It will be assumed that the excitation of the 
electromagnetic waves is associated with the jump in conductivity due to 
the passage of the shock wave through the gas. The case of plane wave 
propagation has already been dealt with in[2,3]. 


Assume that a strong shock wave propagates at a velocity D(t), where 
t is the time, the gas occupying an infinitely large volume. As the 
electric and magnetic fields ahead of the shock-wave front are assumed 
to be weak, their effect will be neglected behind the shock-wave front. 


This means that the parameters of the wave front will be the same as 
those obtained from a gasdynamic solution to the problem. It is assumed 
that the gasdynamic problem has been completely solved and the velocity 
D(t) is therefore known, 
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Let us deal with the initial and boundary conditions. 


Suppose at an initial instant t = 0 the vectors of magnetic field in- 
tensity H and electric field intensity E are constant. We will assume 
that the conductivity of the gas ahead of the front is zero, whilst to 
the rear it is infinite. Because there are no magnetic charges at the 
shock-wave front, we can apply the condition of continuity to the normal 
component of magnetic field strength H, (magnetic permeability assumed 
to be unity). It follows from Maxwell’s equation that the tangential 
component of the electric field BE, is also continuous. It should be 
observed that the continuity conditions on H, and E. correspond to 
similar conditions on shock waves propagated through a medium of infinite 
conductivity [4]. 


By analogy with the case in which the electric and magnetic fields 
are parallel to the wave front, as discussed in [21], we consider the 
tangential component of the magnetic field H, to be continuous. It is 
considered, also, as in[2], that within the shock layer itself the 
coefficient of magnetic viscosity Ve exceeds other dissipative coeffi- 
cients. We use suffix 1 to denote quantities ahead of the shock front, 
2 immediately behind, and we can then write 


Because of infinite conductivity of the gas behind the shock front, 
in a coordinate system based on the wave we have the following relation 
between BH and E: 


xX He (c is the velocity of light) 


Taking account of (1), in a stationary coordinate system, we have 


1 
E,. -D)x Hy). 


The boundary conditions (1) and (2) at the shock front should be 
satisfied by the solutions of the electromagnetic wave propagation 
problem. As the solution of the gasdynamic problem is assumed to be 
known, the quantities Vv, and D in Expression (2) are considered to be 
given, 


The propagation of electromagnetic waves in a medium with zero con- 
ductivity and with w» = « = 1 is described by the Maxwell system of equa- 
tions 


rot H, (3) 
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System (3) with boundary conditions (2) and with given initial condi- 
tions allows one to determine the laws of propagation of electromagnetic 
waves. 


In order to find the electric and magnetic fields and the current dis- 
tribution in the region of motion behind the shock front, conditions (1) 
should be used, and also the equations of magnetohydrodynamics [4]. 


Below we will deal with spherical shock waves. 


Let the initial magnetic field be represented by Hy, the initial 
electrical field by E,. We introduce spherical coordinates r, 6, d, the 
angle 0 being reckoned from the direction of the vector B,. Bearing in 
mind that v and DB are directed along a radius, the boundary conditions 
(1) and (2) can be resolved as follows: 


E (ve D) 


61 (v2 D) Hy, (5) 


In view of the fact that for strong shock waves in a perfect gas with 
ratio of specific heats y the relation v, = 2D/(y + 1) is valid, condi- 
tions (4) and (5) can be written thus: 


c DH, 


DH, 


“01 1’ 


We deal with some examples of solutions to the problem of electro- 
magnetic wave propagation. 


1. Let Ey = 0, My # 0. We assume that the law of shock-wave motion is 
given by the expressions 


tp (Es, re) = 


Here g, are constants. 


In this case the solution to the problem is given by the formulas 
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drs e@ (Es, re) 
D dt xp (Es, = cl — Pa, re (0) =0 
’ 
— >) + 2) ra + + (ke 
k=0 
= E,=0, H. =0 
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m 


E, = Hosin § — >) + (k + 2)r] 
0 


H m g (8) 
= E* cos > i + (k + 3) r] + Ho cos § 
k=0 
m 
2, bes +24 r Ho sin 6 


k=0 


Note that the value € = 0 corresponds to the electromagnetic wave 
front. From solution (8) it follows that for é = 0 the components of 
vectors E and H take their initial values. 


2. Suppose D= Dy = const, By # 0, By A 0, and for simplicity we 
assume the vectors Hy and E, to be mutually perpendicular. 


A strong shock wave at constant velocity can, for instance, be caused 
by a spherical piston expanding in a gas from some point (taken as the 
origin) at constant velocity [5]. 


In this case the problem is a similarity one and its accurate solution 
may be found by introducing the independent similarity variable A = r/Dot 
by separating variables in system (3) and solving a system of ordinary 
linear differential equations with subsequent choice of arbitrary con- 
stants from the boundary conditions; we only give the final result: 


) 


14\. 
j2) sin @ cos 


o> 


E. EA, (— B,- ) sin @ sin § 


E, = — EoA, ) sin @ cos 


3 (1 — 8) — a(t + 38%) 
A= 4 (40° — 30° — 1) —3(1 — 03)’ = Dp 
36 —1—3(a +1) & + 3ad! \ 


30! 
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The validity of Equation (9) can be confirmed by direct check. 


It should be noted that solution (9) for the case Ey = 0 could be ob- 
tained from solution (8) by putting a= 0, 


3. A solution to the Maxwell equations written down in Formulas (8) 
can be used for finding, approximately, the electromagnetic wave para- 
meters for laws of D(t) other than (7). 


To do this we must substitute in (8) constants g, found from the con- 
ditions of approximation of the relations D(t) or Dir), using Expression 
(7). In particular, this expression can be used when D(t) and ro(t) are 
given in tabular form. It should be noted in this connection that if the 
initial position of the electromagnetic wave is represented by r= ro. 
the variable £ in solution (8) should take the form 
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1. Statement of the problem. We deal with the steady motion of a 
viscous conducting incompressible fluid within the space bounded by two 
infinite cylinders of radii a and 6b (a< b). 


It is assumed that the nonconducting internal cylinder rotates at con- 
stant angular velocity w, the outside cylinder being stationary, whilst 
there is also an external homogeneous magnetic field Hy which acts per- 
pendicular to the axes of the cylinders (Fig. 1). 


Under the specified conditions, electric fields and currents act along 
the direction of the axis in the fluid, and ponderomotive forces act in 
the plane perpendicular to the axis. Addition- 
ally, the currents give rise to an induced 
magnetic field in the same plane. Thus the un- 
knowns in the problem are the vector components 
of velocity v(r, 6) and magnetic field ¢) 
in the plane perpendicular to the z-axis (r, 
d,z, are cylindrical coordinates). 


We note that it follows directly from the 
equation 


rot (1.1) 


that E = E. = const. It will be assumed that 
Ey = 0 below, which allows us to lower the 
order of the magnetohydrodynamic equations [1 ] 
and bring them down to the form 
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div H = 0, div v = 0 


p(vV)v = nAv— Vp+ j rot 
where o is the conductivity of the fluid, 7 the viscosity coefficient, 
p the density, ¢« the velocity of light, j the current-density vector, 
p the pressure. 


Introduce the dimensionless variables 


i 
h Ho ae / = “Po vo = @a, = 


In these expressions, R is the Reynolds number, AR, is the magnetic 
Reynolds number, M is the Hartmann number. Making use of the relation 
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jx H = — |(vH) H— 


Equation (1.2) can be transformed to 


roth = RY x h, divh = 0, divu 


(1.4) 
Au= u+ + M* [eu — (uh) hj 


Here the operations of differentiation are carried out with respect 
to the dimensionless variable x= r/a which varies over the range 
b/a. 


The system (1.4) contains four unknown functions u(r, 6), uy(r, 9), 
hi(r, hg(r, and its solution requires eight boundary conditions. 


Four of the conditions are self evident; they arise from the sticking 
of the fluid to the walls and are of the form 


(1.5) 


The remaining boundary conditions should be obtained by solving the 
electrodynamic equations 


roth = divh =0 (1.6) 


over the ranges xz < 1 and x >A, and the following conditions of con- 
tinuity should be inserted: 


h. : h. for sx forx a £4.93) 
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Here (a) and nl ®) are the magnetic-field strengths in the regions 
r< a@andr> 6b respectively. 


It is finally necessary to lay down the condition that the vector nla) 
be bounded when r- O whilst the vector n{) must have components ao) = 
sin ¢, hg!) = cos ¢ for r + ~, corresponding to the given homogeneous 
field. 


2. Approximate solution for small Reynolds and Hartmann numbers. We 
assume that the parameters R, Ry, M are small quantities of similar 
magnitude. This occurs, for instance, in the case of a very viscous but 
weakly conducting fluid in a fairly strong field Hy- We write down 


=e, R= ae, M? = Be 
where ¢« is a small quantity, a and f are finite quantities. 


We look for the vectors h and u, and also the quantity gq in the form 
of an expansion 


h = ho + eh,—..., U = Up + +. (2.2 
It is obvious that the zero approximation for the magnetic field will 
be 


= sin @, 


over the whole space. Furthermore, from the equation 


vor 


A 
(Avot), AY%o, 2 


the zero approximation for the velocity emerges: 


2 — 
) 


which satisfies all the boundary conditions and corresponds to a purely 
hydrodynamic regime. We will now turn to finding the next approximation. 


In order to estimate the influence of the current on the magnetic 
field in the first approximation, it is necessary to solve the equations 


rot hy = Ug X hy, div hy as () (2.6) 


or, in terms of components 
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Ox ir Og x (A* —1) 
Assuming 
sin @ 
from (2.7) we find 
In z+ (x) 


A(x) 


D 28 
inz-+ a (2.9) 


To determine the constants C and D we use the solution of the homo- 
geneous system (2.7) over the ranges x < 1 and s>A 


- pi2) cos@ — 
Zt 


— pi sin @ pi?) cos 


(b) sin 


1961 


(2.10) 
and we find C, D, c’® and p‘® from the conjugate conditions (1.7). 


We find on calculation that 


in» , B(x) = — 1 4 
x 8 x 


which represents the first approximation for the magnetic field. 


We now turn to the determination of the effect of the magnetic field 
on the motion of the fluid to a first approximation. 


The functions w, and must be found from 
the following system of differential equations: 


‘ 
Og x 


“ig Ode 


cos 2@) 
4 


OF 


for x fandr=—A 
We look for a solution to system (2.12) in the form 


8 
BR (2, @), = Bp (x) + BD(z, @), gom +4 f (x, @) 
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The functions W(x), R(x, 6), P(x, and f(z, satisfy the equations 


(zy) - x 


(2.15) 


R R aD Of Uns 


‘ (pb 2 OR if 
I ol | (We cos 


x og Og 2 


The functions w(x), R and ® should vanish when x= 1 and xk = A whilst 
the function y(x) is determined by the formula 


(*) 917 


and this evidently represents the part of the pressure which balances 
the centrifugal forces which arise due to the velocity Uo: 


The function W(x) can be found easily and has the form 


(2.18) 
— 1) In & — (a? — 1) 2? Ind] + — 1) (2 — (2? — 1) 


(A* — 1)* 


p (2) = 


If we differentiate the first of Equations (2.16) with respect to 4, 
we multiply the second equation of (2.16) by x and differentiate with 
respect to x, subtract the second result from the first and combine the 
result with the last equation (2.16); we arrive at a system of two 
equations with unknown functions R and @ If we put 


R = y (2) sin 29, @M = Z (x) cos 2q (2.19) 


we separate the particular solution of the system of ordinary differ- 
ential equations so obtained and eliminate Z, then for the function 
t = xy we obtain the equation 


+ 222 t” + 91’ = 0 (2.20) 


with the general integral 


Brt + + D 


On determining the constants from the boundary conditions we arrive 
at the following formulas after some calculation: 


42 
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— (A? — 1) (x? — 1) (A? — 2?) (02 + 1) — (2.22) 
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42 


Z (2x) (2.2 — 1) [22 (2.2 + 1) + 1) — In 


(A? — 1 
— x8 (22 — In — (A? — 1) — 1) (A® — 2*) [22 + 1) + (2.23) 


There only remains now the determination from Equation (2.16) of the 
components Of/dx and x | df/A¢ of the pressure gradient, and the solu- 
tion to the first approximation is finished. (Here only the zero approxi- 
mation is obtained for the pressure.) 


The next approximation can be sought in a similar way, but the actual 
computation turns out to be rather complicated even for the second 
approximation. 


3. Calculation of the moment. We make use of the results obtained in 
order to find the turning moment which must be applied to the cylinder 
in order to balance the forces of viscous friction and establish a uni- 
form rotation, 


If we make use of the expression for the frictional stress F. on the 
Jol. 25 surface of the rotating cylinder 


a 


1) (1) Z (1) cos 2@] 


In this expression 


2h? 3A? — 1) (4? — 1) — 427 In 
a 


a 1); 
4p? (22 + 2) Ind — 02 — 1) (522 — 1) 


8? — 1p 


whilst pte is the frictional stress at r= a in the corresponding 
ordinary hydrodynamic problem. 


It can be shown that for all values of A > 1 the quantity wW’{1) + 
z°{1) < 0 whilst 2°{1) > 0. Thus magnetohydrodynamic effects in this 
case always increase the friction on the rotating surface, as would be 
expected, because in this problem there is no electric field. 


If we use (3.2) we obtain a formula for the moment 


“a 
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and the function 


In — (302 — 1) (A? — 1) 
A) = p— (on — 2) (A 8) 
1622 (42 — 1) 


remains positive for all values of A > 1. 


We also deduce formulas for the stress and turning moment on the 
stationary surface r= 6b 


} vo 2 
— — 1) (A) + 2” (2) c08 29), 


a ! 


4)? In, 


1— (4), ly) = 1) 


(0) (0) 
L, L, 


L, 


Here the quantities z°{A), W’{A) — 2z’{A) and f,(A) will be positive 
for all values of A> 1. This means that on the stationary surface, the 
magnetic field has the effect of reducing friction. 


In conclusion, the author wishes to thank G.A. Liubimov and M.N. Kogan 
to whom he is indebted for valuable observations on reviewing the paper. 
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Starting from rather broad assumptions concerning the dependence of aero- 
dynamic parameters on the orientation of the free-stream velocity 
relative to the body axes, the present paper studies the implications of 
various symmetries of the body on these parameters. Expressions for the 
dependence of the aerodynamic parameters on the polar angle @ of the 

body cylindrical coordinate system are developed. The aerodynamic forces 
acting on an axisymmetric body with control surfaces are expressed as 
functions of the orientation of the body, and also of the number of fins 
in the absence of mutual interference between the fins. 


1. Let us study the dependence of an aerodynamic parameter F on the 
direction of the free-stream velocity V relative to the body. We shall 
denote by Cor Cys @; the projections of the unit vector e = V/V on the 
rectangular coordinates x, y, z associated with the body. When e, > 9, 
the direction of V is uniquely determined by the values of e., e,(e, = 
(1 - - Hence, we shall study the dependence F = F(e,, 
The parameter F may refer to fixed x, y, z points (for instance, to 
points on the surface of the body) or to points with coordinates depend- 
ent on e. and e. (for instance to points on the shock front*). F can also 
represent a quantity characteristic of the overall flow (for instance, 
any component of the aerodynamic forces or moments). 


We assume that, when (ey? + e 2) 1/2 Ma (M> 0), the function F(e., 


e,) can be expressed with sufficient accuracy by Taylor series, termi- 
nated with the terms of nth power: 


* If we should refer the value F on a shock front to points fixed in 


the x, y, z system, then the function F(e., ¢,) for such points can- 
not be expressed in the assumed form aa. 
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e (1.1) 


t 
“2 


All the subjequent developments are based on this assumption, Let us 
change variables in (1.1), as indicated in Fig. 1: 


t. sin a cos 8, e. sinasing (1.2) 


Here a represents the angle between 
the x-axis and the direction of V (the 
angle of attack), 8 the angle between 
the plane z= 0 and the plane formed by 
V and the x-axis, called the plane of 
the angle of attack hereafter. Sub- 
stituting (1.2) into (1.1), we find the 
dependence F(a, 


(1 


1 


According to our basic assumption, the equality (1.3) is valid for all 


values of § and for 0 <sina <M. 


With the aid of identities between powers of trigonometric functions 
and functions of multiple angles[1], it is possible to express the 
right-hand side of (1.4) in the form 


(3) > — 27) 8B sim (hk — 27) (1.5) 


(The coefficients of (1.5) and (1.4) are related one to one.) 


Let us introduce a cylindrical coordinate system x, r, 6, having the 
z-axis in common with the system x, y, z. The parameter F will thus refer 
to the point A(z, r, 6), Furthermore, y will indicate an angle by which 
the body is rotated around the x-axis from some original orientation 
(Fig. 1). Let us examine the dependence of F not only ona, £f, but also 
on the angles y, @ with the assumption that for at least one pair of 
values y, 0, Equation (1.3) is valid. Then there exists a function 

M(y, 8) > 0, not identically zero, such that for 0 < sina< M(y, @) and 
for all values f, y, 6, this dependence F can be represented in a form 
analogous to (1.3) and (1.5): 
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n 

y. 8) F §)sin*® a (1.6) 


(Y. GB) cos (h 27) B+ sin (A 27) 3) (1.7) 


It is clear that simultaneous increments in the angles f, y, @ by an 
arbitrary angle ¢ do not change the quantity F. (If F is a projection of 
a vector, we suppose that the projection is effected onto the direction 
of x, or of r, or of @: 


It follows 


It is possible to choose the function M(y, @) so that 


M 0) = M(x +9, 


Then, in accordance with (1.7) and (1.9) 


+ @) sin (k—- 27) (8 + @)] 


Later cases will occur in which F by its nature does not depend on y 
or 6, In these special cases the arguments y(y + 4) or 0(0 + @) will be 
absent from Formulas (1.6) to (1.11). The function M(y, @) > 0 will have 
a constant magnitude larger than zero, as follows from (1.10). 


2. Let the x-axis coincide with the axis of the body of revolution. 
In that case the aerodynamic parameters will not depend on the angle of 
rotation around the x-axis, and (1.6) and (1.11) can be written 


n 


F(a, 8, 0) F (3, §)sin® 


k—oj, @) sin (k — 27) (3 + @)] 
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By virtue of the arbitrary choice of ¢, let us set d= — @ in (2.1) 
and (2.2). We shall take the plane B= 0 as that of the angle of attack, 
and instead of F(a, 0, 9), ff_ 2j,k(0) we shall write 
F(a, 9), fe—2j,k fi 2j,k* Then we obtain the form of F as dependent on 


6: 
nm 
F (a, §) = > sin* a S' 


COS 27) 6- Sin (k—2j)0) (2.3) 


The flow field around the axisymmetric body is symmetric with respect 
to the plane of the angle of attack. If the quantity F does not depend 
on the sense of the angle (i.e. on the directionality of the z-axis), 
then this symmetry implies F(a, 0) = F(a, — 0). If the aerodynamic para- 
meter changes sign with the sense of @ (and z-direction), then F(a, @) = 
- F(a, - 6). 


From (2.3) it follows that in the first case fh—2j,k = 0, and 


F (a, §) sin* a > , cos (k — 27)6 


k—0 O<j<k/2 


In the second case, fh-2; , = 0 and 


F (a, 6) sinka Sin 27) 0 (2.5) 
0<j<k/2 


Formulas (2.4) and (2.5) exhibit clearly the dependence of the aero- 
dynamic parameters on the coordinate @ of the point at which the para- 
meters are to be evaluated. If, in a numerical computation of the flow 
around an axisymmetric body at angle of attack, the aerodynamic para- 
meters are sought in the form (2.4) or (2.5), then the three-variable 
problem reduces to a two-variable problem of determination of the coeffi- 
cients 2j,k or fh which depend only on and 


In many papers (for instance [2]), quantities of order a” are neglected 


in the solution of the flow around an axisymmetric body at a small angle 
of attack a. Then the relations of the form 


F (a, hi acos or F(a, §)= -f,*, asin (2.6) 


loo 1 

are utilized. The validity of (2.6) is generally justified on the bases 
that they satisfy approximately the aerodynamic equations and the boundary 
conditions. It is easy to see that the equalities (2.6) follow from (2.4) 
and (2.5), if in these the quantities of order a? are neglected. 


3. The system of forces and moments acting on the body due to the flow 
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can be represented by resultant vectors B of the aerodynamic forces and 
@ of the aerodynamic moments. Henceforth, F will be understood to stand 
either for RB or M. Let us designate the projections of F on x, z, z-axes 
by Ff.» Fy v. and its projection on the ray r(x = const, @ = const) by 
The serodynenic parameters F, characterize the whole flow 


r 
field and do not depend on @. The je Re, Fy, F, are related to F,: 


F(a, 8, 7, 0) FY (2, 8, y) cos § + F, (a, 8, 7) sin 6 


(a, 8, +) = F, (a, B, 7, 9), F(a, B. x) = F, (a, 
Let us apply Formula (1.8) to F, and F,, setting d= — y: 


F(a, 8, 1) = (2, 8—r, 9), F(a, 8, 6) = F,(2, 8 


x r 


The right-hand side of (3.3) is rewritten with the aid of (3.1): 


1961 8. 9) F(a, 3 — 0) cos (6 + ry. 0) sin (6 — 7) 


Let us develop the expressions for F,, | F, on the right of (3.3) 
and (3.4) in accordance with (1.6) and (1.7) and let us specify the 
orientation of the plane of angle of attack by setting B= 0: 


(a, 0) sm a { 23) ¥ 2j, Sin (h — 27) 


k=0 OG 


s 


cos — ¥) + COS 21) PS oj, Sin (hk 27) sin (6 Y) (5.6) 


(For the sake of brevity, the arguments which are equal to zero have 
been dropped in (3.5) and (3.6).) 


By virtue of (3.2) for 6 = 0 and @ = 7/2, and some rearranging, we 
obtain from (3.6) the expressions for F(a, y) and Fi(a, y): 
n+l 
ly 


4/2 


lye COS (K — 27) hk — 27) 7] 


(3.7) 


2j , (A sin (kh 2) 7) G8) 
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The coefficients with index k in (3.7) and (3.8) and the coefficients 
with index k — 1 in (3.6) are related one to one, and there exists the 
relation 


Hereafter, the primes in the coefficients of (3.7) and (3.8) will be 
dropped. 


Equations (3.5), (3.7) and (3.8), together with the relations (3.9), 
determine the dependence of the components of RB or M on the orientation 
of the body in the flow. Let us write these in a more compact form: 


n n l 
F (a, F sin*a, F(a, ¥) Fy (y) sin ly 
k-0 


and the index v stands for either y or z, while the index uw stands for x 196 
or v. 


Let us examine how Expressions (3.11) simplify in the case of a sym- 
metric body. Let the body possess a plane of symmetry and that, for y = 0, 
this plane coincides with the plane of the angle of attack 6 = 0. The 
flow field around the body (which is now rotated by an angle y or — y 
from the original orientation) will still be symmetric with respect to 
the plane 8 = 0. Hence 


= R, (— 1+), x) R(x) 
V(x) 1), M,(y M,(%) 


and for R,, Ry, 


Sin — 27) ¥ (3.14) 


Purther, let the body be symmetric in such a way that a rotation of 
the body by an angle y = 27/m (m= integer > 1) around the x-axis cannot 
be distinguished from the original orientation. A body of revolution with 
regularly spaced and equally deflected control surfaces, for instance, 
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possesses such symmetry. 


From such "symmetry under finite rotation" it follows that 
Fux (t + 2a/m)— F,, (1) = 0 
Substituting (3.11) into (3.15) and simplifying, we obtain 


a 
sin (h 27) m sin (hk <1) \¥ m)+4 
0<j<h/2 


Because of the arbitrariness in the choice of the angle y + m7/m it 
follows from (3.16) that 


oj, Sin (h 


(3.17) 


Clearly ft ,_ 2j,k and 2j,k can be unequal to zero only for 
k — 2j = im, where i is an integer which satisfies 0 < i < k/m and which 
makes k — im an even number. 


In Equation (3.11) let us change from summing on j to summing on i, 
and let us introduce the function 5(i), which is zero for i odd and 
unity for i even, Then (3.11) is expressible as 


Fix?) a tk im) (/ 


im 


j 


From (3.18) it can be seen that the smallest value of k for which 
Fi, (y) still depends on y is k= as. It follows that for small angles of 
attack one can neglect the dependence of the aerodynamic forces on the 
orientation of the control surfaces relative to the plane of the angle 
of attack: in accordance with (3.10) the dependence of F, on y appears 
only in terms of order a", and for Fy and F, in terms of order e*~}, 


For the case of an axisymmetric body, the number a can be considered 
as infinite, and for an arbitrary k there remains only one term in 
(3.18) corresponding to i= 0: 

F S(k)/ 


uk uk 


(where instead of fi 9 , the notation f,, is introduced). 
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Substituting (3.19) into (3.10), we obtain the expansions in powers 
of sin a of the aerodynamic forces on an axisymmetric body: 


n 
F (a) S' 5(k) sin*a, F (a) 5(k) (3.20) 
k=0 k=1 


Since an axisymmetric body possesses a plane of symmetry, then from 


(3.12) and (3.20) it follows that R, = My = My = 0. 


4. As the free-stream velocity becomes more and more supersonic, the 
regions on the surface of the body which are influenced by the presence 
of the control surfaces become more and more narrow. Let us consider a 
velocity so large that for sin a <M and for all values of y the regions 
of influence of the different control surfaces do not intersect on the 
surface of the body, i.e. there is no interference between the control 
surfaces. 


Let Expressions (3.20) specify the magnitude of the aerodynamic forces 
and moments of an arbitrary axisymmetric body, and let (3.10) give the 
same quantities but for the same body with a single control surface. The 
difference between these two expressions A, F(a, y) gives the increments 
in forces and moments due to the effect of one control surface 


n 
AiF sin*a, Ai, (4, 7) pe AiF (y) sin® (4.1) 
k=1 


where 


ALF, (1) fut >) — 


0<j<k/2 


u, —27 (4.2) 


When there are a regularly spaced identical control surfaces, then 
the total increments in forces and moments A, fF, (@, y) are expressible in 
terms of Ay F(a, y) (in view of the non-interference between surfaces): 
(4, ¥) > AiF (4,7 22) (4.3) 


Substituting (4.1) into (4.3) 


n n+1 
4," (a, 7) sin*a , 4," (2, ¥) (x) sin’ (4.4) 
k=0 k=1 


where 


Am ux (0) ( i (4.5) 


l=o 
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Expanding the right-hand side of (4.5) with the aid of (4.2) 


x c c , s in 
ux (y) = — mé (kk) Sux r (fu. k—2j, k?k-2j,m k 2j, ~2j,m ) (4.0) 
0< j<k/2 


Here the following notation is used: 


m—t1 
-2j,m > co: (k = 


2al 


m 


= sin (k — 27) ( ¥+- 


25, m 
l=0 l=0 
It is known (for instance [1]) that when the integer k — 2j is not 
divisible by a, the sums are identically zero. When k — 2j = ia, where i 
is an integer, then 


m cos imy, = msin imy (4.8) 
Let us substitute into (4.6) the values (4.7), and in (4.6) let us 
switch to summation on i as in the development of (3.18): 


(4.9) 


ux (Y) =m S(k)f 5 (k — im) Geen. COS imy im. Sin 


Expressions (4.4) and (4.9) give the desired dependence of the aero- 
dynamic forces and moments on the number of control surfaces a in absence 
of mutual interference. For k < a the expression inside the brackets in 
(4.9) is independent of a, It follows that if we compare the contributions 
to forces or moments due to = and a» (with a > «) control surfaces, we 
shall have 


(4.10) 


The first equality is valid to order a™ and the second to order a®~ ', 
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HOMOGENEOUS SPIRAL MOTION BETWEEN TWO 
COAXIAL CONES 


(ODNORODNOE VINTOVOE DVIZHENIE MEZHDU DVUMIA 
KOAKSIAL’ NYMI KONUSAMI) 


PMM Vol.25, No.3, 1964, pp. 567-570 


S. A. BOSTANDZHIIAN 
(Moscow) 


(Received February 25, 1961) 


The problem of homogeneous spiral motion in a conical vessel of finite 
dimensions has been studied with application to hydrocyclones [1]. In 
the operation of the hydrocyclone a column of air forms at the axis. It 
is therefore of interest to obtain a solution of the problem outside the 
region of the air column, We consider below the problem of homogeneous 
spiral motion in a doubly-connected region between two coaxial cones. 


1. We shall assume that an ideal incompressible fluid flows between 
two coaxial cones in a uniform spiral, symmetrical about the common axis. 
Through the annular crevice around the base of the 
external cone, fluid enters the cone at the rate 

of q units per second, whilst through the common 
vertex of the cones and through the annular crevice 
encircling the axis it issues at the rates of q, 
and gq, units per second, respectively. The length 
of the generator of the cone is equal to Ro, and 
the complete angles at the vertex (Fig. 1) are 
equal to 26, and 20,, respectively. 


The problem reduces to the solution of the in- 
homogeneous differential equation [ 2 ] 


r= oy \sin 


(k, const) 1.1 Fig. i. 


in the region 0<r<A&p, 95, under the following boundary con- 
ditions: 


wp (r, O1) (r, G2) 


Vol. 
196 
840 


Homogeneous spiral motion between two coaxial cones 


Instead of the function W(r, @) let us introduce a new function u(r,9@) 
connected to the first by the relation 


sin- 


Equation (1.1) takes the form 
O*u sin} @ 
ore oy \sin § 
sin 
sin® §2— sin* sin? sin® 


For the function u(r, 9) we have the following boundary conditions: 


sin? sin?hy, 
u(r, 91) 0, u (r, Ge) 0, u §) | 


The function u(r, @) will be sought in the form of a series 


u(r, 9) = M,(r) L, (6) + Ma(r) Le (6) +. L, (6 


expanded in the characteristic functions L,(@): 


L,, (6) = sin § (cos Py (cos 8) pt (cos (cos 


Here pi (cos @), Qi icos are Legendre’s associated functions. 
n 


The characteristic numbers v, are determined as the roots of the 
transcendental equation 


Q' (cos P(cos §2)— (cos 1) (eos 


The function M,(r) is determined from the differential equation {1] 


dr* 


tp, sin? 
sin® sin® 


L.2 \ a6, a 


\ sin* he (9) L, (8) d6 
sin® fo — sin*® 


The function p(@) = cosec @ represents a weighting function. The 
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function M,(r) must satisfy the following conditions: 


1) as r» O the function M,(r) must be finite in value; 


2) when r= Ry according to the third condition (1.5) and the de- 
finitions (1.9) 


n Lt 0,2 


(1.10) 


Let us introduce the dimensionless quantities p = r/Ro. K= kRo and 
y= Walp, and write down the final expression for the stream function 


(p, 9) sin? §@—sin?@, sin? 


n 


Jun (xp) 


n~~ “n Sin? — sin? V xps, (xp) + 26, V xps (xp)} L,? 
= J 

( Pn 


n=1 


L,, (6) 


n 


Ves. (xp) (1.14) 


Here y (x) and 8-3/2,, (X) are Lommel functions = v, + 1/2). 


From (1.11) we can obtain the solution for some special cases. Thus, 
y = 0 corresponds to the case where the annular crevice is absent along 
the base of the internal cone, whilst y = 1 corresponds to the case 
where the annular crevice is absent along the base of the external cone 
and the fluid enters through the annular crevice of the small cone. 


The calculation is appreciably simplified if we make use of the 
asymptotic formulas for the associated Legendre functions, derived in 


[3] 


m 


(cos 


Q 


which give good results even when v = 10. 


For cases of practical interest 6, = 15° - 20° and the smallest root 
of Equation (1.7) exceeds 10, so that we can use Formulas (1.12). 
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Equation (1.7) takes the form 


J, (ka) Ny (x) — J, (2) Ny (ke) = 0 k, (v++)@:=2) (4.13) 
If S, is the nth root of Equation (1.13), 


then the corresponding root 
of Equation (1.7) is found from the relation 


Calculating 4”. an, b, from Formulas (1.9) and using (1.12), we can 


rewrite Formula (1.11) in the following form, which is more convenient 
for numerical computations: 


9) § 


sin? 0, sin® 3 
Yr sin? — sin® sin® — sin® 0, 
J (xp) 
sin? 0; Bn 
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sin? 
V 6 sin OZ, (p, 6) 
02) |? —(2/ay* 
J, (xp) 


“Pe V sin OZ, 


Here 


Z, (m,,9) Ji 00) Ni (0) — Ni (00) 
(p,,92) J; No (n,,92) 


Ny (p,,91) Jo 


x 2u \*z (pt, Os) 
" 2 V0, sin 0, “Hn | sin a 
" sin? @ — sin® 0, 


With the help of Formula (1.14) we carried out the computation for 
the following data: 


== 1.5°, = 15°, 
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To estimate the influence of the air core we carried out similar 
calculations for the complete cone with 6, = 15° and the same values of 
the parameters x, C/kW,,y. 


The results of the calculations show that the 
presence of the air core has a very insignificant 
effect on the distribution of the streamlines. 
Accordingly, in the determination of the flow chart 
of the fluid motion inside the hydrocyclone, the 
influence of the air core can be neglected. 


2. Now suppose that the rigid spherical surface 
is absent, whilst ¥, is a given function of 0. In- 
stead of the third condition (1.3) we shall have 
W(Ry, 9) = {(0). The function f(@) must be such 
that when 0 = 0, it vanishes, whilst it is equal to 
when 6 = 6,. 


In what follows only the quantity M (Ro) is 
changed: 


d a, sin? i] 


\ (0) L,, (0) dt (2 1) 


0, 


Let us solve the problem in the particular case when the radial con- 
ponent of velocity is constant at r= Ro. It is not difficult to show 
that in this case 


cos cos 
PW) = (2.2) 


cos cos 


We shall write down the final expression for the stream function: 


sin? f) — sin® §, sin? 4, 
lin n \ n tn 


sin? 
J. (x) \ sin® sin® 


rn 


V 6sin § Z 9) 
Vxps, (xp)+23, V xps Pn 


V § sin 9) 


(2.3) 


Pe, 
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where a, and 8, are as before, and 


j 
V Osin OZ, 


n 


From Formula (2.3) we performed the calculations for 4, = 1.5°%, 
2° 15°, « = 4 and for various values of the parameter C/ky). The 
streamlines in the case C/kw, = 7 are shown in Fig. 2. 
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CERTAIN PROPERTIES OF A GYROCOMPASS WITH A 
SEVENTEEN-HOUR PERIOD 


(NEKOTORYE SVOISTVA GIROSKOPICHESKOGO KOMPASA 
S PERIODOM V SEMNADTSAT CHASOV) 


PMM, Vol.25, No.3, 1961, pp. 570-575 


E. N. TOKAR’ 
(Moscow) 


(Received May 28, 1960) 


It is well known that existing gyrocompasses possess two possible posi- 
tions of equilibrium, If the velocity deviations and the deviations of 
damping are neglected, in the first position the momentum vector of the 
gyroscopic system is directed north, in the second position it is 
directed south. The first position is the principal working position of 
the gyrocompass and it is always stable. In existing gyrocompasses the 
second position is unstable. 


196) 


We shall demonstrate that a gyrocom- 
pass, with parameters causing a consider- 
able increase of its free vibration 
period, may have in general four posi- 
tions of equilibrium. A gyrocompass work- 
ing on the Earth’s surface will display 
this phenomenon when its period of free 
vibrations about its principal (northern) 
position of equilibrium is larger than 

17 hours. 


We shall consider a gyrocompass with 
one rotor, resembling the first Sperry 
gyrocompass (study of other types of 
gyrocompasses will disclose similar pro- 
perties). In Fig. 1 the numeral 1 indi- 
cates the gyroscope’s casing which contains the spinning rotor, the 
numeral 2 indicates the outer gimbal frame, the numeral 3 the correcting 
pendul um, 


Moments arising from the pendulum swinging from its vertical position 
are transmitted to the gyroscope through the eccentrically located 
pin 4, 
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The pendulum is on a separate suspension and has a tracking system. 
The tracking system combines the axis of the pendulum’s suspension 5 with 
the axis of the casing’s suspension in the 
outer frame, 


The orientation of the axis of the 
gyroscope is arbitrary. We shall introduce 
two coordinate systems with common origin 
at the rotor’s center of gravity 0. 


The system %9¥o% is a geographically 
oriented trihedron on the Earth’s surface 
(Fig. 2). 


The zg-axis is horizontal and directed 
north, the Yo axis is vertical and direct- 
ed upwards. If the gyrocompass is on a 
stationary base, then the angular velocity Fig. 2. 
of the trihedron 9% 2 with respect to an 
inertial system would equal the angular 
velocity of the Earth’s daily rotation ®. Resi ving the Earth’s angular 
velocity vector into the local horizontal (@, and vertical (@, “) 
components, we can obtain the Z9- and the y)-components. 


The xyz-system is fixed in the casing; the x-axis coincides with the 
rotation axis of the casing, the z-axis coincides with the angular 
momentum vector of the gyroscope. We shall assume that the axis of the 
outer gimbal frame is stabilized in the direction of the local vertical, 
that is, in the direction of Yo- With this assumption the z-axis will 
always be in the %9¥o-Plane. The orientation of the xyz-system with re- 
spect to the z»y)z9-system is determined through angles a and f. The 
angle a is the rotation angle of the outer gimbal frame about its sus- 
pension axis, the angle f is the rotation angle of the casing with respect 
to the outer frame. The angles a and f are measured from this position 
of the gyroscope when the z-axis coincides with z9- axis. The positive 
direction for the angles a and B is indicated in Pig. 2. 


The absolute angular velocity (velocity with respect to an inertial 
system) of the trihedron xyz is 


The meaning of the vectors a and pb just introduced here is clear from 
Pig. 2. The x- and y-components of the vector @ are 


= — o,’ sinz — 3, 


cos 3 cos sin 3 + acos 8 
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We assum® that the gyroscope is in a steady regime 


Voy = 9, | const (1) 


Here MS is the z-component of the principal moment of the external 
forces acting on the gyroscope, I" is the angular momentum of the gyro- 
scope. 


Assuming that the tracking system which connects the axis of the cor- 
recting pendulum with the casing’s axis is mounted without friction, we 
find the x-, y-, and z-components of the pendulum’s moment. We have 


(<) 


Here p is the weight of the pendulum, l is the distance from the sus- 
pension axis to the center of gravity of the pendulum. The meaning of ly 
and ly is clear from Fig. 3. 


The moments of friction in the suspension axes 
of the gyroscope and of the pendulum will be 
neglected. In the region corresponding to these 
values of § which we shall consider here, the re- 
action moment @,. acting on the outer gimbal frame 
can reach considerable values. In our gyrocompass 
this moment equals zero for all values of f with 
the exception of P= t+ 


Fig. 3. Let us assume that M, # 0. With frictionless 
suspension axes of the gyroscope, the vector moment 
M. should be perpendicular to the plane of the outer frame, This moment 
has a finite z-component for all values of f, with the exception of 
B= +7/2. If we take into consideration (2), we can see that this con- 
tradicts the condition (1). Consequently, M_ must equal zero for all 


values of f, with the exception of B= + m/2. 


The x- and y-components of the equations of motion of the gyroscope 


are 


Here k = pl, h= pll,/t,. We shall determine all possible positions 
of equilibrium of the gyroscope. Setting a = B= 0, we obtain 


(To’, cos x k) sin 3 cos 30 i}, lw sin h sin 3y (4 
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Here a, and By are the values of a and f in a position of equilibrium, 


We shall consider first the positions of equilibrium of the gyroconm- 
pass which occur when the angular momentum vector of the gyroscope is 
directed approximately north or south. Near the northern position of 
equilibrium the angles a and § are small. 


We obtain 


The relation (5) gives the value of the normal angle of elevation of 
the gyroscope’s axis with respect to the plane of the horizon (the level 
plane) and the value of the damping deviation. We note that the obtained 
values of a, and By will not remain small if the parameters of the 
instrument are allowed to vary within large bounds. The case when the 
parameter k is allowed to decrease considerably will be studied present- 
ly. The linearization of the equations (4) may not be justified in this 
case. 


While considering small values of k we shall also assume that the in- 
equality wo ” << wo” is satisfied. This means that the gyrocompass works 
in low latitudes. With the above inequality satisfied, the linearization 
of the equations (4) near the northern position of equilibrium is justi- 
fied for all values of k. 


Linearizing similarly the equations of motion (3) we find 


la (Tw,’ --k)3 re.” = 0, 


We shall turn our attention now to the equations which control per- 
turbations 


rAa— (le ’ +k) AS = 0, Te ‘Aa + 


Here Aa = a — ay and AB = B - By are the perturbations of a and f. 
The characteristic equation of the system (6) 


(lo kj) @ 


shows that the northern position of equilibrium of the gyrocompass axis 
is asymptotically stable for all positive values of h, k and I. In order 
to study the southern position of equilibrium we make the substitution 


a° =m — a, Assuming that the angles a’ and f are small, we obtain 
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Pa’ + (k—To’)3—To” =0, r3+h3+Te ‘a’ =0 


In the position of equilibrium 


The perturbed equations are 
rAa’ + (k ’)A8=0, PAS + hA3 + ‘Aa’ = 0 


The characteristic equation 


shows that the investigated position of equilibrium is unstable only 
when k > To’. When k < To’, then the position of equilibrium (8) be- 
comes stable and the kinetic axis of the gyrocompass is capable of being 
stabilized in southern position. 


Using Equation (7) and assuming that the coefficient h which deter- 
mines the damping of vibrations is small, we can calculate the period 
of free vibrations of the instrument near its principal (northern) posi- 
tion of equilibrium from the formula 


2x 


Substituting in the above formula k = To’, we find the free vibra- 
tions of the instrument in this unstable southern position of equilibrium 
which is on the very border of the region of instability. We obtain 


Consider for example the gyrocompass placed at the Earth’s equator. 
Substituting = 7.27 x sec! we obtain 


T, = 16 hrs 58.3 min = 17 hrs 


Let us consider Equations (4). 
obtain 


Eliminating from them the angle a we 


‘ 
850 
@ k—To 
w ’(k—To ’) 
I 
: 
T= 
a 
m= Yy2 
° 
(u tan 3) (Y) 


Gyrocompass with a seventeen-hour period 


This equation can have in general four real roots, therefore we can 
expect in a general case that the axis of a gyrocompass will have four 
positions of equilibrium in space. Consider again a gyrocompass placed 
at the equator. In this case o “= 0, w = @ , and the equation (9) will 
take the form 


Solving Equation (10) we find 


Utilizing the above expression, we can obtain the following four solu- 
tions of the system (4): 
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The positions of equilibrium corresponding to the first two solutions 
have already been discussed. The position (a), Bo) is the principal 
(northern) position of equilibrium of 
a gyrocompass and it is always stable. 
The position of equilibrium (a),, Bo») 
corresponds to the southern position 
of equilibrium of the gyrocompass axis, 
and it is unstable when k > ['w and 
stable when k . Two new positions 
of equilibrium corresponding to the 
solutions (a,,, and (a),, are 
located on the phase sphere (a, f); 
when looking at it from the side of the 
principal position of equilibrium, that 
is, from the side of the z-axis (Pig. 
4), they are on its rear half. The 
positions of equilibrium (a),, Bo3) 
and (a),, By,) are located symmetric- 
ally with respect to the z-axis. These 
positions of equilibrium arise only 
when k < To’, that is, only when the position of equilibrium (@o9- Boo) 
becomes stable. 
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Let us investigate the stability of the position of equilibrium (293, 
and (ao,4, Boy): Expanding the terms in Equations (3) in series 
about some position of equilibrium, say (a), Bo). and neglecting all 
terms of third order and higher, we obtain 


‘ 
@, | COS — sin a, tan 3, Aa 


h 
COS a Aq | sin 39 


or, using the condition (4) 


Aa @, sin a, tan 3, Aq w, sec? 


@, cos AB 


Here Aa=a-ay, AB= are small deviations of a and from 
their equilibrium values. The characteristic equation of the perturbed 
system of equations is 


P | Sin tan 3, COs 39 | Op 


lw. 
k 


sin a, sin 8, +- sec* By cos a, COS a 


} | (11) 


Substituting in (11) the values of trigonometric functions correspond- 
ing to the position of equilibrium (a),, Bo3) we obtain 


2k? h*? — * 


p * 


The position of equilibrium (a,,, exists only when k< 
therefore if it exists it must be unstable. Since the free term in the 
characteristic equation (12) is negative, we have a saddle point at the 
position of equilibrium (a,,, B),). Exactly the same results are ob- 
tained for the position of equilibrium (a),, Bo4)- 


Thus, when the period of free vibrations near the principal (northern) 
position of equilibrium reaches seventeen hours, then a gyrocompass of 
the investigated type and located at the equator can have four different 
positions of equilibrium. Two of them occur at the northern or southern 
orientations of the kinetic axis of a gyrocompass, and they are stable. 
The remaining two positions of equilibrium are located on the southern 
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half of the space hemisphere and are special points of the saddle-type. 


Figure 5 shows an example of mapping of the phase sphere on the (a, 
B) phase plane for a gyroscope of the investigated type. The inequality 
k< To, necessary for the existence of the positions of equilibrium 


Boz) and is assumed here to be satisfied. The mapping 
shows four positions of equilibrium of the instrument. The points (+180.0) 
and (—180,0) represent the same position of equilibrium (a),, Bo) (the 
southern one), and here it is stable. Thick lines denote separatrices, 
which separate the region of stability of the principal position of equi- 
librium (a),, Boy) from the region of stability (a),, By). Reverting to 
the equations of motion (3), we can easily convince ourselves that on 

the sphere a, B the separatrices are arcs of the large circles given by 
the parametric equations 


cos”! Tw.) and « ») 


In Fig. 4 the separatrices are thickly drawn curves, and the region 
of stability of the position of equilibrium (a,,, B),) is shaded. 


Translated by T.L. 


ON CIRCULAR MOTIONS OF THE FROUDE PENDULUM 


(0 KRUGOVYKH DVIZHENIAKH MALATNIKA FRUDA) 


PMM Vol.25, No.3, 19641, pp. 576-578 


A. TABUEVA 
(Sverdlovsk) 


(Received January 31, 1961) 


We shall investigate a mechanical system whose vibrations are controlled 
by the differential equation 


x-+-az 4 f (x) N sign (Q x) (1) 


where a, N and 2 are positive constants, and f(x) is an odd periodic 
function with a continuous derivative, which in the interval [- 7, a ] 
has the following two roots: 


near = (0) =0 (2) 


When f(z) = sin x then the differential equation (1) controls vibra- 
tions of the Froude pendulum [1 ]. 


We shall investigate a solution of (1) in the form z = x(x), periodic 
with respect to x. This solution represents circular motions of the 
Froude pendulum with completely defined F(Q-— #) = NWN sign (Q-z). This 
last function characterizes friction of the shaft in the bearing of the 
pendulum, where {) is the angular speed of the shaft. Investigating only 
the torsional motion as obtained from (1), we shall assume that 


N 


> max / (x) (3) 


Equation (1) is equivalent to the system of differential equations 


r y, y =—ay—[f (zx) - N sign Q)] (4) 


which can be written in the form cf two systems, 


setting 


N sign (y— 2) = +N wheny> Q, N sign (y — Q) N when y<Q (5) 


Thus instead of investigating trajectories described by the system 
(4), we shall investigate trajectories described by the systems 
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(x) + N] 
-ay —[f(2)— 


The cylindrical phase space of the systems (6) and (7), equivalent to 
the investigated system (4), will be developed on the xsy-plane. Trajec- 
tories will repeat themselves periodically on strips, 27 wide, along the 
y-axis. For this reason it is sufficient to investigate only one trajec- 
tory of the system (4) which is traced, for example, in the strip 
-WSxz<07, —~wK< y<oo, and the results of this investigation will 
apply to all the periodically repeated trajectories traced in the xy- 
plane. 


The systems (6) and (7) under the conditions (2) and (3) have no 
singular points and no limit cycles of the first kind, which correspond 
to trajectories of these systems periodic with respect to ¢t. All trajec- 
tories of both (6) and (7) when t + «© approach asymptotically a unique 
stable limit cycle [1] of the second kind, which embraces the cylindrical 
surface of the phase space. This limit cycle for the system (6) is in the 
half-plane y < 0 and for the system (7) in the semi-plane y > 0. Con- 
sequently, the investigated system (4) has no singular points and no 
limit cycles of the first kind. All its trajectories are attracted by the 
stable limit cycle Y when t + », It should be mentioned that although the 
parameter {2 does not appear explicitly on the right-hand sides of Equa- 
tions (6) and (7), nevertheless it exerts a considerable influence on the 
trajectories of the system (4). For this reason we must study variations 
of the trajectories of the system (4) when { varies. 


In order to be specific, we shall consider only values 1> 0. It is 
obvious that the presence of the limit cycle of the second kind Yo of the 
system (7) influences trajectories of the system (4), and among others, 
it influences the ratio of 2 to the extrema of y,(x), that is, to the 
solution of the system (7), periodic with respect to x. Consequently, we 
will investigate in detail the character of trajectories of the system 
(7). 


We introduce the curve of monotonicity 


N —f (2) 
(8) 


This curve, together with the x-axis,divides the xsy-plane into regions 
where the derivative dy/dx of the system (7) has the same sign. The 
periodic solution ¥o(*) of (7) has its extrema on the curve of monoton- 
icity. 


The boundaries for the variations of (2 are the extrema of the curves 
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Yo(*) and y = d(x). Let the values of satisfy the inequality 


2> 


max (zx) (9) 


Then it can be easily shown that the critical line y = 2 is the line 
of no contact [1] for the system (4). This means that the limit cycle Y 
of the investigated system (4) and the limit cycle Yo Of the system (7) 

equal each other. All the trajectories of (4) approach Yo asymptotically 
when t + o, and in the half-plane y < 1) they merge with the trajectories 
of the system (7). On the line y = © the trajectories have a "kink", and 
when y > Q they continue as the trajectories of the system (6). Similar 

cycles of the second kind will be called "ordinary", because the trajec- 
tories approach them asymptotically as t + ~, Let us have further 


maz yo (x) << Q << max M (z) (10) 


The line y = 2 intersects the curve of monotonicity (8). When at some 
instant of t the point [ x(t), y(t) ] of the system (4) coincides with any 
segment of the line y = {) such that y < d(x), then it cannot leave the 
segment and has to move along it as t increases. We shall call such a 
segment “segment of capture" of 
the system (4). For the values 
of Q under consideration we 

have only one segment of capture 
of the system (4) in the strip 


Let us denote by r this tra- 
jectory x= x(t), y= (t) of the Pig. 1. 

system (4) which exists from the 

right end of the segment of 

capture (Pig. 1) in the strip - 7 < x< am. This means that for the tra- 
jectory r there exists t = T< «, such that the point [(1, y(T) ] be- 
longing to the trajectory of (4) coincides with the right boundary point 
of the segment of capture in the strip —-7< x< m7. Let us study the 
trajectory when t > T. A curve merging with the trajectory r will be de- 
noted by y= r(x). A trajectory 
which exits from the right end of 
the segment of capture (Fig. 1) 
in the strip 7 < x < 3m (which is 
a periodic repetition of the tra- 
jectory r) will be denoted by rie 
and so on. 


Every segment of capture de- 
termines the existence of a whole 
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family of trajectories of (4) which coincide for some finite values of t 
with the trajectories r, ry and so on. Such families of trajectories 


will be denoted by ve, "r, and so on, 


From the inequality (10) it follows that > max Yo(*), which means 
that the limit cycle y, of the system (7) is also the limit cycle of the 
system (4). The trajectory r of (4) which is at the same time a trajec- 
tory of (7) is above its limit cycle and has the property that r(x) > 
r(x + 2m) for all x in the region where the curve y= r(x) exists. It 


Means that r — vs Consequently, the trajectory r approaches asyhp- 


totically the cyclé Y = yg of the system when t + ~, 


Thus, when 2 satisfies the inequality (10), the ordinary cycle Y of 
(4) equals the cycle Yo Of (7), just as in the case when (1) satisfied the 
inequality (9). The case (10) differs from the case (9) in that the 
existence of segments of capture in (4) has resulted in the families of 


the trajectories Ver Ups and so on, which merge with the trajectories 
1 


r, Ff, and so on, respectively, and approach asymptotically the cycle when 
t+ co (Pig. 1). 


We shall assume now that 2 satisfies the equality 
Q = Max Yo (2) (11) 


In this case, as in previous cases, the cycle Y of the system (4) 
equals the cycle Yo of the system (7), but it is not an ordinary cycle 
now, in the sense of our previous definition. Indeed, for y < Yor as in 
the previous case, all the trajectories of (4) being also trajectories 
of (7) approach asymptotically the cycle as t + ~, but for y > Yo each 
trajectory of the system (4) merges with the limit cycle at finite in- 
stants of t. We shall call a cycle of (4) of the second type a "special 
cycle" if there is a class of trajectories of the system (7) merging with 
that cycle at finite value of time t. Suppose that (1 satisfy the inequal- 
ity 


min ® (x) << Q< max yY (z) (12) 


This means that in the strip- 7 <x< 7am the system (4) has only one 
segment of capture. We shall denote by ry the trajectory of the system 
(7) which merges with the trajectory r when y < 2. Since 1 < max Yo (*), 
the trajectory ro belonging to the system (7) and located below the cycle 
Yo will approach asymptotically the cycle Yo when t + ~, Consequently, 
for the trajectory ro the inequality ro() < ro(* + 27) will be satisfied 
for every x in this region of the half-plane y > 0 where the curve y = 
ro(*) exists. For the above reason the trajectory ro must intersect the 
segment of capture (Fig. 2) in the strip 7 < x < 3m”, meaning that r ¢ v, 
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Thus, when (2 satisfies the inequality (12), then in the strip- a7” < 
x <n the limit cycle of the system (4) will consist of the trajectory r 
and of a certain part of the segment of capture. This pattern is repeated 
periodically on all the strips of width 27 in the xy-plane. The cycle Y 
will then be a special cycle and all the trajectories of the system (4) 
will merge with this cycle. Finally, let us assume that { satisfies the 
inequality 


0<2< mtin D(z) (13) 
It can be easily shown that in this case the critical line y = 2 is 
also the line of capture and also a special cycle of the system (4). We 
have proved thus the following theorem: 


Theorem 1. All the trajectories of the system (4) satisfying the con- 
ditions (2) and (3) when t + ~, attract each other through the limit 
cycle of a second kind, either asymptotically or merging with it at 
finite instants of time. 


It is obvious that the value {2= max y (x), where y) is a periodic 
solution of the system (7), is a bifurcation value of the parameter 2 
for the system (4). When 2 satisfies the inequality 0 < < max (*), 
then the system (4) has an ordinary limit cycle. 


196 


Theorem 2. If the system (4) satisfying the conditions (2) and (3) 
satisfies also the inequality 0 < 2 < N/a, then the system has a special 
cycle; when the system satisfies the inequality 


N + max f (x) 
a 


then it has an ordinary cycle. 


The proof of this theorem follows from the estimate 


N N — f (x) 
< max Yo << max 


Here N/a is the mean value of the function ¥)(*) which is the periodic 
solution of the system (7) in the interval [- 7, 7]. 
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APPLICATION OF THE SECOND METHOD OF LIAPUNOYV 
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USTOICHIVOSTI STATSIONARNYKH DVIZHENIIT GIROSKOPA 
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fol. 25 " We shall consider the rotor of a gyroscope as a heavy uniform fly-wheel 
1961 placed symmetrically on a slender weightless axis with ends fixed in the 

inner ring. This mechanical system has, in general, an infinite number of 

degrees of freedom, and for such a case the Liapunov method has not been 

worked out; consequently, its stability 

must be investigated through approxi- 

mate methods. In many cases a system 

with an infinite number of degrees of 

freedom can be approximated by a model 

with a finite number of degrees of 

freedom having basic mechanical pro- 

perties of the original system, but 

being much easier to investigate. For 

example, when Chetaev[1] studied the 

stability of steady motions of a fly- 

wheel fixed on a stationary, slender, 

vertical shaft he approximated his 

original system by a model with three 

degrees of freedom, In this model the 

fly-wheel moves only in a horizontal 

plane, two coordinates determine the 

center of gravity of the fly-wheel in 

a fixed horizontal plane, the third 

coordinate is the rotation angle of 

the fly-wheel. 


The model of our problem is shown in Pig. 
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Following the conventional notation, Ww is the rotation angle of the 
outer ring about its vertical axis 2), 6 is the rotation angle of the 
inner ring (casing) about the x-axis, abed is the rotor on the elastic 
axis Q,LS, which passes through the 
center of gravity of the rotor L 
(sideview), 2Q,0Q, is the line in the 
plane of the inner ring joining its 
center (the fixed point 0) with the 
points Q, and Q, (points where the 
rotor axis meets the inner ring). 
When the rotor axis is not bent then 
it coincides with the line Q,0Q, and 
the point L coincides with the point 
Ly whose distance from the fixed point 
0 is ¢. The letter 7 denotes the plane 
Pig. 2. through L, perpendicular to 0Q,. We 
assume that the center of gravity of 
the rotor remains all the time in the 
plane 7, and its position is determined by the polar coordinates r= Lol 
and ¢, where ¢ is the angle between the radius vector L)l and the axis 
2. The axis # is the intersection of the m-plane and the plane of the 
inner ring (the #-axis and the x-axis are parallel). The xyz-coordinate 
system is fixed in the inner ring, the x*y*%z*-coordinate system is 
parallel to the xyz-system and has its origin at the point L; the axes 
x’, y’ are in the plane of the rotor’s central cross-section, denoted by 
A. The x-axis is the line of intersection of the w-plane and the plane 
of the rotor’s central cross-section and is assumed to be perpendicular 
to Lol. The orientation of the rotor with respect to the x*y*z*-system 
is determined by the angles 5 (inclination with respect to the plane 7), 
and x (rotation angle of the rotor). Cosines of the angles between the 
z*-, y*-, z*-, and x°-, y’-, z’-axes are given in the table. 


The elastic properties of the 
rotor’s axis are characterized 
through the restoring force mr, 

A and the elastic moment where a 
| eos @ cos 8/sin @ cos 8! sin§ 48 the mass of the rotor, w, and p, 

—— are the positive coefficients of 

F - cos @ sin o|— sin @ sin 6) cos 6 rigidity of the axis. 


| x* y* | 


a’ | sin @ | —cos@ | 0 


y 


z 


The coordinates of the point L in 
the xsyz-system are x = r cos 4, 
y= r sind, and in the are 


COS COs — sin @cos § sin p + C sin § siny 
= rcos@ sin + rsin @ cos § cos p — sin § cos 
=rsin § sing + cos § 
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aT = m (cos? + sin® @ cos* §) — rt sin 26 sin + sin? 6+ 
sin § cos @ + r(rcos @ —fsin § sing) @—reos@(rsing sing +feos (3) 
+(B, sin? § + C, cos? § + /) - AQ,, sin § cos @ + AQ,,, (sin sin @ cos} +- 
cos § sin 5) + + CQ,, (cos § cos 5 — sin § sin @ sin 5) = const 
Q,, = const (4) 


Equations (1) have stationary solutions 


if the constants 9: ro» Poe %, @® satisfy the conditions 


| 


These conditions in our case have the form 


— sin 26 sin® @o + cos sin @o — sin + 
+ (By — Cy) Qo? sin 260 + 2AQ¢? (sin Ho cos Bo cos* Po + Ayhs) — 
— 2C @Qqohy — 2mg (ro cos Ho sin sin Oo) = 0 (6) 
2rpQq? (cos* Po + sin® Po cos* Ho) — sin sin Po — 2puro — 2g sin Go sin Po = O 
(ro sin? Ho sin + sin cos Po) + AQ,? (sin® Oo sin — 
— 2hg sin Qo COS Po COs do) -+- 2C@Qo sin Go COS Po Sim dg + mgro sin Ho cos Po = O 


(AhzQ Cw) + = 0 


Here 
hy = cos Go SiN Po COs bo — sin Ho sind o, hs = sin 0 sin @o cos do + cos Go sin dg 
he = sin Qo sin @o sin d9 — cos Ho cos do, hg = cos Qo sin @o sin dp + sin Go cos do 


We shall investigate the stability of the considered motion with re- 
spect to 6, r, 5, 0, r, 5, The perturbed motion will be 
denoted by 


P= Qo + Ee, r= §s, &s, Q,,=@+ & 


The integrals of the perturbed motion corresponding to the integrals (2), 
(3), (4) are, respectively, V,, V,, V3, where V, = &. These integrals 
written in powers of 7 (i = 1, 3, 4, 5), €;(i= 1, ..., 6) contain terms 
of the first and of the second order of magnitude only (terms of higher 
order are neglected). 


It is easy to show, on the strength of (6), that the linear combina- 
tion 
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W = — — 2C (w + Qoha) Vs 


does not contain the linear terms 


W = Fi (Ei,..., &6)-+ F2(m, Ne Ns) + Fa(m, Ns. Es) +--- 


The quadratic form F,(é), .... &) is positive-definite with respect 
to all its variables, because its determinant and the determinant of 
twice the kinetic energy expression, with values of coordinates as in 
(5), equal each other. 


The functions F, and F, are also quadratic forms 


Ns, Na, Ns) = [mroQe? (ro cos 240 sin*® @o + sin 260 sin go) — 

— + A cos* Go + By — Qe? cos 269 — AQg? (hy? — hs*) — — 
— mg (rosin Oo Sin Go + cos + 2mQ,? (ro sin 260 sin*® + 

+ cos 260 sin @o) + [mroQe? (ry sin 2G sin 2g» + cos 260 cos Po) + 

+ AQ? (sin sin 2g, — 2h; sin Oo COS Po COS So — COS Go COS Po COS by) + 
Vol. 25 + 2C@Q, cos COS Po Sin So 2mgro cos COS Po} + 
1961 + 22 [AQo + hghg) + + m — Qe? (cos* Po + 
cos* sin*® @o)} (2ro sin® Oo sin + sin 200 cos @o) + 
+ [mroQe? (ro sin® cos — sin 2Gosin @o) + 

+ AQ, (sin*® Go cos + hs sin Ho sin Po cos — sin*® Go cos* cos* do) — 

— C@Q sin Ho sin Po sin He? + 2 [ sin Ho COs (he COS + 
+ hs sin do) — C@Qq sin Go cos Po cos do} + [mp2 + — hg*) — CwQohg] 


Fs(m, Ns, Ee) = 2CQe (ham + sin Bo COs Po sin Sons + Asys) Es 


If the function F, happens to be positive-definite with respect to 
the variables 7,, 73, 74, 75, then it is easy to prove that the form 


V = W + RE 


can be made positive-definite with respect to all the perturbed coordi- 
nates and to all the velocities by selecting appropriate values for the 
constant R. Consequently, the form V can be regarded as the Liapunov 
function which solves the stability problem for solutions (5)[2]. In 
this way the sufficient condition for stability of the investigated 
motion with respect to 0, r, ¢, 5, F, 5, is reduced to four 
conditions for positive-definiteness of the quadratic form Foy, Nye Vy 
"s) (the inequalities of Sylvester). In general, these four conditions 
are very complicated and involved. Let us consider certain special cases. 


1. The rotation of the rotor in vertical position, 6, = 0, Wo = 0, 
d = 9% 5, = 0, is stable with respect to 0, r, 5 and all the velocities 
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if the following inequalities 


— (mt? + A + By, — C;) 4+ C@Q. — mgt > 0 
Pa > Mle + — 0 


are satisfied. 


2. The regular precession 4 # 0, ro = 0, d = 9, 5, = 0 is stable 
with respect to the same variables if the following inequalities 


— (mt? + A+ B, — cos (C Qo — cos > 0 
Pa Q,?, mie cos 60 AQ,? cos? 0 


are satisfied. 


The condition (8) is also the sufficient condition for stability of 
regular precession when the rotor axis is assumed to be rigid [3]. if 
the elastic properties of the rotor axis are taken into account, we need 
two additional inequalities as shown in (9). 


The sufficient conditions for the stability of the solution (5) can 
be obtained from the Routh theorem. 


The variable potential energy of the system has the form 


[P, + P, (sin sin @siné6—cosf P,2 


mpyr? + + 2g (r sin § sin + cos 


Il 


where 
Pi = aT P, = dT /dx 

n = mr* (cos* @ +- sin® @ cos* §) — sin 29 sin @ + mf? sin? § + 

+ B,sin*® § + C, cos? § + J + Asin*§ cos? @ + A (sin § sin @ cos 5 + cos § sin 5)? 


The investigated steady solution (5) is determined by the equations 


(10) 


The solution (5) is stable with respect to 0, r, ¢, 5, 0, r, d, 5, if 
in position (10) the function 7 has a minimum, and with the restriction 
that the constants of the cyclic integrals Py, P.. are not permitted to 
vary. The conditions for a minimum of wm are given by four inequalities 
which are derived from the condition that in position (10) the principal 
diagonal minors of the determinant 


| | =1,...,4 
199,99; (ai =6, g2=r, = 5) 
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ought to be positive-definite. 
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ON SECOND-ORDER DIFFERENTIAL EQUATIONS 
WHOSE SOLUTIONS ARE BOUNDED BY A 
GIVEN QUANTITY 


(0 DIFFERENTSIAL’ NYKH URAVNENITAKH VTOROGO PORIADKA 
S RESHENIIAMI, OGRANICHENNYMI ZADANNOI VELICHINOT) 


PMM Vol.25, | 1961, PP.- 583-586 


A.B. SAVVIN 
(Moscow) 


(Received Noveaber 23, 1960) 


Consider the second-order differential equation 


x = f(z, Z) (0.1) 


where the function f(x, x) is supposed to be continuous for x < B. The 
problem in question consists in the determination of sufficient condi- 
tions to be imposed on the right-hand side of Equation (0.1) in order 
that every continuously differentiable solution of this equation with 
initial value Xo such that 


B, for t= to (0.2) 
remains bounded by the quantity B, i.e. 


2<B for to<t<_co 


(0.3) 


If the initial conditions are of such a nature that the speed z is 
large, while the difference B—- x is small, then in order to insure the 
boundedness one requires large (but finite) accelerations which are 
oppositely directed to the initial velocity. Hence, even in the absence 
of powerful sources of energy in a system which is governed by Equation 
(0.1), the required accelerations may still be produced by means of a 
suitable arrangement of regulators. A typical example of these are 
hydraulic brakes. In the case of brakes, these systems may be approxi- 
mately described by means of equations with singularities [1]. Sharp 
brakes of the impact type may not, however, produce favorable effects on 
the system. The properties of the equation which are analysed below allow 
for the choice of the regulatory system in such a way that the braking 
begins gradually and proceeds smoothly, while the regulated quantity 

does not surpass the preassigned limit. 
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Consider the phase space xx. For t > ty the representative point may 
fall on the line x = B only in the upper half-plane. If the solutions of 
Equation (0.1) with initial conditions lying in the domain D 


B— B, 0< (e>0) (0.4) 


are bounded by the number B, then all solutions of Equation (0.1) for 
arbitrary initial conditions (0.2) are also bounded. 


Let the initial conditions (xz), %) © D be given. In view of the con- 
tinuity of the function f(z, z), the solutions of Equation (0.1) may be 
extended as far as the boundary of the domain D[2]. The portions of the 
trajectories of Equation (0.1) lying in D may be of the following types. 


1) It happens that z+ o as s+ x* < B. These solutions are defined 
only on a finite interval t»<t< T and are not continuously differ- 
entiable at t = T. These solutions, although bounded, will not be con- 
sidered here. 


2) The trajectory crosses the straight line x= B for z> 0. The cor- 
responding solutions are not bounded above by the number B, 


3) The trajectory crosses the straight line z= B for z= 0. The cor- 
responding solutions may or may not be bounded (this situation is con- 
sidered in item 4 below). 


4) The trajectory crosses the axis of abscissas for x < B. If this 
happens for an arbitrary initial point of the domain D, then the solu- 
tions of Equation (0.1) never exceed the number B. Below, we determine 
sufficient conditions for this to occur. 


1. Consider the equation of phase trajectories of the form 


dx f(x, z) 
= giz, x) (1.1) 


where the function g(x, z) is continuous on the domain D. If, further, 
this equation satisfies the conditions for the existence of a solution 
at a boundary point (x5 = B, to > 0), then through this point passes an 
integral curve which is defined on a certain interval to the left of the 
straight line x = B[3]. 


Thus, the required boundedness condition consists in the non-satis- 
faction, for z= B, z> 0, of the hypotheses of all existence theorems. 
It is easy to prove the following non-existence theorem, which furnishes 
a sufficient condition for boundedness. 


Theorem 1. Suppose that the right-hand side of Equation (1.1) is 


A.B. Savvin 


for x < B. 


continuous If there exists a function m(x) such that 


B 


lim m (x) = oo, \ m(x)dxr=co for n»>0 (1.2) 
x—B 


forz>0 (1.3) 


then there does not exist any continuous integral curve of Equation (1.1) 
passing through the point (B, Xo > 0), and which is defined for zx< B. 


If f(x, x) > 0, then the phase trajectories approach infinity, because 
in this case we obtain the following necessary condition for boundedness: 


f(z,z4)-—co (+ > 0) 
On the other hand, the second derivative x is bounded along any tra- 


jectory, because x < B, 


If the condition (1.3) of the theorem holds only for x > 0, then the 
phase trajectories do not intersect the straight line x = B for x> 0, 
but may intersect it for x = 0. The question of the boundedness of the 
solutions in this case requires further considerations (see item 4). 


2. Let us introduce, in the equation of the phase trajectories, x as 
the independent variable and x as the dependent variable. Then we obtain 
the equation 

dx” g(x,x) 


This equation may have the trivial solution x= B; the remaining 
integral curves of Equations (1.1) and (2.1) coincide. If the solution 

x= B, for « >0, of (2.1) is unique, then the integral curves which pass 
through points (x9 < B, Xo > 0) cannot intersect the solution x = B, and 
hence must be bounded. This proves the following theorem. 


Theorem 2. If Equation (2.1) possesses the unique solution x= B, for 
x >0, then the solutions of Equation (0.1) are bounded by B. 


It should be noticed that many of the known sufficient conditions for 
uniqueness are too strong for the problem under consideration, because 
we do not need the uniqueness of every solution, but only the uniqueness 
of the trivial solution, For example, from the method of proof of exist- 
ence and uniqueness based on the Lipschitz condition [4], it follows 
that the trivial solution of (2.1) will be unique provided that 
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3. Many uniqueness conditions are based on a comparison of the given 
equation with other equations which satisfy certain prescribed conditions, 
Let us employ this method of comparison in order to solve the boundedness 
problem, 


Theorem 3. If there exists a family of continuously differentiable 
curves, for z> 0 
+= @Q(z,C) (3.1) 


which fill up completely the domain D and do not intersect the half-line 
L(x = B, x >0), and 


d® / dx — g(x, M(x, C)) >0 (3.2) 


then the integral curves of the equation 


dz /dz = g (zx, +) 


do not intersect the half-line L. 


Indeed, the function g(x, z) is continuous in the domain D. Then, the 
conclusion of Chaplygin’s theorem on differential inequalities[5] is 
applicable, i.e. a solution of Equation (3.3) in the domain D lies 
strictly below the corresponding solution of Equation (3.1) having the 
same initial conditions. For zx = 0 they may intersect. Since all curves 
of the family (3.1) intersect the axis of abscissas for x < B, it follows 
that the solutions of Equation (3.1) cannot intersect the half-line L. 


In particular, the family D(z, C) may form part of the family of 
integral curves of a differential equation 


dt | dx = F (x, 2), F (x, £) > g (z, 2) 
Let us consider the special case when 
F (x, = — Fe (k)/ Fy (x) 


where Fi (2), F,(2) are continuous functions, and 


Fi(xz)>0 forz<B, Fi(z)>0 forr=B8B 
F,(t)>0 for +>0, F.(4)>0 forz=0 


The equation of the family of curves is 


869 
q 
(3.3) 
(3.5) 
x x 
( .( & 
° 
Xe xe 


A.B. Savvin 


The integral curves will not intersect the half-line L if 


n 


B 
dz dk 
\ F,(z)~ (e>0, n> 0) (3.7) 
B—e 0 


The sufficient conditions obtained are quite general; for example, 
Theorem 1 follows from the comparison theorem upon choosing 


1 
m (z) = 


4. Let us now suppose that the integral curves intersect the straight 
line x= B. If the intersection is arbitrary for z> 0, then the solution 
x(t) will attain the value x = B at some finite instant of time 7, which 
contradicts the requirement (0.3). Purther, the integral curve cannot be 


prolonged continuously for t > T while at the same time remaining bounded 
by B. 


Suppose now that an integral curve of Equation (1.1), z = d(x), inter- 
sects the straight line x= B for z= 0, that the curve passes through 

the point (B, 0) and that it possesses a well-defined tangent there, i.e. 
that the following limit exists (finite or infinite): 


@ (x) 
z—B 


(B) = (4.1) 


If this derivative is finite, i.e. the integral curve issues from the 
point (B, 0) at an angle which differs from a right angle, then the time 


spent by the representative point in reaching the point (B, 0) is in- 
finite: 


B 
(4.2) 


Xe 


Thus, the required condition (0.3) holds. The second derivative 


x = 2zddAdx along the integral curves is also bounded and approaches zero 
as z= B, 


Let us now prove the following comparison theorem. 


Theorem 4. Suppose that in the domain D 


(4.3) 


where the function F(x, xz) is continuous and negative in D, and the solu- 
tions of the equation 


= (xz, 4) (4.4) 
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are bounded, for arbitrary initial conditions (x9, Xo) 
tpelt)< forte<t<a@ 


Then the solutions of Equation (0.1) have the same properties. 


Indeed, the integral curves used for comparison are monotone, since 
F(z, x) is negative. Since the solutions of Equation (4.4) are bounded, 
the integral curves of this equation either intersect the axis of 
abscissas for x < B or they pass through the point (B, 0) at an acute 
angle. According to Chaplygin’s theorem, the integral curves of Equation 
(0.1) in the domain D lie strictly below the corresponding integral 
curves of comparison, Hence, the representative point, which moves on an 
integral curve of Equation (0.1), cannot reach the straight line z= B 
in a finite time. Consequently, all solutions of Equation (0.1) are 
bounded. 


The comparison theorem can be used very conveniently when the right- 
hand side is the quotient of two functions, as in (3.5). In addition to 
Equation (3.7), introduced in the last section, let us consider other 
conditions which guarantee that the solutions of (0.1) are bounded. 


If 


B 
dz dt 
B—t 0 


then the integral curves of Equation (4.4) pass through the point (B, 0) 
without intersecting the straight line xs = B for x> 0. In order that 
(0.3) be satisfied, the integral curves must pass the point (B, 0) at an 
angle different from a right angle. 


Pilippov [6] gave sufficient conditions in order that an equation of 
the form dy/dx = g(y)/h(x) has no solution for which y(0) = 0, y’{0) = 0, 
y(z) # 0. Employing his results, it is easy to determine under what 
circumstances Equations (3.6), (3.5), subject to the conditions (4.6), 
have no solutions for which (0) = 0 and dz/dz = ~ for z= 0. 


In addition to equations whose variables are separable, one may use 
as comparison equations other types of equations with bounded solutions. 
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A PROOF OF GALERKIN’ S METHOD FOR EQUATIONS 
WITH A RETARDING ARGUMENT 


(K OBOSNOVANIIU METODA GALERKINA DLIA URAVNENIT 
S ZAPAZDYVAIUSHCHIM ARGUMENTOM) 


PMM Vol.25, No.3, 1964, pp. 587-590 


S. S. GAISARIAN 
(Moscow) 


(Received May 16, 1960) 


Keldysh [1] has determined the convergence of Galerkin’s method for 
equations without retardation. In the present article his results are 
applied to the case of a linear equation of the second order with a re- 
tarding argument. 


Let us examine a homogeneous boundary-value problem of just such an 
equation: 


dy (z) 


d d 
L ly = | Lao (x) (2)) ro(z)y (2)} + 


n 


+> (2) +7; (2) y(z- h(a))} 
j=1 
y(z)=0 onthe initial set y (0) = y(1)=0 


0’ 


Here, p(x), ro(*), as well as q;(x), i, coos @) 
are continuously differentiable functions, given for 0 < x <1, the func- 
tion p(x) is zero nowhere; retardations h.(x) are the continuously non- 
negative differentiable functions (0 < h;(x) <1); f(x) is a continuous 


function; A is the constant complex number from a certain bounded region 
D of plane A. 


Let us note that requirement y(x) = 0 on Ey is not a restriction of 
generality, since, if y(x) = W (x) # 0 on Ey, we obtain the present 
situation through substitution of ¥, (2) = y(x) - W(x). Under these con- 
ditions the right-hand part of (1) will contain a different function 
f,(*). We will seek an approximation of the solution of the boundary- 
value problem (1), (2) in the form of 


Yon (2) = (2) (2) (3) 
(z)=0 on E,, Px (0) = (1) = 0 


(1) 
(2) 
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The system of functions 
1, pr’ (x), (2), --- (4) 
is complete and normally orthogonal in L601] with weight p(x). 


We will determine the coefficients «,‘”) (k= 1, ..., m) Of Expression 
(3) from the system of equations 


1 
L (2)] (2) de = @; (x) dz 
0 
which may be written in the form of 


m 
asm) +S) (Aeiy + dig) — f, = 0 
k=1 


1 
‘y= \ [40 (x) Gy (x) (x) — ro (x) Py (2) (2) 
0 


1 
1 


1 
fy=—\1(@)% (2) de 
0 


We obtain system (5) through truncation of the infinite system of 
equations 


co 
+ >) % + dix) — = 0 (i = 1, 2,...) (7) 
k=1 
For a proof of the convergence of Galerkin’s method it is sufficient 
to establish that: 


1) Solution y(z) of problem (1), (2) and solution { a,} of system (7) 
are equivalent in the following sense. 


a) Solution Gy» Go, «es of system (7) with a convergent sum of squares 


a,” + a,” + «e+ < + 0 corresponds to each solution y(x) of the problem 


(1), (2), whereby 


1 
ay = | P(e) (@) dz @y 
0 


b) To each solution @), @, «+. Of system (7) with a convergent sum 


4 
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of the squares corresponds solution y(x) of the problem (1), (2), related 
with a), a), «... by Formulas (8). 


2) When a o, the solution of system (7) exists and is a limit of the 
solutions of the systems of (5) or 
m 
lim 5) =0 as 
k=1 
Statement (1) implies that the solution of problem (1), (2) also 


exists and is unique, wherever the same is true of the system (7) equi- 
valent to it. 


Statement (2) implies that the solution of system (7) exists and is 
unique in all cases where A is not a characteristic value of a homo- 
geneous system corresponding to system (7). 


Accordingly, statements (1) and (2) together imply not only the con- 
vergence of Galerkin’s method but also the fact itself of the existence 
and uniqueness of the solution of problem (1), (2). 


Proof of statement 1. a) Let y(x) be the solution of problem (1), (2). 
Then we obtain from Equation (1) and conditions (2) 


1 
L(y (z)] =/(z) and \v (x) dz = ¥ (1) — y (0) = 0 


respectively. 


Since 


(x) dx = 0 owed (10) 
0 


and since the system of functions (4) is complete, we may represent y‘ (x) 
in the form of a Fourier series 


oo 


(z)= >) agg,’ (2) (11) 


k=1 


where a, are found according to Formulas (8). Generally speaking, the 
series (11) converges in the mean; however, if we integrate it, we obtain 
a uniformly convergent series: 
co 
y (2) = >) (2) (12) 
k=1 
If we substitute this series into the identity L[ y(x)]= f(x), we 
obtain (after having taken into account notations (6) and having inte- 
grated by parts) the identities 
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co 
a+ >) (cigh + diy) ay — 1, =0 (i = 4,2, ...) (13) 
k=1 
The identities (13) indicate that a,, a», ..., calculated according 
to Formulas (8), represent the solution of system (7). The convergence 
of the series o* + a,” ..». follows from the fact that the a, are the 
coefficients of the converging Fourier series. 


b) If a), @o,, «+. are now the solution of system (7) and a,” + a" + 
- < oo, then, according to the Riesz-Fischer theorem, there exists a 

certain function n(x) which expands into a Fourier series according to 

the complete system of functions (4) with expansion coefficients a, 


co 


= >) (2) (14) 


k=1 


Let us assume 


y (2) =|n@a. 
0 


Thereupon, 7(x) = y’{x) and a, are computed according to Formulas (8). 
If we now integrate (14), we obtain an expansion y(z) into a uniformly 
convergent series (12). 


Substituting, according to Formulas (8), the expressions for a; into 
identities (13), and carrying out the same process for Cipe Aj, and fi 


according to Formulas (6), we obtain 


co 1 
p(x) y’ (x) (x) dx + ay NC (x) Py (x) (2) — ro (x) Py (x) (x)] dx + 
k=1 


1 1 
— he (2)) (2) — (2) (2)) 94 (2) az| + \/@) (2) dz =0 


If we alter the order of summation and integration (the series con- 


verges uniformly) in the latter identity and take into account (12), we 
obtain 


1 t 
y’ (x) (x) dx + [90 (x) y (x) (x) — ro (x) y (x) (z)] dz + (15) 
0 0 
ni 1 
(9; (z)y(z—h; (x)) (x)—r; (x) y — h; (z)) @; (x)] dx + (2) (2) dz = 0 


j=19 


0 
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1 x 


0 0 
x x 


0 0 


Since the system of functions (4) is complete, we obtain from identity 
(15), taking (10) into account, 
pz) (2) + (x) + rote) | + 
0 
n x x 
+5 (x) + E—hy()) a8] — (4 = const 


j=1 0 0 


Differentiating the latter relation with respect to x, we obtain 
identity (9), and this indicates that y(x) is a solution of problem (1), 


Vol. 25 (2). 


Proof of statement 2. The infinite system of equations (7) has been 
investigated by Koch in a series of works. Koch’s results [2] indicate 
that the solution of the system of the type (7) exists and is a limit of 
the sequence of the solutions of system (5), if A is not a characteristic 
value of system (7) and of systems (5), and if the series 


(16) 


converges uniformly with respect to A in region D. Under these condi- 
tions, if A is not a characteristic value of system (7), it is not a 
value of any of the systems (5). 


Consequently, for a proof of statement 2, it is sufficient to establish 
a uniform convergence of series (16). If A= max |A|, it is sufficient to 
demonstrate, for a proof of the uniform convergence of series (16), that 


co co co 

i=1 k=1 i i = 


i.e. that the series 


co oo 


1 
> > \ 40 (2) (x) dx 


k=1 6 


P 
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1 
|| (2) (2) ae \ 95 (2) (@— Ay 


i k 0 


converge. Let us prove the convergence of the first two series (the con- 
vergence of the two other series is proved by analogous arguments). We 
have 


qo (x) Px (x) 9; (z)dz| | go (x) Px (x) 


get (2) dz = const 
JP 


| 7; Pax 
Vol. 2 
196) 
co «x x—h; (x) 
Vi > de dz [ ( (&) 45" 


Bessel’s and Schwarz’s inequalities were employed for the evaluations. 
Statement 2 is thus proved. 


Note. If all retardations are constant (h.(x) = h; = const), then, on 
the basis of the results of [3], the method described above may be used 
to demonstrate the existence of the solution of a heterogeneous problem 
for the characteristie values 


y(z)=9@) h=maxh), (0) =y (0) = y(1) =0 


and to calculate their approximated values. 


In conclusion, let me take the opportunity to thank L.E. El’sgol’ts 
for proposing the problem to me and for his attention to my work. 
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A series of papers has recently been devoted to the investigation of the 
stability of the solution of the nonlinear heat-conduction equation under 
a number of circumstances. In particular, in [1] the author investigated 
the stability of the solution of such an equation in the metric of space 
L,. In what follows we shall prove that the solution of a somewhat more 
general problem is stable in the same metric. In this, by the use of the 
methods of [2], it is possible to show that there exists a 5, such that 
if for the solution u(t, x) of the equation under consideration we have 

|| u(0, x) || <6, then || a(t, x) || + 0 as t+ 
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Let G be a bounded domain of space R*(x), +++, ¥,) and let T° be its 
boundary. We consider the problem 


Lu + f(t, z, [0, oo) Gu VU, u(0, xz) = (x) (1) 


Here 


represents such an elliptic operator in G, that for some A > O we have 


\ \ urdz, U |p = 0 (2) 


G 


We introduce in the group M = i u(t, z)} of continuous functions, 
possessing continuous derivatives 


the scalar product 


ta 
m 
i 
i, k=1 i=} 
ou || 
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(u, v) \ we dz, V (u, u) 
ty 


Let u(t, zx) be the solution of the problem 


u(U, x) (2) 


We denote by T(t) an operator which is defined by the equation 
u(t, x) = T(t)d(x). If certain requirements concerning the smoothness 
of coefficients and the boundary of the domain are satisfied, which will 
be assumed, then problem (1) can be written in the form of the integral 
(see, for example [ 3,4 ]) 

u(t, = T (t) @(z) + \ f(s, xz, u(s, x)) ds 

Later, we shall require an estimate of the norm of operator T(t). 

Multiplying the equation 
LT (t)g 
dt 


1961 
by T(t) scalarly, we shall obtain 


T (HOP C—AIT (OOF, T (0) @ 


in view of (2). Hence, applying the theorem on the differential inequal- 
ity[s5], 


we have =Y 
T (t)i<e 


Theorea. For || u || < y and t > let 


(t, 2, aso <k>a, dt coo 


0 


Then, irrespective of the value of the positive number « < y, with 
co 
0 


the solution u(t, x) of Equation (1) satisfies the inequality 


ju (t, x) (t>0) 
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which means that the trivial solution of (1) (for d= 0) is asymptotic- 
ally stable. 


Proof. We shall first show that for any t > 0 the inequality 


is satisfied. Let to be the first point of inequality (8). With 
t elo, to 1, we have 


t 
x) |< +{ 9) (s, + wp (s) (8, 2) +% ds (9) 


It follows from (9) by the application of the lemma on the integral 
inequality [2] that || u(t, x) || < w(t) for t@[0, ty]. Here w(t) de- 
notes the solution of the equation 


v(t) = (5) + wp (s) (s)) ds 


0 


Introducing a new unknown z(t) = v(tyert and differentiating both 
sides of this equation, we shall obtain 


d 
= ke + z(0)=8 


from Bernoulli’s equation, Solving this equation we shall find that 
t 


In accordance with the definition of 5, we have 


t 


0 


2) <<v(t)<ee*— for t&[0, to] (10) 


and, consequently || u(t», x) || < eelt-A)to < y, which contradicts the 
definition of point t)- It follows that inequality (8), and so also (5), 
is satisfied at any t > 0, and, hence, also inequality (10) which is a 

consequence of the former. This proves the theorem. 


Note. Making use of the same method, it is possible to prove the 
theorem for the case when the coefficients of Equation (1), A in inequal- 
ity (2), and k in condition (5) depend on t. For this purpose it is 

sufficient to substitute 
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x 

(8) 
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t 


0 


the statement of the theorem. 
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ANATOLIIT ISAKOVICH LUP E 
On his sixtieth birthday 


Anatolii Isakovich Lur’e was born on July 19, 1901, of a doctor’s family 
in Mogilevo. 


He was educated at the Mogilevo Boys’ School and the Physico-mechani- 
cal Department of Leningrad Polytechnical Institute named after M.I. 
Kalinin (LPI). He graduated from this institute in 1925 and was 
appointed to the Department [Chair ] of Theoretical Mechanics of LPI 
which, at that time, was headed by I.V. Meshcherskii. 


His subsequent scientific and educational activity was in close 
association with the Leningrad Polytechnical Institute, where he was 
successively appointed as Assistant (1926-1930), Docent (1930-1932), 
Acting Professor (1932-1935) and Head of the Department of Theoretical 
Mechanics (1936-1941). During the Great Patriotic War, Anatolii Isakovich 
was head of the Department of Theoretical Mechanics of the Ural Industri- 
al Institute named after S.M. Kirov at Sverdlovsk. In 1944 he returned 
to Leningrad and has since directed the Department [Chair ] of the 
Dynamics and Strength of Machines at LPI. 


In 1939 A.I. Lur’e was awarded the degree of Doctor of Technical 
Sciences without having to defend his dissertation. 


The scientific and administrative activity of A.I. Lur’e has been 
concerned with a number of research establishments, among them the 
Institute of Mechanics of the Academy of Sciences of the USSR, the 
Institute of Agricultural Machinery, the Institute of Structures, the 
Central Boiler Turbine Institute named after Polzunov, the Institute of 
Electromechanics of the Academy of Sciences of the USSR, etc. 


Anatolii Isakovich has been very active in other scientific fields, 
also. For example, from 1931 to 1936 he was, together with Professor E.L. 
Nikolai, the editor of *Prikladnaia matematika i mekhanika*. When the 
journal was taken over by the Academy of Sciences of the USSR, Lur’e 
became a member of its editorial board. 


For his contributions to mechanics Lur’e was elected Corresponding 
Member of the Academy of Sciences of the USSR and was awarded the Order 
of the Labor Red Banner. 


Lur’e’s field of interest is extremely wide. He has worked on the 
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theory of elasticity, the theory of vibrations, the dynamics of auto- 
matic-control systems, analytical mechanics, hydrodynamics and applied 
mathematics. He has 95 publications to his credit, including five mono- 
graphs and one textbook. 


Lur’e’s earlier papers [3-5 ] are concerned with hydromechanics and, 
in particular, the motion of solid bodies in viscous fluids. These were 
followed by papers concerned with the theoretical aspects of the vibra- 
tion of elastic rods [8-11,13,14 ]. 


In 1936 Lur’e published his monograph on operational calculus [ 20 ], 
which was an important contribution to the development of the operational 
method. The monograph contained accounts of original applications of the 
operational method to various problems in the theory of vibrations, 
theory of elasticity and hydrodynamics. An important contribution was 
Lur’e’s method for deriving, in closed form, the periodic motions of 
linear mechanical systems subjected to a periodic perturbation, which 
does not involve the expansion of the perturbation into a trigonometric 
series. This method has been used in practice in the design of mechanical 
and electrical circuits. 


For many years Anatolii Isakovich has been concerned with three- 
dimensional problems of the theory of elasticity [ 41, 47,50,78,79,80 ]. 
The results of this work were summarized in his monograph "Three-dimen- 
sional Problems of the Theory of Elasticity" [83], which was published 


in 1955. This book contains a series of original results, among them a 
symbolic method for constructing solutions of boundary problems in the 
theory of the elastic layer and the thick plate, the solution of the 
contact and the Hertz problems with the aid of Lamé functions, the in- 
troduction of a class of "homogeneous solutions" used to construct solu- 
tions of the problem of a circular cylinder subjected to an axially sym- 
metric load (in the form of rapidly converging series), the solution of 
the general case of the problem of the equilibrium of an elastic hollow 
sphere, the problem of the stress distribution in the neighborhood of a 
triaxial ellipsoidal cavity, the solution of the thermo-elastic problem 
for a layer, etc. 


In 1937 he began his work on the general theory of shells. Using the 
three-dimensional equations of the theory of elasticity, he formulated 
the basic equations of the theory of shells [26 ] and investigated the 
accuracy which can be achieved with the aid of theories based on 
classical kinetic and static hypotheses [ 46 ]. He also established sel f- 
consistent relationships between the stresses and strains in this prob- 


lem [72]. 


The paper "General theory of thin elastic shells" [46] was of 
particular importance. In this paper Lur’e formulated the equations of 
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the theory of shells in tensor form, introduced stress functions which 
identically satisfied the equations of statics (now known as the Lur’e- 
Gol’denveizer functions) and put forward a general method for determin- 
ing the displacements from given strain components. 


Lur’e’s papers on the theory of shells were collected in his mono- 
graph "The Statics of Thin-walled Elastic Shells* [58 ], In this mono- 
graph he gave a consecutive derivation of the solutions of the shell- 
theory equations, whose accuracy corresponded to the accuracy of the 
original hypotheses. Using the method of asymptotic integration he was 
able to find the solutions of many problems, including the symmetrically- 
loaded shell of revolution and the arbitrarily-loaded cylindrical shell. 
By simplifying the basic equations of the latter problem, he was able to 
obtain in a closed form various formulas which led to the same numerical 
results as those which were obtained earlier with great difficulty by 
numerical methods. Lur’e then used these equations to solve the difficult 
problem of the stress distribution in the neighborhood of a circular 
aperture on the surface of a cylindrical shell [57]. 


Anatolii Isakovich has thus been one of the pioneers who evolved the 
theory of shells. He showed that the earlier solutions involving com- 
plicated and slowly-converging series could not be used to achieve greater 
accuracy than the simple solutions given by him in his monograph [58 ]. 
Lur’e’s book has been translated into Chinese and later into English 
(USA) and has been widely used in mechanical-engineering design offices. 


A series of Lur’e’s papers [ 2,15, 25, 36,44,50 ] was devoted to thin and 
thick plates. We recall that Anatolii Isakovich applied the method of 
N.I. Muskhelishvili to the problem of thin plates [2, 44] and obtained 
important results in the theory of thick plates. 


Among other papers in the theory of elasticity we must mention those 
concerned with the theory of thin rods [ 29,48 ], the torsion and bending 
of rods [ 34,37-40 ], the solution of two-dimensional problems (wedge and 
slotted plane) [ 33,35,49 ], generalization of the Castigliano theorem 
and nonlinear problems in the theory of elasticity and plasticity [ 56 ]. 


Lur’e’s work on the stability of motion of automatic-control systems 
and the theory of nonlinear vibrations in such systems is widely known. 
In the series of papers [ 53, 55,61-63,65,66,73-75 ] which first appeared 
in 1944, he gave effective methods for the solution of such problems. In 
a paper written in collaboration with V.N. Postnikov [52], he used a 
special case described by a set of three first-order equations contain- 
ing a nonlinear term to formulate a Liapunov function which enabled him 
to determine the range of the parameters within which the asymptotic 
stability "in the large" must occur In 1945 he extended this idea to a 
wide class of automatic-control systems containing a nonlinear link and 
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a single control element. 


The next important step was taken in 1948 when, in a paper entitled 
"On the canonical form of the equations of the theory of automatic con- 
trol" [66], he obtained a set of quadratic equations whose roots pro- 
vided information about the stability criteria. Since then the canonical 
form of the equations of the theory of automatic control has been widely 
used. Lur’e later showed how the problem could be reduced to the study 
of a system of equations leading to closed stability criteria for non- 
linear systems. 


The second line of research pursued by Lur’e in the field of control 
theory is concerned with the development of exact and approximate methods 
for the determination of self-oscillations in automatic-control systems. 
In 1951, in a monograph entitled "Some Nonlinear Problems in the Theory 
of Automatic Control" [76 ], he summarized and amplified the results of 
the above papers. This monograph has been translated into German and 
English. Among new results first published in the monograph, the most 
important are concerned with the approximate solution of the problem of 
sel f-oscillations. 


Papers on the theory of vibrations occupy an important part among 
Lur’e’s publications. Here, we must note the paper written in collabora- 
tion with A.I. Chekmarev [21 ], which is concerned with the method of 
B.G. Galerkin as applied to the Duffing problem and the paper "On forced 


nonlinear vibrations" [ 32 ], 


The paper "On the effect of hydraulic shock in a pipeline on steam 
turbine control" [28], written in collaboration with Chekmarev, was an 
important contribution to the theory of vibrations and control of linear 
systems with distributed constants. 


In recent years Lur’e has become interested in analytical mechanics 
[84,85,89-92 ]. His "Analytical Mechanics" is extremely interesting and 
rich in content. It gives an account of the subject with particular 
emphasis on its possible applications. The book includes many original 
results of a classical nature. 


During his thirty years of teaching at LPI, Lur’e has substantially 
modified the approach to a number of subjects (theoretical mechanics, 
analytical mechanics, theory of vibrations, solid dynamics, theory of 
elasticity and automatic-control theory) and has developed new courses 
(theory of shells, theory of elastic vibrations, theory of stability of 
motion). He has closely collaborated with Professor E.L. Nikolai in the 
organization of the Department of Dynamics and Strength of Machines, of 
which he is now the head. 


The two-volume work *A Course of Theoretical Mechanics" (six editions, 
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1937-1955) and the three-volume work *Theoretical Mechanics" (1932-1934) 
were written by Lur’e and L.G. Loitsianskii and are widely used both in 
the USSR and abroad. These books are not only valuable text-books for 
students but they also contain many applications of a technological 
nature and have thus become standard works of irreplaceable value to 
both industrial and academic mechanical and structural engineers. The 
former book has been translated into Chinese, Armenian and Bulgarian. 


The personal qualities of Anatolii Isakovich, his interest in the 
scientific work of all those who approach him, his unceasing readiness 
to help both the beginner and the experienced scientist and engineer 
ensure the great respect and love of all students, colleagues and others 
who know him. 


The Editorial Board of this Journal greets Anatolii Isakovich on his 
sixtieth birthday and wishes him health and a long creative life. 


List of Scientific Works of A.I. Lar’e 


1. On the theory of rectilinearly-controlled mechanisms. Zh. prikl. 
fiz. Vol. 2, Nos. 3-4, 1925. 
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31, 1928. 


On the problem of the motion of a sphere in a liquid. Izv. Leningr. 
politekhn. in-ta Vol. 32, 1929. 


Some Cases of the Motion of a Solid Body in a Viscous Liquid. Lito- 
grafia. Izd. Leningr. politekhn. in-ta, 1929. 


Nonsteady motion of a circular cylinder in a viscous liquid. Vestn. 
mekhan. i prikl. matem. Vol. 1, 1929. 


Theoretical Mechanics. Part I. ist edn, ONTI, 1932 (in collab. with 
L.G. Loitsianskii). 


Theoretical Mechanics. Part II. ist edn. ONTI, 1933 (in collabora- 
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The effect of the elasticity of the ground on the frequency of 
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The effect of the elasticity of the ground on the frequencies of 
oscillation of turbine foun@ations. Collection of papers: Vibrations 
of Foundations. Gosstroiizdat, 1933. 


On the determination of the oscillation frequencies of turbine found- 
ations. Collection of papers: Vibrations of Foundations. Gosstroii- 
zdat, 1933. 


Determination of the oscillation frequencies of a frame, taking into 
account the compression of columns. Collection of papers: Vibrations 
of Foundations. Gosstroiizdat, 1933. 


12. Theoretical Mechanics. Part III. ONTI, 1934 (in collab. with L.G. 
Loitsianskii). 


Methods of dynamical analysis of structures. Sprav. Promstroiproekta 
Vol. 2, 1934. 


Dynamical analysis of foundations. CGidrotekhnicheskie sooruzheniia 
(Hydraulic Stractures), Vol. 2, 1934. 


Impact on a plate. PMM Vol. 2, No. 1, 1934. 


Transmission of pressure to a plate through an elastic medium. PMM 


Vol. 2, No. 1, 1934. 


of a body in 


Determination of the velocity potential on the surface 
a stream of a perfect liquid. PMM Vol. 2, No. 2, 1935. 
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On the experimental study of winnowing. 
aashinostroeniia 1936. 


Application of operational calculus to mechanical problems. Tr. 
Leningr. industrial ’nogo in-ta No. 6, 1936. 


Operational Calculus and its Application in Mechanics. LONTI, 1936. 


Forced nonlinear oscillations in a system having a characteristic 
consisting of straight-line sections. PMM Vol. 1, No. 3, 1937 (in 
collab. with A.I. Chekmarev). 


On the theory of systems of linear partial differential equations. 
Tr. Leningr. industrial ’nogo in-ta No. 6, 1937. 


A Course on Theoretical Mechanics, Vol. 1. ist edn. 1936 (in collab. 
with L.G. Loitsianskii). 
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Studies in the theory of shells. Tr. Leningr. industrial ’nogo in-ta 
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Dynamic analysis of structures. Stroitel ’naia entsiklopediia (Struc- 
tural Encyclopaedia), 1937. 


Effect of a Hydraulic Shock in a Pipeline on the Process of Control 
of a Steam Turbine. Litografirovannoe izd. Biuro tekhn. informatsii 
zavoda im. Stalina, 1938. 


On the equilibrium and stability of a naturally-twisted rod. PMM 
Vol. 2, No. 1, 1938. 


Synopsis of the Course on the Theory of Elasticity. Litografirovan- 
noe izd. Leningr. politekhn. in-t. (in collab. with A.M. Kats). 


Mechanics. An article in the Great Soviet Encyclopaedia, 1939 (in 
collab. with L.G. Loitsianskii). 


Forced nonlinear oscillations. Uch. zap. Leningr. un-ta No. 8, 1939. 


Solution of the two-dimensional problem of the theory of elasticity 
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Approximate solution of some problems of torsion and bending of a 


rod. Tr. Leningr. industrial ’nogo in-ta No. 3, 1939. 


Approximate solution of the two-dimensional problem of the theory of 
elasticity for a rod of variable cross-section. Tr. Leningr. indust- 
rial ’nogo in-ta No. 3, 1939. 


Stability of a plate compressed by local forces. Tr. Leningr. in- 
dustrial ’nogo in-ta No. 3, 1939. 
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The St. Venant problem for naturally twisted rods. Bending by a 
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G. Iu. Dzhanelidze). 


The St. Venant problem for naturally twisted rods. Bending by a 
force. Dokl. Akad. Nauk SSSR Vol. 25, No. 2, 1940 (in collab. with 
G.Iu. Dzhanelidze). 
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Vibrations in engineering technology. Technological Encyclopaedia. 
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indirect control. Sov. kotloturbostroenie No. 3, 1946. 


Generalization of the Castigliano process. Tr. Leningr. politekh. 
in-ta, Sb. posv. prof. Shatelenu 1946. 


Stress distribution near an aperture on the surface of a circular 
cylinder. PMM Vol. 10, No. 3, 1946. 


Statics of Thin Elastic Shells. Gostekhizdat, 1947. 


894 

44, 

Vol. 

50, 

56. 

- 
5S. 


fol. 25 
1961 


Anatolii Isakovich Lur’e 
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In studies of flow fields around bodies, moving with large supersonic 
velocities, the influence of viscosity and heat-conductivity may be 
significant. In some flight regimes, this influence manifests itself as 
an interaction between the boundary layer and the outer inviscid flow Vol. 
[1]. At still higher flight speeds it may force the investigation of 1 9¢ 
the whole flow field on the basis of the complete equations of motion of 


a viscous heat-conducting gas. In the present paper, several flows of a 


viscous heat-conducting gas are studied on the basis of the full Navier- 
Stokes equations for the special case of an infinite Mach number. If the 
density and the speed of the undisturbed flow are kept constant as the 
Mach number grows without limit, so that the temperature, pressure, and 
enthalpy approach zero, then, as is well known [2], a limiting flow 
field is reached, which is independent of Mach number. This result re- 
presents a generalization to the viscous heat-conducting gas of the 
known gasdynamical independence principle of flows at very high speeds 
[3 ]. In this sense, a flow of a viscous heat-conducting gas at very 
high speeds can be viewed as a flow with vanishing temperature in the 
undisturbed region. 


At the outset we note the main characteristic of such a flow, namely, 
that in this case we always have a surface (front) which divides the 
region of the disturbed flow from that filled with undisturbed gas, 
rather than a configuration in which the disturbances die out asymptotic- 
ally at infinity. The explanation lies in the fact that the viscosity 
as well as the heat-conductivity of the gas are such functions of tempe- 
rature that they decrease and vanish as the temperature decreases and 
vanishes. 


First we study some general properties of steady hypersonic flows 
around bodies downstream of strong shock waves. Then we investigate some 
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self-similar unsteady gas flows in which the self-similar character is 
determined by their special state, namely, by the vanishing temperature 
in the undisturbed region. Formally, this behavior is connected with the 
fact that the number of governing parameters of the problem is reduced 
(41. Throughout, the gas is assumed to be perfect, with constant 
specific heats, constant Prandtl] number, and a constant power of tempe- 
rature (or enthalpy) in the expression for viscosity. 


l. Structure of the strong shock wave. The simplest type of 
flow of a viscous heat-conducting gas appears to be that of the uniform 
steady flow, homogeneous at infinity. Here belongs the well-known flow 
in the shock wave which propagates into a gas at rest [5]. Let us in- 
vestigate this flow in the case of an infinite Mach number so that we 
may clarify the nature of the flow in the neighborhood of the front and 
obtain several important relationships. Let the speed in the undisturbed 
flow be equal to V_ and the density to p,, while the pressure p., the 
temperature T,, and the enthalpy hk, are equal to zero. For the sake of 


generality, we take the angle a between the normal to the front (Fig. 1) 
and the velocity vector V_ to be nonzero (oblique 

shock). We choose the Cartesian x-axis normal to 

the shock front. We denote the velocity components 


as u, v, w, and the pressure, density and enthalpy 
as p, p and h, respectively. We introduce the vis- 
cosity dependence in the form 


p= Ch" (1.1) 


where C is a constant. From the dimensional para- 
meters p., V_, and C which characterize the prob- 
lem, we can construct a length l 


Cc 
1.2 
(1.2) 


Fig. 1. 


(Its physical meaning will be considered later.) Let us now introduce 
the dimensionless independent variable x° and dimensionless unknown vari- 
ables 


(1.3) 


Poo" on” COS* 


The equations of a steady uniform flow can be represented in terms of 
these variables as follows: 
dp u 0 


dx 
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(1.4) 


dh° dp a (h n 


dx dx 5 


on du 2 5 { ase 
(a) 


Here o is the Prandtl number and y = c,/C,, the ratio of the specific 
heats of the gas. The boundary conditions of this problem read: 


=p” = i, p? =0 for +— (1.5) 


and the solution is bounded as x° + + ». 


The lateral velocity in the whole flow field is constant, v° = l. We 
note that Equation (1.4) and the boundary conditions (1.5), expressed 
in dimensionless variables, do not contain the parameter a. This fact 
can be viewed as a law of similarity of flows in shock waves of large 
intensity. 


The system (1.4), as is known [6 ], can be fully integrated when 
o = 3/4 and n= 1. In this case, the particular solution satisfying 


(1.5) has the form (see Appendix A) 


= + 8) +e) (4 —u°) +e (1 + e) 


Vol. 
19€ 


{—u™ 


This solution is displayed in Fig. 2, where 


U = cosa, X =2/leosa 
Inspection of the relationships discloses that the disturbed region 
is separated from the uniform free stream by a surface which has been 
made to coincide with x = 0 by a choice of the unessential arbitrary 
constant of integration. This surface, in the present case n= l, is 
also the surface of discontinuity of the derivatives, which take on non- 
zero values at x = + 0. 


In the more general case of an arbitrary positive value of n, the un- 
known functions can be represented in the neighborhood of the front 
| (x + 0) as follows (see Appendix A): 


In this manner, the behavior of the 
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solutions appear to be singular in the vicinity of the front in the 
general case. These results can well be compared with the analogous con- 
clusions concerning the behavior of the solutions of nonlinear equations 
of heat flow in an infinite medium when in the initial state the medium 
has zero temperature [7 ]. 


Let us now clarify the physical meaning of the quantity |, which was 
introduced as a characteristic length. It is always proportional to the 
molecular mean free path evaluated behind a normal shock as x + + «. In 
fact, the mean free path can be expressed in terms of macroscopic quan- 


tities [8 ] 
V3 V po 


Hence, utilizing (1.1), (1.2), (1.3), and substituting the values of 
the functions now known, we find 


__(r+t l (y = 1.4, 1 = 3.662’ when x = 1) (1.8) 
ay 


2. The flow behind a body. Let us now turn to the study of the 
steady hypersonic flow of a viscous heat-conducting gas behind a body of 
finite dimensions. We shall restrict ourselves to the cases of plane 
flows and linear variations of viscosity with temperature (enthalpy) 

p = Ch. Again, we introduce dimensionless independent variables and di- 
mensionless unknown functions 


h 
3 
oo 


The equations of motion, continuity, heat flux, and state then have 
the form 
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Here and elsewhere we drop the superscript ° in the designation of 
dimensionless quantities. 


Let us focus on the nature of the flow far downstream from the body 
x >> L, where L is a characteristic dimension of the body*. Since in 
the particular case of flow with 
M,, + « the disturbed region is 
circumscribed by a sharp front, let 
us first investigate the character 
of the flow near the front, i.e. the 
structure of the shock wave for 
x >> L. The inclination r of the 
front relative to the undisturbed 
stream direction can be considered Fig. 3. 
small, when x is large (Fig. 3). 


From the results of Section 1, it 


follows that for r << 1, the following assessments of magnitudes are 
valid in the neighborhood of the front 


u~i, v~t, p~i, (2.3) Vol. 


For the increments in these quantities we have 


Az Ay~rt, Au~t*?, Avu~rt, Ap~i, Ap~t*, Ah~ (2.4) 


If we estimate the order of magnitudes of the terms in (2.2) on the 
basis of (2.3) and (2.4), and if we keep only the dominant terms, we 
arrive at approximate systems of equations: 


Oh\ Op Op 1 Oh 4 dv\? *—1 


The system of equations (2.6) is independent of (2.5) and, as is 
easily verified by changing x into the time variable t, is identical with 
the full system of equations of a uniform unsteady flow of a viscous 


* Naturally, the condition 1 << L must also be satisfied, so that we 
may apply the equations corresponding to a continuous medium, 
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heat-conducting gas. In this manner, we have established a complete equi- 
valence between the flow in the shock wave at large distances downstream 
of a body and the uniform unsteady flow of a gas in the neighborhood of 
a front which moves according to the relation dY/dt = r(t). 


We note that the ratio of the terms neglected in (2.5) and (2.6) re- 
lative to the terms kept is of the order r*; this determines the relative 
error of the results. 


Let us now turn to the study of the flow of the inner region of the 
wake. The lateral dimensions of this region are on the order of Ay ~ 
y ~rx. In this region, therefore, we can neglect not only the terms 
dropped from (2.2) in the derivation of the system (2.5), (2.6), but also 
all the viscous and heat-conductive terms, the ratio of which, with re- 
spect to the inertial terms, is clearly on the order of 1/x. However, 
this state of affairs does not occur in the vicinity of the x-axis, where 
the role of viscosity and heat-conductivity is seen to be rather important. 
In fact, if we equate, as is usual, the magnitudes of the viscous and 
inertial terms in the first of Equations (2.2), we find that the influence 
of viscosity cannot be neglected near the x-axis up to a lateral distance 
of the order 


The magnitude of the lateral velocity component in this flow region 
is clearly of the order 
(2.8) 


Ve 


The preceding estimates allow the simplification of the equations 
(2.2) in this inner region to the form 


Ou Op ( 


Ou 
oy 


Oh\ Op 1 /, dh\ 
55) as dy)’ (2.10) 


Ox oy Oy) (2 9) 


Ox oy 


The ratio of the neglected terms in this equation to those retained is 
of the order r?. 


We shall not investigate here the question of integration of the re- 
sulting system of approximate equations (2.10). For later developments, 
the essential feature is the fact that the system (2.10) does not contain 
any terms which were left out in the derivation of Equations (2.6). Hence, 
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Equations (2.6) can be viewed as characterizing the asymptotic behavior 
of the whole flow field at large distances downstream of the body. 
Therefore, the previously noted analogy with the unsteady uniform flow 
is also valid for the whole flow field in the wake. In physical terms, 
this means that at large distances downstream of a body which moves in a 
viscous heat-conducting gas with a very large supersonic speed, the "law 
of plane sections"* holds, in a manner similar to that for the case of 
inviscid and nonconducting gas [9]. In the central region of the wake, 
near the x-axis, the main influence on the transverse flow is exerted by 
heat conduction. That, of course, does not mean that the role of visco- 
sity here is altogether unimportant; in accordance with (2.9), viscosity 
exerts the dominant influence on the variation of the x-component of 
velocity. 


3. The aerodynamic drag of the body. For the complete speci- 
fication of the flow field at large downstream distances it is necessary 
to establish its dependence on the aerodynamic resistance of the body 
and on the net heat flux across the boundary. This is not a difficult 
task if we utilize the demonstrated principle of equivalence between the 
flow in the wake and the one-dimensional unsteady flow of the gas. In 
this analogy, the corresponding unsteady flow of the gas is clearly iso- 
energetic, i.e. occurs as a result of a strong plane explosion. The 
energy E of the explosive charge, per unit area, needs to be equated to 
the sum of the aerodynamic drag X of the body, and the net integrated 
heat flow Q, per unit time, across the body boundaries: 


E=X+@ (3.4) 


(The magnitudes E, X and Q are expressed in mechanical units and are 
dimensionless when referred to PV, l. The detailed derivation of the 
formula is given in Appendix B. ) 


On the other hand, the total energy of the unsteady gas flow at time 
t can be expressed as an integral of the internal and kinetic energies 
of the disturbed fluid elements: 
t 
Y (t) (ae (3.2) 


0 


Here Y(t) specifies the propagation of the shock front. 


In this manner, the known gasdynamic analogy between hypersonic flows 
at large distances from the body (large compared to the characteristic 


* Translator’s Note:See [1 Fe p. 36. 
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dimensions of the body) and the one-dimensional unsteady flow behind a 
strong shock [9 ] is generalized to the case of the flow of a viscous 
heat-conducting gas in the particular case of ac infinitely large Mach 
number, It is important to emphasize that the flow in the wake does not 
depend at all on the nature of the aerodynamic drag, i.e. on the relative 
contributions due to pressure and due to friction. Thus, for instance, 
the flow field at large distances downstream from two insulated flat 
plates (Q= 0), generating equal drag, would be identical even if one of 
the plates were aligned with the flow and the other normal to it. 


These results permit a closer assessment of the behavior of the 
viscous wake near the axis. Let us use the well-known law of propagation 
of plane strong shock waves in inviscid gases: 


(3.3) 
as an approximation to the propagation in the case at hand. Then, we ob- 
tain 

(3.4) 


for the characteristic inclination of the front for large x-values. 
Hence, with the aid of (2.7) we find that the viscous part of the wake 
spreads as 


(3.5) 
Finally, we note that the system (2.6) and the boundary conditions on 
the front (p = 1, p = h = v = 0) are invariant under the transformations 
z=, y=an, v=ar,, p=a*p,, p= p,, h=atk, (3.6) 
With the following choice of the constant in (3.6): 
a= E* (3.7) 
the constancy of the total energy in the disturbed region states: 


h 
Pil 


(3.8) 


The relations (3.6) and (3.7) determine the law of similarity for 
flows with different values of energy E. In accordance with this law, 
the width of the disturbed region and the magnitude of the velocity of 
the flow vary as E'/3, while the pressure and temperature vary as £?/3, 


4. Self-similar motions of a viscous heat-conducting gas. 
Should the temperature of the gas in the undisturbed region be zero, the 
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only thermodynamic parameters determining the state of the gas in that 
region would be the density p,. Another basic dimensional parameter is 


given by the constant C in the dependence of viscosity on enthalpy (1.2). 
The dimensions of these quantities are 


M 


where L, T and M stand for the unit measures of length, time and mass, 
respectively. If, amongst the other characteristic parameters of a given 
problem, no combination can be found with dimensions independent of 

p,, and C, then the problem is self-similar, as is well known [4]. We 
focus on the dimensions of the ratio p,/C, so as to eliminate the units 
of mass 


Kal (4.2) 
| ¢ 


It follows that the following cases will have self-similar character: 


a) uniformly accelerated motion of an insulated body, which has no 
characteristic length (infinite flat plate, cone, wedge), in the case 
n= 3/2, since then the ratio (4.2) has the dimensions of the accelera- 
tion[a] = LT~?; 


b) rotation of insulated axisymmetric conical bodies with n= 1, since 
then (4.2) has the dimensions of an angular velocity [Q] = T!; 


c) point explosion with spherical symmetry, with n = 1/6, since then 
(4.2) has the same dimensions as 


Pex 
| 
where E represents the energy of the explosion. 


Let us investigate the first two cases of body motion in more detail. 
The case of the self-similar solution for the strong explosion has been 
carried out by Bam-Zelikovich [4]. 


a) Uniformly accelerated motion of a flat plate. Let us study the 
simplest of the problems of the first type, namely, the motion of a 
viscous heat-conducting gas induced by an infinite flat plate which starts 
accelerating uniformly from rest at a given instant. The acceleration 
vector is inclined at an angle a relative to the surface of the flat 
plate (Fig. 4). The x-axis of a Cartesian system of coordinates is taken 
coincident with the flat plate at the initial instant. Clearly, the 
motion depends only on two independent variables, y and t. Since, among 
the characteristic parameters of the problem there are none with 
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dimensions of length and time, the only possible dimensionless combina- 
tion of the independent variables and of these parameters is 


n= (4.3) 


The unknown functions of the problem are the components of the velo- 


city u and v, the pressure p, the density p, and the enthalpy A. It can 
be seen that their only possible functional 
ties with the independent variables are of the 


form 
u = atV(n), v = atV(n) (4.4) 
p= P= p,R(n), h = af H(n) 


According to the preceding analysis, the 
dependence of viscosity on enthalpy takes the 


form 
= Ca (n) (4.5) 


Substitution of Equations (4.3), (4.4) and (4.5) into the full set of 
the equations for the motion of a viscous heat-conducting gas leads to a 
system of ordinary differential equations for the dimensionless functions 
U, V, P, R, H, which are not given here in detail. The dimensionless 
parameter of the problem is clearly 


k= 
It characterizes the effect of viscosity and heat-conductivity of the 
gas and resembles the Reynolds number. 


Let us now turn to the boundary conditions of the problem. At the in- 
sulated plate we must satisfy the conditions of no slip and of zero 
heat-flux. We can easily verify that these conditions, expressed in terms 
of the dimensionless variables, are 


= cos a, V(i)=sin a, H'(1) = 0 (4.6) 
In the undisturbed region the temperature is zero. As has been shown, 


this region is therefore separated from the region of disturbed motion 
by a front* which obviously propagates according to the similarity law 


* The mathematical necessity of the existence of the front can be 
established by assuming the opposite; the extension of the asymptotic 
solutions to infinity then leads to a contradiction. 
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Y(t) = no (4.7) 


Here m7) is a constant which must be determined. Clearly, the boundary 
conditions at the front have the form 


U (yo) = V(yo) = P(yo) = = 9, R(yo) = 1 (4.8) 


The conditions (4.6) and (4.8) must fully determine the solution of 
the boundary-value problem, including the specification of the constant 


b) The motion of a viscous heat-conducting gas induced by the rota- 
tion of a conical surface. Let us examine the self-similar motion of the 
second type associated with a uniform rotation of an axisymmetric conical 
surface around its axis. Let us place the origin of the spherical co- 
ordinates r, 9, ¢ at the vertex of the cone (Fig. 5) and make its axis 
of symmetry coincide with @ = 0. We shall again assume that the rotation 
with constant angular velocity 2 begins from rest at time t = 0 and that 
the temperature of the undisturbed medium is zero. Clearly, the motion 
in question can depend only on the three independent variables r, @ and 
t. Since the only characteristic parameter of the problem, which does 
not contain the dimension of mass, is the 
angular velocity, the dependence on the 
variable r can be found in an explicit form. 
For the dimensionless time variable let us 
take 


t= Q2 (4.9) 


The unknown functions of the problem are 
the components of the velocity vector V_, 
Vg and V4, the pressure p, the density p 
and the gas enthalpy h. We can easily see 
that the only possible form of the depend- 
ence of these functions on the independent 
variables is 

V, = Qr p = P(6, t) 


p = p,,R(6, 7), h = 


As has been established earlier, the viscosity will depend linearly 
on enthalpy 


= Ch = (4.14) 
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Upon substitution of (4.9), (4.10) and (4.11) into the equations of 
motion of a viscous heat-conducting gas, we obtain a system of partial 
differential equations in two independent variables for the dimensionless 
functions (4.10). The conditions at the boundary @ = ,, which is heat- 
insulated, are 


W = sin 0, (4.12) 


It is also necessary to satisfy conditions on the front which moves 
according to the law @ = @,(r), yet to be determined. These conditions 
are 


U=V=W=P=H =0, R=1 


The system of boundary conditions (4.12) and (4.13) must fully deter- 
mine the solution of the problem, including the unknown function @,(r). 


We note that from (4.13) it follows that the front which separates 
the disturbed region from that of the undisturbed gas spreads as a 
conical surface with a vertex at the vertex of the rotating cone. Further- 
more, from the form of the solutions (4.10) it follows that the velocity 
components grow linearly with r, the pressure and enthalpy as r?, while 
the density remains constant along any ray issuing from the origin. 


We have examined some special problems associated with the motion of 
a viscous heat-conducting gas at very high supersonic speeds. However, 
the results permit some general deductions concerning the nature of the 
problem of flow around arbitrary bodies as M_+ «. The most important 
feature of any flow with infinite Mach number is the appearance of a 
frontal surface, which separates the disturbed flow field from the region 
of the uniform stream. Consequently, the conditions of asymptotic decay 
of all disturbances at infinity are always replaced by boundary conditions 
on the surface of the front. The behavior of the solution in the vicinity 
of this front is singular and can be obtained relatively simply by 
examining the equations of motion in a small neighborhood of the front. 
In this process, any segment of the front can be considered as flat and 
its velocity (in the direction of its normal) as constant during a small 
interval of time. The reduction of the problem of flow around a body 
with M+ « to a boundary-value problem in a finite domain facilitates 
its solution by approximate methods (as in the case of flows of ideal 
gases around the body). 


APPENDIX A. The integration of the system of equations (1.4) in the 
special case of Prandtl number 3/4 can be carried out relatively simply. 
The first of these equations together with the boundary condition (1.5) 
yields 
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ons 
Integrating the second equation we find 


(A.2) 


The third equation can be rewritten with the aid of the second in the 
form 


d (,., 4 


Its only particular solution which satisfies (1.5) is 


we obtain an equation in u® 


3 


+1 

({—u rues 2 (1—u°)(u 0 (A.6) 
Its integration in the case n= 1 is elementary and leads to (1.6). 

In the case of an arbitrary n> 0, the quantity-u° near the front can be 


expressed as 


u° = 1 — (A.7) 


Substituting this expression into (A.6) and keeping the dominant terms, 
we find 


1 


a\ 


Equation (1.7) then follows. 


APPENDIX B. The full equations of motion of a viscous heat-conducting 
gas (2.2) can be written using the divergence operator and then expressed 
in the form of the following integrals over closed contour surfaces: 


3 


- puv + | p+ pu? — ha + =0 
Ou Ou Ov 
)dx +-|puv —h By h By )dy =0 


—pudz + pu dy = 0 
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2 2 
§(—peh — pe > — pr 


y2 
+ | puh + pu —- + pu — hu — 


Let us choose for the contour of integration the contour ABCDEF (Pig. 
6), with A at the vertex of the front AE and with the closing section DE 
located far downstream of the body BC. The full resistance of the body, 
X, is given by the integral of the normal and tangential stresses pro- 
jected in the x-direction: 


X= (AS + de + (p— ~\ dy (B.2) 
B 


and the net flux of heat across the boundaries of the body by the inte- 
gral 


ah 


Taking into account the conditions at the surface of the body and in 


the undisturbed flow, we obtain 
, 

2 Ov 

h oy )dy +2 dy 


h oh 
Ov 

Dy —hv \dy \ dy 
0 


Let us rewrite the condition of conservation of mass in the form 


4 
\ pu dy = j dy (B.6) 
0 0 


When, in accordance with the esti- 
mates of Section 2, we neglect in these 
14 equations the terms of higher order, we 
find 


Y (x) 
j v 
 (B.7) 
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On the other hand, the right-hand side of (B.7) is easily seen to re- 
present the total energy of the equivalent uniform unsteady motion of 
the gas. This validates Equation (3.1). We note that the ratio of the 
terms neglected in (B.4), (B.5) and (B.6) to those which were kept is of 
the order r?. 
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To describe the motion of an electrically conducting fluid or gas in an 
electromagnetic field one uses the system of mechanical equations and the 
system of Maxwell’s equations, which in the case of interaction of the 
field with the medium must be considered simultaneously. This combined 
system of equations is complete (that is, it suffices to determine all 
quantities characterizing the motion of the medium and the variation of 
the electromagnetic field) if expressions are given for the internal 
energy of the medium, the stress tensor, and the heat-flux vector (the 
expressions for these quantities are usually taken from ordinary hydro- 
dynamics; refinements for an ionized gas moving in a magnetic field can 
be found in[1]), and if the connection is also given between the 
current density j and the other quantities characterizing the problem. 

As a simple relation for the current density in electrodynamics and 
magnetohydrodynamics one uses Ohm’s law (see, for example, [2] and[3]) 


j = cE’ (0.4) 


Here j is the current density, E the intensity of the electric field, 
and o is a coefficient called the conductivity of the medium; primes 
mean that the corresponding quantities are taken in a system of coordi- 
nates in which the medium is at rest. If one uses the formulas for trans- 
forming the field and current from one system of coordinates to another, 
the relation (0.1) can be written in a system of coordinates in which 
the motion of the medium is considered as 


j +- x + (0.2) 


Here p, is the electric charge density, v the velocity of the medium, 
and ¢ a constant equal to the speed of light. Here, and throughout what 
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follows, we use an absolute Gaussian system of units. Relations (0.1) 

and (0.2) describe well the flow of current in solid conductors and also 
in liquid and gaseous conductors for sufficient density of the media and 
moderate magnetic fields, but describe poorly the process of current 

flow in a number of other cases that are of considerable present interest. 
In this connection a number of authors have considered the question of 
the form of a so-called generalized Ohm’s law suitable for a description 
of the phenomena of current flow in a fully ionized gas [4,5] ora 
partially ionized gas [6] under conditions in which the relations (0.1) 
and (0.2) are unsuitable. 


To obtain a generalized Ohm’s law it is convenient to use a model 
multi-component quasi-neutral medium consisting of electrons, ions, and 
neutral atoms [4,6]. In the present paper there is obtained on the basis 
of this model a relation connecting the current density with the other 
parameters (generalized Ohm’s law) in the presence of a certain space 
charge p,. Furthermore, hypotheses and conjectures are formulated and 
discussed that specify the form of the generalized Ohm’s law, and con- 
sequently also the limits of applicability of the relations obtained. 

(In particular, the range of the hypotheses is indicated in which rela- 
tions (0.1) and (0.2) are satisfied.) Dimensionless parameters are given, 
related to the mechanical and physical characteristics of the problem, 
that determine the form of Ohm’s law. Various forms of Ohm’s law are dis- 
cussed from the point of view of their application to one or another con- 
crete problem. 


1. General equations describing the motion of a three- 
component medium consisting of electrons, ions and neutral 
atoms. In order to obtain a relation connecting the current density 
with the quantities characterizing the motion of the medium and the 
electromagnetic field intensity, and which is independent of Maxwell’s 
equations and the equations of mechanics, we consider a simplified 
kinetic molecular model of the medium. 


Let a unit volume of the medium contain mn, neutral atoms, n ions, and 
n+ n° electrons. For simplicity we assume that the electrons and ions 
carry equal but opposite charge e; then the space charge density is equal 
to 


Pe = —N’e 


Furthermore, we assume that the mass m; of an ion is much larger than 
the mass m, of an electron, and equal to the mass m, of a neutral atom. 


The degree of ionization is the quantity 


a= n/(n + n,) (1.1) 
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As a simplified model we suppose that each component —- electrons, 
ions, and neutral atoms — represents a gas moving independently of the 
other components, in the sense that the hydrodynamic equations of motion 
may be written separately for each component. Interaction between the 
components arises as a result of collisions of particles, and leads to a 
certain mean force equal to the average change of momentum due to colli- 
sions of particles belonging to the different components. 


The electron, ion and neutral gases are regarded as ideal, so that 
the stress within the components amounts to appropriate pressures. (See 
[7] for the effect upon Ohm’s law of terms related to the viscosity of 
the components. ) 


If the velocities of relative motion of the components are small com- 
pared with the random speed of the particles, then the mixture as a whole 
may also be considered an ideal fluid, and the total pressure is equal 
to the sum of the partial pressures of each component (see [1], for ex- 
ample) 

P=P, +P, +P, (1.2) 


Since under equilibrium conditions the pressure is proportional to 
the number of particles, the following formulas are valid: 


ate (1.3) 


~ 


n 


In the space occupied by the moving medium the electric field E and 
magnetic field H are given. Here it is assumed that E and H are deter- 
mined as external fields, as are also the charges and currents in the 


medium itself. 


We determine the force acting upon each component that arises from 
collision of particles of the given component with particles of another 
component. The force acting on the vth component due to the kth component 
can be represented in the following form: 


AS ° k i, (1.4) 


Here n, is the number of particles of the vth kind per unit volume, 
Ty, the average time between collisions of particles of the vth kind 
with particles of the kth kind, where the average time between collisions 
is taken as the interval of time until a particle of the vth kind loses 
on the average an impulse AJ,, by interaction with a particle of the 
kth kind. 


Usually one takes as AJ,, the quantity 
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my +m, 


Here v,, is the average velocity of particles of the vth component 
relative to particles of the kth component, which corresponds to the 
average loss of momentum for elastic collision of two particles of masses 
m, and m, moving with relative velocity v,,, under the assumption that 
all angles of deflection of the particle as a result of the collision are 
equally probable. 


Since m; >> m,, for the electron gas 


e’ 
AJ = — (k = i, a) 


and for the ion and neutral gases 


Here J,, is the impulse of particles of the vth gas relative to 
particles of the kth. 


It is now easy to write the equations of motion for each component of 
the medium. Let the velocity of motion of the entire medium be v, the 
velocity of motion of the ion gas relative to the medium be v,, and the 
velocity of motion of the electron gas relative to the ion gas be v.. 

The velocity of motion of the neutral gas is determined from the velocity 
of the medium and the velocity of the ion gas by the formula 


(1.5) 


In the derivation of this relation it is assumed that the velocity of 
an element of the medium coincides with the velocity of its mass center, 
and the inequality m, << m; is also used. The last term is retained in 
spite of the small mass of the electron because of the fact that the re- 
eng between Vv, and V; is unknown, and it may happen that |m,v_| = 

mv; |. 


Furthermore, it is assumed here and henceforth that n’ << n, because 
significant concentrations of space charge cannot arise in the absence 
of special outer conditions providing for the retention of this charge. 
In this connection terms of order n’/n are neglected everywhere in com- 
parison with terms of order unity. 


We note that the condition n* << n is not equivalent to the assump- 
tion of the absence of space charge, because a small excess in the number 
of electrons over the number of ions can give a marked increase in the 
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force due to the electric field ( -— n’ & = p,£), and in the current 
density due to the transfer of charges together with the motion of the 
medium ( — n’ev = pv). If the gas is fully ionized (n. = v, = 0), rela- 
tion (1.5) simplifies and gives a connection between vi and Vv. Calcula- 
tions analogous to those carried out here under the assumption that a ¢ 1 
(n, # 0) can be carried out also for the case of a fully ionized (two- 
component) medium [7], where, as is easily verified, the generalized 
Ohm’s law can be obtained from the relation (2.12) of the present paper 
in the limit a + 1 (relation (2.13)). 


In addition to the forces due to collisions of particles of the differ- 
ent components, a force due to the electromagnetic field will act on the 
electron and ion gases. 


The average momentum of electrons relative to ions is 
= MN, 


The average momentum of electrons relative to the neutral molecules 
is 
‘ol. 25 m 


m 
i 


Consequently the equation of motion for the electron gas may be 
written in the form 


> — grad p, —ne\E + 


1 
—(v + vy + v,) » — — mn (v. T 


d, 0 d 


The momentum of the ions relative to the neutral atoms is equal to 


Vv qa 
m, (v vi — Va) mi 


Using this expression, we write the equation of motion of the ion gas 
in the form 


d; (v + v,) 
dt 
m a 


2 


1 
man = — grad p, + ne|/E+ (¥ + vi) | + 


In Equations (1.6) and (1.7) r, r;, andr, are respectively the times 


i’ 


917 
| 
d.(v +v, +-v¥,) 
(1.6) 
i—a 


G.A. Liubinov 


between collisions of electrons and ions, ions and neutral atoms, and 
electrons and neutral atoms. 


In place of the equation of motion of the neutral gas we will use the 
equation of motion for the medium as a whole, which is, of course, a con- 


sequence of the equation of motion of the neutral gas and of Equations 
(1.6) and (1.7): 


m; (n + na) = — grad p — n'eE — [nv, +n'(v+vi))«H (1.8) 


Here were used for the determination of the current density 


j= >) = —(n + + + ve) + 
k 


+ ne(v + vi) = — nev, — n’e(v + vi) 
and the inequality n’ << n. 


2. Resulting generalized Ohm’s law. In Equations (1.6), (1.7) 


and (1.8) we estimate the terms containing derivatives. 


We will assume that the characteristic time of the problem is much 
larger than the time between collisions, and that the velocity of the 
components relative to the center of mass is small compared with the 
random speed of the particles belonging to a given component. (This con- 
dition was used in obtaining relations (1.2) and (1.3).) If Tis a 
characteristic time of the problem, L a characteristic dimension, and U 
a characteristic speed (U = L/T), then these assumptions are equivalent 
to the following: 


T > max {T, Te, Ti} 
Vi<<S Viz, | vi + Vel << ex, — Val < Vax (2.1) 


Here v;., v,,, and v,, are the chaotic speeds of the ions, electrons 
and neutsel particles; hence, if there is a state of equilibrium, the 
temperature of the electrons, ions and neutral particles is equal, and 


MeVex* = MaVax* 


If the conditions (2.1) do not hold, it is possible to obtain from 
Equations (1.6) to (1.8) a single relation connecting current density 
with the other parameters in the problem only under sufficiently special 
assumptions, for example if the condition v; << v holds. 


Because the pressure is proportional to the product of the mass of 
the particles and the mean square random speed, under conditions (2.1) 
the terms 
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d dy, 
ap (Vit Ve), (Vi-+ Ve) 7 (¥ + Vi + Ve), 


on the left sides of Equations (1.6) and (1.7) can be neglected compared 


with the last terms on the right sides of the equations and with the 
gradients of the corresponding pressures. 


Furthermore, in view of Equation (1.8) and Formula (1.3) the follow- 
ing relation holds under the conditions m, >> m,, Mm, = Mm, n>> n’: 


Mm, n E d ne H) 
|= | + ered p— (ve x 


—n'e(v + vi) <|— grad p,—neE (v vi + ve) x 


That is, the term m ndv/dt in the left side of Equation (1.6) can also 
be neglected. Thus, under conditions (2.1), Equations (1.6) to (1.8) take 
the form 


1 
grad p, — ne (v +vi+ ve) X — 
— mn \ve 


lv 
min = — grad pj + ne 


lv , 
m,(n + na) = — grad p — n’eE — +n'(v+vi)] x H 


We introduce the terminology 
j= — nev, —n’'e(v + vi), ji = nevi 
cm, 


@,T eH He 


cm 


ot, 
Here w, and w; are the Larmor frequencies of the electron and ion. 
Thus the quantities wr, ws, and ws; denote the number of turns of 
the spiral trajectory that the corresponding particle executes in the 

time between two collisions with particles of the other components. 


With the notation (2,3) and under the conditions m; >> m, and n >> n’, 
Equations (2.2) take the form 
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— grad p, — -jxH+ 


— grad p; + ne(E+—+vx H)- + — jx — 
(2.5) 


— grad p + — jx H —n'eE (2.6) 
Combining (2.4) and (2.5) and eliminating dv/dt with the aid of 
(2.6), we obtain the expression 


(1—a)e 


H (x, grad p — grad (p, + —(1—a)n’eE + 


(2.7) 


1—a m; c 


(In the sum of Equations (2.4) and (2.5) it is necessary to take into 
account the term n’eE, because the terms tneE appearing in these equa- 
tions cancel in the combination. ) 


Now eliminating j; from Equation (2.4) with the aid of (2.7), we ob- 
tain a relation connecting the current density with the electromagnetic- 
field intensity and the parameters characterizing the medium and its 
motion 


— [grad p, + (a grad p — grad (p; + p,.)] — ne(E- x 


Xe Xj c 


— jen'v x H a + (1 — B) x, — 
e 


1 


j i-n’ev) — grad p — 
—grad + x H+ jx Hx H—(1 —a) 
esos la = p — grad (p, + p,;) — (1 — a) n’eE + 


N + 
1 - 


Relation (2.8) may be regarded as the generalized form of Ohm’s law 
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for a partially ionized gas. 


If the speed of random motion is large compared with the relative 
speeds of motion of the components, the time between collisions is de- 
termined by the random speeds (v,,, v,;,). In equilibrium the electrons 
and ions possess equal kinetic energies of random motion, but the mean 
free path of the ion between its collisions with neutral atoms (/;,) is 
less than the mean free path of the electron between its collisions with 
neutral atoms (1,,), so that 


Ti _ Vex lia 


l 
Te ea Vix 


In view of the condition m; >> m, it follows that 


m, TF m, m ‘ 
—2 V (2.9) 
xj T, m; ms, 


That is, between two collisions with neutral atoms the electrons execute 
significantly more turns of the spiral trajectory than do the ions. Here 
B << 1 and relation (2.8) simplifies to 


— grad p, — ne(E + —vx jxH + — 


{la grad p — grad (p, + x H+ jx Wx 


+ (1 — a) p,E x =— = * (1 — a) [a grad p — grad (p, + p,) 
+(4—a)pE+% jx (2.10) 


On the right side of Equation (2.10) some small terms have been de- 
leted by virtue of m; >> m,, n >> n’ and (2.9). 


Terms appearing in the right side of Equation (2.10) can, by virtue 
of n >> n’, be neglected compared with corresponding terms on the left 
side of this equation if the condition is satisfied 


asa 2 (2.11) 
m tT 


The time r_ between collisions of an electron with neutral atoms is 
larger than the time r between collisions of the electron with ions, 
thanks to the remote collisions between charged particles (see [4], for 


example). For gases that are not highly rarefied at moderate temperature, 
the relation (2.11) holds, and the generalized Ohm’s law has the form 


— grad p, — ne(E+- jx H + (j — pv) — 
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(1 —a)? a 1; x H+ Ex H} = 2 
Brad p x H+ HxH - pExH}=0 (2.12) 


In order to simplify the subsequent equations, the first term of the 
last item is transformed for the cases n= const, n, = const. 


If the gas is completely ionized (a = 1), x, = x; = 0. Furthermore, 
it follows from (1.5) that j,; = (m,/m;)j, that is, as a + 1, the quanti- 
ties k;, k,, and (1 - a)? /K ; tend to zero, and Ohm’s law takes the form 


— grad p, — ne(E+— vx H)+—jxH +H (j —p,v) = 0 (2.43) 


Henceforth the inequality (2.11) is always assumed to be satisfied. 
If this inequality is violated in a concrete case, it is necessary to 
take into account in Ohm’s law terms in the right side of (2.10). 


3. Different forms of the generalized Ohm’s law. ‘The magni- 
tudes of the coefficients in Equation (2.12) depend on the physical pro- 
perties of the medium under consideration. Furthermore, the magnitudes 
of the individual terms in this equation depend upon the mechanical 
characteristics (velocity, pressure, etc.) of the problem under considera- 
tion and the magnitude of the electromagnetic-field intensity. In this 
connection, it can be shown in one or another specific problem that 
certain terms in Equation (2.12) are negligibly small. Thus it is 
possible to use a simpler form of the generalized Ohm’s law. In order to 
ascertain which parameters determine the form of the generalized Ohm’s 


law, we estimate the relative magnitudes of the terms appearing in Equa- 
tion (2.12). 


We observe first of all that if the gas is partially ionized, and 


(3.1) 


(1 — a)? 


— p+ jx x x < 


(3.2) 


<|- grad p, + +; x H — enE | 


and, consequently, Ohm’s law for a partially ionized gas under condition 
(3.1) coincides with Ohm’s law for a completely ionized gas (2.13) to 
within the coefficient of the current density. 


If the electromagnetic field has a significant effect on the motion 
of the medium (such problems are known to be of interest from the point 
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of view of magnetohydrodynamics and its applications), the electro- 
magnetic forces are of the order of magnitude of the inertia forces 


pU? (n + mU*? = nm,U? = JHL = (3.3) 


where L and U are a characteristic length and speed in the problem. (It 
is assumed that convective currents and displacement currents do not ex- 
ceed in order of magnitude the conductive currents. ) 


Relation (3.3) shows that for any degree of ionization 


so that grad p, is insignificant for small degrees of ionization. 


If the velocity of the electron gas relative to the ion gas is much 
smaller than the characteristic speed of the problem 


U>», (3.5) 
then the following relation holds: 


jxH| <<“ (3.8) 


Relation (3.5) may be given a very suggestive form using Equation 
(3.3), namely 


(3.7) 


We call © the characteristic frequency of the problem. Thus condition 
(3.4) is equivalent to the assumption that the Larmor frequency of the 
ion is larger than the characteristic frequency of the problem. 


If the following inequality holds: 


of —<— (3.8) 


*H|j—pv|<“|vxH| (3.9) 
With the use of the inequalities (3.1) and (3.7) Ohm’s law assumes 
the form (0.2), usually used in magnetohydrodynamics: 


nec 


j= x H) + Pv, %,) (3.10) 
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If we determine the time between collisions of the electron (with 
ions or neutral atoms) according to the formula 
| 
(3.11) 
(the collision frequency is equal to the sum of the collision frequencies 
of the different families), then we obtain for the conductivity the 
equation 


m, 


agreeing in form with the equation for conductivity of a completely 
ionized gas. 


If in addition to the inequalities (3.1) and (3.7) the inequality 
(3.8) holds, Ohm’s law reduces to the relation 


E=—-vxH (3.12) 


This relation is used in the study of the motion of an infinitely con- 
eins medium. Here relation (3.3) permits the inequality U >> v, to be 
introduced in the form given in [8 |]: 


] c*m; 


Under these conditions the inequality (3.1) may be introduced in the 


mye a m jc? 


We emphasize that the inequalities (3.13) and (3.14) can be used in 
place of (3.1) and (3.7) only in consideration of a highly conducting 
medium, for which the relation (3.8) holds. 


The relative magnitude of the terms 
-jxH, (j—p,v) 


is determined by the number w,*. If 


w,t < 


then the following relation holds: 
jx H| < (x, +x) H|j—pv 


Finally, if the inequality 
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(3.17) 


is satisfied, the following relation holds: (3.18) 


i grad p jx H grad p, — vx H 


Thus the relative magnitudes of the terms in Equation (2.12) that de- 
termine the generalized Ohm’s law depend on the magnitudes of the follow- 
ing dimensionless parameters: 

1 Q P 2(1 Q 
related to the physical properties of the medium as well as the condi- 
tions of the problem under consideration. 


The parameter w r*, characterizing the spiral path of the electron 
between two collisions, determines the relative magnitude of (ws */H) 
j x Hand j. For atmospheric pressures, temperatures of the order of 
10,000° K, and moderate magnetic fields (of the order of 10,000 gauss), 
this parameter is small, and the term (w,*/H)j x H can be neglected. 
However, at these same temperatures and fields, but with pressures of 
the order of 0.01 atmospheres, the magnitude of ws* is of the order of 
unity, and the term (wr */H)j x H is significant [9]. Here the phe- 
nomenon of "anisotropic conductivity" of the gas appears. 


The parameter a~*Q/a,; determines the relative magnitudes of the 
terms (@ r*/H)j x H and (o/c)v x H. For a heavy gas (argon, air, etc.) 
at H = 10* gauss, the Larmor frequency of the ion is of the order of 
10° sec~!, so that for a flow with characteristic speed U = 10° en/oce 
with characteristic dimension L =~ 10 cm, the quantity 2/«@,; = 10~?. Con- 
sequently, for *pure* gas with thermal ionization the parameter a ; 
is large at temperatures below 10,000° K in a broad range of pressures, 
that is the term (w,*/H)j x H is considerably larger than (o/c)v x H. 
If under the same conditions the ionization of the gas is increased with 
a slight amount of ionizing additive, the term (ws */H)j x H is in- 
significant. At very high temperatures this same phenomenon occurs also 
for "pure" gas. 


The parameter (1 - a)*/x ,, determining the relative magnitudes of 
the terms (w 7*/H)j x H end 1j x Hx 4H, can be equal to unity only 
for rarefied gases moving in strong magnetic fields (when not only the 
electrons but also the ions possess spiral paths). For moderate fields 
and temperatures this parameter is always much smaller than unity for 
dense media. 
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The parameter [2(1 - a)/a]r ;/T, determining the relative magnitudes 
of (o/c)v x H and c~*j x Hx H, can, in view of condition (2.1), be 
equal to unity only for very low degrees of ionization of the gas. 


The parameter a~! (Q/a;)(os*)*, being the product of two of the 
parameters considered above, determines the relative magnitudes of the 
terms (o/c)v x H and j. 


We consider the motion of a dense gas with a moderate magnetic field 
in the case when the electrons and consequently, in view of (2.10) and 
(2.11), also the ions do not possess spiral paths 


o,t* < 1, x, > 1 


The inequalities (3.1) and (3.15) hold under these conditions. If the 
degree of ionization is also significant, that is, (3.7) holds, then 
(3.17) is satisfied automatically, and Ohm’s law takes the form (3.12) 
with the realization of the inequality 


/o,)<<@,t* (3.20) 


(This is the inequality (3.8), transformed by means of (3.11) and Equa- 
tion (3.10), if the relation a~! (Q/w;) = ws* holds. This form of Ohm’s 
law is used in magnetohydrodynamics and is considered above.) If the 
degree of ionization is also small, so that 


1 


then the inequality inverse to (3.20) holds, and Ohm’s law takes the form 
j= oE (3.21) 


which coincides in form with Ohm’s law for a stationary conductor. For 
low degrees of ionization the induced currents are small, but the 
currents flowing in the gas must be appreciable if the electromagnetic 
field affects the motion of the gas, that is, relation (3.3) is satisfied; 
then naturally currents in the gas can thereby be created only on account 
of the external electric field. It is evident that under these conditions 
Ohm’s law has the form (3,21). The inequality (3.7) can be violated on 
account of the reduction of the magnetic field. In a weak magnetic field 
Ohm’s law also has the form (3.21). In this case, if the external 
electric field is weak, Ohm’s law has the form (3.21), but relation (3.3) 
is violated and the electromagnetic field then does not affect the motion 
of the medium, 


Let the conditions of the problem be such that as * = 1, Then in view 
of (2.19) and (2.11) K,; >> 1, that is, the inequality (3.1) holds. Under 
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these conditions, if the inequality (3.7) holds, Ohm’s law has the form 
(3.12). If the relation a~* (Q/w;) = 1 holds, then Ohm’s law takes the 


form 
@,t* 


j=s(E+—v*x H)— i jx H+ — grad p, (3.22) 


This form of Ohm’s law has been used in a number of papers for the 
study of the flow of a conducting gas with anisotropic conductivity. 
Finally, if the inequality inverse to (3.7) holds, Ohm’s law has the form 


jx H+ = grod p, for |E| << —!vxH] (3.23) 


c 


j=soE— i jx H+ —grad p, for |E| >— |v xH| (3.24) 


If the conditions of the problem are such that @s* >> 1, but the 
ions still do not possess spiral paths (K; > 1), or the degree of ioniza- 
tion is sufficiently high that the inequality (3.1) is satisfied, then 
analogous to the preceding case we obtain the following form of Ohm’s 


law: 
1 1 
a @ 


5 E++tyx jx rad p, = 0 «= 
3\ H Pe 


Q 


a 


@,t* 
| H + grad p, = 0 fer 


Finally, we consider the case when the conditions of the problem are 
such that the electrons as well as the ions possess spiral paths, and 
the degree of ionization is so slight that the inequality (3.7) is 
violated. In this case Ohm’s law has the form 


a 
x == 0) 
5 Brad p+ H 
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(i—a?_ , 1 
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if |e|< <¢!|vx al; if this relation is not satisfied the term o£ is 
added to (3.27). If 


then Ohm’s law has the following forms: 


2(1— a) tT? 


i, 
— grad p + H 


ss For a" Na; > 1 Ohm’s law has the form (3.29). 


We note in conclusion that in carrying out the estimates the charac- 
teristic quantities L, U, T were everywhere assumed to be equal for all 
mechanical and electromagnetic variables. These estimates are therefore 
inapplicable to flows with various kinds,of boundary and transition 
layers, and to other problems in which the characteristic magnitudes of 
various variables may be different. In these problems (as in establishing 
any problem) it is necessary to carry out estimates analogous to the pre- 
ceding ones in order to choose a form of Ohm’s law. Furthermore, in all 
: the estimates it was essential to use the assumption that the electro- 

% magnetic field significantly affects the motion of the medium, that is, 

3 relation (3.3) holds, which determines the form of one of the basic para- 
meters a" D/w;. If the conditions of the problem are such that relation 
(3.3) is violated (motion of a weakly conducting medium at high speed or 
slow motion of a highly conducting medium), it is necessary in the esti- 
mates to use the inequality U >> v, directly, and not (3.7), which is a 
consequence of U >> v. only under the conditions (3.3). 
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One of the methods for controlling a boundary layer is sucking or blow- 
ing of the fluid through the surface. If the boundary layer is electric- 
ally conducting, then there is also the possibility of using magnetic 
and electric fields for the same purpose. In connection with this, it is 
interesting to investigate the effects which appear in a combination of 
both methods. 


An approximate solution of this type was found by Vatazhin[1], who 
investigated the flow of a viscous compressible gas around a semi- 
infinite plate, with blowing and a transverse magnetic field. A very 
similarly posed problem was also studied by Lykoudis [2,3], but his 
papers differ from {1] in that the gas is taken to be conducting 
throughout, and not only in the boundary layer. 


In the solutions mentioned, the influence of the induced component of 
magnetic field along the surface was neglected. Therefore, within the 
framework of such a theory, it is not possible to include magnetohydro- 
dynamic effects which arise from the interaction of the transverse 
(normal to the surface) flow with the induced field. For studying these 
effects it is necessary to proceed either from the full system of equa- 
tions of magnetohydrodynamics or from the boundary-layer equations de- 
veloped by Zhigulev [4]. The solutions of some particular solutions of 
similar type are published in the papers of Gupta[5], Yasuhara[6 ], 
and Greenspan [7 ]. 


In the present paper an attempt has been made to ascertain the possi- 
bility of a more general approach to problems of longitudinal flow past 
porous cylindrical surfaces, similar to what has been done for internal 
and external rectilinear flows [8,9]. 
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1. Let us consider a porous cylindrical surface S in a basic flow in 
the direction of a generator. We will assume that the contour = of the 
cross-section of the surface is smooth and closed, and that the flow is 
external. 


If the flow is stationary, the fluid incompressible, and its physical 
properties constant, then the velocity, the magnetic field and the pres- 
sure in the flow are determined from the equations 


(VV) V = — Vp*+x(HV)H+ divV=0 
(VV) H = (HV) V+v,AH, divH =0 (1.1) 


where p* = p +xH?/2, x= p/ v,= and the remaining 
symbols are well known. The electric field and the current density are 
found from the relations 


rot H = = j. j LE ) (1.2) 


As an initial assumption, we shal] take the velocity components and 
the components of the magnetic field normal to the basic flow to be con- 
stant along a generator of the surface. Then, putting the z-axis parallel 
to a generator, we may write 


v= + Vx (x, y) Cr T vy (z, y) ey» v = y) 
H = H, + he,, H, = H, (z, y) e, + H, (2, y) ey, h = H, (2, y, 2) 


Putting this into Equations (1.1) and projecting the first and third 
of them on the xy-plane and the z-axis, we obtain 4.3 
3) 


p(V,V)V, = — V’p* VY) Hy + AV, 7’ = = + 
pV, Vo = — + + (1.4) 


(V,V) HH, = (H,V) 4 An (1.5) 


=H, Vv+ (1.6) 


divV, =0 (1.7) 
divH, +“ =0 or divH, = —0 (x,y), h= (x,y) +ho(x,y) (1.8) 
from which it immediately follows from (1.3), (1.4) and (1.8) that 
d*p* dz* = const. 


It is necessary also to formulate the equations describing the flow 
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and the electromagnetic field inside the body. If it is assumed that the 
body can move only in the direction of its axis with constant velocity 
v,, and that the vectors of the transverse velocity and transverse mag- 
netic field for the region inside the body do not depend on z, then the 


following cases can occur. 


a) Flow over a porous body with internal sources of fluid. The mag- 
netic field is described by equations of the type (1.5), (1.6) and (1.8) 
where v = v,, and V, is either given or is determined with the help of 
auxiliary equations, for example, magnetohydrodynamic equations of the 
type (1.3), (1.7) or equations of the theary of filtration. 


b) Flow over a non-porous body having a continuous distribution of 
sources on its surface. The magnetic field inside the body is described 
by Maxwell’s equations. 


On the surface of the body, the usual conditions on the velocity and 
the magnetic and electric fields have to be satisfied: 


v=vy, =0, =0, =0 


th}=0, [H,] =OonS 1.9) Vol. : 


196) 


Here the last two equations apply if surface currents are absent, i.e. 
for finite conductivity of both mediums. A jump at S is defined here as 


[aJ=a- a,, where the index w refers to the body, and the indices n, 

r refer to vector components normal to S and tangential to 2, respectively. 
We will take the density of the surface distribution of fluid sources to 
be given. 


Asymptotic conditions defining the behavior of p*, u, h at infinite 
distance from the body must also be given. Analogous conditions for V, 
and H, play an auxiliary role; as will be shown, they cannot always be 
arbitrarily specified. 


It is necessary to dwell in more detail on the continuity conditions 
for the electric field in (1.9), which, with the help of (1.2) and the 
other equations (1.9), may be put in the form 


Poly (ow : 
oh, 


The terms containing the transpiration velocity vanish for q = 0, 
#, = #, and also for v,, + 0 (flow past a dielectric). For infinite con- 
ductivity of the body (v,, = 0), it is, generally speaking, not possible 
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to obtain in this way such simple boundary conditions as in problems 
without porosity [9 ]. 


2. Let us return now to the analysis of Equations (1.3) to (1.8). 
Cases are possible for which their solution reduces to a successive solu- 
tion of very simple and even linear equations. This may occur, in 
particular, for H, = aV,, when the transverse flow aligns itself with 
the lines of force of the transverse magnetic field. In fact, with this 
assumption, Equations (1.3) to (1.8) take the form 


— xa*) (V, V, —xaV, (V, Ya) — nAV,; = (2.4) 


Introducing the expressions for h from (1.8) into (2.3), and separat- 
ing the z-terms, we obtain 


(poe ho) + Vi (Vk — aye) = — + vp Ah (2.5) 


Thus, if V, a, @ are found from Equations (2.2), (2.4), (2.6), so 
that a solution of Equation (2.1) for p* exists (i.e. rot of its left- 
hand side becomes zero), then v and hy are subsequently determined from 
the linear equations (2.5). The system of equations with respect to \ 

a, @ is, generally speaking, over-determined, and its solution may exist 
only in isolated cases, for which the form of the solution will at the 
same time indicate the possible form of the boundary conditions. It is 
not possible to reveal the totality of solutions here by elementary means, 
but, nevertheless, some important classes of solutions can be effectively 
studied —- for example, for flows with pseudo-plane (in the sense of 
Barker) magnetic field, when 6 = 0, H = M(x, y) and, in view of (2.4), 

a = a(W), where Ww is the stream function of the transverse motion. An- 
other series of solutions is obtained if it is assumed that V. or Hl is 
a constant vector and the surface S is a plane, etc. 


3. Let us investigate Equations (2.1) to (2.4) in more detail for the 
simplest case, when a = const. We note first that Equations (2.2) and 
(2.4) are more simply equivalent to 


933 
V, (V, Va) = vm (2 Vi, + @AV, + V \a] (2.2) 
(pv —xaVh) = — - + ym \t 2.3) 
= — 8 h 
div V, = 0, V,Va=—0 (2.4) 
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divV, = 0, rotV Qe. (3.1) 


where 2 is an arbitrary constant. The proof is obvious if the identity 
rot rot V, =-—A V, is introduced into (2.2) and account is taken of 
the fact that V, does not depend on z. Equation (1.2) may be expressed 
as follows: 

j— (rot Hy + rothe,) = Qe, + (es ey (3.2) 
It is obvious that the vorticity {2 is proportional to the current density 
in the direction of the basic flow. It follows that in the absence of 
such a flow at infinite distance from the body the transverse flow must 
be potential. 


Assume that the transpiration velocity v, is given on S as a function 
of the arc length on >. If the stream function is introduced into (3.1) 
in the usual way, then with (1.9) we obtain the interior boundary value 
problem Vol. 2 
AY = « Q. om f (s), 0 on v (3.3) 1961 


OT On 


which reduces in principle to the determination of the singularities of 
w at infinity. 


An analogous interior problem appears in looking for the transverse 
magnetic field H_,,, inside the body, if dh,/dz = 0, the body is non- 
porous or H,,, = aV,, inside it, and its conductivity is finite. In 
fact, in that case, in accordance with Section 1, AH,, = 0, divH ,=0. 
Introducing the vector potential of the field, these equations give 
AA, = —(42/c)j,, where j, = const, where the conditions on S (or, what 
is the same thing, on %) for A, are obtained in the same way as in (3.3): 


oT 
u 


The determination of A, reduces to the determination of the singular- 
ities or the magnetic field sources inside the body. If the body is 
porous and H_,. = aV_,,, then a similar problem may also be formulated 
for the stream function ¥,. It is evident that the inverse problem, to 
find ¥, A, or ¥, satisfying Poisson’s equation and conditions of the type 


(3.3) for given singularities, sev not have a solution, even if f(s) is 
taken to be unknown. 


Not dwelling further on these questions, we shall show that, in the 


4 
q 934 
(3.4) 
an = —H,=- = 0 
4 


ol. 25 
961 


Longitudinal flow over a cylindrical surface 


majority of practically interesting cases, problems of type (3.3) for 
interior and exterior regions have a solution; furthermore, this solu- 
tion satisfies (for 2 = 0) such auxiliary conditions as boundedness of 
Vv, and H, at infinity. The inconvenience of the possible appearance of 
infinite values of H,,, inside the body is somewhat compensated by the 
fact that the solution as a whole gives a magnetic field normal to the 
surface, in the flow region which, in some sense, is the generalization 
of a homogeneous field. 


We note also that, in view of Equations (1.10) and (3.2), the constant 
© and j, are connected by the relation 2 = (470,/cac), which shows 
that, in the absence of a longitudinal current in the body, the trans- 
verse flow is potential. It is evident that the quantities { and j, are 
not obtained from the solution of the problem, and one of them has to be 
given at the start. 


Returning to Equations (2.1), (2.3) it is easy to see that for 
dh/dz = 0, a = const, and a not too rapid increase in the transverse 
velocity, all the terms in (2.3) vanish at infinity, from which 
dp*.,/dz = 0. Integration of Equation (2.1), taking into account (3.1), 
now makes it possible to find the magnitude of the total pressure in the 
form 


p* = (xa* — p) (Qp + V_*/2), = const (3.5) 


Introduce the dimensionless variables and parameters 


where L, v, are characteristic values of the body dimensions and the 
velocity. Then, omitting the primes on the dimensionless quantities, in 
place of (2.3) we obtain 


RV, V(v — Sh) = Av,  RaV — 


Putting u, Roy (N = 
+ V(N — 1)? + 


it becomes possible to separate variables and to obtain for them the 
identical equations 
D (u;, 


Diz.w) 1,2) (3.8) 
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Such a transformation was used earlier in the solution of magneto- 
hydrodynamic flow problems in the Oseen approximation [10], It is use- 
ful if, from the initial conditions on v and h, it is possible to 
construct all the necessary conditions on u;. A similar transformation 
of Equations (2.3) exists also in the more general case, where a = a(w), 


Op*/dz 


Equations (3.8) preserve their form in going over to an arbitrary iso- 
thermal coordinate system ¢,(x, y), ¢,(x, y), characterized by the equa- 
tions AC, = Ad, = V¢, Vd, = 0, i.e. 

D (u;, p) 


(i = 1,2) (3.4) 


If the transverse flow is irrotational (Q = 0) and its complex poten- 
tial is ¥= 6+ iv, then we may put ¢, = ¢, ¢, = w and 


Ou 
t 1 i 


Og oy 


aq? (i = 1, 2) (3.10) 


A similar simplification can be obtained also in the case of rota- 
tional flow, when the streamlines coincide with streamlines of a poten- 
tial flow, i.e., for W = Y(¢,). From Equation (3.3) it follows that in 
this case w%,)( VC)? = — Q, and, in accordance with the results of 
[11], for Ad, and (Vg,)? = f(€,), the lines ¢, = const map a 
family of either parallel straight lines or concentric circles. Conse- 
quently, for 2 = 0 it is possible to investigate problems of longitudinal 
flow past a plate and a double wedge, for which (3.9) takes the form 


For all other surfaces, for 2 4:0, a coordinate transformation of the 
type written above allows the construction of an integral equation equi- 
valent to (3.9), if the Green’s function is known for the given boundary- 
value problem in potential flow (cf., for example, [12 ]). Due to the 
fact that the condition of boundedness of V, and H_ at infinity is not 
met, in general, for a flow with constant vorticity, these problems are 
of comparatively little interest. 


In the case of potential transverse flow, Equations (3.10) have the 
particular solution 


u; (@) C; + dD; exp Rig (i i, 2) (3.11) 


where C;, D; are constants. It is suitable for problems in which the 
boundary values and the asymptotic behavior of u; do not depend on wv. 
Having constructed a simple solution of the flow past a flat plate 
(@G=ty, W= tx, v= +1), it is not difficult, on the basis of 


= 
| 
= 
x Vol. 2 
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Equations (3.11), to study the flow past other cylindrical bodies with 
the help of coordinate transformations. 


4. Let us conclude with a consideration of some peculiarities of the 
flow past dielectric bodies, when the transverse flow is known to be 
potential. From the equations j, = (c/4r) rot H, = 0, v,, + 0 it is easy 
to conclude that inside the body h, = const and condition (1.11) is 
satisfied automatically. Consequently, v = v,, h= h, on the surface, or 


+ (i =—1,2) (4.1) 


Assuming that v + v= const, h + h, = const at infinite distance 
from the body i.e. 


+ = (i= 1,2) (4.2) 


we may make use of the solution (3.11). We note now that u;(¢) and ¢ 
take on constant values on =; furthermore, ¢ has no singularities at 
finite distances from the body. Therefore, in view of the transformations 
of Section 3, it may be concluded that the streamlines w= const go to 
infinity, and along them ¢ grows without bound in absolute value: lim ¢ = 
+ « for V(x? + y?) + «. The upper and lower signs here correspond to 
blowing and sucking at the surface of the body. Thus it is possible to 
investigate the asymptotic behavior of the solution (3.11) without going 
over to the primary coordinate system. 


It is immediately discovered that conditions (4.2) can be fulfilled 
only for R, , @< 0. As is clear from (3.7), a flow satisfying the four 
independent conditions (4.1), (4.2) exists only for suction with super- 
Alfven velocity (¢€ < 1, ¢< 0). If the velocity of the transverse flow 
in sub-Alfven (¢ > 1), then, for suction and for blowing, one of the 
quantities Rd will be positive, and of the conditions (4.1), (4.2) only 
three can be independent. Finally, for blowing with super-Alfven velo- 
city, R, , > 0, and then only quasi-solid body motion is possible, with 
ve v,, h= h,. It should be emphasized that only the solutions with 
¢ < 1 are continuous generalizations of the results of ordinary hydro- 
dynamics, in which ¢ = 0. 


In conclusion, we shall calculate the drag of the dielectric body per 
unit length: 


Going to dimensionless quantities and coordinates ¢, ~, we obtain 


/ 1 Op 
C; Love \ { R Sh) 
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For solutions of type (3.11) the function in the integral does not 
depend on w and, consequently 


( \ R ae Sh Q \4 dy | (4.5) 


= 


where Q is the total dimensionless strength of the fluid sources on the 
surface of the body and in its interior, per unit length. 


It should be remembered that the discussion of Section 4 makes sense 
only when along the surface contour the transpiration velocity v, does 
not change its direction with respect to the normal and is not identical - 
ly equal to zero. 


Limiting cases of longitudinal flow — without magnetic field with 
potential transverse flow, and without transverse flow (non-porous sur- 
face) with transverse potential field — may be obtained, respectively, 
fora+OQand V, +0, V,a-—-H,. However, in this case, many of the 
formulas (especially Sections 3, 4) will undergo fundamental changes, 
and therefore these cases are best investigated directly on the basis of 


i l. 1.8). 
Equations (1.3) to (1.8) Vol. 2 


1961 
BIBLIOGRAPHY 


Vatazhin, A.B., O vduvanii v pogranichnyi sloi v prisutsvii magnit- 
nogo polia elektroprovodnoi zhidkosti ili gaza (On the injection 
of an electrically conducting liquid or gas into a boundary layer 
in the presence of a magnetic field). PMM Vol. 24, No. 5, 1960. 


Lykoudis, P.S., A discussion of magnetic boundary layers with bound- 
ary conditions simulating combustion, blowing or sublimation at 
the wall. Proc. ist Int. Symp. Rarefied Gas Dynamics, 1960. Pp. 
409-415. 


Lykoudis, P.S., On a class of compressible laminar boundary layers 
with pressure gradient for an electrically conducting fluid in the 
presence of a magnetic field. 9th Int. Astronaut. Congr., Amsterdam, 
1958. Proceedings, Vol. 1, pp. 168-180, 


Zhigulev, V.N., Teoriia magnitnogo pogranichnogo sloia (Theory of the 
magnetic boundary layer). Dokl. Akad. Nauk SSSR Vol. 124, No. 5, 
1959. 


Gupta, A.S., Flow of an electrically conducting fluid past a porous 
flat plate in the presence of a transverse magnetic field. Z. ang. 
Math. und Phys. Vol. 11, No. 1, 1960. 


938 
2. 
4 


Longitudinal flow over a cylindrical surface 


Yasuhara, M., Flow of a viscous electrically conducting fluid along 
a circular cylinder or a flat plate with uniform suction. J. Phys. 
Soc. Japan, Vol. 15, No. 2, 1960. 


Greenspan, H.P., On the flow of a viscous electrically conducting 
fluid. Quart. Appl. Math., Vol. 18, No. 4, 1961. 


Regirer, S.A., O techenii elektroprovodnoi zhidkosti v prisutsvii 
magnitnogo polia po trubam proizvol’ nogo profilia (On the flow of 
an electrically conducting fluid in tubes of arbitrary cross- 
section in the presence of a magnetic field). PMM Vol. 24, No. 3, 
1960. 


Hasimoto, H., Steady longitudinal motion of a cylinder in a conduct- 
ing fluid. J. Fluid Mech., Vol. 8, No. 1, 1960. 


10. Van Blerkom, R., Magnetohydrodynamic flow of a viscous fluid past a 
sphere. J. Fluid Mech. Vol. 8, No. 3, 1960. 


11, Regirer, S.A., Nekotorye termogidrodinamicheskie zadachi ob ustano- 
ol. 25 ; vivshemsia odnomernom techenii viazkoi kapel’noi zhidkosti (Some 
1961 thermohydrodynamic problems of stationary uniform flow of a liquid). 
PMM Vol. 21, No. 3, 1957. 


12. Merkulov, V.I., Teploobmen v ploskom ustanovivshemsia potoke viazkoi 
zhidkosti (Heat transfer in plane stationary flow of a viscous 
fluid). PMM Vol. 13, No. 3, 1959. 


Translated by A.R. 


939 
7. 


THE FLOW ABOUT AN AERODYNAMIC CASCADE OF 
THIN OSCILLATING SECTIONS 


(OBTEKANIE AERODINAMICHESKOI RESHETKI TONKIKH 
VIBRIRUIUSHCHIKH PROFILEL) 


PUM Vol.25, No.4, 1961, pp. 630-645 


G. S. SAMOILOVICH 
(Moscow) 


(Received April 17, 1961) 


Various cases of the oscillation of cascades with constant circulation 
have been discussed by Sedov [1] , and synchronous in-phase oscillations 
of the sections in the cascade have been investigated in the works of 
Khaskind [21], Sirazetdinov[31], songen [4,5 ], Chang and chu [6], 
Nickel [7], wWeods [8] and Popescu[9,10]. In some of these works the 
problem has also been examined more broadly. Legendre [11 ]. and Timman 
[12 ] especially have investigated the case of the out-of-phase oscilla- 
tion of adjacent blades. Sisto [13 ] studied synchronous oscillations 
with constant phase shift. Meister [ 14, 15 ] solves the problem of inde- 
pendent oscillation of the sections in the cascade. 


In this paper unsteady flows of an incompressible fluid through a 
cascade whose adjacent sections are oscillating with different frequen- 
cies, phases and amplitudes are investigated by means of the accelera- 
tion potential. Translational and rotational oscillations are examined. 


Added masses and forces which have a circulational nature are found. 
Some well-known exact solutions are obtained as special cases. 


In a number of cases approximations, which are compared with the exact 
expressions, are introduced. 


As the pitch of the cascade increases without limit the formulas ob- 
tained reduce to the well-known solutions for an isolated oscillating 
wing [1,16 ], 


1. Statement of the problem. We shall examine the planar flow 
of an ideal incompressible fluid about an aerodynamic cascade with 
oscillating blades. We shall introduce the following supplementary re- 
strictions. The blades are thin, of small curvature and at a small angle 
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of attack so that they can be replaced by flat plates for the formlation 
of boundary conditions. The amplitudes of blade oscillations are small. 


The equations of motion may be linearized. The solution of the prob- 
lem of the oscillation of sections of small curvature in a cascade can 
be obtained by adding the solution for steady flow about the given 
cascade to the solution for the unsteady flow about a cascade of flat 
plates. The first problem has a complete solution [1]. Only the unsteady 
flow will be discussed further. 


Far ahead of the cascade the flow is considered to be undisturbed and 
to have a constant prescribed velocity. 


The boundary conditions on the sections are that for the fluid 
particles on them the normal components of velocity and acceleration (the 
latter in the linearized formulation only) are known at each moment of 
time. 


In addition, we shall assume that the Chaplygin-Zhukovskii condition 
must be satisfied at the trailing edges of the oscillating sections. 
Wakes are shed from the trailing edges of the sections in the case of un- 
steady motion according to the theorem of constancy of circulation. In 
passing across the wake there is a jump in velocity, although the pres- 
sure field is continuous. The formulation of the Chaplygin-Zhukovskii 
condition in this case is equivalent to requiring continuity of the pres- 
sure function p at the trailing edges of the sections. 


The problem consists in determining the velocity and pressure fields 
as well as the unsteady forces and moments acting on the oscillating 
sections, 


We shall introduce the complex acceleration potential 
w=@-+ ip = f (2) (1.1) 


Here ¢ is the acceleration potential and z = x + ty is the complex 
variable in whose plane lies the cascade. 


It is well known that the acceleration potential is related to the 
variable component of the pressure p by the relation 


—p (1.2) 


Here p is the density of the fluid. For the complex acceleration we 
have 
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It is obvious that moving upstream from the cascade p + 0 and, con- 
sequently, 6+ 0. On the sections of the cascade the normal acceleration 
component a, (let the sections be parallel to the x-axis) will be of 
known magnitude. 


Other properties of the complex acceleration potential depend on the 
conditions of the problem. If, for example, an aerodynamic cascade 
whose sections are performing synchronous in-phase oscillations is being 
considered, the acceleration potential must then be a periodic function 
with period equal to the pitch of the cascade. 


2. Some functions used in the solution of the problem. We 
shall consider the function of the complex variable z and the real 
constant q 


F (2, 9) 1 1, = —sinn®g (2.1) 


q cosh ¢ 


The function F(z, q) has the following properties used in the solution 
of the problem: 


1) the function F(z, q) is periodic with period im /q; 
2) the function F(z, q) + ln cosh q+... as z+ 
3) the function F(z, q)+ Viz? - 1) as q+ 0; 


4) on the segment y = 0, --1< x < +1 the function F(z, q) takes the 
purely imaginary values 


q sis cosh (2.2) 
On this segment the function F(z, q) can be expanded into a series of 


the form 


F (z, q) i ay (1 (2.3) 


The coefficients in this expansion will be functions of the parameter 
q and can be determined with the help of Fourier series theory. 


If attention is restricted to only the first term in the expansion, 
it is then possible to use the following approximation: 


F(z,q)=i tan sinh Vi-z (2.4) 


This approximation will be sufficiently good even for large values of 
q. The derivative of the function F(z, q) is equal to 
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We shall introduce into the discussion the function 


sinh gz +- V cosh * gz +sint?y 
cosh ¢ 


® (z, 9) = “In 


This function has the following properties: 

1) the function &z, gq) is periodic with period im/q; 

2) the function ®z, q) + z- In cosh q+... as z+ 
3) the relation ®(z + iw/2q, q) = F(z, q) is valid; 

4) the function &z, q) + z as q~ 0; 


5) on the segment y = 0, -- 1 < x < +1 the function ®z, q) takes 
real values. 


On this segment the function x, q) can be expanded into a series of 
1961 the form 


(z,q) = >) ont” (2.7) 


n=1 


The coefficients b, depend on the parameter q. The leading terms of 
the series are equal to 


q 5! cosh 


(z, q) = (2.8) 


As q decreases the second term of the series decreases very quickly, 


a property which will be exploited in the approximate solutions. 


The derivative of the function ™%z, q) is equal to 


We shall further consider the function 


sinh Vein? 92 
P (z, q) = In — —— — 
which has the following properties: 
1) the function P(z, q) is periodic with period in/q; 


2) the function P(z, q) + In(z + V(z? - 1) as q+ 0; 
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3) on the segment y = 0, — 1 < x< + 1 the function P(x, q) takes 
purely imaginary values. 


The derivative of the function P(z, q) is equal to 


q cosh qz 


P’ (z, 9) => (2.14) 


Vinh? gz —sinh? 


We will introduce one final function 


Q (2, q) = Ini gs + in/2g, (2, 9) (2-42) 


sinh q 


The derivative of the function Q(z, q) is equal to 


Q’ (2,9) = 2.13) 
Thus, the periodic functions F(z, q) and P(z, q) have been introduced, 
as well as the functions ®z, q) and Q(z, q) which are obtained from the 
former by a half-period shift. These functions correspond to the complex 
velocity potential for the transverse and circulational flow about a Vol. 2 


cascade of flat plates [1]. 196] 


The behavior of the functions F(z, q) — z and ®z, q) — z for large 
values of the modulus of x corresponds to the behavior of the complex 
potential of a cascade of doublets lying along the y-axis with pitch 
in/q. 


The behavior of the derivatives of the functions P’(z, q) and Q*(z, 9) 
at large values of the modulus of x corresponds to the behavior of the 
complex potential of a cascade of vortices lying along the y-axis with 
the same pitch im/q. 


3. The complex acceleration potential for a cascade. Let an 
ideal incompressible fluid flow about a straight cascade of oscillating 
flat plates. We shall place the origin of the coordinate system of the 
plane z = x + ty at the center of one of the flat plates, and we shall 
direct the axis of the cascade along the y-axis. We shall take the chord 
of the flat plates equal to b = 2 and the pitch of the cascade equal to 
¢. 


We shall use the functions introduced above to represent the complex 
acceleration potential. 


If the sections are oscillating synchronously and in phase, the com- 


plex acceleration potential can then be expressed by the following 
series: 


—- 
4 
f 
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w= A, |F (z,q) — z + q"'In cosh 


n=1 


+ iB cosh q F’(z,q) — sinh qP’ (z, 


or, after simplifying the last term, we obtain 


co 
w = (z, gq) q' In cosh (3.2) 


The usefulness of such a representation is determined from the follow- 
ing considerations. 


1) For q = 7/t the complex potential has a period equal to the pitch 
of the cascade it. 


2) For the condition that Im B= 0, d= Re w+ 0 at infinity upstream 
of the cascade, i.e. the flow there will be undisturbed (p -+ 0). 


3) At the trailing edges of the sections the Chaplygin-Zhukovskii con- 
dition is satisfied, since the function ¢ is not discontinuous at z = 
+ 1 t int. 


The constant (with respect to z) coefficients A, and B must be deter- 
mined from the boundary conditions according to the prescribed law of 
variation of velocity and acceleration of the section. The complex 
acceleration is found by differentiating the series (3.1). 


We shall pass on to the consideration of synchronous out-of-phase 
oscillations. For this type of oscillation the acceleration potential 
must have a period equal to double the pitch of the cascade. The magni- 
tudes of the normal accelerations and velocities on adjacent blades will 
be equal in modulus and opposite in sign. 


We shall seek a solution for the complex acceleration potential in 
the form of the series 


Ay —2 2q ‘In cosh 4 —(@ — z-+-2q"' In cosh + 
n=1 


iB| cosh (F’ — @’) — 2q7 sian (P’ — (3.3) 
Here, for brevity, the writing of arguments has been omitted, i.e. 


F =F (2,q, 2), = D(z, q/ 2), P = P(z,q/ 2), Q = Q(2,q/2) 
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The usefulness in expressing w by a series of form (3.3) is indicated 
by the following considerations. 


The period of the functions F, ®, P and Q which occur in series (3.3) 
is equal to 2ia/q. If we take q = 7/t, the period of the functions is 
then equal to 2it, i.e. to double the pitch of the cascade. As y varies 
over a half-period, i.e. over the magnitude of the pitch of the cascade 
it, the functions u and a change sign. 


As the pitch of the cascade increases without limit t + ~(q + 0) the 
expressions for the complex acceleration potential (3.1) and (3.3) re- 
duce to the series 


— + BY (3.4) 


4. Determination of the added masses of the oscillating 
sections in an aerodynamic cascade. For the case in which the 
sections in an aerodynamic cascade are oscillating but the cascade is 
not immersed in a flow, only the pressure which corresponds to the 
inertial forces of the fluid surrounding the cascade acts on the sections 
The action of these forces can be accounted for by means of the added 
masses. 


For the case in which flat plates are performing synchronous in-phase 
oscillations and the flow velocity far upstream of the cascade is U = 0, 
the complex acceleration potential can be expressed by series (3.1), 
after setting B = 0 in it: 


w=i > A, | F (2, q) —z-+ In cosh q 


n=] 


In order that the period of this function be equal to the period of 
the cascade, it is necessary to set q = 7/t. The imaginary unit i is 
supplied in front of the entire series and all the coefficients A, will 
now be real numbers (relative to i) in view of the symmetry of the 
problem. 


The complex acceleration is expressed by the following series: 


a = i [F’ (z, — 4] nAn| F (z, g) — + In cosh 


The coefficients A, of the series can be found since the law of 
oscillation of the flat plates is known, i.e. the function a= a(x, r), 
where r is the time is known. 
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We shall consider the determination of the added masses for some 
special cases. 


a) Synchronous in-phase bending oscillations of blades. We shall 
refer to those oscillations in which the sections move in a direction 
perpendicular to the chord as bending oscillations. 


Let the flat plates oscillate according to the harmonic law 


v = Vo eXp jwt 


where v is the velocity of the oscillations, w is the frequency of the 
oscillations, and j is an imaginary unit which does not interact with 
the imaginary unit i. 

The acceleration in the direction of the y-axis is found by differ- 
entiation: 


ay = Jwvo exp 


For the special case under consideration, series (4.1) is limited to 


1961 only the first term. 
This follows from the fact that the complex acceleration 


a = a, — ia, = iA [F’ (z, g) — 1] 
with A= j wv, exp jwt meets the boundary conditions on the flat plate 
contour since F’{x, q) takes imaginary values on the flat plate. 


We shall further find the 
pressure distribution on the 
flat plate 


Pp = A pq' sin cosh 9 


The force acting on the flat 
plate is found by integrating p 
over the flat-plate contour. 
Since the force is found to be 
in phase with the acceleration 
it can be replaced by the effect of an added mass. In the case under con- 
sideration an exact solution can be obtained which is the well-known one 


Pig. 1. 


2t? nb 
Am = p — In cosh = 
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We shall also obtain an approximate solution, depending on an approxi- 
mate representation of the function F(x, q) on the segment - 1 <x <+ 1 
by only one term of the series (2.4). Omitting the elementary integration, 
we shall present the approximate formula for added mass 

Am sine @ 


2 2t 


As b/t + 0 the approximate solution tends to 
Am, (4.5) 


i.e. it coincides with the exact value of the added mass for an isolated 
flat plate. 


A comparison of the exact solution (4.3) (curve 1) and the approximate 
solution (4.4) (curve 2) is given in Fig. 1. 


In the final formulas it has been convenient to abandon the condition 
b = 2 and to take, as has been done both here and later, an arbitrary 
chord b. 


b) Synchronous in-phase torsional oscillations of blades. We shall 
consider the synchronous in-phase harmonic torsional oscillations of flat 
plates about their centers 

= Vel eXp JWT 
The acceleration component along the y-axis must be equal to 


Ay = exp (4.6) 


In this case it is necessary to use the series (4.1) to represent the 
acceleration potential and the complex acceleration. In view of the fact 
that the acceleration a, must be an odd function of x, only those terms 
with coefficients A, having even indices should be retained in the series. 


We shall obtain an approximate solution after using an approximate re- 
presentation of the function F(x, q) on the segment —- 1 < x < + 1 with 
the help of Expression (2.4). 


In this case the series is limited to only the first term with an even 
index, and it is easy to obtain 


A, EXP /@T - : (4.7) 


q? + (tan-* sinh 9)" 


The value of the acceleration potential of the flat plate is then found 
in the usual way, and after integrating according to the formula 
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+b/2 
Am = —2 \ 


the value of the generalized added mass of the sections in a cascade is 
found to be 


64 sinh (4.9) 


As b/t + 0 this expression becomes 
(4.10) 


which coincides with the well-known exact solution for an isolated flat 
plate which is performing rotary motions about its center. 


For the rotation of flat plates not about their centers it is possible 
to use (4.3), (4.9) and the principle of superposition. 


We shall pass on to the consideration of synchronous out-of-phase 
oscillations of sections. For this type of oscillation the acceleration 
potential must have a period equal to double the pitch of the cascade. 
The values of the normal accelerations on adjacent blades must be equal 
in modulus and opposite in sign. 


We shall seek a solution for the complex acceleration potential in the 
form of the series (3.3), setting B = 0 in it (for U = 0 the boundary con- 
ditions on the section are satisfied by choosing the coefficients A,). 


In view of the symmetry of the problem we shall provide the imaginary 
unit t in front of the entire series; all the A, will be real (relative 
to i) numbers. 


We then obtain 


In cosh (4.11) 


We shall continue the special cases. 


c) Synchronous out-of-phase bending oscillations. Let adjacent flat 
plates oscillate out of phase: 


== v = — (4.12) 


949 
w=i >) An {| Fez, 4) —2+—Inecosh |" 
—:+ 
L 


950 G.S. Samoilovich 


Confining ourselves to approximate representation of the functions, 
we shal] obtain an approximate solution of the problem for small values 
of q. In this case the coefficient A, in the series (4.11) is defined by 
the following expression: 


A, = J@v, exp jwt cosh (q / 2) 


The determination of the acceleration potential and the calculation 
of the added mass is carried out according to the usual formulas. We 
shall present the final expression for the added mass 


Am = pbt cosh tan? sinn (4.13) 


As b/t + 0 we obtain the well-known expression (4.5) for the added 
mass of an isolated flat plate. 


It is obvious that for out-of-phase oscillations the added mass of a 
flat plate in a cascade is larger than the added mass of an isolated 


flat plate. 


d) Synchronous out-of-phase torsional oscillations. Let adjacent flat 
plates rotate out of phase about their centers according to the harmonic 
law 


v = Vor eXp jwT, v= — Vo F exp jwt (4.14) 


Using the same dependencies as in the previous paragraph, it is 
possible to obtain the following approximate expression for the general - 
ized added mass: 


(q 2) eosh? 2 sinh | 2 nb (4 15) 


64 (q / 2)? +- tan-" sinh q Qeoshg / 2’ 


Am - 


Here only one term of the series (4.11) has been used; a more accurate 
solution is easily obtained by taking additional terms into account. 


5. Flow about a cascade of oscillating sections. We shall 
consider the flow of an ideal incompressible fluid about a straight 
cascade (without stagger) of oscillating flat plates. At infinity up- 
stream of the cascade the flow has the velocity U. 


As before, the coefficients A, are determined according to the pre- 
scribed acceleration a, of the flat plate. The coefficient B, which is 
now not equal to zero, does not enter into these calculations, since the 
expression by which it is multiplied will give only the acceleration com- 
ponent a_.. This is obvious from consideration of the expression which re- 
presents the derivative of the last term in (3.2) 


—- 
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B sim 29 G.1) 

2sinhy (2 +- 1) (2 1) sinbg (c + 1) 

This expression takes real values (relative to i) on the segment y = 
int, -l<x<¢+1. 


The coefficient B must be chosen to satisfy the kinematic condition 
on the oscillating contour, where the normal velocity component of the 
fluid particles is determined by the impenetrability condition of the 
contour. 


The expression (5.1) has an imaginary (relative to i) value on the 
semi-infinite straight lines y = int, x < — 1 and, consequently, it 
affects the acceleration component a, and by the same token the velocity 
v of the fluid particles which run from infinity to the oscillating 
sections of the cascade. 


The acceleration component of the fluid particles along the y-axis 
can be represented by the sum of the local and convective accelerations. 


Linearizing the equations of motion, we obtain 


Or’ ov’ 
a l 


3.2 
at 


We shall consider harmonic oscillations and shall express the velocity 
and acceleration functions in time 


dy = dy eXp v veXp jwt 


Here ay and v will be functions of x and y. The function a, can have 
complex values (relative to j). 


In place of (5.2) we finally obtain 
ay Jwv Udvidz (5.3) 


This equation can be written more conveniently in the complex (rela- 
tive to ti) form 


a Jwe - Ude/dx (5.4) 
where a and c are the complex acceleration and velocity, respectively. 


Integrating this linear equation under the conditions that v = 0 far 
upstream of the cascade and that v = iv, exp jwt on the sections in the 
cascade, we obtain 


ivo EXP Jot = ek \ (5.5) 
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The upper limit of the integral is taken equal to -1, since the chord 
length of the section is b = 2. 


The quantity B, which has been discussed above, must be determined 
with the help of condition (5.5). 


The parameter k is the Strouhal number. 


The parameter k can be treated as the ratio of the mean vorticity in 
the wake wI'/7U generated per half-cycle of oscillation to the mean 
vorticity at the section ['/b ([ is the velocity circulation about the 
section created by the oscillation). 


a) Synchronous in-phase bending oscillations of blades. For this 
special case the exact expression for the complex potential can be written 
from (3.1): 


w iA |F (z, g) — z] + iB [eosh (z, — sinh gP’ (z, (5.6) 
A = jkUvo exp jot 

Here the quantity A is a real constant (relative to i and z). 

Differentiating this expression, we find the complex acceleration 

a = iA [F’ (z, gq) — 1] + iB [ cosh gk” (z, — sinh gP” (z,q)| (5. 


Substituting a according to (5.6) into (5.5) and carrying out the 
integration of the second term by parts, we obtain 


B — R (k, q) vo exp jot (5.8) 


Here R(k, q) is a function complex in j and equal to 


+ Jy (k, 


R (k,q) 1-4 jke* Js (k, q) 


Moreover, J, and J, are the improper integrals 


ot ) (5.11) 


As the pitch of the cascade increases without limit (t + ») q+ 0 and 
the integrals (5.10) and (5.11) simplify respectively to the integrals 
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J, (k, 0) 


J, (k, 0) (| Vy: t le 
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which can be expressed by the Hankel functions [ 16 |] 


Ja (k, 0) (k) — 


Ja (k, 0) + — (5.13) 


Substituting (5.13) into (5.9) we are convinced that the function 
R(k, q) in the limiting case of q = 0 transforms into the well-known 
Theodorsen function C(k) which plays an important role in investigating 
the oscillations of an isolated section 


H®) (k) 


R (k, 0) = C(k) (5.1 
We shall pass on to the calculation of the forces which act on an 
oscillating section in a cascade. 


The pressure distribution on the section is found by extracting the 
real (with respect to i) part of (5.6). After substituting the values of 
the functions F(x, qg) and P(x, q), we obtain 


cosh 7 sinh ¢ (1 x) 


The pressures on the upper and lower sides of the section are equal in 
magnitude but opposite in sign. 


The force acting on the blade is found by integrating (5.15) over the 
blade contour. 


The force obtained from integrating the first term in (5.15) is not 
related to the circulation but is equal to the added mass multiplied by 
the acceleration. The calculation of the added mass for the type of 


oscillation under consideration has already been carried out ((4.3) or 
(4.4)). 


Integrating the second term in (5.15) gives the force component which 
does depend on the circulation 


L =— 4pvol/ sinh = R (k, q) (5.16) 
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In the final formula we introduce here, as also earlier, the section 
chord b. As the pitch of the cascade increases without limit (t/b + ») 
Formula (5.1) transforms into the well-known formula for the lift force 
of an isolated oscillating flat plate 


L = — 2xpvoVC(k) 


b) Bending oscillations of blades in a cascade with different fre- 
quencies, phases and amplitudes. We shall consider the problem of flow 
about a cascade whose adjacent sections are oscillating with different 
frequencies and phases, but such that all the odd sections have the fre- 
quency @, and the even ones have the frequency w, and the phase shift 0. 
We shall designate the oscillation velocity of the sections by v, for 
the odd sections and by v, for the even ones. 


Thus, the odd sections, including the one which lies at the origin of 
the coordinate system, oscillate according to the law 


= Vo, jwit (5.17) 
The even sections oscillate also, according to the law 
Ve = Vog eXp J (wot — 8) (5.18) 


The expression for the complex acceleration potential can be con- 
structed according to the type of (3.3), but the terms with the functions 
F and ® must be grouped in different series, because adjacent sections 
have different characteristics of the oscillating process. 


We shall consider the problem in approximate formulation and limit 
ourselves to only the first terms in the series. We seek the complex 
potential in the form 


w = iA [F (z, g/2) — z] + iB [® (2, g/2) — z] + 
+ iC | cosh g/ 2F'(z, q/2) — sinh g/2P’(z, g/2)] + 
+ iD | cosh 2@'(z, q/2) — sinh 2Q’ (2, g/2)] (5.19) 


This expression can be written as 


w = iA [F (2, q/2) — z] + iB [® (z, q/2) — z] + 


sinh (z —1) cosh q (2 — 1) 
sinh!» q (z +-1) V cosh 2 yz sinh? q 


iC (5.20) 
Differentiating (5.20) with respect to z, we obtain the complex 


acceleration a. Differentiating (5.17) and (5.18) with respect tor and 
taking into account that dv/dx = 0 on flat plates in the problem under 
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consideration, we obtain the values of the normal accelerations a, = 

@ v9, exp j@,r and a, = exp j(wr — 0). Equating correspond- 
ing values of the accelerations, we arrive at two equations which relate 
the desired quantities A, B, C and D: 


—a, = —A + |sech (g/2) — 1] B + (1 — g/2 tanh (g/2)] D 
— az = [sech (q/2) — 1] A — B + [1 — q/2 tanh (q/2)|C (9.21) 


In the derivation an approximate representation of the functions ®(z, 
q/2) and Q’(z, q/2) on the segment - 1 < x <+ 1 by the first terms of 
the series has been used. 


Two other equations relating the coefficients must be determined such 
that the value of the normal velocities on the flat plates and the condi- 
tion that the flow velocity at infinity upstream of the cascade is equal 
to U(v = 0) are satisfied. 


Using the boundary conditions for the velocity on the odd sections, 
with the help of the integral (5.5) we find 


Here J, = J,(k, q/2) and J, = J,(k, q/2) are the integrals (5.10) and 
(5.11) which have been introduced above, and J, = Jytk, q/2) and J,= 
J glk, q/2) are also functions of k and q which are expressed by the in- 
tegrals 


osh g 1) dx (5.23) 


cosh (x 4-1) 


(5.24) 


To satisfy the boundary conditions for the velocity on the even sec- 
tions an integral of the type (5.5) along the semi-infinite straight 
line y = it, — ~ ¢ x <— 1 must be calculated. Using the periodicity pro- 
perty of the functions F, ®, P and Q, we obtain the following condition: 


= — — + C (1 + + D (1 + (5.25) 


Solving Equations (5.21), (5.22) and (5.25), we find A, B, C and D. 


The pressure-distribution function on the oscillating sections is 
found by extracting the real (with respect to i) part of the complex 
acceleration potential (5.20). We obtain Expression (5.15), only g/2 must 
be substituted in place of q and C in place of B. 
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In the general case, forces having the frequencies @, and w, act on 
the section. The action of the forces which coincide in phase and fre- 
quency with the accelerations can be replaced by the effect of an added 
mass. 


In addition, forces which coincide in frequency and phase with the 
accelerations of adjacent sections but are not related to the variation 
of the circulation of the section under consideration also act on the 
section. 


In the case for which the oscillation frequencies of adjacent flat 
plates are equal and the phase shift is equal to 0 or 7, the action of 
these forces can also be reduced to the effect of an added mass. This is 
also possible in the case for which the even (or odd) sections are motion- 


less (@, = 0 or w = 0). 


The added masses are determined by a formula of type (4.4). We shall 
give as an example the formula for the added mass of a flat plate in a 
cascade in which the oscillating and motionless flat plates (U = 0) are 
alternated: 


1 pbt 


1—(sech g/2—1) sinh (5.26) 


Am = 


Integrating the second term of (5.15) and substituting the coefficient 
C in place of B, and q/2 in place of q, as had been said, we obtain the 
force component associated with the variation of the circulation 


This force acts on the odd sections. For calculating the force acting 
on the even sections, C must be replaced by D. 


c) Synchronous in-phase torsional oscillations of blades in a cascade. 
We shall consider the flow about a straight cascade whose blades are per- 
forming torsional oscillations according to the law 


Y= YoL exp Jwt 


The normal component of the flow velocity on the section depends on 
the instantaneous velocity and the instantaneous position of the flat 
plate 


v = (1 + jkz) (5.28) 


The normal component of the flow acceleration on the section is found 
with the help of (5.3) 


ay = jyoU*kei#t (2 + jkzx) (5.29) 
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We shall show that even for the solution of the problem of thick 
cascades one can confine oneself to the first two terms with A, in the 
complex acceleration potential 


i IF (z, g) + In cosh gi" + iB y (5.30) 
n=1 


(z + 1) 
where A, and B are real numbers. 


The complex acceleration is found by differentiating (5.30) with re- 
spect to z 
dw 


- = iA,— + iA, + iB— 
dz dz 


(5.31) 
where w,, wy, w, are the corresponding parts of the complex acceleration 
potential (5.30). 


The normal component of the accelerations on the sections is found by 
extracting the imaginary part of Expression (5.31). The third term in 
(5.31) has been found above in (5.1) and will be real for y= 0,-1< 


The imaginary part of the first and second terms in (5.31) is easily 
found, using Expressions (2.1), (2.2) and (2.5): 


a { sinh Vsinh? g —sinb* qz 
q Vsinn* —sinh® gx cosh 


) (5.32) 


In the limiting case of a cascade of infinitely large pitch (q = 0) 
the expression in parentheses simplifies to 2x, i.e. it gives the exact 
solution for the problem of an isolated wing. 


It is however easily observed that the function in parentheses is very 
nearly linear, i.e. it practically gives the exact solution even in the 
case of a thick cascade. This is confirmed by the graph presented in 
Fig. 2, where the value of a,, is plotted as a fraction of its value at 
the edges of the flat plates 


aye (1) = 2(1 + — 
This was shown earlier by applying the approximate dependency (2.4). 


The coefficients A, in the expression for the complex potential are 
then determined according to the known acceleration 


Ai = — 


q 
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The coefficient B in (5.30) must be determined so that the boundary 
conditions for the normal velocity on the flat plates are satisfied. 


Applying Expression (5.5) for the case under consideration and using 
(5.30), (5.31), (2.1) and (5.33), we obtain the value of 


— pk + 2pke™* Jy (ke, q) + 5 9) (5.34) 


B. Yyol/ 1+ jkeI*J2 (k, q) 


Here the functions J,(k, q) and J,(k, q) are expressed by the integrals 
(5.10) and (5.11), and the function J,(k, q) by the integral 


J5(k, q) In(cosh gx + V sinh? “sinh? q) |’ (5.35) 


The pressure distribution on the oscillating sections is found by ex- 
tracting the real (with respect to i) part of (5.30) 


— 
p = p(A, — 24,2) pBY (5.36) 


The integration of the first term of (5.36) on the contour of the flat 
plate gives a force whose action re- 

duces to the effect of a generalized 

added mass. 


The integration of the second term 
gives the force component which de- 
pends on the circulation 


L = 4pB = sinh od (5.37) 


where B is given by Formula (5.34). 
The integration of (5.36) in accord- 
ance with Formla (4.8) determines 
the moment which is acting. 


Pig. 2. 


d) Torsional oscillations of blades in a cascade with different fre- 
quenctes, phases and amplitudes. We shall consider only that special case 
for which all odd sections oscillate according to the law 


Y = Yu eXp jw,t (5.38) 
and all even ones according to the law 
Y = exp j — 0) (5.39) 


In the solution we shall limit ourselves to only the first terms of 
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the series for the complex acceleration potential 


An|F (2, 4/2) — 2+ cosh + i B,| 2+ 


sinh cosh (z —1) (5.40) 


sinh q(z +1) Veost? gz bsinh? q 


2 q 
+- — In cosh = | + iC 
q ~ 


The normal components of the acceleration of the flow on the flat 
plates must be equal to 


Ay, = a1 + = (2 + jhkiz) 
Qyg = + asx = (2 +- (5.41) 


Differentiating (5.40) with respect to z, we shal] find the expression 
for the complex acceleration. Equating the normal components of the 
acceleration, we shall find equations which relate the coefficients A,, 
B,, C and D (taking the first terms of the series of the approximate re- 
presentation of the functions F, ® and Q’ on the segment - 1 < x <+ 1): 


—a = Ai + aB + BD, q ‘ = 
— as = aAi + Bi + BC, altace ‘B= 

Two more equations relating the coefficients A,, B,, C and D are found 
from the kinematic conditions, just as was done in part (6) of this 
section. 


The coefficients A, and B, are found directly from the known values 
of a, and a, 
(5.43) 


[2 


1 — ya, + ata. 2 
tan i sinh | ) 


6. Calculation of the flow about a skewed cascade of 
oscillating sections. The calculation of the flow about a skewed 
cascade of oscillating sections can be reduced to the calculation of a 
straight one using the method of conformal transformation. 


We shall consider a skewed cascade of flat plates parallel to the 
abscissa axis of the complex plane ¢ = € + in. The axis of the cascade 
is inclined by an angle £8 to the abscissa axis. 


The conformal transformation of the straight cascade in the plane 
z= x + ty to a skewed one is given by the function 


C = sin fic — i cos BF (2. q) (6.1) 
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The pitch of the skewed cascade is equal to tet? where t is the 
pitch of the straight cascade. The critical points, where the derivative 
dé /dz = 0, correspond to the sharp edges of the skewed cascade in the 
z-plane. The coordinates of the critical points x, », are found with the 
help of (6.1) and (2.1): 


sinh = + sin sinh g (6.2) 


The complex acceleration potential w= d+ iy must be determined in 
the parametric plane z so that: (1) 6+ 0 as x + — ~; (2) the value of 
the imaginary part of the derivative of the complex potential on the 
sections of the parametric cascade is defined by the condition 


Im dw /dz=—a,d0/dz 


where a, is the normal component of the acceleration of the fluid on the 
sections of the skewed cascade; (3) at the points which correspond to 
the trailing edges of the sections of the skewed cascade in the z-plane 


0. 


We shall give as an example the complex acceleration potential for 
two special cases. 


a) Synchronous in-phase bending oscillations of blades. The complex 
acceleration potential which satisfies the prescribed requirements has 
the form 


w = Ae—i6 (z, q) — —q'In cosh q| V1 + sin? B sinh? 9 
F’ (z,q) — sinB sinh g P’(z, g)) 


(6.3) 


The real (with respect to i and z) constants A and B are determined 
in the same way as before, only it is necessary to take into account that 
the complex acceleration in the ¢-plane is now equal to a(¢) = dw/dz : 

dz/dé. 


b) Synchronous out-of-phase bending oscillations of blades. The com- 
plex acceleration potential in the parametric plane is given by the 
following expression (for the same stipulations as in Section 5): 


w = A [F — ®] (cosB — isin8 cosh q/2) + iB[V 1 + sinh2 
(F’ — ©’)+ q'sin8 sinh g(P’ — Q’)| (6.4) 


For brevity in writing, the arguments have been omitted here, i.e. 
F = F(z, q/2), D= Mz, q/2), etc. 
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Problems concerning the motion of a rigid body, with a cavity filled 
with incompressible liquid, have been studied in a very general formula- 
tion by Zhukovskii[1]. chetaev[2], making use of Zhukovskii’s work, 
solved the particular problem of the stability of rotational motion of a 
projectile with a cylindrical cavity completely filled with ideal incon- 
pressible liquid. He also investigated the case when the cylindrical 
cavity has a diametral diaphragm or a cross (two orthogonal diametral 
planes). Rumiantsev [3,4 ] considered the stability of spinning motion 

of a rigid body having a cavity completely or partially filled with in- 
compressible liquid. He posed the problem of the stability of spinning 
motion of a rigid body with liquid in relation to every variable charac- 
terizing the motion of the rigid body and to some of the variables 
characterizing the motion of the liquid. Starting from the complete 
equations of perturbed motion of the whole system, by the method of 
Liapunov and Chetaev, he obtained sufficient conditions for the stability 
of the rotational motion of the rigid body. 


Sobolev [5] studied the general theory of motion of a symmetrical 
top with a cavity completely filled with liquid. 


The papers of Moiseev [6,7,8 ] were devoted to the analysis of the 
case of motion of a rigid body with a partially filled cavity. Assuming 
the liquid to be ideal and incompressible, the motion of the liquid ina 
stationary vessel is potential, whilst for the case of small motions of 
the vessel about the position of equilibrium he obtained a system of 
differential equations for the motion of the system of vessel and liquid. 


Narimanov [9] derived the equations for small motions of a rigid 
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body having a cavity partially filled with liquid, and analysed the 
solutions of these equations. In another paper Narimanov[10] derived 
the equations for small perturbations of the steady rotation of a syn- 
metrical gyroscope having a cylindrical cavity partially filled with 
liquid. The problem led to an infinite system of ordinary differential 
equations with constant coefficients. 


In [11] Stewartson investigated the stability of spinning motion of 
a top with a partially filled cylindrical cavity. This problem in a some- 
what different formulation was studied by the author of the present 
paper [ 12 ]. Both papers consider the linearized equations of the system, 
and in the computation of the overturning moment acting on the wall at 
the side of the liquid it is assumed that the free surface of the liquid 
differs little from the unperturbed cylindrical form. The conditions of 
stability obtained by Stewartson [11] were checked experimentally. The 
description of the experiment and the recording of the results, which 
were carried out by Ward, are presented in an appendix to [11]. It is 
shown that there exists a certain discrepancy between theory and experi- 
ment, although the main form of the instability, according to Ward’s 
assertion, agrees with theoretical predictions. 


As possible causes of this discrepancy, Ward considered the following 
effects: the effect of the force of gravity on the liquid filling, 
causing the axis of rotation to be different from the axis of the 
cylinder; the effect of the nonlinear terms and the effect of the forces 
of friction on the gimbal suspension. By experiment it is shown that the 
effects are so insignificant that they cannot be the cause of this dis- 
crepancy. The possibility of the free surface differing sharply from a 
cylindrical shape is not brought out in this paper[11]. 


Here we study the characteristic oscillations of the free surface of 
a liquid in the cylindrical cavity of a gyroscope and their influence on 
the stability of the whole system. 


Let us consider the motion of a weighty symmetrical gyroscope (a top 
with a fixed point of support) when the centre of mass of the gyroscope 
lies on the axis of rotation of the ellipsoid of inertia, constructed 
for the point of support. Let the cavity be a cylinder, the axis of 
which coincides with the axis of symmetry of the gyroscope (top). In 
order to study the stability of rotational motion of the partially 
filled gyroscope we divide the problem into two parts: (a) the motion of 
the liquid in the cavity, when the gyroscope is rotating about a fixed 
axis of symmetry; (b) the influence of the liquid on the stability of 
the gyroscope. 


To solve the first part of the problem let us consider two cases: 
(1) when the velocity of intrinsic rotation of the gyroscope w is such 
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that a*a* >> gc, where a is the radius of the cavity and 2c is its 
height; (2) when w is small and a’a* << ge. 


Let us introduce a moving system of coordinates Oxyz: the z-axis is 
chosen vertically upwards whilst the axes of x and y are in a horizontal 
plane rotating about z with velocity w and form a right-handed set with 
z. Let us denote by {u*, v*, w*} the velocities of the fluid particle 
(x, y, z) along these axes at the instant t. In the case of large velo- 
cities of rotation the oscillations arise from the action of centrifugal 
forces, in the case of small w from the action of the force of gravity. 


1. Waves on the surface of a slowly rotating liquid in a 
cylindrical vessel. Let a cylindrical vessel with a flat bottom con- 
tain liquid and rotate together with the liquid about the vertical axis 
of symmetry with angular velocity w. For relative equilibrium under the 
action only of the force of gravity, the free surface is a paraboloid of 
revolution. Let us assume that the inclination of the surface is small, 
i.e. aw* << g, where a is the radius of the vessel. The liquid will 
rotate together with the vessel as a rigid body after a lapse of time of 
order a*/v, where v is the kinematic coefficient of viscosity of the 
liquid. Let us assume that in the relative motion the velocities are 
small, as a result of which we can discard from the equations of motion 
those terms which are of second order in the relative velocities and 
also in the force of viscosity (friction). 


The equations of motion in the moving coordinates are 


1 Op , 


— + Fy 
p oy 


at 


Here g is the acceleration due to gravity, F(F ,, Fy, F) is the 
vector of the external body force, p is the pressure of the liquid at 
the point (x, y, z). 


We note that in the eighth chapter of [13 ] some results are given 
relating to the oscillations of a horizontal layer of liquid of constant 
thickness and of variable thickness, having a shape defined by h = hy(1- 
r?/a*); the cases studied are when w = 0 and when w¢ 0 but ac* << g- 
Let us study the small oscillations performed by a liquid with a free 
surface under the action of the force of gravity. 


Let the xy-plane coincide with the plane of the base. Then in the un- 
perturbed state the thickness of the layer of liquid is a function of 
(x? + y”), ice. 
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h =F + he (1.2) 


From the total volume of liquid and w we can easily find hy. It will 
be assumed that sufficient liquia is present so that h does not equal 
zero anywhere under the conditions of rotation (hy # 0), i.e. the para- 
boloid of revolution does not cut the xy-plane. 


Let us denote by ¢* (x, y) the elevation of the free surface above 
the unperturbed level at the point (x, y). We obtain the equation of con- 
tinuity, calculating the flux of liquid into an elementary prism with 
the base 5ady; neglecting second-order terms, we obtain [ 13 ] 


O(u*h) (v*h) (1.3) 
OL Ox oy 


Assuming that the vertical acceleration of the liquid is small in 
comparison with g, the pressure of the liquid at the point (x, y, z) is 
determined by the equation 


Pp = po + + — 2) 


Here h + €* is the ordinate of the perturbed surface. It is clear 
that when €* = 0 in the unperturbed state all the equations of motion 
are satisfied with u* = v* = w* = 0 and p = py + pglh - z). 


Let us consider the characteristic oscillations of the layer of liquid 
under the action of the force of gravity, i.e. in the equations of 
motion (1.1) let us set F = 0. The functions u*, v*, w* and ¢* are 
sought in the form 


(2, y) ett 


It is convenient to employ cylindrical coordinates x = r cos 6, 
y = r sin 0, z= z. The equations of horizontal motion (making use of 
the relation (1.4)) have the form [13 ] 
iou — 2wv iov + 2wu = — (1.5) 


The equation of continuity in cylindrical coordinates becomes 


(rhu) __ O (hv) 
ror roy 


= — 
which by virtue of (1.2) reduces to the form 


ist =—h| 


rm) 
rér rag 
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From Equations (1.5) we find u and v 


— s(is Or + 2@ 


| 
o* — ray 


and, substituting in (1.7) to find the function ¢, we obtain 


The function ¢(r, 9), periodic in 0, may be expanded in a Fourier 
series in e'*? with undetermined coofficients depending on r 


(1.10) 


Substituting (1.10) in (1.9) for each of the functions ¢,(r), we 
obtain 


(1+ “adres 
1961 
Equation (1.11) can be put in the form 


+ 


p(r)—* + 


Here 
1 2r r*\—1 4os , 3?— 


The point r = 0 is a pole of p(r) and g(r), but rp(r) and r*q(r) are 
analytic in the neighborhood of r = 0; consequently, the point r = 0 is 
a regular point for the differential equation (1.12). Let us seek the 
solution of Equation (1.12) in the form of a power series, multiplied by 

a 
1+ Da (zy (1.13) 
n=1 


tat 


where a, and a, are constant coefficients. If we define the dimension- 
less quantity r/A = 7, then Equation (1.12) is 


(1.14) 


Let us expand the coefficients of ¢* and ¢, in series in the interval 


967 
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= 1 + — Ant + —... 


= — +b — —...) (1.15) 


4ws 2 (a? — 4w*) 


The dimensionless quantity 7 will vary in the interval 0 <7 < 1 if 
a <x or, which is the same thing, if < 2ghy. 


Substituting ¢, = 9°(1 + a, + an? + ...) in the differential equa- 


tion (1.14) (assuming that differentiation and multiplication of the 
series are permissible) and bearing in mind the expansions (1.15), we 
obtain a power series. Equating to zero the coefficients of successive 
powers of 7, we obtain the following system of equations: 


F (a) = a? — # = 0 (1.16) 


az {(a + 2)? — s*} + 2a +85=0, as {(a+3)?—s*}=0,.. 


a, {(a + n)* — s*} + >) (a + 2 — m) Pm + Gm) + = 0, 
m=1 


(1.17) 
Here 


Po = 1, = 0, Pp: = 2, Pow = 0, = 1)*+12 
go=—S*, = 0, = (— 1)*+6 (1.18) 


For each value of a from (1.16) all the coefficients a,, a, ... are 
determined in succession. We find that the coefficients a, for odd 
powers of » vanish, i.e. a,,,, = 0. We notice that a, - a, = 2s isa 
whole number, and accordingly we choose only the first exponent a, = s. 


The second linearly independent solution of the differential equation 
contains ln 7, and accordingly it will not be considered. 


Substituting a in the system (1.17), we find 


2s +6 (2s + d)(6s + 6 + 8) A 
2 (2s + 2)’ 2-4 (2s 2)(2s + 4) (1.19) 
Then a, is expressed in terms of a, and a,, and so on. From (1.17) 

and (1.185 we can obtain the relation between successive coefficients: 


4 (k + 1) (s + & + 1) + [(s + + 8 + 4k (s + = (4.20) 
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Accordingly, we obtain a recurrence formula for the determination of 
the coefficients of each power of 7. 


Let us prove the convergence of the expansion (1.13) for the actual 
values of a,(k = 1, 2, 3, ...). 


Remembering that the coefficients of odd powers of 7 are zero, and 
making use of the relation (1.20), we obtain 


| 4k (s + k) + 6 +- 2(s + 2k) 


lim +k +1) 


The series (1.13) therefore converges if |m| < 1. Accordingly, in the 
interval |7| < 1 it is permissible to differentiate and multiply the 
series (1.13) and (1.15). The solution so constructed in the form of a 
power series, namely 


r 
yx (=~) (1.21) 


k=l 


converges for all values of r(0 <r <a). In (1.21) the coefficients a,, 
depend upon s and 5. The solutions which are found must satisfy the 
boundary condition 

u= 0 when r= a (1.22) 


i.e. on the lateral surface of the cylinder the radial component of 
velocity of the liquid must vanish. Bearing in mind (1.8), (1.10) and 
(1.21), we find that the condition (1.22) reduces to the equation 


(1.23) 

Hence the frequency of oscillation of the free surface is also deter- 
mined, 


Numerical example. To find the root of Equation (1.23) in the particu- 
lar case when e/A = 1/2, a table of values of f(o/w) in the range 
— 10 < o/w < 10 was constructed. 


The values of the function f were obtained at 160 points of the range 
(-—10, 10). The distance between two successive points was equal to 1/8. 
The following results were obtained: 


when s = 0 the function f(o/w) does not change sign in the specified 
interval, i.e. there is no root; 


when s = 1 the function has roots in the intervals 
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when s = 2 the function has roots in the intervals 
4 4 : 2 : § 2 


2. Oscillations of the free surface of the liquid with 
large angular velocities of rotation of the container. 1. Let 
us consider oscillations of the free surface of the liquid in a cylindri- 
cal vessel which is rotating rapidly about a vertical axis. 


In the unperturbed state we shall assume rotation about the vertical 
axis of symmetry of the whole system as a rigid body, i.e. 


0, Uy rw, u, = 0 


p ow” (r? b*) go (z c) +- Po (2.4) 


Here |u,, ug, u,} is the velocity of a fluid particle, p is the 
pressure, whilst p, is the pressure of the overlying air, b is the radius 
of the free surface. In the perturbed state the radius of the free sur- 
face will be denoted by b + €* (0, z). Let us assume that during the per- 
turbed motion the velocity of the relative motion does not influence the 
pressure p; let us determine p from the static conditions, taking account 
of the change of the free surface: 


p = po + — — 2) + (2— 0) (2.2) 


If we write down the equation of relative motion in cylindrical co- 
ordinates and substitute the value of p from (2.2), we obtain 
att 


ov* 
2ov* = F 


at rs al -}- 2@u* Fo, at : wb Ds + FP, (2.3) 

Here (u*, v*, w*) are the components of velocity in cylindrical co- 
ordinates. 


We obtain the equation of continuity by calculating the flux of fluid 
into an elemental pyramidal volume formed by the coordinate planes z, 
z+ 5z, 0, 0+ 50, the surface of the cavity and the free surface. 
Neglecting terms of the second order, we obtain 


(ho* dz) 60 + (rohw* 80) = [(b +- b808z) 2-4) 


b - (ryhw*) 


j -* 
al Oz (he } 
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Here ry is the mean radius of the horizontal section, assuming the 
cavity to have the form of a body of revolution; A is the thickness of 
the layer of liquid. The values of r, and h are taken from the unper- 
turbed state. 


The functions u*, v*, w* and ¢* will be sought in the form 


= ue... sje (2.6) 


Substituting (2.6) in the equation of motion (2.3) and neglecting the 
forces Fes Fo, F we obtain 


(2.7) 


iou — 2wv = 0, iov + 2wu = w?® ido = w*d = 


Hence 
— 0g’ is dz (2.8) 
In the general case, when the cavity is a body of revolution, the 
axis of symmetry of which coincides with the axis of rotation of the 
container, the thickness of the layer of liquid in the unperturbed state 
depends only on the coordinate z. The equation determining the form of 
the free surface in the perturbed state can be obtained by substituting 
(2.8) in (2.5) and remembering that h = A(z) and ry = ro(z). It will ° 
have the form 
, A(z) 


h (2) ro (2) 23 + (2) ro(2)1 


Let us consider the case of a cylindrical cavity with radius a and 
height 2c. In this case h and r, do not depend on z, and the equation 
describing the variation of the free surface of the liquid is 


2.9 
— 4@") 09? 


The function ¢€ must satisfy the following boundary condition: 


Ot/dz = when +c (2.10) 


i.e. the »component of velocity of the liquid particles at the ends of 
the cylinder must vanish. In order to show the dependence of ¢ on @ let 
us expand ¢ as a Fourier series in cosines and sines of the azimuth 0, 
or, which is the same thing, in ets? where s = 0, +1, +2, ... . We ob- 
tain a series, the terms of which have the form f (zdet®?, 


Substituting the expansion of ¢ in Equation (2.9) and equating to 
zero the coefficient of each power e*8? we obtain 
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1 252 
“dz Tr - 4a? , (2.1 1) 


Let us write the general solution of Equation (2.11) in the form 


h 


9 1 4 \ © 
/,(2) A; cos (uz +e), Poh (5 (2.12) 


Here A, is an arbitrary constant. 

Possible values of 9 are determined from the condition (2.10), i.e. 
sin (+pe + e) = 0 (2.13) 

Hence, to determine the frequency of oscillation of the free surface 


we obtain the formula 


(2.14) 


Let us introduce the following notation: 


a? b? 


Then Equation (2.14) takes the form 
1 


In Equation (2.16) the free term is positive, whilst at the minimum 
point 


the value of the function ¢({A,) is less than or equal to zero, i.e. 


2, 


Hence it follows that all the roots of Equation (2.16) are real and 


positive for any k, s, 7 and x. Consequently, all four roots of Equation 
(2.14) are real. 


In the case s = 0 the free surface has the form of a body of revolu- 
tion, and for o we obtain 
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When k = 0 the free surface does not change in the direction of the 
axis of the cavity, and for o we obtain 


o=+w {4+ — 9) * 


In the general case o is determined from the formula 


6= 


1 


(A=4+ *—1)s, B= = nx) (2.18) 


In this way, the frequencies of characteristic oscillations of the 
liquid in a cylindrical cavity are determined as a function of its full- 
ness 7. 


For characteristic oscillations of the free surface of a liquid we 
have 


(©, z, t) =-A, cos (uz + e) exp [i + of)) (2.19) 
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For each fixed value of t the equation of the free surface r = b + 
€* (0, z, t) takes the form of a cylinder with a skewed axis, except in 
the case when s = 0 or 4 


k= 0. In[14] Mala- | 
o 
hia 


shenko describes ex- 
perimental investiga- 
tions relating to 
bodies of revolution. 
In particular, he 
photographed a rotat- 
ing transparent body 
containing liquid in 
a cavity, i.e. he 
captured an instan- 
taneous picture of 
the motion of the 
free surface of the 
liquid. 


The form of the 
free surface for a 
fixed value of t, de- 
termined according to 
Formula (2.19), is 
verified by the 
picture of the free 
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surface in the model with the transparent cylindrical cavity introduced 
in Malashenko’s paper. 


2. By way of illustration, we shall present the results of a computa- 
tion (on the electronic computing machine "Erivan") of the roots of 
Equation (2.14) for three cylindrical cavities defined by the parameters 

a/c = 1/3, 2/3, 1. In each case the 

12 PET roots were calculated for values of 
ss 4, 5, 6, whilst 7 varies with incre- 
ment An = 0.05, i.e. 7 = 0.05 i, 
where i takes integral values from 1 
to 19. 


10 


From the computed values we con- 
structed graphs showing the depend- 
ence of the absolute values of the 
frequency of oscillation o on the 
filling coefficient 7, for various 
values of k and s. 


In Figs. 1 and 2 we show this de- 
pendence for both values of o from 
(2.20) in the case a/c = 1/3. Figure 
1 refers to the smaller values (the 
minus sign in front of the square 
bracket), whilst Fig. 2 refers to the larger (plus sign). The same de- 
pendence for the cases a/c = 2/3 and a/c = 1 are displayed in Pigs. 3, 

4 and 5, 6, respectively. 


Fig. 2.. 


3. The influence of the liquid oscillations on the sta- 
bility of the gyroscope. In the theory of the gyroscope [15] it is 
well known that the most general form of motion of a weighty symmetric 
gyroscope, possessing great intrinsic angular momentum, is a pseudo- 
regular precession about a vertical line passing through the point of 
support. For a fast gyroscope with pseudo-regular precession the velo- 
city of nutation (the velocity with which the axis of the top rotates 
about the axis of angular momentum) does not depend upon the overturning 
moment and is directly proportional to the angular momentum. For a rapid 
intrinsic rotation the following relation is approximately true: 

w, = @C/A, where w is the intrinsic angular velocity, w, is the angular 
velocity of nutation, A and C are respectively the equatorial and axial 
moments of inertia of the gyroscope. If the gyroscope is elongated the 
nutation is slower, whilst if it is flattened it is faster than the in- 
trinsic rotation of the gyroscope, and moreover the direction of rota- 
tion coincides with the direction of the intrinsic rotation. From the 
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relation w, = wA/C it follows that the ratio of the velocity of nutation 

to the velocity of the intrinsic rotation remains constant for each 
gyroscope. A gyroscope with a 

oC cylindrical cavity partially filled 

w with liquid becomes unstable for 

16 L = certain filling ratios and remains 

stable for other filling ratios [ 11, 

15 ]. Let us study the dependence of 


12 
10 


Pig. 4. 
Pig. 3. . 


the stability of the gyroscope on the amount of liquid filling. 


For the undisturbed state of the system — rigid container and liquid 
— we assume steady rotation about a vertical axis as a rigid body. For 
small relative motions of the liquid it increases the overturning moment 
but does not influence the frequency of nutation of the gyroscope (the 
wobbling of the axis of the body), since the frequency of nutation does 
not depend on the overturning moment. Consequently, if the liquid in the 
cavity is not strongly perturbed, the ratio w/w remains constant. Assum- 
ing that the liquid is acted on only by the nutational oscillations of 
the system, the appearance of instability can be explained in the follow- 
ing way. If for a given filling ratio 7 the frequency of characteristic 
oscillations of the free surface of the liquid coincides with the 
frequency of nutation, then there occurs a strong perturbation of the 
free surface, which assumes the shape of a cylinder with a skewed axis, 
i.e. on the free surface of the liquid there appears an asymmetric wave 
motion, after which the stable state of the gyroscope is upset. 
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In order to verify the stability of the gyroscope with a given liquid 
filling ratio, let us compare the values of o/w, calculated according to 
Formula (2.14), with the ratio w/w. 
If at least one value of o/w co- 
incides with @,/w = C/A or becomes 
sufficiently close to this number, 
then for such a filling ratio the 
gyroscope loses stability. 


Fig. 5. 


Such an approach is vindicated by the experiment carried out by Ward 
[11]. In these experiments the dimensions of the cavity (in inches) 
were 2a = 1 1/8 and 2c = 3 3/8, i.e. a/e = 1/3, the ratio of the nuta- 
tional frequency of the gyroscope to its rotational frequency @,/@ = 
A/C = 0.112, whilst the velocity of rotation w= 6000 revolutions per 
minute. The gyroscope was found to be unstable for filling ratios between 
0.63 and 0.70, 


As is clear from Fig. 1, the graph of the function o(n)/w with s = 6 
and k= 1 in the interval 0.57 < 7 < 0.68 and in the vicinity of 7 = 0.20 
just about coincides with the line o/w= 0.112 (the bold horizontal line 
on Pig. 1). When k = 1 this line also cuts the curves s= 1, 2, 3, 4, 5, 
but for 7 < 0.15. The filling coefficient 7 = 0.15 in the experiments 
[11] corresponds to 6 gm of liquid, whilst the rigid part (the container) 


4 

\ 
Uf 8 ! 
4 \ ae 
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of the gyroscope had a greater mass; consequently, when 7 < 0.15 the 
liquid could not influence the stability of the container. Again at two 
points, namely at 7 = 0.80 the curve s= 5 when k= 1, and at 7 = 0.89 
the curve s = 4 when k = 1 intersect the specified straight line, but at 
an appreciable angle. In order that instability of the gyroscope be ob- 
served, the filling coefficient must coincide exactly with the value 

7» =~ 0.80 or 7 = 0.89, since even for fillings very close to these values 
the corresponding values of o/w differ considerably from 0.112. 


In the cases a/c = 2/3 and a/c = 1 (Pigs. 3 and 5) the curves of 
frequency do not intersect the straight line o/w= 0.112, and the values 
of o/@ increase with increasing a/c. 
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S CHASTICHNOIL DISSIPATSIEI) 
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If it is important that a certain mechanical system be in equilibrium, 
then it is almost always necessary to choose the system parameters in 
such a way that the equilibrium be not only stable but asymptotically 
stable as well. Damping mechanisms are for this reason introduced into 
certain components of the system, thus assuring the decay of oscilla- 
tions. It may turn out, however, that for effecting asymptotic stability 
in a mechanical system it is sufficient to introduce damping in not all 
but only part of its coordinates. The steady-state motions may also 
possess such a property. Such systems, asymptotically stable and subject 
to the action of dissipative forces with incomplete dissipation, are 
studied in the present paper. 


In addition to the well-known theorems on asymptotic stability [1,2], 
the theorem given in [3] is applied in the paper. A particular but basic 
case of this theorem on asymptotic stability was formulated in[4]; It 
was this theorem which accounted for the progress made in studying the 
problem. We will note that this idea was expressed by Chetaev somewhat 
earlier and was demonstrated by him with the aid of a particular example 


[2]. 
Initially, we recall the theorem of Barbashin and Krasovskii. 
Consider the equation of perturbed motion 
dz; /dt = X;(z,,...,2n, t) (0.1) 


the right-hand sides of which X;(x,;, t) shall be periodic functions of 
time t and period @ (or explicitly independent of t) definite and 
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continuous in the region 


H=const, or H=-0 (0.2) 


(— t< + 00) 


In addition, we assume that in each region || x, || < H, < H the func- 
tions X; satisfy the Lipschitz conditions for the variables Xj i.e. 


|X; t) — t) 


Theorem. If the perturbed equations are such that it is possible to 
construct a function v(x, t) (periodic in time t with period @ or ex- 
plicitly independent of time) which is positive-definite, has an infinitely 
small upper bound in the region (0.2), satisfies the inequality 


in the region! 0<t< 9) <inf(v for = H,) (Hy) > H, > H) 


and if in addition the function is such that its derivative satisfies the 
following conditions: 


1) Derivative dv/dt < 0 in the region (0.2); 


2) Derivative dv/dt may be equal to zero only at points of the set M 
not completely containing the half-trajectories of the system (2.1) 
x(x9, ty, t), 0< t < (with the exception of solution x; = 0), then 
the solution x; = 0 is asymptotically stable and the regioh || x,|| < My 
is located in the attraction region for the point x = 0. 


1. Consider a holonomic mechanical system with stationary constraints 
subject to forces having a potential function independant of time. Suppose 
the system is in equilibrium where the combination of second-order terms 
in the potential function expansion is a quadratic form 


= Bi 5949; 
i=1 
negative-definite with respect to q,, «++, %,, the variations of the 
holonomic and stationary coordinates of the system in the neighborhood 
of equilibrium. Such an equilibrium will be stable according to a 
theorem of Lagrange. 


Let the system be subjected to the dissipative forces R,_,, ;,---,R, 
with partial dissipation along the last n— k coordinates q,_ 
such that 
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Here F is a negative-definite quadratic form of be In 
with constant coefficients. 


If 5°T is a combination of terms of second order in the kinetic energy 
expansion then, on the strength of (1.1) 


— = F 


and the motion is stable as well as asymptotically stable with respect 
to In— be le *ees In [5]. According to the theorem of Barbashin and 
Krasovskii the motion will be asymptotically stable if Equations (1.1) 
possess no trajectories fully located in the region 4,3) = > 

+++ In = pq - If the equations of first approximation do not possess 
such a trajectory, then the motion will be asymptotically stable on the 
strength of the system of first approximation, which we will take in the 
form solved with respect to q; 


Gi = +... + Ging, + 


j=n—k+1 


These equations possess the indicated particular solution if in the 


first n— k equations, where q,_ 4, , ---» %, are assumed constant, 
there exists a particular solution satisfying the equations 


2,...,8—&) 


° 


(i =a—k+1,..., a) 


Any particular solution of the first n- k equations for q, = q,°, 


1 = Can be expressed as a sum. This particular 
solution will be ome from the solution of the system 


= T T Om kQn—k 


and some constant components q,°, ..-, 7,4 which will be found from 
the equations 


© 


° 
and + i ain 


They will always be found uniquely, since the determinant of the last 
system is known to be nonzero and 57U was assumed negative-definite. 
These constants q,°, ..., 7, 4° must necessarily satisfy the system 
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=O (i Aye (1.4) 


and, consequently, must satisfy the system (1,3), (1.4). Therefore 


q;° = 0 are all zero, since the determinant of the system is nonzero. 


Thus the question has been reduced to the existence of a solution for 
the system 


q, a... KIn—k (i 1, 


located in the region 
If such a solution exists, then along it one must have 


= ai (a119; + + + Ain—k + “a + Gn—k.n—kY,_ x) 
(i=n—k+1,..., n) (1.5) 


and furthermore all linear forms obtained by twofold, fourfold, ..., 
2n-fold differentiation are equal to zero on the strength of the first 
n—k equations where q,_,,,= 0, .--, 9, = 0. These forms are 


n—k 


T + jn = 0 (1.6) 


If among them there are n — k independent ones, then this means that 
such a non-trivial solution does not exist and the motion is asymptotic- 
ally stable, since on the strength of the first approximation the 
asymptotic stability can occur only when all characteristic exponents of 
that system have negative real parts. 


Let 9,244» +++» %, be expressed by means of normal coordinates x,, 


%, as 


q, = + (i=n—k+1,...,2) (1.7) 


The equations of first approximation in normal coordinates are of the 
form 


OF 
y= +— 
Ox, 


Vol. ; 


982 
| — 
2 
196 
n—k 


Asymptotic stability of mechanical systems 


whereby the dF/dx; vanish when q,_ 4, 1 = --- = 9, = 0. Differentiating 
each of the linear forms (1.7) 2p; times we obtain the equations 


+... + Dinkn'tn = 0 (i=1,..., pg +1 n) (4.8) 


It is easy to note that Equations (1.2), (1.5) in conjunction with 
= = In = 9, (1.6) are equivalent to (1.7) in conjunction 
with (.. 8) since they follow from the same equations differentiated 
several times in view of the same system of differential equations. 


Any minor of order p; in the ith group of equations (1.7), (1.8) is 
of the form of a Vandermonde determinant [ 6 |] 


det | = bi; (Ay hx) (P; n—1) 


Consider initially the case k = 1. Differentiating 2n — 2 times the 
equation 


we will obtain n linear forms with the determinant D = || 6, jA; 1 || 
According to Vandermonde’s theorem 


D = by, «+++ Onn lI (Ai; — Aj) 


This determinant will not be zero if there are no zeros among 6, j and 
if there are no equal quantities among A,, ..., A,. 


Let k = 2. Differentiating 2(p, - 1) and 2(p, - 1) times the equations 


+... + Onntn = 0 


we will obtain a system of p, + p, = m linear forms with the determinant 
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Taking the minors of order p, from the first p, rows, multiplying them 
by the minors of order p, from the last p, rows and adding we will ob- 
tain, according to Laplace’s theorem, the required determinant. 


If the minor of order p, consists of the columns with numbers j,*, 
ees Jp," then the minor of order p,, by which it is multiplied, con- 
; 
where the numbers 
Ss 


Dp assume values of 1 to n. Their product can be 


sists of the columns with numbers i,*, mee 


expressed in the form 


b 


Summing these expressions over all possible s we obtain the determin- 
ant D,. If among the principal frequencies of the system there are three 
equal to each other, then the last determinant is equal to zero. Indeed, 
in any division of A,, ..., A, imto two groups, the equality of any two 
numbers in any one group results in vanishing of the above products. It 
is easy to show that if it is impossible to indicate more than two equal 
principal frequencies A,;, then by a suitable choice of two linear combi- 
nations q,_ , = 97, = 0 it is possible to succeed in preventing their de- 
terminant D, from vanishing. 


Indeed, let us consider pairs of equal principal frequencies and 
divide the frequencies into two groups in such a way that no pair would 
completely fall into any one group. If there are q such pairs, then de- 
noting by A,, ..., AG the principal frequencies of the pairs we will con- 
sider two linear forms 


cee == 0 


Differentiating the first form 2(q — 1) times, and the second 
2(n — q — 1) times, we will obtain a system of forms with the determinant 


1<i<j<q 


It will not be equal to zero if no b b.. is equal to zero. 


n-1,i’ “ni 


If we have k linear forms 


+... + barn =0 (i =n—k+1,...2n) 
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while among A,, ..., A, there are k + 1 equal to each other, then for 
any Pp, + ... + py = m all linear forms obtained by means of 2(p; - 1)- 
fold differentiation from the jth form in conjunction with the given k; 
forms will be linearly dependent. Indeed, the determinant of these forms 
can be represented, in accordance with Laplace’s theorem, in the form of 
a sum of products of the type 


1<i<j<r <i< I< PR 


If among A; there are k + 1 equal to each other, then for any distribu- 
tion of them into k groups, one group will certainly contain a pair of 
equal A;. Therefore, the products will vanish, including the determinant 
D,. If there are no more than k equalities, then, distributing all A into 
k groups 


oo 


in such a way that no one group would contain two equal numbers, we ob- 
tain the result that the linear system 


«+++ = 0 


which is obtained after 2(p, - 1)-fold differentiation of the (n — k + 
j)-th form, will lead to a system of forms with the determinant 


1<i<j<ry 


which is nonzero if no bij is nonzero. 


As is known, any normal oscillation of a system of first approxima- 
tion can be expressed in the form 


a, = Ay cos t + By sin 
In order that this solution at all times satisfy the equality 
byt, +... + = 0 


it is necessary that these equalities be at all times satisfied by all 
of their time derivatives as well. 


Differentiating each of the equalities 2(p; - 1) times and letting 
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t = 0, we find that A,;, B; are dependent on the equalities 


binkn®” An =0 (i=n—k+1 
'B, Dinkn’ "2B, 0 (s = Be P;) 


Multiplying each jth column of the determinant in the second system 
by A.1/2, it is easy to see that we will obtain identically the determi- 
nant of the first system. It is also easy to see that it coincides with 
the determinant which was studied above. If this determinant is nonzero, 
then it is clear that no non-trivial solution satisfying these equalities 
exists. 


All further differentiations lead to the conclusion that A;, B;, 4,2 
satisfy the one and the same infinite system of equations with the matrix 


which represents identically the matrix of the system (1.7), (1.8); the 
system (1.7), (1.8) can be obtained by linear substitution from Equations 
(1.2), (1.5), (1.6) and the equations q,_,,, = 9, = 0. It is obvious 
that these equations will certainly have a non-trivial solution if among 
the principal frequencies of the system there are k + 1 equal to A, 

. = A,,,, and if it is assumed that A,, , = ... = A, = 0, while for 
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the definition of A,, ..., Ay, one writes the equation 


biy Ay Ansys = 0 


These equations will necessarily have a non-trivial solution, and in 
the fulfilment of these equations and the condition B; = A,/r,/ 
linear forms q,_ 4,4, ---» 4, Will become zero identically in t, as also 
their time derivatives. Consequently, in the presence of k + 1 equalities 
of A; in the system (1.1), there will always be at least one non-vanish- 
ing solution. 


Let us formulate the result. 


Theorem. 1) In order that partial dissipation along k < n coordinates 
of a system render asymptotically stable in the first approximation the 
isolated and stable position of equilibrium of a mechanical system, in 
the presence of only potential forces, the potential function expansion 
of which in the neighborhood of the equilibrium begins as a definite 
negative quadratic form, it is necessary and sufficient that the equa- 
tions q,_ 4.4) = = q, = 9 and Equations (1.8) which are obtained 
from them by di ferentiation on the strength of the system of first 
approximation, would have a matrix of rank n. This condition will be 
sufficient for asymptotic stability on the strength of the exact equations. 
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2) If there are k + 1 equal frequencies among the principal frequen- 
cies of first approximation, then no dissipation along any k coordinates 
will make the equilibrium asymptotically stable in the first approxima- 
tion. 


3) If there are no more than k equal principal frequencies, then it 
is always possible to indicate k such generalized coordinates, the in- 
troduction of partial dissipation along which will result in asymptotic 
stability of the equilibrium q; = 0. 


The theorem of Barbashin and Krasovskii can be interpreted as follows 
when it is applied to a mechanical system of the type considered. 


If one imposes upon a mechanical system certain constraints 


where x,, ..., *, are normal coordinates of the system, then the Lagrange 
equations of the first kind will be of the form 


n 


= T 6 X, (1.9) 


j=n—k+1 
Where X; are terms of higher than first order. 


In accordance with the proof of Barbashin and Krasovskii it is suffi- 
cient for asymptotic stability that there be no solution of the system 


fully located in the region 
+ Dintn = 0 
if the dissipation is introduced along the coordinates 
= +... + dint, 


Let these conditions be satisfied. This means that the system (1.9) 
has no solution along which 


at all times during motion. It follows necessarily from these equations 
that there is no solution along which all @. would become zero. The 
quantities 0. may be interpreted as the constraint reactions, as follows 
from the theorem. 
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If it is possible to apply additional constraints upon the type of 
system considered in such a way that there should exist no motion in the 
constrained system along which all reactions of new constraints would 
vanish, then the introduction of dissipative forces in the original 
system acting along those coordinates which have been removed in the con- 
strained system, by the application of the additional constraints, will 
make the equilibrium of the mechanical system asymptotically stable. 


2. In order to limit ourselves to the most easily proved consequences 


of the theorem of Barbashin and Krasovskii let us consider the system 
(0.1) in the form 


+ + Pin tn + Xi (2.1) 


Here p,, are bounded periodic functions of time, while X; are holo- 
morphic, with respect to x,;, functions with periodic coefficients, con- 
tinuous and bounded. 


Let dv/dt become zero only under the conditions 
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Naturally, if there exists a half-trajectory x,;(t) satisfying these 
equalities, then along it the conditions 
— 0 
dt' 
are necessarily satisfied, and consequently there exists a non-trivial 
solution of the equation 


d'F. 
¥ 0 #=4,...&) 


If each of the derivatives is now thought of as taken on the strength 
of Equations (2.1), then the desired solution must satisfy an infinite 
system of equations with variables x,, ..., x,, t. Such a case will 
certainly not be found if the function VY for any fixed t > 0 is of de- 
finite sign with respect to x,, ..., %,. 

On the basis of the known theorem of Liapunov the system (2.1) can, 
by means of a non-special linear transformation, be transformed into 

dyi 


+ 


Here A; are complex numbers with non-positive real parts which split 
into pairs of complex-conjugates. 
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Let F,, ..., F, after substitution become ®,, ..., ®, where their 
expansions in y,, ..., y, are of the form 


= bays + binyn + Ui 


are real numbers, b 


and where bi, +b ip i,p+ 


imaginary. 


i,p+ are purely 


If the system of equations 
bi AM +... + din = 0 (e = 0, 1, ...; 


has a matrix of rank n, then the system of first approximation, as well 
as the original system (2.1), will be asymptotically stable. If it is of 
lower rank than n, then the system of first approximation will not be 
asymptotically stable. This will always occur if amongA,, ..., A, there 
are k + 1 equal to each other. If such a case does not occur, then it is 
always possible to indicate such linear parts of the function ®; that 
asymptotic stability would take place for all variables. 


If it should happen that the rank of the indicated matrix is equal to 
n-— m, then choosing n — m independent equations from the system d*p/ 
dt® = 0 and solving them with respect to the first n - s variables, we 
substitute the result into the remaining equations. The expansions of 
the result of the substitution will begin with the quadratic forms of m 
variables. If among the quadratic forms one can choose a linear combina- 
tion with coefficients which are dependent on time in such a way that it 
represents a positive-definite form of its variables, then surely the 
asymptotic stability will take place. 


3. Consider a mechgnical system, the kinetic energy T of which does 
not depend explicitly on t, q,_ 444, -++» Yq» the last generalized co- 
ordinates, while the potential energy is of the form 


U = U; (415 “ee Qn—k+1 F,, 


Here F,_ 4, 4, «++, F, are constants. Let the system be subject also 
to dissipative forces with the dissipative function 


F=5 
ij=n—I+4+1 


embracing the last k coordinates and a few others. If is shown in [7 ] 
that the given system has a stationary solution 
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= =O, gy = (t — bo), = 7, (t — be) 


° 


equations 


are certain constants if they satisfy the 


= 0 (i= 1, Bug =0 
j=n- 


It is shown also that if the quadratic part of the T - U expansion in 
the neighborhood of the stationary motion is a positive-definite func- 
tion with respect to the variations of the coordinates and velocities, 
then for complete dissipation the stationary motion will be asymptotic- 
ally stable. 


By means of a method analogous to that of Section 1, one can show that 
the asymptotic stability in the presence of partial dissipation along the 
last coordinates will not exist only in the case where the equations of 
perturbed motion will possess trajectories located in the region 
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function expansion can also be simplified. As was shown by Routh [8], 
the function T expressed by means of the variables q,, ..., %,_ 4 
Pr 
n—k n 
2T = + Vij Pi Pj 


ij=1 ij=n—k+1 
will not contain terms with products of velocity by the impulse. 


Since g,° =... In-k = 0, it is easy to note that 


dp, q, + 6? E — Us| 


ij=n— 


The first sum is a positive-definite quadratic form of the velocities, 
the second is a variation of impulses, while the third and fourth sums 
contain no cyclical velocities. Therefore, the conditions of sign- 
definiteness are reduced to the positiveness of Ans 1» «++, A, diagonal 
minors of the quadratic form discriminant consisting of the last three 
sums. These minors border the discriminant of the second sum, known to 
be positive. 
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As already shown above, the motion will be asymptotically stable with 
respect to the last | coordinates, where | > k, since the existence of 
the nonperturbed motion of the type indicated presupposes the presence 
of dissipation along the last k coordinates. 


In the case when the nonperturbed motion is not asymptotically stable, 
the equations of motion must necessarily have a particular solution 


whereupon the first n— k functions are not all zero. 
The equations which must be satisfied by these n - k functions can be 
obtained from the Lagrange function of the type 


and the last k equations will be of the form 


d dT 


= i=ma—k-+1,,.., 
dt dg, ( 


n 


n—k 
> Ji + = 
i=] 


i=—n—k+1 
while the first equations 
n—k n 
d oT Ou; 
di ( 95 + > Ais Ji 09, i 
j=1 j=n—k+1 
Finally, we are led to the problem, whether the system with the 
kinetic energy of the form 
n—k 


ij=1 i<n—k 
j>n—k 


and the potential function of the form 


ij=n—k+4+1 
possess a motion for which the expressions 


n—k n 

’ 
> > = Cj 
ij,=1 j=n—k+1 
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would remain constant and possibly 9,_ 1,4 In— = 9, where this 
motion would at all times remain arbitrarily close to the origin of the 
coordinates. If the quadratic forms 


k 
OU = 


are put into a canonical form by a linear transformation which is general 
to both forms, and if after this transformation the expression for T will 
become 

T,'= >) 


i<n—k 
j>n—k 


then the equations of first approximation will be of the form 


j>n—k 
e while the variations of their particular integrals (3.1) will be of the 
3 form 
: mk 
Bia ) Gi Zs Cj n—k+1,...,a) (3.3) 


1 i, san—k 


If in the last equations one can define | < k variables x;, <; as 
functions of the remaining ones and c,_ 4,4, ---, C,, then after sub- 
stitution of these solutions into (3.2) we will obtain a nonhomogeneous 
system. Since a homogeneous system has no first time-independent linear 
integrals, the desired particular solution will consists of a sum of a 
particular solution of a homogeneous system plus a certain constant 
vector. Therefore, if such a solution exists, then there exists neces- 
sarily a particular solution of the homogeneous system and vice versa. 


Thus, the question is reduced to the following: is there a solution 
for the system (3.2) restricted by the conditions (3.3) for c 
= c, = 0 and also g,_ 1,4) = = 9? 


n—k+1>~ 


[t is known not to exist if the rank of the matrix from these forms, 
obtained by infinite differentiation on the strength of Equation (3.2), 
is equal to n- l. 


Thus, if the rank of the system matrix, obtained from Equations (3.3) 
In—1+17 In—k = 9 by infinite differentiation on the strength of 
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_ Equations (3.2), is n- 1, then the motion will be asymptotically stable 
and only then will the motion be asymptotically stable in the first 
approximation. 


I am grateful to V.V. Rumiantsev and V.A. Sarychev for discussions of 
this work. 
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The Mayer-Bolza problem of the calculus of variations is described in 
relation to solution of problems of the theory of optimum systems. The 
necessary conditions for optimization of processes are established and Vol. 2 
an investigation of optimum states in linear systems is given. 1961 


1. Formulation of the problem. Let a system of n ordinary 
differential equations of the first order be given 


with the finite relations 


Wr = Wx t) = (1.2) 
describing the behavior of a certain mechanical system. Here, Eye sees By 
are the coordinates of the system, and the quantities u,, ..., u, will 
be called the control parameters, according to the common terminology. 


We shall consider that the state of the system at the initial time t = ty 
is given by the relations 


(to) = s= (1.3) 


Moreover, we shall require that the coordinates x(T) at a certain, not 
necessarily fixed time t = T be related by the equations 


®, = T] =0 a) (1.4) 


We formulate the problem of optimization in the following way. 
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Determine the functions x,(t) (s= 1, ..., m) satisfying Equations 
(1.1) and the initial conditions (1.3), and determine the control para- 
meters u,(t) (k= 1, ..., m) connected by the relations (1.2) in such a 
way that the functional 


J =J(z,(T),...,2n(T), (1.5) 


assume a stationary value, with the conditions (1.4) being satisfied at 
the time ¢t = T. 


This formulation of the problem is different from the general formula- 
tion investigated by Pontriagin [3]. The maximum principle provides the 
necessary condition for the minimum value of the functional. The solution 
of the Mayer-Bolza problem in a similar formulation had been given in 
the lectures of L.I. Lur’e, the contents of which have been extensively 
used in the following arguments. 


A trajectory in the n+ a dimensional space Bye sees 
which satisfies the conditions formulated above will be called the ex- 
tremal. 


An essential property of the problems of optimization is the existence 
of limitations imposed on the parameters u,(t) and, in general, on the 
coordinates x(t). We shall assume now only the existence of limitations 
on the parameters of control. In this case it is necessary to consider 
discontinuous parameters u,(t). Therefore, in the following the functions 
z(t) will be considered to be continuous, and the parameters u,(t) and 
the derivatives of the coordinates x(t) will be considered to be func- 
tions with a finite number of finite discontinuities in the investigated 
interval 


The formulation given above extends over a large class of optimization 
problems, Thus, for instance, in the optimization with respect to high- 
speed performance, the functional J is to be assumed in the form J= Tf, 
with the conditions 


®, = x, (T) — =0 4,..., 2) (1.6) 


which corresponds to the problem of optimization of the period of transi- 
tion of the system from the given initial state (1.3) into the state with 
the coordinates 


z, (T) -2,7 (1.7) 
The quantities a," may be, obviously, equal to zero. In problems of 


this type the time of transition T is not fixed. If T is prescribed in 
advance, an arbitrary coordinate z,(T) may be prescribed at ¢ = T and, 
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thus, J= 2,(7T). The remaining coordinates may be considered as being 
given, i.e. 


®, = x,(T)—z," =0 (1.8) 


We consider now the classical problem of Mayer [2]. 


If J= sl z,(D 1, then a certain function of the coordi- 
nates at a fixed time t = T is optimized. Using the functionals of the 
type 


0 


we can reduce the problem to the simpler problem of Lagrange of the cal- 
culus. of variations [2]. This case is obviously also included in the 
formulation given above. In fact, introducing a new coordinate z,, ,(t) 
satisfying the equation 


= — F Um, t] = 0 


we are led to the problem of optimization of the value Sn 4 1(D of this 
cooriinate at the finite time t = 7. An analogous assumption may be used 
in order to take into account a condition of the type 


[zi (0), ur Up th dt=e 


This condition can be written in the form 1 = 2,417) Here, 
the coordinate satisfies the equation 


This statement could be considerably generalized. 


The examples given here confirm our proposition that a large number 
of optimization problems may be formulated in the way described above. 
In this, the forms of the functional J and the conditions (1.4) usually 
reflect the physical meaning of the optimization problem. 


2. Necessary conditions of extremum of the functional J. 
We construct the expression 


T r 
(i) dt + (2.4) 
1 =1 


l=1 


where A(t), w(t), and are undetermined multipliers of Lagrange. 
Since its right-hand side terms are equal to zero, the conditions of ex- 
tremum of J and I are identical. 
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Calculating the variations of the functional I we shall assume that, 
in the interval t, < t <7, one point t = t* exists where the control 
parameters become discontinuous. The existence of several points of this 
type would only rhage further calculations. The above assumption 
splits the interval t, < t < T into two subintervals t, < t < t® and 
t*<t<T, in which uy (t) are continuous. Accordingly, we shall denote 
by x, “~(t), u, (t), A (t) the values of the functions defined 
above in the interval ty < t < t* and by u (t), u,*(t), A (t) 
the same values in the interval t* < t < r. 


The formulation of the problem indicates that in the calculation of 
variation of the functional I we should not vary the time t entering ex- 
plicitly, for instance, in Equations (1.1) and (1.2). Nevertheless, the 
existence of the limitations of the type (1.4) necessitates the variation 
of the abscissa of the end T. Therefore, we shall have to make a dis- 
tinction between "the variation at the end*, for instance 5x,*(T), and 
*the variation of the end", Ax,*(T). The relations between them can be 
easily derived: 


ol. 25 *(T) = b2,* (T) + z,* (T) dT 
961 Az,* (T) = 62,* (T) + 2,* 


Thus, for the variation AJ we have the expression 


s=1 
An analogous expression can be obtained for A®,. 


Similar remarks apply to the variations of functions at the point 
t = t* where u,(t) become discontinuous. Here it is also a - a 
make a distinction between "the variation at the point", 5x , (t*), 
"the variation of the point", Ax es. They are related by 


Azz (t*) = (t*) + (2. 


We can construct now the variation AJ. Omitting all the intermediate 
transformations, we write it in the final form 

Al = AJ + } de + \ — 
1 


s=1 


k= 


+ 
1 


t* 


P ‘ 


l=1 


(2.2) 
 ) 
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s=1 


e=] 


k=1 


s=1 l=1 l=1 


(t*)—A," (t* (t*) — (t*) (t*) — (t*) (t*)] t* (2.5) 


1 s=1 


It has been shown here that the intervals of the integrals may remain 
unvaried, because the integrands and 5t, are equal to zero. The compo- 
nents containing dp, vanish for the same reason (®, = 0). In the deriva- 
tion of Expression (2. 5) the formulas of the integration by parts were 
used 

ge 
Ay dt = AS (t*) bx (t*) — \ (t) (t) dt (2.6) 


ty 


T 


t* 


as well as the relations (2.4) and the conditions of continuity for the 
functions x,(t) 


(¢*) = (é*), = Az, (t*) = Az, (é*) (2.8) 


We note now that variations 5x,*(t), 5A .*(t) (s = 1, ss n), 
Su,*(t) (k= 1, ..., r), 87, Ax,(t*) (s = 1, 
variations 5p,* (t), andn-—p variations 5x, *(T) are independent. There- 
fore, it is possible to determine 2r Lagrangian multipliers p, *(t) and p 
constants Pt in such a way that the coefficients of the dependent vari- 
ations 5u,* (t) and p variations 5x, *(T) become zero, and to assume the 
coefficients of the remaining independent variations equal to zero. After 
this operation we obtain the system of equations 
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(u,*, ...,Umt, t) = 0 = (2.10) 


the boundary conditions for the function A(t) 


(1) + [+ p, = 0 
the equality 
d 
wl! 4 p, = 0 
=1 
and the Erdmann-Weierstrass conditions 


A, (t* ) (t*) (s n), > ae =(° = 0 (2.15) 


s=1 


These relations should be complemented with the initial conditions 
(1.3), the continuity conditions (2.8) and Equations (1.4). 


In this way, in order to determine 4n + 2m + 2r functions x, *(t), 

A,*(t), u, *(t), Hp *(t), we have constructed 4n differential equations of 
the first order (2.9) and (2.11), which introduce 4n integration con- 
stants, 2m relations (2.12), and 2r relations (2.10). Thus, 4n arbitrary 
constants, p multipliers p,, and the values of t* and 7, eltegether 4n + 
p + 2 quantities, remain unknown. To determine these quantities we have 
n initial conditions (1.3), n continuity conditions (2.8), n boundary 
conditions (2.13), n + 1 Erdmann-Weierstrass conditions (2.15), p rela- 
tions (1.4), and Equation (2.14). Their number is also 4n + p+ 2; there- 
fore, the problem of determining an extremal may be completely solved. 


3. Other forms of the above relations. If the Lagrangian func- 
tion 


>) My De (3.1) 
k= 


s=1 


999 
; coinciding with (1.1) and (1.2), the equations 
Ltt > (e=1,...,R) (2.11) 
hs + =0 (k= 1,...,m) (2.12) 
s=1 
(s=1,...,m) (2.13) 
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is taken into consideration, then Equations (2.11) and (2.12) may be 
written in the form of ordinary Euler equations 


constructed in terms of this Lagrangian function. Similarly, the equal- 
ities 


OL/0n, 0, (s = 


may be established, which yield Equations (2.8) and (2.10). 


The first n of the Erdmann-Weierstrass conditions (2.15) may be also 
formulated in the form of the conditions of continuity of the derivatives 
of the Lagrangian function 


= (OL/0z,) (3.4) 


at the points of discontinuity of u,(t), and the last one of (2.15) may 
be replaced by the condition of continuity 


(Hi = (Ha* (3.5) 
for the function 


s=1 


The function (3.6) is the basis of the maximum principle of Pontriagin 
in the theory of optimum systems [3,4]. We note here that in the pre- 
sence of limitations of the type (1.2) optimum processes correspond to a 
weak extremum of the functional H). This follows from Equations (2.12), 
which may be constructed in terms of the function 


H = Hy +H, =) >) = Aa (3.7) 


s=1 B=1 
In addition, we note that Equations (2.9) and (2.11) may be written 
in the form 
oH j oH 


ON. or. Ox 
s 


which is used in the derivation of the maximum principle. Equations 
(2.10) and (2.12) assume a similar form: 


OH/duy = 0 (h m), OH / 0 (k= (3.9) 


196] 


: 

£ dt Ox, Ox, 

W/o, =O (k=1,...,7) (3.3) 
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Consider now the condition (2.14). After certain elementary trans- 
formations it can be written in the following form: 


In the case when the functions f, and ¥ do not depend explicitly on 
time t, Equations (2.9) and (2.11) admit the first integral 


H =h = const 
This may be easily derived by considering the expression 


dH (oH aH aH aH 


dl Ox, On, oh. az.) 
ont 


Therefore, instead of (3.10) we have 


Pp 
aT \/ x p, ®, | h = const (3.12) 


Finally, we shall give a somewhat unusual matrix form of the relations 
1961 (2.9) to (2.15). We introduce [5] the column matrices x and A of the 
order n and the column matrices u and p of the orders m and r, respectiv- 
ely: 
= Um), (Py, » Mr) (3.13) 


Furthermore, we construct the column matrices f and w according to the 
rules 
and the column matrices of the differential operators 


(3.15) 


of the orders n and m, respectively. Equations (2.9) to (2.12) may now 
be written in the form 


z—f=0, »=0, A fra=0, + ppl =0 (3.16) 


OL 


where primes denote the operation of transposing. The initial conditions 
are represented as the equality 


x (t,) = (3.17) 


where x° is the column matrix of the initial values z”. Similar form is 
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obtained for the continuity conditions (2.8) and (2.15): 
x (t*) z* (t*), A- (t*) = At (e*) (3.18) 
The boundary conditions (2.13) assume the form 


a 


where p and ® are column matrices of the order p. The relation (2.14) 
has the form 


d 


lJ + = 0 (3.20) 


and instead of the equality (2.15) we have 


— = O (3.21) 


Note that the following expression may 
be given for H: 


+H, 


with the alternate formlation (3.5) for the condition (3.21) being pre- 
served. 


4. Linear differential equations. We shall consider’ now the 
optimization problem for a system of linear differential equations with 
constant coefficients [6 |] 


S'b,.7,-- hints 
— 


a=} 

in terms of the functional J of the general type (1.5) with the limita- 
tions 

US? < UP? (B= 1,....m’ (4.2) 


imposed on the control parameters uy. In order to take into account these 
limitations we introduce the functions | 7,8 ] 


satisfying the following requirements: 
dX. 
£0, UR (umes) < tor - 
du, f 
= UP for 
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An example of a diagram of such a function is shown in the figure 
(with m= m’). We include (B= 1, ..., m’) into the number of con- 
trol parameters, i.e. we oitshiie that m= 2m’, and we establish the re- 
lations 


Wx = Uy — (Umax) = (k = 1, 4. 


The optimization problem has now exactly the same formulation as de- 
scribed in Section 1. With the aid of the functions y, and the conditions 
(4.5) we are able to get rid of the limitations (4.2), and thus to shift 
from the closed region of variation of the parameters u,, ..., u,- to the 
open region of variation of the parameters u,, ..., «++» Uy: 


Equations (4.1) and (4.5) can be written in the matrix form 
= bz + hu;, u; — (uy)) 0 (4.6) 


Here x, u= | u,,} have the meaning explained above (see (3.13) 
and (3.14)), and 


uy uy = (Up (4.7) 


are the submatrices of the column matrix u[5]. The symbols 6 and h de- 
note a square matrix of the order n and a rectangular matrix nx a’ 


(4.8) 


With the aid of the relations (3.14) we construct the equation 
1+ =0 (4.9) 
which determines the column A, and we write the matrix of the differ- 


ential operators 0/du in the form 


a | (4.10) 


> 4 = 
Ou Ouy, | 


On the basis of the equality (3.16) we have 


fe, uy 4 (uy)| = 0, 


or 
(uy) 


| 
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where the matrix 


is diagonal. 
The solution of Equation (4.6) has the following form |9 ]: 


t 


x= M(t —t)2° + \ M (t- Tt) hu, (t) dt (M (t) = (4.14) 


A similar expression 


h(t) = M’(T — A(T) (4.15) 


gives the solution of Equation (4.9), satisfying the boundary condition 


for t = T. Substituting it into the relation (4.12), we obtain Vol. 2 


196! 
h’'M’ (T —) +p =0 


Hence we find* 


w= —h'M’ (T — + O for +0 
where all the elements of the column yp» are different from zero. 


Now, on the basis of the equalities (4.12) and (4.13), we obtain 


dk 
(t) = —~— =0 or - O (k=1,...,m’) (4.17) 


n’+k du, tk 


since neither one of y,(t) is identically equal to zero: p,(t) #0 (k=1, 
¢ 


Consequently, optimum processes in linear systems have an important 


property: the control parameters in such processes assume only limit 
values 


* We assume that Equation (4.6) is not degenerate [6]. 


+4 | (4.13) 
= | . . . . . . | 
| 0 cee 
db 
| I 
(4.16) 
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Let us note that the solution (4.14) of Equation (4.16) for u, = U = 
const assumes the form 


r(t) = \ M (x) dx) (4.19) 


0 


We shall investigate now the continuity condition (3.5) of the func- 
tion H which, in the case being considered, has the form 


H, = + Wha; 
Only its second term 


= (A’hy) uy 


may be discontinuous. 


Here A, denotes the kth column of the matrix h. Therefore, the dis- 
continuities of the control parameters u,(t) may exist only for t = t* 
where the function A’(t)h, is equal to zero 


(t*) hy = 0 (4.20) 


and only the parameter u,(t) becomes discontinuous unless, obviously, any 
other column h, satisfies an equation of the type (4.20) for t = t*. 


The results obtained allow for proof of a known | 10! theorem of n 
intervals. For this purpose it is necessary to consider Equations (4.1) 
with one parameter u, = u under the assumption that the principal values 
of the matrix b are all real. The diagram of the function A“(t)h, = 
A’(t)h then has not more than n— 1 intersections with the t-axis on an 
arbitrary finite interval of time. Consequently, on the interval t) < 
t <T the parameter u(t) cannot have more than n —- | discontinuities, and 
the total interval is divided into n subintervals in which the parameter 
u(t) assumes either one of its limit values U‘!) and U‘?). 


Repeating similar arguments for systems with m’ parameters u,(t) 
(k= 1, ..., m’), we obtain a generalization of this theorem. For optimum 
processes in such systems, if their characteristic equations have real 
roots only, the interval t, < t < T is divided into m’n subintervals in 


which each of the control parameters assumes one of its limit values 
or 


Let us note that the results obtained are valid for an arbitrary form 
of the functional J. Some of them can be extended over nonlinear systems 


[8]. 
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Here, as well as in Section 5, only results which are valid for linear 
systems are presented. A complete solution of the optimum problem with 
respect to high-speed performance is given in[6 ]. 


5. Examples. We shall consider the problem of optimum transient time 
for the linear system 


r bx hu 


with one control pgrameter u. In this equation, x and A are one-column 
matrices of the order n, and 6 is a square matrix of the same order a, 
The functional I is to be taken in the form J= T, while the conditions 
(1.4) may be expressed as 
r(T) 0 
The initial conditions for x are given by the relations (3.17). The 
boundary conditions for the functions A,(t) may be written in the form 
of one matrix relation A(T) = — p. This last relation and the equalities 
(4.17) give 
(t) —M’ (T — tio 


and thus in order to determine the instants of time t,, ..., t,_  cor- 
responding to the switches of the control u(t), we have the relation 
h M(T—t)h—9 
The total interval t, < t < T splits into the subintervals t,) < t < ¢), 


t wee, to ~ T, and for each of them a solution can 
be constructed 


r(t}= 


where the notation z= x(t;) is used, and it is assumed that U = const. 


At the end of ith interval we have 


To be specific, we assume that on the first subinterval ty tc, 
the control parameter u(t) = U;. On the second interval it is equal to 
Us, on the third it is again equal to U;, and so on. Writing the equal- 
ities of the type (5.5) for each subinterval and eliminating x;, i = 1, 


i 
+++, @- 1, we obtain the following formula for an even q = 2q’: 


x, = —2(T) = M{T—1t,) 2° 4 


i | 
q a 
+>} M (T — 4) N tyy_g) + M N (tg, — AU 2 = 27 (5.6) 


i=1 
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and for an odd q = 2q° + 1 


rq = =2z(T)= M(T —1t,)z 
+S MT N — AU — ty) N (tg, — 
i=1 i=1 


AU s 


2i—1 


Similar expressions could be written for the case of u = U, on the 
first subinterval. They follow from Expressions (5.6) and (5.7) if U, is 
replaced by U, and vice-versa. If there is no principal value of the 
matrix 6 equal to zero, the matrix N(t) may be represented in the form 


V(t) = [M(t — 1) 


where I is the unit matrix. Thus, instead, for instance, of Expression 
(5.6) we have 


(T) = = M(T — 2° + (T — — + 

q q’—1 

+> M (T + M (T — t,,) bh (U, — U2) (5.8) 
i=1 i=1 


If there are no multiple principal values of the matrix 6[5], then 
b = M(t)=e 


where A is the diagonal matrix of the principal values A; of the matrix 
b. Expression (5.8) may be written in the form 


Here 


The same result in scalar form is 


(Tt ghitl 
(T—t 

=1 / 


Here z.°, 3,7, and h.° denote the jth elements of the respective 


columns, In a similar way the remaining relations may be transformed 
into scalar form. 
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In order to solve the problem of optimum transient time, it is neces- 
sary to select the values p; of the column p, which determine the in- 
stants of switching the control u(t), in such a way that for t = T the 
relations of the type (5.6) or (5.7) are satisfied. But in some cases one 
can avoid this lengthy process of calculation and limit oneself to the 
solution of Equation (5.6) or (5.7). 


To clarify this, let us consider a simple problem of optimum transient 
time with the condition 
U,<r<U; (5.9) 


It can be reduced to the problem discussed above by introducing the 
following notations: 


m= 2, (5.10) 
and dealing with the equations 


(U;< u(t) < U2) (5.11) 


2, 


The matrices 6b, M(t), and N(t) are now of the form 


| 196: 


t 


M (2) 


Substituting them into the equation obtained from (5.6) with ty) = 0 
and q’ = 1 


== M(T) 2° + M(T—t) N(t)AU;, V(T —t)hUe 


we obtain two scalar equations 


From the values of T given by (5.14) the smaller one should be taken 
into account. Thus, the problem of synthesis of an optimum system may be 
solved with Expressions (5.14) and (5.15). The results are well known 
[10] and they will not be repeated here. In this simple case, it was 
possible to solve the optimization problem without the use of the rela- 
tions (5.4). 
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We shall consider now the optimization problem of the linear system 
(4.1) with the functional 


(T) 2, (T) (5.16) 


being the definite quadratic form of the coordinates x,(T) at the fixed 
time t = T. There are no limitations imposed on their values. In this 
case 


A(T) dz (T) J -ax(T) (5.17) 


and repeating the calculations described above we obtain the following 
equation: 

x’ (T)aM(T—t)h=0 (5.18) 
which determines the instants of time ti of switching the control u(t). 


Substituting x(T) from, for instance, the relation (5.6) into (5.18), we 
obtain 


¢ 
(T — te) + Ua — (T tes.) 4 
i=1 


+ Us WN’ (ty, — 4) M’ (T aM (T 
i=<1 


(5.19) 


In a similar way the equations corresponding to odd q = lq’ + 1 (5.7) 
or the other sequence of switching controls may be obtained. 


In the preceding example of the system (5.11) we had q° = 1. Prom 
(5.19) we obtain one equation 


+ + + Jan + PU) (T > 


+ (x,° + Tz2° + T? U,) a22 (x2 ru,) =0 


which determines the instant of time of switching the control u(t). 


If the square of the coordinate x,7(T) = (1) is minimized, then the 
coefficients @19 = 49 = 0 and we have the relation 
(T — t,)? 2: 2 (5.21) 
from which the value of t, can be easily determined. 


In conclusion, the author wishes to express his gratitude to A.I.Lur’e 
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his help in this work. 


BIBLIOGRAPHY 


Bliss, G.A., Lektsii po variatsionnoau ischisleniiu (Lectures on the 
Calculus of Variations). (Russian translation.) IIL, 1950. 


Giunter, N.M., Kurs variatsionnogo ischisleniia (Course of Calculus 
of Variations). OGIZ, GITTL, 1941. 


Pontriagin, L.S., Optimal’ nye protsessy regulirovaniia (Optimum pro- 
cesses of control). Usp. mat. nauk Vol. 14, No. 1 (85), 1959. 


Rozonoer, A.I., Printsip maksimuma L.S. Pontriagina v teorii optimal’ - 
nykh sistem (Maximum principle of L.S. Pontriagin in the theory of 
optimum systems), I, II and III. Avtomatika i Telemekhanika Vol. 20, 
Nos. 10-12, 1959. 


Frazer, R.A., Duncan, W.J. and Collar, A.R., Teoriia matrits i ee 
prilozheniia k differentsial’nym uravneniiam i dinamike (Elementary 
Matrices and Some Applications to Dynamics and Differential Equa- 
tions). (Russian translation.) IIL, 1950. 


Gamkrelidze, R.V., Teoriia optimal’nykh po bystrodeistviiu protsessov 
v lineinykh sistemakh (The theory of optimum processes with respect 
to high-speed performance in linear systems). Izv. Akad. Nauk SSR, 
Ser. Math. Vol. 22, No. 4, 1958. 


Letov, A.M., Amaliticheskoe konstruirovanie reguliatorov (Analytical 
construction of control systems), I, II and III. Avtomatika i Tele- 
ackhanika Vol. 21, Nos. 4-6, 1960, 


Miele, A., General variational theory of the flight paths of rocket- 
powered aircraft, missiles and satellite carriers. Astronaut. acta 
Vol. 4, No. 4, 1968. 


Troitskii, V.A., K zadache ob avtokolebaniiakh v sistemakh avtomati- 
cheskogo regulirovaniia s dvumia servomotorami postoiannoi skorosti 
(On the problem of self-sustained oscillations in systems of auto- 
matic control with two servo-motors of constant speed). PMM Vol. 20, 
No. 5, 1956. 


Fel’ dbaum, A.A., Vychislitel’nye usdroistva v avtomaticheskikh siste- 
makh (Calculating Devices in Automatic Systems). Fizmatgiz, 1959. 


Translated by M.P.B. 


1. 
4 3. 
4. 
: 
5. 
Vol. 
196 
q 
2 
4 9. 


1961 


UNIFORM ASYMPTOTIC STABILITY OF SYSTEMS OF 
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In this paper, under the assumption of uniform asymptotic stability of 
the degenerate first approximation system and the asymptotic stability of 
a certain auxiliary system, it is shown that a certain class of systems 
of differential equations, containing a small parameter among the deriva- 
tive terms, is asymptotically stable. 


The method of Liapunov functions [1] is employed. It should be re- 
marked that the possibility of applying the classical methods of the 
theory of stability in dealing with systems containing small parameters 
in the derivative terms had already been pointed out by Chetaev [2]. 
Also, as is well known, systems with a small parameter in the derivative 
terms have been studied in great detail by A.N. Tikhonov and his co- 
workers, and I.S. Gradshtein, 


The theorem proved in this paper for the linear case is a generaliza- 
tion of the theorem proved by Razumikhin [3] for systems in which the 
small parameter occurs in only one equation of the system. 


1. Limear systems. Consider first the linear system of differ- 
ential equations 


+ Dis (t) ys + 


- 
=} cin (t) + dis (t) ys 


where » is a small positive parameter. We shall consider the stability 
of the solutions of this system which are defined by the initial 
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conditions 


Yjo= Pio =1, 


These solutions will be denoted as follows: 
p), yj = yj(t, (1.3) 


Let us suppose that the coefficients a;;(t), b;,(t), ¢;;,(t), d; (t) 
and f,(t) of the system (1.1) are continuous and bounded deter of 
the variable t, having continuous bounded derivatives for t, < ¢ < . 
Further, we shall employ the condition 


dy(t) (t) 
dyy(t) (t) 
(8— a certain number) (1.4) 


dyy (t) (0) 


For » = 0 the degenerate system corresponding to the system (1.1) has 
the form Vol. 2 


1961 


™m n m 


>} ait (t) a, 4 dis ( (thy, +-fi (0, 2 (8) d;, (t) Q (1.5) 


and the solutions of this degenerate system (1.5) which satisfy the 


initial conditions x;) = g;9 will be denoted by 


r= x; (0), (1.6) 


Let us solve the system of n algebraic equations 


s=1 


with respect to y,, ..., ¥,; and let its solution be 


da (Oa p=i,..., 2) (1.7) 


where the functions A, i(t) are continuous bounded functions of t. 


The substitution of Expressions (1.7) for the y’s into the first m 
equations of the degenerate system (1.5) leads to the following system 
of m linear differential equations with variable coefficients: 
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dx 


2 rik (t) Te + 
| 


where the functions r,,(t) are continuous bounded functions of t. 


The system of differential equations 
dy 4 
dt ds (t) Ys 


| 
will be called the auxiliary system. 


In the sequel it will be shown that under suitable conditions, for 
small values of the parameter » > 0, the trajectories of the original 
system of equations (1.1) converge towards the trajectories of the de- 
generate system (1.5) and that the stability of the auxiliary system 
(1.9) implies the stability of the original system (1.1). 


Theorem 1.1. Suppose that the given system (1.1) and its correspond- 
ing degenerate system (1.5) satisfy the following conditions: 


1) The system (1.8) is uniformly asymptotically stable; 


2) The system of equations with constant coefficients 


dy; 
dt 


is equi-asymptotically stable for all (fixed) values of @ with 6 €[tp, 
eo]; or, what is the same, the roots of the characteristic equation 


satisfy the condition 
Re p< — A, A = const > 0 (6;,=9, 1f j+s,6,=1, if 


Then for all sufficiently small values of » > 0 the system (1.1) is 
aniformly asymptotically stable, and given Q> 0 and « > 0 there exists 
a number x, > 0 such that 


(1.10) 
(ty, (to) < Q for (Q, ®) 


provided only that p < #». The number py, may be chosen so smal] that the 
number t, appearing in (1.10) will differ from the number t, by less 


1013 
-- = 0 


1014 A.I. Klimushchev and N.N. Krasovskii 


than a number y > 0 given in advance. 


Proof. Let us introduce functions €; and nj by means of the equations 
Ei (t,o) = (t, p) — % (Y), nj (t, = yj — (0) 


and consider the equations of the perturbation of the motion 


dE, (t, p) dz; (t, dz, (t) 
dt “dt 


dt di 


In view of Equations (1.1) and (1.8) we obtain 


d§; (t, ) 


l=1 s=] 


m 


Ly dj, (t) (t, Aix (t) rep (t) Ey (t. 


di... (t) 
k=1 


m 


k=1 


In order to prove the theorem it is necessary to prove that the solu- 
tion €)(t, nj -(t, of the systems (1.11) satisfies the following 
condition: given 70, « and 5 in advance, there exists a number 1, > 0 such 
that for arbitrary initial data ¢,, = 0, I" jo | < Q one has as a conse- 
quence that the inequalities |¢,(t, <«, ;(t, <e€ hold for 
t > ty + 5, provided that p < po. 


In view of the conditions of the theorem, the system of linear differ- 
ential equations with variable coefficients (1.8) is uniformly asymptotic- 
ally stable. enti 3 ee" there exists a positive-definite quadratic 
form v(t, €, ..., &,) = u(t, &;) whose total derivative, in view of the 
system (1.8), is a negative- -definite form [5 ]. Now, the system (1.9) is 
asymptotically stable for fixed @, uniformly with respect to @. Thus for 
these systems there also exists a positive-definite quadratic form w(@, 

Ny, +++» ,) = wlO, 7-) whose total derivative, in view of (1.9), is for 
@ = const a S ninibientettales form; and furthermore the partial deriva- 
tive dw/d0(6, n;) is bounded and the positive-definite form w(@, n;) and 
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the negative-definite form dw/d0(6, n;) relative to the system (1.9) are 
bounded away from zero uniformly with respect to the parameter @. 


Let us now construct the positive-definite form 
u (2, Ei = (t, +w (t, n)) (1.12) 


and let us show that the total derivative du/dt of this form, computed 
taking into account the system (1.11), is, for sufficiently small values 
of the parameter p, a negative-definite form everywhere outside a small 
neighborhood of the origin of coordinates ¢; = 0, nj; = 0. 


Indeed 


du(t, 5) Ov dv Ov (t, -4 
s=1 


Sy, (t) ne (t, 


Ow (t, n;) Ow w(t, 


hin (t) >) rer (t) - (t, 


l=1 K=1 | (=) 


(t) a(t) — 


m 


(t) (t) | (1.13) 


k=l s=1 


dj (t 
— (t) — hin (t by. (t (t, 
a Ns 


dl 


Let us note that in the domains M< |é;|,M<|n,|, where Mis a 
suitably chosen positive number, the sign of du(t, b , nj .)/dt is defined 
by the sign of the quadratic form in ¢; and nj which occurs on the right- 
hand side of (1.13). Let us now construct the matrix of coefficients of 
the quadratic form of é,, 7; which is given by - du(t, €;, nj -)/dt, that 
is, the matrix which is “the” negative of that occurring on the right-hand 
side of (1.13): 


where the coefficients a,;; are the coefficients in the quadratic form 


| 
ol — on 
l d 
Bi ove Bin 
| 
| 1 
Tee + + Tom + +599 - Son + San | 
. . . . . . . . . . . . . . . . . . . . . | 
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dv/dt in view of Equations (1.8); the coefficients Bi are those of the 
quadratic form 


The expressions (1/y)5;, + o;, are the coefficients of the quadratic 
form 
dw (t, Ow (t, 


FY —— on; dj. (t) Ns (t, — din ( t) (t) Ns | 


Finally, the yj. are the coefficients of the quadratic form 


m 


1 


on. 
k=1 l= k=1 


In view of Sylvester’s criterion for positive quadratic forms, and in 
view of our hypotheses concerning the functions v(t, €,) and w(t, ny) 
all the principal diagonal minors of the matrices 


are positive. From this it follows that the principal diagonal minors of 
the matrix (1.14) are also positive for sufficiently small p, i.e. the 
quadratic form used in the construction of du(t, ¢,, n ;)/dt is negative- 
definite. 


Let us show that as » approaches zero the domain outside of which the 
total derivative of the form u(t, ¢,, 1; -) is negative-definite also 
approaches zero; that is to say, that as p > 0 one has also that M- 0. 
The expression for du(t, é,, n ;)/dt may be written 


du (t, Ei n,)/dt K (t, Eis n)) + L (t, 


where K(t, €;, nj ,) is a quadratic form in the variables ¢,, Nj» and 

L(t, 7;) isa linear form in the variables 7;. Let us now add’ and subtract, 
to the right- hand side of the last equation, the quadratic form (w/p) 

(n ,? + coe HE 2) where w is a small positive number. From the known de- 
pendence of the coefficients of the quadratic form K(t, é,;, n;) on #, 

and the onal lness (for @ small) of the coefficients of the form (w/z) 

(n ,? + coe +H 2) with respect to the coefficients in 1; of the form 
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K(t, &;, nj), it follows that the form 
K, (t, nj) = K (¢, + (/p) +. + 
is negative-definite. Consider now the difference 
L (t, nj) — (w/a) (m? + 


As » ~ 0 the domain In; | > M, outside of which this difference is 
negative-definite, reduces to the surface ";° 0. But from this it 
follows that the form 


= Ki (t, &, +L (t, — 


is negative-definite outside an arbitrarily small neighborhood of the 
origin ¢; = 0, ny = 0, provided that the number p» is sufficiently small. 
Consequently, the functions u(t, é,;, n;) and du(t, é;, n ;)/dt satisfy 
the following conditions: 


Ei, nj) > Q, (Ei, nj), — <— Q, (Ei, nj) for 


where 2, (€;, n;) and ©, (€;, are positive forms which do not depend 
upon ft. 


Taking into account the positive-definiteness of the form Q,(¢;, n;) 
in the space €,, Nj let us consider a level surface 0, (é;, n;) = C, 
such that the moving surface u(t, €;, 7;) = C,, containing the initial 
point of the trajectory of the distarbed motion P(é;9, 1 jo)» lies inside 
the surface 0, (¢,, n;) = C,. In view of this mentioned negative sign of 
du(t, €;, 7;)/dt on this moving surface, we arrive at the conclusion 
that the trajectory of the system (1.11) remains inside the moving sur- 
face u(t, €;, n;) = C, for all t > ty. 


Further, consider a second level surface 1, (é;, n;) = C,, where 
C, < C,, and such that the moving surface u(t, ¢;, 7;) = C, contains the 
domain determined by the number M. If a trajectory of the system (1.11) 
were outside the domain defined by the level surface u(t, ¢;, 9,;) = C, 


for all time, then the inequality du(t, é,, n ;)/dt < - @ would hold for 
some positive a. From this, in view of the equation 


u (t, Ei, ni) u (to, sior dt dt 


we obtain 


u (t, Eis n)) Qu (to, Eios Nijo) (t ty) 
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which leads to a contradiction. Therefore, the trajectories of the system 
of equations (1.11) must eventually enter, and remain inside, the domain 
bounded by a second level surface u(t, €,, n;) =C 


It remains to show that the quantities 7, decrease rapidly to less 
than «. For this we shall consider only the trajectories of the system 
(1.11) which are determined by the initial conditions ¢;) = 0, that is, 
by the conditions x,(t), ~) = x,;(t)). Let us show that such a trajectory 
of (1.11) approaches the origin of coordinates in an arbitrarily small 


time interval, provided that the parameter p» itself is sufficiently small. 


Indeed, the derivative of the form u(t, é;, n;) with respect to time, 
as was shown earlier, is negative and depends on p» in such a way that 
the coefficients with respect to 7 j"s of the quadratic form k(t, €;, nj ) 
contain terms with l/y as a factor. Therefore, as » approaches zero these 
coefficients increase indefinitely, as does also the absolute value of 
the negative derivative du(t, €;, 7 ;)/dt when subjected to the condition 
1”; | > M. From this it follows that the function u(t, €;, 7;) remains 
positive- -definite, decreases rapidly in absolute value, and that the 
trajectories of (1.11) approach the origin of coordinates ¢; = 0, 1; = 0 
in an arbitrarily small time interval. (The quantities 7, must decrease 
rapidly, and at the same time the quantities ¢;(t, «) cannot increase 
rapidly, in view of the continuity of the integrals.) For all succeeding 
times the trajectories of the system of equations (1.11) must remain in 
a small neighborhood of the origin of coordinates. That is, the trajec- 
tories of the original system (1.11) approach arbitrarily fast to a 
sufficiently small neighborhood of the trajectories of the degenerate 
system of equations (1.5), and remain in this neighborhood for all time 
to come. 


Let us now verify the asymptotic stability of the system (1.1). I 
order to do this, let us consider two solutions of this system with 
different initial values, or, what amounts to the same thing, two solu- 
tions of (1.11) with different initial conditions. Let us designate these 
solutions by 


From (1.15) and (1.11) it then follows that 


ax, (t, 


ry (t)% (t, — >) bis 


a=] 


at 
dj. (0) 3. (t, p) Aix (t) 


l=] 


m 


db x 4 
> (t, — D Aj be. (t) Belt. u) 
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Consider now the positive-definite form 
u (t, a;, B)) v (t, + w (1.17) 


which is constructed as in (1.12). This form, for sufficiently small 
values of the parameter », has a negative-definite derivative du(t, €;, 
"j -)/dt, which may be computed taking (1.16) into account. This computa- 
tion proceeds analogously to the discussion above concerning (1.13). Con- 
sequently, the form (1.17) is a Liapunov function for the system (1.16), 
and this guarantees the asymptotic stability of the system (1.16). The 
asymptotic stability of the system (1.16) then implies the asymptotic 
stability of the system (1.1). 


2. Nonlinear systems. Consider the nonlinear system 
X; Ye t), Tio Ain 


Y; (z,, Yr, t), Yio 


where the parameter p is positive, and the following notation has been 
employed for the sake of brevity: 


X; Ur, t) 
Y; (Zs. Yrs t) 


Furthermore, in what follows the range of the indices will always be: 


It will be supposed that the functions X;(x,, y,, t) and Y; (x, yp t) 
have continuous “ers derivatives with respect to all their’ arguments 
in the domain |x,|< ~,|y¥,|< ty < t <, and that D(Y,, ..., Y,)/ 
Dlyy, «+++ Yq) # 0. 


The degenerate system of differential equations obtained by setting 
p= 0 in (2.1) is 


Xi Yes 9, = 9, lig = iy (2.2) 
It will be supposed that the system of n equations Y, j*e yp, th) = 0 


has as a solution the functions 


(2.3) 


whose partial derivatives with respect to x, and t are bounded. 


Let us substitute the functions y,, .. of (2.3) into the first a 


Ie 
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equations of the degenerate system (2.2). We obtain the following system 
of m equations in the x;: 
X; Se, (Ls, t), t} (45, t), dio (2.4) 
Let the solution of the original system (2.1) corresponding to the 
given initial conditions be 


= x(t, p), yi = 


and the solution of the degenerate system (2.2) with the corresponding 
initial conditions be 


y= (2.6) 


Let us construct the auxiliary system of equations of disturbed motion 
relative to a given solution x; = x,(t) of the system (2.4), starting 
with the equation z,; = x,*(t) — x,(t), where x,*(t) is a solution of the 
system (2.4) which corresponds to a perturbation of the initial condi- 
tions = aj9* — ajo; we obtain 

dz, 


Fy + 2, (0, — Fi lz, (0, 
Xj [z, (t), he (z, + I, t), t] Xi (t), he (x, (t), t), (2.7) 


It will be supposed that the linear approximation to the system of 
equations of disturbed motion (2.7) is asymptotically uniformly stable; 
that is, that the system (2.8) below is uniformly asymptotically stable: 


n 

dz. Ox ax of 

= bts (t) 25 (4) | “Ox. | Oy,’ Ox 
s=1 8 k=1 s 


) (2.8) 


=X 


Together with the above systems we shall also consider the system 


“ad Y ;(a,, Yk, 3) (2.9) 
where a, takes the place of x, and 8 takes the place of t. Let us assume 
that for each fixed set of values a, = x,(8), B= t, ty < B< 
there exists a symmetric matrix of constants A(a,, 8) with positive eigen- 
values Pi (which is supposed to be uniformly bounded with respect to a, 


and 8 and to be such that p,(a,, 8) > A> 0) and such that the symmetrized 
matrix 
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has negative eigenvalues r,; which satisfy the inequality r; < — y (with 

y = const > 0) for all values |y,| < «. Under these circumstances every 
solution y, of the system (2.9) is asymptotically stable [6], regardless 
of the initial conditions Yjo- 


Let us construct the system of disturbed motion corresponding to the 
system (2.1), starting with the equations 


We obtain the system 


dt. (t, (t, dx, (t) 
m 
dn; (t, dy; (t, p) of ; dz. (t, p) 


whose first m equations are just 


dé, (t, 
= X, iz tt, Ye (t, — Xy (O, ye 


or, equivalently 


+ Eats ws felt) + Ee (ts + me (tw), — 
xX; he [z, t}, t] 
ax,* 


Bet, + Melts + Ai (Es) 
k=l 


In the last equation Taylor’s theorem for functions of several vari- 
ables has been used; the next to the last term represents the increment 
of the function X[ x,, y,, t ] with respect to y,(t), and R,(é,) refers 
to second and higher order terms with respect to ¢,(t, «). This equation 
may be abbreviated thus: 

dt. (t, 


The last n equations of the disturbed motion are 


dt at dt Ot 


7 
or 
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m 


X, [z, (t) + Es (t, Ht), fx la, (t) + Es (t, t} + Nk (t, t} 


8=1 


For brevity, let us write x (t) + &,(t, w) = a*(t); then this system 
of n equations may be rewritten 


k=1 8 


where the terms y,,°7,(t, + ... + 7,(t, #) take the place of the 
sums of the derivatives df ./dx, when the increments of the functions 

x,l x(t), y,(t), t] with respect to y,(t) are written by means of 
Taylor’s theorem. The symbol R,*(é,) stands for a collection of terms 
which contain the functions & tt, pt) to the second or higher orders; and, 
finally, Q(t) is a function of t. 


Thus, the system of equations of the disturbed motion has the form 
= (t) + D (sw) + Ri (2.11) 
k- 


1 


Y; {a,*(t), he la,* (t), t] + Nk (t, t} >> Til (t) (t, + 
l=1 


> 4) R;* (Es) + Q; (¢) (Y; {a,*, la,*, tl, = 0) 


k=1 


By hypothesis, the system (2.8) is uniformly asymptotically stable. 
Consequently, there exists a positive-definite quadratic form v(t, ¢,) = 
v(t, €), ..., €,) whose total derivative, calculated making use of the 
system of equations (2.8), is a negative-definite quadratic form. But it 
was also supposed above that the system of equations (2.9) has the pro- 
perty that for each fixed set of values a= x(t) = x ,(B) and B= t, 
to < B< « there exists a symmetric matrix A(a,, 8) having positive eigen- 
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values and satisfying Equation (2.10). Therefore, the system of equations 
(2.9) possesses a Liapunov function w(a,, B, 7,4) = wla,, ..., a,, B, 7;, 
= Ye — 8) whose total derivative, computed taking the 
system (2. 9} into account, satisfies the inequalities (16.22), (16.23) 
and (16.24) which appear in [6]. 


Let us construct the positive function 
u(t, Gi, nj) = v (t, &) + w (0, ¢, nj) (2.12) 


and let us prove that the total derivative of this function, du(t, é;, 

n;)/dt, computed taking into account the perturbed system of equations 
i. 11), is a negative-definite function when the parameter p is suffi- 
ciently small. Indeed, the total derivative of the function u(t, é,, 1; a 
the system (2.11) being taken into account, is just 


du(t, Ej. nj) Ot, v(t, &) 


[ Bis (2) (¢, w) +- 
i=1 s=1 
OX; Ow (0), t, de, dw (zx, (t), 
2 ay, (¢,p) + RCE | + 


Ow ( 


+ rin (t) Er (ts w) + + + Q; (2.13) 
l=" k=1 


Since the function w[ x(t), t , 9;] satisfies inequalities analogous 
to those for quadratic forms (see 6 ]), under the hypotheses that the 
functions X,[ x s(t), y,(t), t] and Yj [ x(t), y,(t), t ] have bounded 
partial derivatives, we are led to the fol lowing inequality: 


Ow dx, Ow dw [z, t, ns] 


s=1 


as long as the x,(t, yw) and y;(t, pt) remain in a bounded portion of the 
space ;. 


Considering the structure of the derivative du(t, ¢;, 7 ;)/dt in view 
of the system of the perturbed motion (2.11), we observe that in spite 
of its more complicated appearance than in the linear case we can still 
carry out the considerations leading to bounds for du(t, ¢,, "; -)/dt along 
the same general lines, as was done before for the linear case (see the 
discussion following Equation (1.12) above); because, although the func- 
tions involved in the present argument need not be quadratic forms, as 
in the linear case, they still satisfy inequalities which are similar to 
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those satisfied by quadratic ~~ Thus we are again led to conclude 
that the total derivative du(t, €;, 7;)/dt is negative-definite outside 
the domain |¢;| > M, In; | > M for sufficiently small values of the para- 
meter p > 0. Further, as in the linear case, it may be shown that the 
domain > M, In; | > M, where M> 0, approaches zero as + 0, and 
that the following theorem holds: 


Theorem 2.1. Suppose that the system of differential equations con- 
taining a small parameter, system (2.1), satisfies the following condi- 
tions: 


1) the system of equations (2.8), which is the linear approximation 
to the system of disturbed motions relative to the degenerate system 
(2.4), is uniformly asymptotically stable; 


2) for each set of fixed values a, and f the system (2.9) is such that 

there exists a symmetric matrix A(a,, 8), uniformly bounded with respect 

to a, and 8, having the property that the symmetrized matrix { B} ., 

(2.10) has negative eigenvalues satisfying the inequalities r; < — y(y = 

const > 0). 

Vol. 2 
Then for sufficiently small values of the parameter p the solution of 1961 

(2.1),x,(t, A(t, w), with x(t), w) = aig, = b. jo» is uni- 

formly asyaptotical ly stable with respect to aul variations of the x; 

and arbitrary variations of the y,,. Given Q> 0, « > 0, there exists a 

number #4 > 0 such that the following inequality holds: 


(Qe), 
| (los B) — (to) | <Q (2.14) 


provided only that p < yg. The number p, may be chosen so small that the 
number t,) appearing in (2.14) differs from the number t, by less than 
any preassigned positive number. 
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A dynamical system will be called a system with alternation if its 
operating conditions change periodically in such a way that the structure 
of the system and the applied forces have one form on the interval 0 < 
t<r),, and a different form on the interval r, < t<r. The process of 
the alternation of these conditions is repeated with a period, = const, 


which is called the period of alternation, po, 


Among systems with alternation one can list pulse systems, continuous 
control systems, electric systems with rectifiers, electromagnetic appa- 
ratuses with saturation, and others [1-4 ]. 


To each of the intervals into which the period of alternation is di- 
vided, there corresponds some system of differential equations with vari- 
able coefficients, which change during a given period of alternation as 
well as from one period to the next. With the aid of these systems of 
equations it is possible to construct one system of differential equa- 
tions with variable coefficients which is valid for any instant of time. 
In many problems it is, however, advantageous to make use of the above- 
mentioned alternating systems of differential equations, because the co- 
efficients of these equations usually have a more simple form than those 
of the single equation. 


1. Equations of motion. For the study of a system with alterna- 
tion it is advisable to go over from alternating systems of differential 
equations to systems of finite difference equations which can be obtained 
in the following way. 


Let us begin the consideration of the motion at some instant of time 
nr +¢€, where 0< € <¢ r,, while n is an arbitrary integer. During the 
time interval nr + « < t < nr +1,, the motion is described by a system 
of linear differential equations with variable coefficients 


4 
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+ din(t) = 2; (t) (1.1) 


k=1 


Here z;(j = 1, ..., r) are phase coordinates of the system, the x,(t) 
are given external forces. The system of scalar equations (1.1) can be 
replaced by the matrix equation 


z+b(thz=2() 
(2 =| 2), 2) =| 2; (OD 


(4.2) 


The solution of the matrix equation (1.2) has the following form: 


t 


z(t) + | L (t, ) x d& (1.3) 


nt+e 


(L (t, §) = o™ (§)) 


Here o(t) is the fundamental matrix for the homogeneous matrix equa- 
1961 tion obtained from (1.2) when x(t) = 0. The inverse of this matrix we de- 
note by The function L(t, €) = || Ly (t, &) || represents a matrix 
weight function for the system of differential equations (1.1). 


In accordance with (1.3), the elements of the matrix z(t) have the 
form 


t 


k=1 ¢ k=1 
(1.4) 


At the time when t = nr + r, the phase coordinates z, will have the 
form 


Zz, (nt + = > Lux (nt + mt + zy (mt + + 


k=1 


nt tr, 


nt +e 


In the next time interval nr +1, < t < (n+ 1)r the motion of the 
system will be described by the differential equations 


cin (0) ze = 8; (0) (j=1,..., (1.6) 
k= 
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The system of scalar equations (1.6) is equivalent to the matrix 
equation 


z+e(t)z=s(t), (c(t) Ol, =I s; ON (1.7) 


The differential matrix equation (1.7) has the solution 


z(t) = M(t, nt + 11) z (mt + 11) + \ M (t, &) s (&) dé (1.8) 


Here M(t, €) = || M.,(t, €)|| is a matrix weight function of the system 
(1.6). The elements of the matrix z(t) are, by (1.8), equal to 


r 


z;(t) = > (t, nt + 2, (nt + + M;, (t, &) 8, (§) dé 


P) (1.9) 


At the end of the interval considered, i.e. at the instant of time 
t = nr +1, the phase coordinates of the system will take on the values 


z; ((n + 1) = My + 1) nt + (nt + + 
p=l 
(m4 1)t 


nt +c, 


Substituting the values z,(nr + 1,) from (1.5) into (1.10), we reduce 
these relations to the following form: 


M,, ((n-+41) t, nt-+ Lux (nt+ nt+-e)z (mt +e)+ 


k=] p=1 


My (m+) neta) Lye (me + 8) te + 


nt+ek=l 
(n-++1)t r 
+ >) Mj, + 1) +, &) (j=1,...,7) (4.41) 
On the time interval (n+ l)r < t < (m+ 1)r + €, which ends at the 
moment (n+ l)r + «¢ that differs from the initial time nr + « by one 
period of alternation, we have the differential equations (1.1). The 


phase coordinates of the system will vary, in accordance with (1.4), in 
the following way: 


zy (t) = >) Ly; (t, (n + 1) 2; ((n + 1) 


t 


Ly; (t, 2; a 


(n+1)t 


(1.12) 
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At time t = (n+ 1l)r + € the phase coordinates z, take on the follow- 
ing values: 


z, ((n + 1) e) = DL, (n+ 1) (n + 1) ((n + 
(n+i)t +e 


> Ly; ((m + 1) + &) x; (E) = r) (1.13) 


(n +1)* 


By the substitution of z;((n + 1)r) from (1.11) into (1.13), these 
relations can be reduced to the form 


z, ((n + 1) + + e) + >) ax" (nt + e) 2% (mt + ®) X,* (nt + e) 
k=1 


O<e<u v= (1.14) 


where 


(nt +e) = — > ((n + 1) t+ e, (nm + 1) t) My, ((n +1)t,nt 11) x 
j=1 p= 


1961 Lyx (nt ti, nt + (1.15) 


(nt + e) = >) (n+ 1) t+ 8, (n +1) My ((n + nt + 
j=1 p=1 


Low (nt + 11, &) + 


nt+e 
r (n+1)t 


(a+ (n+ thy My (m+ + 
j=1 


(n+1)t+e 


(n+1)t J=1 


Let us now try to obtain for«, on the interval r, < « <r, relations 
analogous to the relations (1.14). 


On the time interval nr + « < t < (mn + 1)r we have the differential 
equations (1.6). In accordance with (1.9) the phase coordinates z,, will 
change in agreement with the law 


r t 


k=1 nt +¢ 


(1.17) 
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At the time t = (n+ 1)r the functions z,(t) take on the values 


z, ((n + 1) ) = >) Myx ((n + 1) x, nt + (nt + + 
k=1 
(n +1)t 


\ ((n + 4) &) 8, a 


On the adjoining time interval (n+ l)r < t < (n+ 1l)r +7 we will 
have the differential equations (1.1), and the change of the phase co- 
ordinates will take place, in accordance with (1.4), by the following 
law: 


t 


(1.19) 


At the moment t = (n+ 1)r +1, the values of the phase coordinates, 
by (1.19) and (1.18), will be 


((n + 1) t+ 1) 


= (n+ 1) t+ 1, (2 +1) Myx ((n + 1) nt + (nt + &) + 
k=1 p=1 


=1 
r (n+1)t 
=1 


+ Pla (e+ Mar +t) se 


p 


jp ((n + 1) + &) (6) 


In the time interval (n + l)r +17, < t < (n+ 1)r + € we have the 
differential equations (1.6), and the law of the change of the phase co- 
ordinates is, in accordance with (1.9), the following: 


2, = b> M,; (t, (n + 1) t+ 2; + 1) t+ 11) + 
j=1 


At the instant t = (n + 1)r + € the values of the functions z(t) 
are 
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z((n+ 1) t+ e) = > M,; ((nm + 1) t+ e, (nm + 1) t+ 2; ((n + 1) t+ 1) + 
(n+1)t+# 
+ >) My; ((n + 1) + e, &) 8; (v= i,..., r) 
(1.22) 


Substituting the values zj((n + + from (1.20) into (1.22), 
these relations become 


z, ((n + 1) e) + > ayy** (nt + (nt + &) = X,** (nt + 


k=l 
(1.23) 
Here 


ay, ** (nt +e) = — My (n+ 1) t+ (n + 1) x 


j=1 p=1 


x Li, + 1) t+ (n + 1) Mux + 1) + (1.24) 


X,** (nt + = > >) ((n + 1) &, (n+ 1) + x 


j=1 p=1 
(nm+1)t 


x Lj, ((n + 1) t+ (n + 1) 14) > Max ((n + 1) &) (RAE + 
*=1 
r (np r 
j=1 
(n+1)t+e 
xm E+ te, 8) ds (1.25) 


Thus, in accordance with (1.14) and (1.23), we have the following dis- 
played relations if « lies in the interval 0< ¢« <r, which is equal to 
the period of alternation: 


(1.26) 


z, ((n + 1) t + + ay, (nt + e) Z (nt + = X, (nt +e) 
k= 
O<ecr, v= i 
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ayy (nt + = ay* (nt + 1 — &) + (nt + 2) 1 (e — ut) 
(1.27) 
X, (nt + e) = X,* (nt + 1 (+ — + X,** (nt + 1 — 
(1.28) 
{9 whent < U 


whent >0 


The relations (1.26) connect the values of the functions z,(v = 1, 
.., T) and the instants of time nr + € and (n+ 1)r + €, which differ 
from each other by one period of alternation. Here n is an arbitrary 
integer, while the quantity « can take on any value in the interval 
O<SeC¢r. 


The relations (1.26) are valid for any value of the argument 


t=%@r+e = [+]) (1.29) 


\ t 


where @ is the integer part of t/r. These relations can, therefore, be 
rewritten in the form 


k=1 


The relations (1.30) represent difference equations describing the 
given system with alternation. 


In the solution of the system of difference equations (1.30) it is 
necessary to give a law describing the solution functions z,(t) on the 
time interval 0 < t <r. By setting n= « = 0 in Expressions (1.4) and 
(1.9), we find that in the interval 0< t<r 


z(t) = 2* (0) (4.31) 


where z* is a matrix whose elements have the form 


r 


z;* (2) ={> [Lin (t, 0) 4 (nu, + Mj, (t,11) Lyx (1,0) x 


k=1 


(t— 0) +) D Lie ae (8) — + 


k=1 


r % 


pol k=1 
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t r 


2. Solution of a system of linear difference equations 
with variable coefficients. The system of scalar difference equa- 
tions (1.30) is equivalent to the matrix equation 

= X 


(a (t) = Jan (|, X( =| 
(2.1) 


Let us denote by @(t) the fundamental matrix for the homogeneous 
matrix equation 


=0 


The columns of the matrix @(t) will be linearly independent particular 
solutions of this equation; the matrix @(t) will therefore satisfy the 
equation 


(t+ =0 (2.2) 


The general solution of Equation (2.1) can be obtained by the method 
of variations of arbitrary constants. For this purpose we write 


z(t) = (Ox (2.3) 


where x(t) is a column matrix to be determined. Substituting Expression 
(2.3) into Equation (2.1), we obtain 


Taking into account the relation (2.2), one can reduce Equation (2.4) 
to the form 


0(t+ =X, or Ay () = + PX, (2.5) 


where 0~!(t) is the inverse of the matrix 0(t). From (2.5) it follows 
[5] that 
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where, in accordance with (1.29), is the integer part of t/r, while 
A(t) is a periodic function (of period r) to be determined. 


Making use of the change i = #- j + 1 of the index of summation, we 
transform Expression (2.6) to the form 


x4 () = (¢ — Or + jr) X —Or + jr —1) + A(t) (2.7) 


Expression (2.3) will take on the form 


z(t) = (¢ X(t fr +0 (HAS) (2.8) 


j=1 


In the interval 0 < t <r the first term on the right-hand side of 
(2.8) will vanish. In order that the second term on the right-hand side 
of (2.8) may, in accordance with (1.31), coincide with z*(t) in this 
time interval, it is necessary to choose for the periodic function A(t) 
the following function: 


A (t) = 07! (t — Or) 2* (t — (2.9) 196 
where z*(t) is a matrix whose elements are determined by Expressions 
(1.32). 


For such a choice of the periodic function A(t), Expression (2.8) will 
take the form 


z(t) = 0 (t)0-* (¢ — Ot) 2* (¢ — Or) + 


+ > > (¢ — Or + jr) X (¢ — Or + ft (2.10) 
j=1 


Let us introduce the function 
N (t, jt) = 8 (07! (¢ — Or + jr) (2.41) 


which represents a matrix weight function of the considered system of 
difference equations. 


Expression (2.10) can be represented as 


6 
z (t) = N (t, 0) 2* (¢ — Ot) N (t, jx) X + ft — 1) (2.12) 


j=1 


The elements of the matrix z(t) will have the form 


— - 
wa 
-4 
>= 
£ 8 
be 


Theory of systems with alternation 


2, (t) = >) Ne(t, 0) (¢ — Ox) + 


k=1 


r 
Dd Na lt, (¢ — O44 — 9) 


k=1 j=1 


Expressions (2.13) represent the solution of the matrix difference 
equation (2.1) which coincides with the given matrix z*(t) in the inter- 
val O< t<r. 


3. Determination of the weight function for a system of 
difference equations. The determination of the fundamental matrix 
0(t), which is needed for the construction of the weight function \(t, 
jr), is a quite difficult problem. For fixed values of the argument 
t = t,, the weight function M(t,, jr) can be constructed with the aid of 
the solution of the adjoint system of difference equations, as will be 
shown below. 


At the instant of time t = t, the solution functions z,(t) have, in 
accordance with (2.13), the following values: 


= >) Nav (ti, 0) (2 — Ort) + 


k=1 
r 4, 


+ Natt, Xe — thet BAA) 


k=1 i=1 


Expression (3.1) contains the functions N,,(t,, jr) which are the 
elements of the matrix weight function for a fixed value of the argument, 
t = t,. In order to determine them, let us consider the adjoint matrix 
equation 

Z() +ar(OZt+y=0 (3.2) 


Here a7(t) is the transposed matrix of the matrix a(t). 


The matrix equation (3.2) is equivalent to the following system of 
scalar equations: 


(k=1,..., (3.3) 


l=1 


Multiplying the pth equation (y= 1, ..., r) of the original system 
of difference equations (2.1) 
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Yan () = X, 
t=1 
by Z,(t + 7), and the vth equation (vy = 1, ..., r) of the system (3.3) 
by z,(t), and adding the terms of the equations thus obtained, we derive 
the following relation: 


AY) Ze () YA (e+ Xe (3.4) 


From the relation (3.4) it follows that 


Zi () O=Y +BY (3.5) 


i=1 k=1 


where B(t) is a periodic function to be determined. 


Changing, as was done above, the summation index i by means of the 
formula i = &—- j + 1, we transform the relation (3.5) to the form 


r r 
k=1 k=1 j=1 

(3.6) 


In the interval 0 < t <r the first term on the right-hand side of 
the relation (3.6) vanishes. In order that the second term on the right 
of Equation (3.6) may coincide with the left-hand side of (3.6) in this 
interval, it is necessary to select the periodic function B(t) in the 


following way: 


B(t\h = > (t — Or) (t — Or) (3.7) 


k=1 


where Z,*(t) is a matrix which is defined only on the interval 0< t <r, 
and coincides in this interval with the matrix Z(t). It is obvious that 
for the possibility of the construction of a solution of the adjoint 
matrix equation (3.2), it is necessary to know in advance the solution 
matrix Z(t) in the interval 0< t <r. 


It may turn out that it is necessary, as in the case below, to give 
in advance the matrix Z(t) not on the initial time interval (0, r) but 
on a different interval (jr,(j + 1)r). Because of the difference equa- 
tions (3.3) such a specification determines the matrix Z(t) uniquely on 
the initial interval (0, r). 
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Substituting Expression (3.7) for B(t) into (3.6), we obtain 


Zu (t) (0) — Or) (¢ — Or) + 


k=1 


r 
+ — + — Or + fe — (3.8) 


k=1 j=1 


In accordance with what was said above, Z,(t) = Z,*(t) when 0< t <r. 
Hence, one may omit the asterisk on Z,* in the relation (3.8). 


For the fixed moment t = t, the relation (3.8) will take the form 


> Ze (ti) (4) = > Zy (tr — Ort) (tr — dit) + 


k=1 
r a, 
+ > Ze — + jt) Xy — it + — (3.9) 
k=1 j=1 
1961 The functions Z,(t) are solutions of the system of linear difference 


equations (3.3). Let us require that these solutions satisfy also the 
conditions 


Z, () = 1, () = 0 (3.10) 
for every value of t on the interval tir < t < (thi+ 1)r. 


Under the conditions (3.10), the relation (3.9) takes on the form 


(ti) = > Zy (ta — — + 


k=1 


r 4, 
>) Ze (tr — + ft) Xy — it + — (3.11) 


k=1 j=1 


where the index s is fixed. 


Comparing Expressions (3.11) and (3.1), one can see [6] that for a 
fixed s 


Nu (4, jt) = — Oat + jt) 
the matrices Z, are solutions of the adjoint system of difference equa- 


tions (3.3) which satisfy the conditions (3.10) at any time t in the 
interval dir < t < (Oi + 
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4. Application of difference equations with a discrete 
argument. Setting « = 0 in the difference equations (1.26), we obtain 


((n +1) t) + (nt) (nt) = AD) 
k=1 


In accordance with (1.15) and (1.16) we now have 


ay (nt) = — ((n + 1) + (4.2) 


p=l 


X. (nt) = Ma ((n + 1) Lux (nt + ta, &) ty (§) de + 
nc &=1 
(n +1)t 
My + 4) +, (4.3) 


nt+ t, 


The relations (4.3) connect the values of the solution functions 
z (v= 1, ..., r) at the time instances nr and (n + 1)r (n is an arbi- 
trary integer). These instances represent the initial moments of time 
for two successive periods of alternation. These relations, which are 
valid for integer values n, represent difference equations with discrete 
arguments. Thus, the solutions of Equations (4.1) determine sequences of 
values of the phase coordinates z, at discrete points, which are the 
boundaries of the periods of alternation, i.e. the instants of time t = 
nr(n= 1, 2, ...). These solutions can be obtained by the method given in 
Sections 2 and 3, by replacing (4.1) by the system of difference equations 


2, (t + > an? = () 


k=1 


where a,,°(t) and X,°(t) are step functions, which for Or < t < (0+ 1l)r 
retain the values a,,(ir) and X,(%r), respectively. Here, just as above 
in (1.29), we denote by @ the integer part of t/r. The solution of Equa- 

tions (4.4) for values of t that are multiples of the alternation period 

r is given, in accordance with (2.13), by 


r r 
z, (Ot) = 0) 0) + D Nu, (Ot, jt) (it — 1) 


k=1j=1 


In some cases, in particular, when (1.1) and (1.6) represent systems 
of differential equations with constant coefficients, the finding of 
Expressions (4.5) does not present any difficulties. 
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During the time interval tr < t < (i+ 1)r the phase coordinates z, 
will change because of (1.4) and (1.9), in accordance with the law 


zy (t) = 2,°° (t) (4.6) 


z(t) {y (t, Ot) 1 (OT Ty t) 
ket 
M,, (t, Ov + (Ot Or) 1 (t — Or 
kot 


r 8<+<¢ 


+| \ Lax (or &) (E) dE 
p=l k=) 
t 


\ Malt, 8) 5p (=) dé | 1 (t — Or- 


4% pl 


From (4.5) and (4.6) it follows that for any time t the values of the 
phase coordinates will be 


zy (t) = 2, (Or) + 2,°(t) [1 (¢ — Or_ ) — 1 (¢ — Or — tr—)] (v= 1,...,r) (4.8) 


5. Alternating systems of linear differential equations 
with constant coefficients. In this case the matrix weight func- 
tions of the systems of differential equations (1.1) and (1.4) take on 
the form 


L(t, = L(t —6), = M(t —&) 5.1) 


The coefficients a,,(nr + «) of the difference equations (1.26), which 
are determined by means of Expressions (1.27), (1.15) and (1.24), are 
transformed in accordance with (5.1) into the form 


(nt +- &) = — >, Lj (@) Mjy (te) Lux — &) 1 (4, — — 
J=1lp=1 


r 


—> > — Lin(ty) Mux — — ) 


where 

ol. 25 
p=! 4 

(m= 1,2,..0.; (0.2) 

where 
(5.3) 
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It follows from (5.2) that for any value of t = tr + where, in 
accordance with (1.29), ® is the integer part of t/r, ande lies in the 
interval 0<« <1, the functions a,, satisfy the condition a,,(t+r) = 


a,,(t). 


Thus, for alternating systems of linear differential equations with 
constant coefficients, the coefficients a,,(t) of the difference equa- 
tions (1.30) are periodic functions of time with a period equal to the 
period of alternation r. 


The functions X,(t) on the right-hand sides of the difference equa- 
tions (1.30) take on the form 


X,, (t) = (Or + 1 (t, + —e) + X,** (Or + &) 1 (e — 1, +) (5.4) 


where, in accordance with (1.16) and (1.25) 


r r OF 
X,* (Or + e) - > L,; Mj, > — $) x, (Ot + de 


k=1 


j=1 


r 


(e) | Min — 0) (Oe + + 
j=1 | 


+ \ >, Lilt + —O aj (Ot + (9.9) 


J=1 


X,** (Ot e)= Mj (e— 4) Lia) \ Mya 0) 5, (Oe + + 
j=1 p=1 k=1 


j=1 0 p=1 


The difference equations with a discrete argument (4.1) will in this 
case be equations with constant coefficients. Indeed, setting « = 0 in 
Expressions (5.2), we obtain 


(nT) = M,,.(t) Lux (T,) (5.7) 


Setting « = 0 in (5.4), we obtain the following expressions for the 
functions X,(nr), which enter into the right-hand sides of the differ- 
ence equations (4.1): 


0 
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X, (nt) = Muy (te) \ — 8) ae (nt + + 
pol k=t 


+ \ M(t — 0) (nt + (5.8) 


We note that in the particular case when x,(t) (k= 1, ..., r) and 
s(t) (wu = 1, ..., r) are step functions which preserve their values on 
the intervals (nr, nr +1,) and (nr +1r,, (n+ 1)r), respectively, the 
functions X,(nr), in accordance with (5.8), take on the form 


r 


X, (nt) = (MT) + Sy (nt (v = 1,...,r) (5.9) 
k=1 
where e,, and l,, are some constant coefficients determined by the 
following expressions: 


- 


Ck = > \ Lux (ts dg, = \ (5.10) 


The functions z,**(t) which determine the law of change of the phase 
coordinates in the time interval Or< t < (+ 1)r, will be, in accord- 
ance with (4.7) and (5.1), of the following form: 


(Oe +e) = >) (41, —e) + 
&=1 


+ 2 My —%) Lyx 1 (e — 2% (Or) 
pol 
0 
+[ Ma — 2) (Or + - 
pol 


0 k=1 


k= 


1 


+\ > Mu (e — su (Ot + de] 1 (e — ) » (5.11) 


6. On the problem of the determination of the position of 
a system with alternation in a phase space on the basis of 
the deviations of one of the phase coordinates. In many auto- 
matic control systems the optimal algorithm of control is realized on 
the basis of the information regarding the instantaneous position of the 
control system in the phase space [7,8 ]. 


1041 
ol. 25 
961 


Ia.N. Roitenberg 


It is frequently difficult to obtain such information because of the 
unavailability of the measurements of some phase coordinate, and at 
times because of the absence of knowledge regarding the position of the 
orientation system relative to which the position of the control system 
is to be determined. 


In this connection there arises the necessity of the development of 
indirect methods for obtaining information on the position of the control 
system in the phase space [9]. Let us pass to the presentation of one 
such method for a system with alternation. 


It follows from (2.13) that at the instant t = @r, where @ is some 
integer, the phase coordinate z, takes on the following value: 


z,(0t) = (Ot, 0) (0) + jt)X,(jt—1) (6.1) 


k=1 j=1 


Let us suppose that the phase coordinate z, can be measured. Assuming 
that the initial reading is not known, we measure the deviation of the 
phase coordinate z, from some arbitrarily chosen origin 


S (yt) = S* + z, (i=1,...,7+4) (6.2) 


Here S* is the deviation of the new reading origin from the initial 
reading origin. Denoting by L, the difference between two successive 
measurements 


S (6,417) — 5 = L, (w=41,...,7 (6.3) 


we obtain the following relations: 


which do not contain the unknown quantity S*. 


Substituting the values z (i u+17) and z 2%, r) in accordance with 
(6.1), we obtain a system of” linear algebraic equations in the initial 
deviations z,(0) 


1t, 0) — Nay (Oyt, O)] (0) = (u=4,...,7r) 


r 


+3 >) Nx (Out, jt) (jt - Nox (Ou, 1t, Jt) — 7) 


kK=1 j=1 k=1 j=1 


With Equations (6.5) one can determine the initial values of the 
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phase coordinates z,(0) (k= 1, ..., r), after which one can, with the 
aid of Formulas (2.13), determine the values of the phase coordinates 
z(t) (v= 1, ..., r) for any time t. 
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FORCED OSCILLATIONS OF A QUASILINEAR SYSTEM 
IN THE PRESENCE OF A RAPIDLY CHANGING 
EXTERNAL FORCE 


(VYNUZHDENNYE KOLEBANIIA KVAZILINEINOI SISTEMY PRI 
NALICHII BYSTRO MENIAIUSHCHEISIA VNESHNEI SILY) 


PMM Vol.25, No.4, 1964, pp. 705-715 


B.P. DEMIDOVICH 
(Moscow) 


(Received January 2, 1961) 


The author investigates the problem of the existence and properties of 
bounded oscillations of a quasilinear system of the saddle type in the 
presence of a rapidly changing external force*. The obtained results 
generalize a theorem of Farnell, Langenhop and Levinson. 


The author expresses his gratitude to V.V. Nemytskii in whose seminar 
the preliminary results of this work were presented. 


1. Linear system with the (a, 8) property. Let us consider 
the linear homogeneous system of ordinary differential equations 


dt 


Here x is a real n-dimensional vector (a column matrix) and P(t) is a 
real n x n matrix which is defined and continuous for all values of t 
(- < t < + 


Let X(t) be a canonical fundamental matrix of the solutions of the 
system (1.1) such that X(0) = J, where I, is the unit n x n matrix. 
Then 


For the sake of simplicity in the presentation, all considered 
matrices and functions will be assumed to be real. The basic results 
are also valid, with obvious modifications, for systems of differ- 
ential equations whose right-hand sides are continuous complex func- 
tions of a real independent variable t, and analytic functions of the 
dependent variables; the solutions may be complex-valued. 
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X (t, to) = X (t) X* (to) (— +o, foo) (1.2) 


is a fundamental system of solutions determined by the initial condition: 
= I, (Cauchy’s matrix). 


Definition 1.1. We shall say that the system (1.1) (or the matrix 
P(t)) has the (a, 8) property if its Cauchy matrix X(t, t,) can be broken 
up into two subsystems of solutions 


X q(t, to) = X(t) (to), (t, to) = X (t) (t,) (1.3) 
such that 
to) || < when > ty, | Xp (t, to) < whem t < ty, (1.4) 


Here a, 6, a, and § are positive numbers; A and B are constant nx n 
matrices, and A+ B= I; 


!—\norm of the matrix X 
i,j 
The inequalities (1.4) are generalizations of known Persidskii’s con- 
ditions [2], which are obtained when A = J, and B = 0. Similar two-sided 
conditions were used by Maizel’ [3]. Analogous conditions for systems 
of differential equations in Banach spaces are given by Krein [4], and 
Massera and Schaffer [5]. 


We note that the system (1.1) has the property (a, 8) if the matrix 
P(t) = P is constant, while m(m <n) of its characteristic numbers A,, 
++, A, have negative real parts, and n — m characteristic numbers have 
positive real parts. In this case 


0:0 


Here I, and I,_, are unit matrices of order m and n — am, while S is 
a nonsingular matrix which transforms the matrix P to the Jordan form; 
mis the rank of the matrix X(t, t,), and n- m is the rank of the matrix 
X(t, to). 


In the more general case, the property (a, 8) occurs when the system 
(1.1) is reducible [6,7 ] to a system with a constant matrix whose 
characteristic numbers have real parts different from zero. In particular, 
for example, a linear homogeneous system with a periodic matrix P(t), 
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without zero or pure imaginary characteristic exponents, has the (a, §) 
property. 
We note also that the system (1.1) will possess the (a, 8) property 
if 
P(th=A()+ 2 


where A(t) = [A,(t), ..., A,(t)] is a diagonal matrix and Q(t) is 
absolutely integrable on (— + (two-sided L-diagonal system [8,9 ]), 
and 


An (t) Am(t) — B Ami (t) An 


Lemma 1.1. Let the matrix P(t) be continuous on (— ~, + «) and possess 
the property (a, 8). Then there exists a bounded n x n matrix G(t, t,) 
C’ for tA t< +0; < +) such that 


(1) G(t,t —0) —G(t,t + 0) = 1, 
(2) G',(t, t;) = P(t)G(t,t;) when t 

(t,t) = —G@(t,t) P(t) when t+ (1.5) Vol. 2 
(3) |G cet = const > 0) 1961 


(4) If, in addition, f(t) is a vector function of the nx 1 type, and 
continuous when — «< t < +, then the nonhomogeneous system 


“Y= P(thy + f(t) (1.6) 


has a bounded solution on — ~ < t < + 
+00 


n(t)= \ (1.7) 


. 
co 


provided that the integral (1.7) converges uniformly in t on every finite 
interval (—1, 1) C (— «, + «), and is bounded on + 
Proof. Let us set 
X, (t,t) when 
G(t, 4) = —Xg(t,) when t<h 


where the matrices X,(t, t,) and Xg(t, ty) are given by Formulas (1.3). 


Obviously, we have 
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1) G(t, 0) — G(t, + 0) = X (t) AX* () + X (t) BX* 
= X(t) (A +B) X*() =X (O1,X"* = 1, 
2) if C= A when t > t; and C= - B when t < t,, then 
G (t, ti) = X (t) (th) (1.8) 


and when t # t, we obtain 


(t, ti) = X’ (QO CX* (4) = P(t) X CX™* P (t) G (t, 


(t, = —X (th) X’ (ti) X* (hh) = 
= — X (t) CX™ (h) P (th) X X* (h) — G(t, th) P (h) 


3) Making use of the inequalities (1.4), we find that 
1G (t, when (t, |< when hy, 


Hence, setting c = max (a, b) and y = min (a, 8), we obtain (1.5). 
— 4) Let us consider the vector function determined by Formula (1.7). 


We have 


t +00 


n() = | G(t, + | E(t, f(t) at 


—oo t 


Performing the formal differentiation with respect to t of the last 
expression, and taking into account 1 and 2, we obtain 
t 


() = G(t,¢—O) +\ PO E(t, dn —6 +0) + 


—oo 
+00 


4 \ P(t) G (t, f(t)dh =f () + \ G(t, t) f(ti)dti (4.9) 


t 


Since the matrix P(t) is bounded on every finite interval (-1, 1), 
and since we assume that the integrals 
t 


+0 
\ G (t, tr) f (tr) dey, \ (t, tr) f (tr) dts 


. 


—oo 


converge uniformly on (—1, 1), it is obvious that the integrals 


t +00 


\ Gy’ (t, f (ts) dts, \ Gy’ (t, th) f (ts) dtr 


t 
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also converge uniformly on (- 1, 1). Hence, by a known theorem of analysis, 
the derivative vector function n(t) is determined by (1.9) on - ~< t < 
+o. From this it follows that 


+P 
i.e. n(t) is a bounded solution of the nonhomogeneous system (1.6). 


Corollary. The bounded solution 9(t) of the homogeneous system (1.6) 
exists if: (a) the vector function f(t) is continuous and bounded on 
(— 0, + ); or (b) the matrix P(t) and the vector function 


F (t) = \ f (ts) dts 


are continuous and bounded on (— «, + ) (the boundedness of the vector 
function f(t) is not assumed here). 


Proof. a) If || f(t)|| < k when t € (— «, + 0), where k is a positive 
constant, then the uniform convergence of the integral (1.7) on any 
finite interval, and its boundedness are obvious. 


b) Let || P(t) || < ¢,, and || F(t) || < ¢,, where c, and cy are positive 
constants. Then integration by parts yields 


n (t) = \ G (t, ts) f (4) dts = \ G (t, ts) F’ (ts) dts 


+o 


= Ct, \ (t, 4) F(t) dt 
\ G(t, P(t) F(t) di = \ Gi (t, &) F (4) dt (1.10) 


Here 
Gi (t, i) = G(t, 4) P(t), Gi (t, < |G (t, &) | | < 


Hence, the integral (1.10) converges uniformly in t on every finite 
interval of the axis — ~< t < + », 


Note 1.1. If f(t) is bounded, then 


t t T 


1.2. If P(t) and F(t) are bounded, then in view of Formula (1.10) we 
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In) I< \ | Gy (t, tr) ) 


Lemma 1.2. If the matrix P(t) and the vector function f(t) are almost 
periodic, and if P(t) has the (a, 8) property while the homogeneous 
system (1.1) has no nontrivial solution bounded on the axis — ~< t < + », 
then the bounded solution 9(t) of the nonhomogeneous system (1.6) is also 


almost periodic. 
This lemma is a slight modification of a theorem by Favard [16 ]. 


Proof. Let r be a general "almost period" of the matrix P(t) and of 
f(t) with an accuracy of ¢, i.e. 


JAP ()| = <e 
JAS M) =| <e 


ol. 25 
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Setting A, (t) = +17) n(t), we obtain 
[An =P + IAP (On 9 + (0) 


Since the matrix A. P(t) - 7(t) + A, f(t) is bounded, and since by 
hypothesis of Lemma 1.2 the nonhomogeneous system with matrix P(t), and 
with a bounded free term, has only one bounded solution, it follows that 


A. (t) = \ G (t, ti) (ti + t) + dts 


-co 


Therefore 


| A.y Te (M + 1) for —«<!< (M sup in 20) 


and, hence, 7(t) is an almost periodic vector function. 

Note. If in the condition (1.4) A= I, and B= 0, or A= 0 and B= Ty 
then the homogeneous system has no nontrivial solution which is bounded 
on (— co, + o), 

Indeed, if, for example, A = ‘.. and B= 0, then X(t, to) = A,(ty, ty) 
and the correctness of the remark follows easily from the inequality of 
(1. 4). 


2. Existence of bounded solutions of a quasilinear system. 


1049 
have 
| 


B.P. Demidovich 


=P (t)y f (wt, y,p) + e (wl) (2.1) 


where y is the n x 1 solution vector; » is a small real parameter, w is 
a large positive parameter; P(t) is an n x n continuous matrix bounded 
on (— o, + ) and possessing the (a, 8) property; f(t, y, w) is annx 1 
vector function defined and continuous in the region D = {| t| < + «, 

<+, | < Al, and satisfying in every subregion = {| t| < 
+, || yl] <r<+o, | pw] < py < A} the Lipschitz condition 


(t,y, — f(t, (r, po) — 2) 
where L(r, 9) is a positive scalar function independent of t, whereby 
lim L (r, po) = 0 as jlo > 0 


and furthermore 
(t, O,p)|<k (k = const) 


Finally, it is assumed in (2.1) that the continuous nx 1 vector func- 
tion e(t) has a bounded integral on (— ~, + «) 


t 


E(t\)=\e(u)dn, \E()\<k (ky = const) 


0 


Theorem 2.1, There exists a positive constant #, such that when 
| #| < Bo the system (2.1) has at least one solution 7 = 4(t) bounded on 
the entire axis — ~< t < + », (If e(t) is bounded, then the boundedness 
of E(t) is not required. ) 


This result is analogous to a theorem of Perron[11]; the assumptions 
relative to the real part of the system (2.1) are, however, more general; 
in particular, we do not assume the boundedness with respect to t. 


The author has obtained an analogous result for the case of a constant 
matrix, P(t) = const [12]. 
Proof. Let us consider the singular integral equation 


y (t) = \ G (t, tr) (wts, y (tr), + (wts)) dts (2.6) 


where G(t, t,) is determined on the basis of Lemma 1.1, and satisfies 
the inequality (1.5). Because of Lemma 1.1, the continuous bounded solu- 
tion 7(t) of the integral equation (2.6) is a bounded solution of the 
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system (2.1). 
For the proof of the existence of the solution 7(t) we make use of 
the method of succe8sive approximations setting 


y() = 0 


+o 


y (t)= G (t, ti) [f (wt, (4), p) + e dt: = 1,2, -..) (2.7) 


Taking into account the boundedness of the function E(t), we have 


+co +c 
y (t)= | G(t, f (ots, 0, da + \ G (t, ts) (wts) dts 
G (t, f (wt, 0, dtr + \ G (t, E (wts) dty 
‘ol. 25 $00 
1961 \ tt) E (wh) dt = \ G (t, ts) f (wt, 0, dtr + 


+ \ G (t, ti) P (4) B (wh) dts 


From this it follows that on the basis of (2.4) and (2.5) we obtain 


jy <Pk+ ‘Tia = R 2.8) 


= sup \ \G (t, P (4) dt 
t . 


+00 
= sup \ |G(t, 4) \da, 
t e 


Making use of the condition (2.3), let us select a positive number py 
so small that for |u| < yp the following inequality will hold: 


L =L (2K, wo) <3 


By mathematical induction one can easily prove that all approximations 
(p= 1, 2, ...) satisfy the inequality 


jy (t) — (+ rR 


when — 0 < t < +, and hence that 
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Pp 


q=1 
By the usual procedure one proves the existence of 
(¢t) = lim y® (t) where 


for which one has the estimate 


where R is given by (2.8). 
From the last inequality it follows that 


y” () (— 00 <t< + 20) 


The limit function 7(t) will be the unique* bounded continuous solu- 
tion of the integral equation (2.6), and, hence, also a bounded solution 


of the quasilinear system (2.1). 196) 


Note. The bounded solution 7(t) of the nonlinear system (2.1) satisfy- 
ing the integral equation (2.6) will be called a regular solution. 


Corollary. If f(t, 0, ») = 0, then the amplitude of the regular bound- 
ed solution 9(t) will be arbitrarily small provided that w is sufficient- 
ly large. 


Indeed, setting k = 0, and taking account of (2.8) and (2.10), we 


have 
In() (2.11) 


Theorem 2.2. Suppose that the quasilinear system (2.1) is such that 
the matrix P(t) and also the vector functions f(t, y, w) and e(t) are 
almost periodic functions of t, and that in addition the homogeneous 
system (1.1) with matrix P(t) has no bounded nontrivial solutions on 
t<+o, Then, if < py, the bounded solution of the quasi- 
linear system (2.1) will also be almost periodic. 


Biriuk [13], the author [12], and Langenhop [14] have proved 


* The uniqueness of the bounded solution 7(t) of the integral equation 
(2.6) is easily established by contradiction. 
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analogous theorems for the case of a constant matrix, P(t) = const. 


Proof. In view of Lemma 1.2, all successive approximations y‘??)(t) 
(p= 1, 2, ...) of the bounded solution (t) are almost periodic. Since 


y?) (t) H(t) on (— + 
the function 7(t) will also be an almost-periodic vector function. 


Note. If A= ) & and B= 0, or if A= 0 and B= | the requirement of 
the absence of a nontrivial bounded solution of the homogeneous system 
(1.1) becomes superfluous (see Section 1, Note on Lemma 1, 2). 


Corollary. If the matrix P(t) is periodic of period T/w, and the func- 
tions f(t, y, «), e(t) are periodic in t with the common period T, then 
under the hypotheses of Theorem 2.2, the bounded solution n(t) of the 
quasilinear system (2.1) will be periodic of period T/w. 


If in addition f(t, 0, ») = 0, then 


t 
sup |\e (tx) 
0 
Indeed, setting 


z(t) =n(t+—)—n 


and taking into account the periodicity of the function f(t, y, pw), we 
obtain 
+00 


z(t) = G (t, f (wt, (4), Jae 


-oo 


From this it follows that 
+00 


sup|z(t)\< \ |G (t, a(t + 


< 


sup|z = sup | (4 — y(t) |= 0 
t t 


T — 30 oD 
for <t<4 
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This proves that the bounded solution 9(t) is periodic with period T/a. 


In regard to the inequality (2.12), it can be said that it is a direct 
consequence of Formula (2.11). 


Note. In[1] there was considered a system of the type (2.1) (without 
the parameter yn) under the hypotheses: 1) the matrix P(t) = const; 2) the 
functions f(t, y), e(t) = key (t) (k > 0), and E(t) are periodic in t with 


period T; 3) || f(t, y) — f(t, 2) || < Li|y— 2z|], where L is a small enough 


positive constant; 4) f(t, 0) = 0. For w > w there is guaranteed the 
existence of a periodic solution y = p(t) of period i/w, and such that 


kp 


where p is a positive constant independent of the parameter k. Our 
theorem 2,2 strengthens this result. 


3. Stability of the regular bounded solution of the quasi- 
linear system. Theorem 3.1. Let the matrix P(t) possess the (a, §) 
property and be such that the rank of X(t, ty) is equal to m(m <n), 
where t, is fixed. Then, if |p| < po, the regular bounded solution n(t) 
of the quasilinear system (2.1) is asymptotically conditionally stable 
in the Liapunov sense when t + + ~ on the manifold Ss.” of the solutions 
y(t), which depends on the parameter m, and this stability is of the ex- 
ponential type; namely, if 


yMESn, (&) — (&)| < p 


where p(t)) is a sufficiently small positive constant, then 


ly (to) fort >t (3.4) 


where y is determined by Formula (1.5). 


Note. Analogous results were obtained for the case P(t) = const by 
Petrovskii [15], Coddington and Levinson [16], and by the author [12]. 


Proof. Let us set A= A(t) = y(t) — n(t). From the system (2.1) we 
have 


(t, A()) = f (wt, + A,B) — f (ot, (3.3) 


consider the singular integral equation 
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+@ 


A(t) = Xz (t,0) + A (4) dt 


where g is a constant nx 1 vector. If A(t) is a continuous vector func- 
tion satisfying Equation (3.4), then by differentiating Equation (3.4) 
with respect to ¢t and taking into account the properties of the matrix 
X,(t, t,) and G(t, t,) when t > ty, we obtain 


A’ () = X, (t, &) g + (6 (t,t —0) —G(t,t + (t, + 


P(t) \ A dh =P (9 AW +e (t, AO) 


Then the solution A(t) of the integral equation (3.4) will also be a 
solution of the differential equation (3.2). 


Let us choose a positive number », so small that for |#| < p, the 
following inequality is true: 


L, =L <9: (3.5) 
Next, we subject the norm of the vector g to the inequality 


R 
lel (Ry < RA —4q)) (3.6) 


and let 
r=aje| (3.7) 


For the purpose of finding the solution of the integral equation (3.4) 
in the class of functions ||| A(t) || < R when t, < t < +} under the con- 
ditions (3.5) and (3.6), we make use of the method of successive approxi- 
mations, and set 


A (t) = X, (t, to) g 


(t) = (0) + \ G (t, @ (ti, dtr (3.8) 


where t >t, (s = 1, 2, ...). Since 
| A) (t) i. a g | e~ re~" 
(t, (t) Li (t) | re~ -t,) 


de 


we obtain by the use of the properties of the matrix G(t, t,) and Formu- 
las (3.8) and (3.9) 
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\ ce~ a dt, <= 4 (t) 
ty 


Therefore 


| A“ | (1 + q) en te) 


In general, if 


+ em te) (3.9) 


then Formulas (3.8) and (3.5) yield 


gt 


Hence, for any natural number we have the inequality 


Furthermore, since || 9(t) + A‘*)(t) || < 3R, we have 


sup| (t) — A“) (2) | < sup \ |G (t, i) | x 


to 


x| f (ot, (4) + A® (4) p) — f (ot, (4) + ASW? (4), 


Whence, just as in the proof of Theorem 2.1, we find that 


A A (t) on, (— + 


The limit vector function A(t) satisfies the integral equation (3.4), 
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and hence also the differential equation (3.2). Since n(t) satisfies 
Equation (2.1), it follows from the type of the equation (3.2) that 
y(t) = n(t) + A(t) will also be a solution of (2.1). 


Taking the limit as s + « in (3.10), we obtain 


In view of the facts that the rank of the matrix X,(t, t,) is equal 
to m, and that ¢(t, A(t)) is arbitrarily small in norm if the quantity 
|| g|| is sufficiently small, it follows from the implicit function theory 
that for || g|| < gp. there exists a manifold g_ote) of initial values 


A(t)), and a corresponding manifold of vector functions g depending on m 
parameters h,, ..., h, such that 


< K (t) | A 
Here K(t,) is some positive function. The set of solutions y(t) = 


n(t) + A(t), where AC t PEs —, we shall denote by s.* . From Formulas 
(3.11) with y(t) © Ss,’ , we obtain 


ly (to) — (to) when t > to 


provided only that 


(te) — < =P = max ( 


Hence 


(to) — (to) (3.12) 


Corollary 3.1. If p is the rank of the matrix X,(t,, t)), then the 
regular bounded solution 9(t) of the quasilinear ae (2, 1) is condi- 
tionally asymptotically stable as t + — « on the manifold S, of solu- 
tions depending on a parameter p; furthermore, this stability is of the 
exponential type. 


Corollary 3.2. If the rank m of the matrix X,(t), t,) is equal to the 
order of the system (1.1), then the regular bounded solution y(t) of the 
quasilinear system (2.1) is exponentially stable in the Liapunov sense 
when t + + » (compare [1 ]). 
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ON THE HYDRODYNAMIC PRESSURE ON A DAM CAUSED BY 
ITS APERIODIC OR IMPULSIVE VIBRATIONS AND 
VERTICAL VIBRATIONS OF THE EARTH SURFACE 


(0 GIDRODINAMICHESKOM DAVLENII NA PLOTINU, VYZVANNOM EE 
APERIODICHESKIMI ILI IMPUL’ SIVNYMI KOLEBANIIAMI I 
VERTIKAL’ NYMI KOLEBANIIAMI ZEMNOI POVERKHNOSTI) 


PMM Vol.25, No.4, 1961, pp. 716-728 


CHEN’ CHZHEN’ - CHEN 


(Moscow) 


(Received September 17, 1960) 


This paper is concerned with the problem of the distribution along a dam 
of hydrodynamic pressure caused by aperiodic or impulsive vibrations of 
the dam, and vertical vibrations of the ground below the liquid, The re- 
sults show that the vertical vibrations of the earth surface have a 

significant influence upon the loading of the dam during a strong as well 
as during a destructive earthquake. Formulas for the distribution of the 
dynamic fluid pressure along the dam are derived. 


196) 


The problem of the dynamic fluid pressure on a dam, caused by its 
periodic vibrations, for instance V = Yo cos wt, was studied in [1-4 5. 
where Vo was the velocity amplitude of the vibrating dam. The problem of 
surface waves on a fluid which appear due to a periodic surface, or 

internal, pressure system was studied in [5-7]. 


1. We shall analyze the problem of the dynamic pressure of the fluid 
on the dam, caused by vibrations of the earth surface with a velocity 


V(t), which lies in the plane x, y and is inclined at an angle @ to the 
horizon. 


Assume that in rectangular coordinates x, y, z the dam and the earth 
surface are located at x = U,(t) and y = U,(t) - h, respectively. The 
part of the space that is bounded by x > U,(t), U,(t)-h<y <U,(t), 
and < z is filled with fluid. 


Let us assume that the surface of the liquid is initially at rest. 
When the velocity potential of the fluid is denoted by d(x, y, t) the 
initial and boundary conditions of the problem become 


é 
. 
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(x, 0, 0) ag (0, y, 0) dg (x, —h, 0 
t 


at z (Vi (t) = V(t) cos @) (1.2) 
0 


Vi(t) at y=Us(t)—h (1.3) 


t 
QO at y = Us (t) de (Va(t)=V(t)sin®) (1.4) 
0 


The fluid velocity potential, which has to satisfy the Laplace equa- 
tion Ad= 0, can be written as follows: 


oo 


g(x, y, th = k)comk D(o, k)sinnkY¥ | cos kX cos wt do dk - 
Here A(w, a), Bla, k), and D(w, k) are arbitrary functions, and the 
1961 function d(x, y, t) is determined so that 


g= Q(z, y, at r>Ui(t) (—h<Y <0), V0 at r<U,(t) 


The boundary condition (1.2) will be satisfied if we choose 


\( aA(w, «)sinaY cos wtdwda = V, (t) 


0 


Introduce a new variable ¢ = Y and rewrite (1.6) in the form 


(@, «) sin af cos wt dwda = V, (t) / (C) 
‘0 


Using a Fourier expansion we obtain from the integral equation (1.7) 
1 — cos ah 
)= G, (@) (@) = \ (t) cos wrt dt) (1.8) 
0 
Because of the initial condition (1.3) we have 


oo 


\ D(@,k)kcosh kh coskXdk-+ \ A (@, cos cos ot dw = V, (t) 


A(@, @ 
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From this 


2 A (@, a) a? cos ah 2 (w) 5 (hk) (1 10) 


k) = ~ Reosh kh 
0 


Here 


oo 


function 


From boundary condition (1.4) we determine the unknown function 


kgD (w, k) A(w, a) a%da 11) 


(a? +- k®) (kgsinnkh — w*coshkh) 


After substitution of Expressions (1.8), (1.10), and (1.11) into 
(1.5), we obtain the sought-for velocity potential f(x, y, t). 


1) In order to find the dynamic fluid pressure on the dam caused by 
its aperiodic vibrations we shall assume that 
V (t) = Voe-™ (A == + in) (1.12) 


where V,, € and are real constants. Here the velocities of the vibrat- 
ing dam V,(t) and the earth surface below the fluid V,(t) will be re- 
spectively 


Vi(t)=Vye-™, (t) (V, = cost, Vz=Vosin®) (1.13) 
t 


U (t) = (x) dr =U, (1 —e-™) 


From this, the displacement of the dam V,(t) and the earth surface 
V,(t) will be 


U,()=U,A—e™), U,(t)=U,(i—e-™“) (U;=Uocos?, 
(1.14) 


We find from (1.12), taking into account (1.8) and (1.10), that 
G, (@) = te’ G,(@) = +o (1.15) 


Let us introduce the following notation: 


196 
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k*) (kg sinh kh — w* cosh kh) 


WV (a, k, w) = (1 — cos ah) G, (w) / (a* 4 
(a, k, w) cosh k(Y + wsin wt dadkda 


28 


* cos ah 
cosh kh 
WY (a, k, @) cosh k(Y + h) @sinwtdadkda 


0 
008 kw) k sinh k(Y +h) cos wt dadkdo 
»=\ sin ( 08 @ 
VY (a, k, w)k sinh k(Y + h) cos @tdadkda 


0 
When we differentiate d(x, y, t) with respect to t for t> 0, x= 
1961 U,(t),we have 
8 1 — cos ah 
\\\ G, (@) [@ sin sinh kY + 
0 
+ cosh kY cos wt) dadkdo — [S, —S_ + (S,; — S,)] + 
(e-™ — 1) — AV, Ye-™ — 
G, (@) [@sin wf sin aY - 


4 
\ 
0 
+a(V,cosaY —V,sinaY)e~” cos wt] dad@ (1.17) 


(1.18) 


e 


Integration with respect to w yields 
_ thy V t 
2 |  kgsinnkh + Meoshkh 


First let us study S 
@ sin wt dw 
(w? + 22) (kgsinnkh — wroshkh) 


Introduce the notation M, = y[ kg tanh (kh) ]. The substitution of 
(1.19) 


(1.18) into the expression for S, in (1.16) yields 
(Rye~™ — R,) 
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“co 

i \\ (1 — cos ah) cos aheoshk (Y + h) da dk 

\ (a* +- k*) (Agsinhkh +- 
0 


dadk 


oo 
\\ (1 — cos ah) cos ahcoshk (Y +h) cos M,t 
\ (a? + k®) (kgsinhkh +- dcoshkh)coshkh — 


Since the integrals (1.19) converge uniformly with respect to a and 
k, we may change the order of integration, i.e. we shall integrate at 
first with respect to k. Rewrite R, in the following form: 
R, = \ (1 — cos ah) cos ah dakR,* 
é (1.20) 


cosh k (Y + h) dk 
(a? k*) (kgsinnkh +- A*coshkh coshkh / 
0 


(R,* = 


R,* will be calculated by the use of 
the theory of residues. In the complex 
plane we have two roots tia and an in- 
finite number of roots + im#/2h, where 


m= 1, 3, 5, ..., for the equations a* + \ 


k? = 0 and cosh (kh) = 0, respectively. ig 
In order to find the roots of the trans- | per meters 
cendental equation kg sinh (kh) + A? C—— 
cosh (kh) = 0 we shall introduce a new 

variable kh = y and transform this equa- Pig. 1. 


tion to 


ythy=p = — APh/ g = — — h/ g) (1.24) 


Using the conformal transformation 


w= f(z’) = z’tanh2’ (w=u-+iv, 2 + iy’) (1.22) 


we have 2’ sinh 22° —"y’ sin 2y’ 


cos 2y’ +-cosh2z’ 


y'sinh 22’ +- x’ sin 2y’ 


Ba 
cos 2y’ -+-cosh22’ 


I= 


(1.23) 


From Formula (1.20) and Figs. 1 and 2, it can be seen that the mapping 
(1.22) transforms the parallel lines + naw/4, where n= 1, ..., 8, in 

the z’-plane into curves in the w-plane. With the aid of these figures, 
with a known pz, we shall find the roots of Equation (1.21) in the z’- 
plane, which corresponds to point yp in the w-plane. Besides, we obtain 

by means of successive approximations from Formulas (1.21) and (1.23) the 
unknown y with the necessary degree of accuracy. We see from Figs. 1 and 
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2 and Formla (1.23) that Equation (1.21) has the following roots: when 
# is a complex constant there 
are several complex roots (two, 
four, etc.); for uw < 0 there is 
an infinite number of imaginary 
roots; for » > 0 there are two 
real roots and an infinite 
number of imaginary roots; when 
# is an imaginary constant there 
are several complex roots. The 
equality € = » corresponds to 
the last case. 


As an example, let us assume 
that € <9, and that point » is 
located as shown in Fig. 1. 


After a number of integrations 
we find 
ol. 25 co 
1961 _ (1—cosnt) + h)/ env 4 2 \ a — cos ah) cos a (Y h)da 
2 git*—(1 + (A® cos ah — ag sin ah) 


0 


oo 


gC le | 2h 


0 m=1,3 


Here p and q are real constants. 


Returning to the computation of R,, we analyze the integral 


co 
R.* cosh k (Y -+- h) cos M,tdk 


0 


For the evaluation of this integral, we choose 
three auxiliary functions 


F, = 2" (¥ 
t (a? z ®) (2’gsinhz'h h)coshz h 
cos 2° (Y +h) exp[— M,(2')t] 
z*) (A? coszh—:z gsins h)coas'h 
cos2’(¥ 
z *) (A? cos 2° h — sin zh) coszh 


F; = (1.26) 


F;(2') = 


and the corresponding contours, shown in Fig. 3, 
where contour (1) lies in plane | (Fig. 2) and 
contours (2) and (3) lie in plane 1’, which can 
be obtained from plane 1 by a mapping of (x’, y’) 
onto (- y’, x’) and a 90° clockwise rotation. 
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Here we have two roots + iy in the transformed plane corresponding to 
the equation A? cos z’h - z’g sin z’h= 0. 


Before we go into the contour integration we shall study the mlti- 
valued functions 


My (z') = Vz'ganz/h (1.27) 


By expanding tanh (z*h) and tan (z*h) in terms of infinite products 


tanhy = ¥ (1+ IT + ym) 


1 


=0 


(1.28) 


where x = z’h, we obtain 
My (2!) = Vit z’— ib; 
M, (2') = 2'Co z’ + bo = 


where Cy, bo, a), 6), a, are real constants, and a,, , = (n+ 1) a /h, 

b, = (2n+ 1)a/2h. We see from this that the function M,(z’) has an in- 
finite number of branch points on the imaginary axis, and M,(z’) has 
similar points, except that they appear on the real axis. 


(1.29) 


Plane z’ will be cut as shown in Fig. 2. After that, the functions 
M,(z*) and M,(z’) will be single-valued inside the corresponding contour 
in the multiply-connected region. Let 

M,* (2') = M,(2')/2 

The values of the arguments on the left and the right edge of the cuts 

along the positive imaginary axis will be respectively 


arg M,* (2’) = 


arg M,* (z’) = + (—in—ia+ 0+0+4---)=—ia 


Therefore the function M,*(z’) along the left and the right edges has 
the multipliers + i and - i, respectively, in front of the root. In an 
analogous manner we determine arg M,*(z’) along the corresponding edges 
of the segments located along the negative imaginary axis (Fig. 2). 
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Note that during the integrations along the contours (1) and (3) the 
paths followed the directions shown by the arrows in Fig. 2, and along 


contour (2) the integration proceeded clockwise. By applying the residue 
theorem we obtain 


Fy = 2R,* + iN, + iN, + (1.30) 
(ipl 


oo 

+ lim \ F, (2’) dz’ = —iN*e—™ + f,*(a, Y, 
Crem 


F, (z’)dz’ = 2N, + 2N,+4H, 4 
(2) I’ 


oo . 
+ lim \ F(z’) dz’ = N* (e* — + f,* (a, Y, 
n=qg 
r(n) 


F(z’) dz’ = — i2R,* + H, 
(3) I’ 


+ >) lim F,(2’)dz’ + f5*(a, Y, t) = —N*e-™ 


Chin) 


bp 
cos k (Y exp (iMgt) dk 
he (a? — k®)(A*cos kh — kg sin kh) cos kh 
co 


cosk(Y + h) exp (—i Mgt) dk 


a*— k*)(22 cos kh — kg sin kh) cos kh 
n=0 »b, 


where f,*(a, Y, t) are some functions of a, Y and t, where v = 1, 2, 3. 


Of course, all integrals along the large circles are equal to zero 
when their radii tend to «, Let us study the integrals under the summa- 
tion signs in Formulas (1.30) and integrate them along the small circles 
Coen) and 


r(n)* 


As the radii of the circles tend to zero we have 
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exp[— (1 — exp (5 dB 


C,, (2) 
=—i2 C, lim \ exp[— —*—(cosx —isin x) | dx—>0 


Here C., C.‘"), and C_‘?? are some positive constants, A and x are 
arguments. In the same manner one can prove that 


lim \ Fy 0, lim \ (1.32) 


r(n) 


Note that 


—n/2 


co co 
=Slim \ =i2 Calim | 
” r-0 
n=0 n=0 


Cc 


exp Wr (cos x — isin x)| dx 
r 
r(n) 


(1.33) 
H,= Y\ lim \ F,(z’)dz’ = 


Cc 
r(n) 


0 


cw — if 
C, lim \ exp|i—— exp(—,—)| dB 
n=0 


Qn 


From the system of equations (1.30) and the relations (1.31), (1.32), 
and (1.33) we find the required integral 


R,* = —iN*e™ /2 + f*(a, Y, t) (1.34) 


After substituting (1.34) and (1.24) into Formula (1.19) and carrying 
out the R,-integration with respect to a, we obtain 


1 —cosh )si 
5, = i (Y 4 h)| J, (a, Y)da 
0 
t)da + re, | 
0 


cos C (Y + h) cos ah 


' gc (1—cos ah)da (1.35) 
m=1, 3 
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In the same manner we find (1.36) 


0 


S,= —i van (Y 4 h)| | ¥)da + 


sinC (Y + 


— (1 — cos ah) da 


x? 
+ \ he (a, Ts t) da + sew, | > 
0 


0 m=1,3 


0 


After substituting Formulas (1.35) and (1.36) into (1.17) and evaluat- 
ing the remaining integrals, we obtain finally 


op _ cosh[y(Y / h] +h) /h] 


— — (V,? + V,")e-™ + (e-* — 1) (1.37) 


for t > 0, Y< 0, and x = U,(t). In the same manner we find for t > 0, 
Y< 0, and x = U,(t) 


_ sin (¥ +h) / AJ 


It is easily shown that 


= 

3; = (1.39) 
In order to determine the dynamic fluid pressure at t = 0, we turn to 

Formula (1.17). After integration with respect to w and setting t = 0, 

we obtain 


* (1 — cos ah) cos ah 


* (1 — cos ah) cos ah 
\ kh coshk Y da dk — 


(1— cos ah) ksinnk (Y ‘cos ah \ 
(a? + k®)(kgsinnkh )cosnkh) — 1) da dk —V,Y—V,°—V, ad 
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aY + cos a¥) da (1.40) 


0 


At first we carry out the double integration in (1.40) with respect 
to a in the first integral, and in the second and third double integrals 
we integrate first with respect to k. We find at t = 0, y= 0, and x= 0 


that 
(1.41) 


= vy, > sinCY i2uV + —V,*—V,? 


Cc (7, P)ecoshy 


m=<1,3 


Note that in the calculation of 0¢/0y we integrate all double 
integrals with respect to k first. Integration yields 


yy sinh (¥ +h) ag 
oe = + (32 - v1) (1.42) 


2) Now let us study the dynamic pressure on the dam caused by its im- 
pulsive action on the liquid. Let us assume that 


V (t) = (1.43) 


Thus, actually, after the change of A to & Formulas (1.12) to (1.19) 
hold also for this case. Note that in the evaluation of the integrals 


Fig. 4. Fig. 5. 


S,, S,, S; and S, the two cases are different from each other, since in 
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this case the equation kg sinh (kh) + €? cosh (kh) = 0 has an infinite 
number of roots y,”, where n= 1, 2, 3, ..., which lie on the imaginary 
axis, as shown in Fig. 4. 


To calculate R,* we shall choose the same auxiliary functions and 
integration contours, only this time in Expressions (1.25) and (1.26) A 
will be replaced by &. Contour (1) lies in plane 2 (Fig. 4), and contours 
(2) and (3) lie in plane 2’, which is related to plane 2 by the mapping 
of (x’, y’) onto (- y’, x’) and a 90° clockwise rotation. Note these pro- 
perties of the integrands, and after integration we have 


(1.44) 
§ Fy = 2R,* + iN, + iN, — (a, Y, =0 
(1)2 
Fy da! = 2N, + 2N, + Hy —iL* (e# + (a, Y, t) = 0 
(2) 2’ 
F;(2') dz’ = —i2R,* + iL* (e + e-*) + f,* (a, Y, 1) =0 
(3) 2’ 


‘ol. 25 


1961 where N, and N, are the same symbols as in (1.30) except that A is re- 


placed by & 


co 
2cos [7’,, (Y + A)/h 
L* = 2n 5) 


which is obtained by means of integration over the small circles with 
centers at the points y,*, whose radii tend to zero. 


R,* is found from the system of equation (1.44). After a series of 
appropriate integrations we obtain 


, 
2Eoh*V 


cos [y’,, (Y + h)/h] 


sin[y’,(¥ +A)/h] _ 


oo 
— 2chV,V, >) 


— §V',Ye-*! —(V,? + V,*) — Ugg (1 —e 


for t> 0, y < U,(t), x= U,(t). 


For the time t = 0 we have for y < 0, x= 0 
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2 sin CY. Sin (¥ + A)/ 


m=1,3 n=1 


co 


sin (Y +h)/hA] 


n=1 


2. Now we shall study the problem of the dynamic fluid pressure act- 
ing on a dam, which depends on the initial conditions 


dg (x, 0, 0 
p(z, y, 0) =0, (0. =0 (2.1) 


and the boundary conditions 


= V, sin wf (Vi; =Vocos#) at 2=—U, cost (0, = (2.2) 


=V,sin@t (V,=Vosind) at y=—h—U,cosot (2.3) 
Uosin 


at y=—U2cosat (2.4) 


Here V, and U, are the amplitudes of the velocity and the displace- 
ment of the vibrating earth surface. 


Let us choose the following form of the velocity potential d(x, y, t) 
which satisfies Ad = 0: 
(2.5) 
y, t)=sinat {\ cosh k(Y + h) + sinh KY cos kX dhe + 


0 
co 


Here the functions A(a), B(k), C(k) and D(k) are arbitrary. 


With the aid of the Fourier integral, using conditions (2.1) to (2.4), 


we find 


(i — 
A (a) = D(k)=— M =Vikg taah Bh 


(1 — cos ah) cos ah 


0 
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co 
. 


(kg sinh kh — cosh kh) B(k) + kg C (ke) = — 


A(a)a* 
x a?+k 
0 


aa 


Differentation of d(x, y, t) with respect to t for x = U, cos wt 


(Vk cosh kY sin* @t — @ cos wf sinh kY) da dk + 


(1 — cos ah) cos 
\ (a? +- k®) k cosh kh 
0 


+— — S,) —V,(S; — S,)] + Ug (cos wt — 1) + oV,Y cos ot — 


2V; \ (1 — cos ah) 


— V,* sin® wt + cos wf sin aY 


0 


+ asin® wt (V, sin —V, cos da 


S, = cos wt \\20, k) cosh k(Y +h) dadk 


k) cosh k(Y + h) cos Mt da dk 


oo 


S, = sin*ot (a, k)k sinh k(Y +h) da dk 


. 


S, = osin ot \\ O(a, sinh k(Y +h) da dh 
Q (a, k) = (1 — cos ah) (cos ah — cosh kh) /(a* + k*) x 
x (kg sinh kh — @* cosh kh) cosh kh 


It should be noted that in the computation of the integrals S, and S, 
we first integrate with respect to k, and all remaining double rh 
at first with respect to a. In the process of computing S, we analyze 
the integral 


coshk (Y +- h) cos Mt dk 
\ (a? k®)(kgsinnkh — w*coshkh)coshkh (2.8) 


Let us take three auxiliary functions, similar to (1-26), when A? is 
replaced by - w*. Here the equation kg sinh (kh) - w* cosh (kh) = 0 has 
an infinite number of imaginary roots y, which fall onto the segments 
shown in Fig. 5, and two real roots. 


We choose integration contours, as shown in Fig. 3, such that contour 
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(1) lies in plane 3 (Fig. 5), and contours (2) and (3) lie in plane 3’, 
which is obtained from plane 3 by the mapping of (x’, y’) onto (-y’, x’) 
and a 90° clockwise rotation. By the theorem of residues we have 


F, = 2T* —iN, —iN,+ K,* —K,* + f,* (a, Y, =0 
(1)3 
F, (2')dz! = 2Nz + 2N, + i2K,* + H, + fo* (@, Y, t) =0 (2.9) 
(2)3" 
(2')d2’ = i27* — i2K,* —iK,* + Hz + (a, Y, ) =0 
(3) 3” 


where N, = —- N,, Ng=- Ny, but instead of A? we have - o”, 


cosh [y, (Y + h)/h] sin wt 


g (a*h* + 7,*) (7,, Q) cost? x, 


Yn (Y + h)/h] cos wt 


co 
(ath? — 7,3) (ty, Q) C08? 
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where K,* is obtained by means of integration over the small semicircles 
whose centers lie at the points y,, and whose radii tend to zero (Fig.5). 


From the system (2.9) we find 


as + wt 


After substitution of (2.10) into the expression for S,; and integra- 
tion with respect to a we obtain 
S,=— og sin wt (2.41) 


In a similar fashion we find 


sinh[y, (Y + h)/h] 


2 


After evaluating the remaining double integrals and substituting them 
into (2.7) we have for t > 0, Y< 0, x=-U, coswt 


(2.13) 


Tal (Tas Q) 008 Tp 


n=1 


— 20Qh 


ot + 


f 

+ 
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sin [y, (Y +h) /h] 
P (tq, Q) COST, 


+ > 


ni 


sin? ot — 


; (¥ +h) 
— wt — QhV,V, 


sinh[y, (Y + 4) /h] 
Q)eosh 7, 


sin 2et + 


+ cos ot — (1 — cos wt) — (V,? + sin® of 


For t > 0, Y< 0, x = — U, cos wt we find 


sin [tn (¥ h) 
Q) c08 
sinh (Y + h)/ hy 


+2 < +. V, si 
20h) , 7, cos wt -+ V,sin wt 


— 


sin wi 4 
oy 


n=] 


We know that 0¢/dx = V, sinwt. For t = 0, x = — U, we have 


ot 


When we denote the dynamic fluid pressure by p* and the fluid density 
by p we obtain the formla 


Let us use p* in the form p,* + p,*, i.e. p* = p,* + p,*, where p,* 
denotes the set of components which does not contain the factor V,, and 
P,* represents the remaining components. Formulas (1.37) and (1.38) show 
that p,* grows rapidly when € and 7 grow and & + 7, because then in 
cosh (y) = cosh (p) cos q — i sin (q) sinh (p) the value of p+ 0 and 
q> 1/2 7. 


It follows from Formula (1.45) that in this case p,* grows rapidly 
with a growing ¢, because then y,’-+ 1/2 7. Then the pressure reaches its 
maximum value at the time when the moving liquid meets with the instantly 
stationary dam. It can be seen from Formulas (2.13) and (2.14) that in 
this case p,* grows rapidly with an increase of , because then Yn 


1/2 


It follows from the results obtained that vertical oscillations of 
the earth surface exhibit a significant influence on the loading of the 
dam during a destructive as well as nite a —, earthquake. Actually, 

U,€ 


there may be some relations U,w* > g, U, g, Un? > g or U,én > g 
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and consequently p,* can be larger than the static pressure p® = pgY. 
The pressure p,* can also exceed the value of p° for some given 7, €, o. 
The formulas obtained above are useful for the construction of individual 
graphs of the distribution of the dynamic fluid pressure along a dam. 


The problem of the dynamic fluid pressure on a dam which is caused by 
its vibrations according to V = V) cos wt was discussed in[ 4]. 
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We shall consider in the following linear problems of free vibrations and 
stability of thin elastic shells. The ultimate aim is an investigation 
concerning asymptotic behavior of eigenvalues depending on the density 
and configuration of the nodal lines of the eigenfunctions. 


1. It has been shown [1] that in many cases an approximate determina- 
tion of the states of stress and strain of a thin elastic shell can be 
achieved by integration of the system of equations 


L (C) — (2EhW) + Z =0 as 
L (2EhW) + N (C) = 0 (1.1) 


where C denotes a stress function in terms of which we can easily express 
the stress resultants of the shell; Wis the normal deflection, while R 
is a certain characteristic curvature radius; Z is the normal component 
of the external surface loading; L and N are differential operators de- 
fined by 


1 
L= 


da AR, 


2 
0B 


N=AA, A=2,(2 


AB Oa 


Equations (1.1) are based upon the assumption that the middle surface 
of the shell is referred to the curvature lines and that the first quad- 


ratic form of the surface can be represented by the formula 


I = Atda® + Bed? 
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R, and R, are the principal radii of curvature, and it is assumed that 


the coefficients appearing in L and N are bounded in the region consider- 
ed. 


Starting from (1.1) we can construct approximate expressions for the 
states of stress and strain of the shell in such cases when their vari- 
ability is sufficiently large. It will be shown in the following that 
this is sufficient for the present investigation. 


2. In problems on vibrations and static and dynamic stability we have 
to put 


SER (2EhW) + (go + M (2EhW) (2.1) 


where m is the mass of the unit area of the shell, while 


AB? 88 03 
1 0A 
+S; ( 


1 1 1 @B @ 


We assume that: 


a) the shell is acted upon by some surface loading whose intensity is 
determined by the quantity 9) + 4, where q) is a constant and q, 
is a variable (with respect to time) component of the loading; 


b) sufficiently small values of gq, + 9, produce in the shell a state 
of membrane stresses defined by the values of the tangential stress 
resultants 


Ti° = 2Eh (qo + qi) T1, T2° = 2Eh (qo + q) T2 
Si° = 2Eh (go + q) S1, S2° = 2Eh (qo + qr) Se 


where T,, T,, S,, S, are given functions of a, B. We omit here, as is 
often done, the tangential components of the inertia forces in problems 


of stability and those of the additional reduced loading in problems of 
dynamics. 


3. Let us apply Galerkin’s method to the solution of the system (1.1), 
(2.1). To this end we substitute 


2EhW = ww (3.1) 


where c, w are given functions, while y, ¢ are unknown numbers (in prob- 
lems of static stability) or unknown functions of t (in problems of 
vibrations and dynamic stability). Multiplying the first of Equations 
(1.1) by w and the second by c¢ and integrating the equalities obtained, 
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we get equations for the determination of y and ¢: 


(c)wAB da dB — (\N (w) wABdadp — 
— da dB (qo + 4) M (w)wABdadB=0 (3.2) 
(© cAB + 1 (w) cAB da dp = 0 


4. Substituting q) + 9, = 0 in (3.2) and replacing y, ¢ by y cos wt 
and ¢ cos wt, respectively, we find for the frequency of free vibrations 
of the shell the formla 


= * a (4.1) 


where k is, for the case of a thin shell, a large parameter: 


k= (+) (t>0) (4.2) 


(r is an arbitrary positive number), while |, n and v” are numbers de- 
fined by the formlas 


= \\z (c) wABda dB (w) cABda dB 
= (w) wAB da dB (c) cAB da dp (4.3) 
= (c) cAB da dp 

We use, on the left-hand sides of (4.3), various powers of the para- 


meter k as factors for the purpose of convenience in the subsequent pre- 
sentation; p is, for the time being, an arbitrary number. 


Analogously, substituting q, = 0 in (3.2) and assuming that y, ¢ are 
independent of t, we find for the critical value q, in the problem of 
static stability the formla 


q a) 


where, in addition to (4.3), we use the notation 
kitty — (c) cAB da dB \\ M (w) wAB da dp 


while x is, for the time being, an arbitrary number. 


We can derive without difficulty the differential equation of dynamic 
stability as well. Following Bolotin [2], we write it in the form 
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at +% \ 


+ @2(4—” 


where w° and q,° are the values of the numbers w and q, determined by 
Formulas (4.1) and (4.4). In the following we confine ourselves to an 
analysis of Formulas (4.1) and (4.4), although the method of investiga- 
tion is applicable to a study of the properties of the equation of 
dynamic stability as well. 


5. Starting from Formulas (3.1), we write 


c= c, [r_cosk (f, — fz) — r, cos k (f, + (5.4) 
w =w, lcos k (fi: — fe) — cos k (fi + fe)) 


where w., fy, T, are functions of a, which are left to our 
* - + 
choice, while k is the large parameter (4.2). Prescribing for w, and c, 


the conditions 


>0 


we consider the properties of the states of stress and strain D, deter- 
mined by Formulas (3.1), (5.1). Taking (5.2) into account and noting 
that 


cos k(f,; — fe) — cos k(f, + fe) = 2sin k/, sin 


we conclude that the nodal lines of D (lines along which w= 0) can be 
represented only by level lines of the functions f, and f,. Thus, having 
chosen f, and f, in an appropriate manner, the result can be achieved 
that D will have two systems of nodal lines, each belonging to some 
family of curves prescribed in advance. These two families can be also 
reduced to one. To this end it is necessary, for example*, to assume 

f, = const # (n/7)k. The density of the nodal lines of D will increase 
with increasing k, i.e. with increasing r at a given h/R. We shall call 


The number of the families of nodal lines can be reduced to one in 
another way also, namely, starting from the assumption that the level 
lines of the functions f, and f, coincide, i.e. that there is a mutual 
functional dependence between f, and f,. In the interest of definite- 
ness we Shall use the method given in the text. This involves, in 
particular, exclusion of the possibility that the equalities 


hi + fe= const, fi — fz = const 
may be fulfilled at all points of the region considered. 


- 
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the number r, as in problems of static equilibrium of shells [1], the 
index of variability. 


So we see that a proper choice of f, and f, permits us to obtain a 
state of stress and strain (3.1), (5.1) having two (or one) systems of 
nodal lines belonging to two (or one) families of curves prescribed in 
advance; a proper choice of the index r of variability permits at fixed 
f, and f,, the density of the nodal lines to be intensified or reduced; 
finally, a suitable choice of ¢,, w, permits the boundary conditions of 
the problem (which are supposed to homogeneous) to be satisfied, pro- 
vided that the conditions (5.2) remain valid and that the nodal lines 
are not changed. 


With the aid of (3.1), (5.1) we can obtain a net of nodal lines of 
any desired density without requiring that f,, f,, c., have a large 
variability. Therefore we assume that the functions f,, f,, ¥,, ¢,, T, 
r, can be chosen in such a way that their variability does not become 
too large and that c and w approximate sufficiently, in the sense of 
proximity of the integrals (4.3), (4.5), some solution of Equations (1.1), 
(2.1). At such a choice of fee Formlas (4.1) and 
(4.4) will yield values of o* and % sufficiently near to the exact 
values. The assumption introduced will be justified if the following two 
assumptions are justified: 


a) w can be approximated, in the way just indicated, by means of the 


second of the formulas (5.1) after a suitable choice of f,, fy, ,; 


b) r_, r, and c. can be selected in such a way that at a chosen w the 
first of the formulas (5.1) gives a sufficient approximation of c. 


The assumption (a) can be regarded as justified by the considerations 
presented in this section. The assumption (b) will be discussed below. 


6. The problem now consists in the derivation of asymptotic (for 
k + ~) expressions for the integrals (4.3), (4.5) under the assumption 
that c and w are of the form (5.1). It is easy to ascertain the validity 
of the formla 


P (a) = —k* [Por_a, cos k (f, — f.) — Po*r,a, cos k (f, + f.)] — 
— k (r_a,) sink (f, — fe) — (rag) sin + + (6-4) 
+ IP, (r_a,) cos k (f, — f,) — (r,a,) cos k (f, + 


where P is an operator of the second order, which may represent L or M; 

a is a function of the form (5.1), which may represent c or w (if a is 
identified with w, then each of the quantities r_ and r, must be replaced 
by unity). The other notations in (6.1) are as follows: 


A.L. Gol’denveizer 


AR 


, 1 1 
I 2 Of @ 2 of my , 1 4 
“1 APR, da + BPR, 03 08 ' A®*R, da? BR, 


aa) + BR 


aie an — | —— 
AR, 


B 
1 Of\2 1 /of\2 


da ABB \BR,) 


(The formula for M, is not written down, since it will not be needed); 


PF P (6.3) 
The corresponding formula for the operator N is of the form 


N (a) = k* (No-r_a, cos k (f, — fz) —No*r,a, cos k (f, + +-.- (6.4) 
where 


ia 1 1 \2}2 Vol. 2 
No T (55) | N; (6.5) 1961 
while the points represent terms with factors of the form k*, where 
s< 4. 


7. The following remarks concerning the formulas of Section 6 will be 
useful in the following. 


The expressions P,* and N.* are linear differential operators with 
respect to the independent variables a, §; their order is indicated by 
their subscripts. In particular, | and x" are operators of the order 
zero; they are, in other words, expressions free of symbols of deriva- 
tives; therefore, the quantities following P,* and N,* in (6.1) and 
(6.4) are not enclosed in parentheses. 


The coefficients of P,* and N.* depend on the function f, which in 
turn equals either f, — f,, or f, + f,, depending on the superscript. 
Exceptions are * and N,* (a case in which the subscript equals the 
order of the original operator). The function f does not appear in P,* 
and a. Therefore the signs (plus) and (minus) are omitted at P, in 
(6.1), since these signs indicate what is meant by f. 


The first formula (6.5) shows that N, is a positive quantity for any 
arbitrary surface, no matter what the sign of its Gaussian curvature K 
may be (here and in the following we disregard the uninteresting case 
that f,; and f, are constants). 


Let us consider the question concerning the sign of the expression Lo, 
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defined by (6.2). 


If K > 0, then it can be assumed that R, and R, are positive, and L, 
will be a positive quantity. 


If K = 0, then, to fix the ideas, we assume R, = ~; this leads to 


& se \? 


Lo = Ry 
In general 2, can change its sign (e.g. in the case of a cylindrical 
shell, whose cross-section has a point of inflexion); such cases are, 
however, excluded from consideration here and everywhere in the follow- 
ing. Then we can assume that R, > 0, and then, in the case of K = 0, L 
will be a non-negative quantity. The first and the third of the formulas 
(6.2) show that the identity L, = 0 leads then to the identity L, = 0. 


If K< 0, then R, and R, will be of different sign in the first of 
Formulas (6.2), and it becomes impossible to make any definite statements 
regarding the sign of L,. 


ol. 25 8. We now turn to a discussion of the assumption (b) formulated at 

961 the end of Section 5. Suppose the preceding assumption (a) is correct and 
a proper choice of w,, f,, f, in Formulas (5.1) and (3.1) leads to a 
sufficient approximation for w. Then we can try to find the stress func- 
tion c with the aid of the second equation of the system (1.1) and com- 
pare the result with the one which can be obtained by a proper selection 
of c,, r_, r, in Formlas (5.1) and (3.1). Let us carry out, in an 
approximate manner, the computations involved, considering the parameter 
k to be arbitrarily large and keeping in all expressions only the terms 
with the highest powers of k (in such calculations we shall replace here 
and in the following the equality sign by the sign ~). 


According to (3.1) and (6.4) we have 
N (C) = ye, Ir_No cosk (fi — fe) —r,No* cos k (f, + f,)) (8.1) 


The quantities c,, r_ and r, can be considered to differ from zero. 
In addition, it has been shown in Section 7 that a,” and N) are positive. 
Therefore the coefficients of cos k(f, - f,) and cos k(f, + f,) on the 
right-hand side of (8.1) are definitely non-vanishing. 


For the principal part of L(2EhW) we obtain, with the aid of (6.1): 


in the case that L, and L,” differ from zero: 


L (2EhW) =~ cos k (ft — fe) — Lo* cos k + fe)] (8.2) 
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in the case that Ly = L,* = 0, while L, and L,* differ from zero: 
L (2EhW) — [Lim (w,) sink (fr — fo) — La* (w,) sin k (fr + f2)] (8.3) 
in the case that Ly = 

L (2EhW) = € [Le (w,) cos k (fi — f2) — La (wy) cos k (fi + f2)] (8.4) 


It follows from the remarks made in Section 7 that (8.2) always 
applies to a shell of positive curvature, while (8.2) and (8.4) are 
possible for a shell of zero curvature; Formula (8.3) can be valid only 
for a shell of negative curvature. 


Replacing in the second of equations (1.1) N(C) by the approximate 
expression (8.1), and L(2EhW) by the approximate expression (8.2) or 
(8.4), we can satisfy the obtained equations, after having chosen c,, 
r_, r, in that equality in such a manner as to make vanish the coef fi- 
cients of cos k(f, - f,) and of cos k(f,; + f,) separately. This shows 
that the assumption (b) can be considered valid in all cases except, 
perhaps, the case when the middle surface of the shell has negative Vol. 2 
curvature. 1961 


Note. It is easily seen that if the curvature of the middle surface 
is positive, and also if the curvature of the middle surface equals zero 
but the functions f, and f, are chosen in such a way that af and Ly 
differ from zero, the quantities r_ and r, will have the same sign. 


9. Consider the relations 


\\@ @, B) cos kf (a, B) dadB = (@) 


9. 
(a, sin Af (a, B) dadB = (g) (f/--const) (9.4) 


where H is a certain (varying from case to case) functional of ¢ bounded 
as k + o, Of course, at d= 0 also H(d) = 0, but the latter equality may 
take place also at d# 0. 


We shall prove the relations (9.1) with the simplifying assumption 
that f,” # 0 everywhere in the region. Then, using for the sake of de- 
finiteness the first of the relations (9.1), we may write 


(, B) cos kf (a, B) da ap = sin kf (a, da dB 


Integration by parts gives 


oe 
7 
a 
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1 6 sin Kf (a, B) ds — 


(@, B) cos (a, B) 
Both the area integral and the integral around the boundary line of 
the region are finite (if certain obvious conditions are fulfilled for 


the functions ¢ and f), and the proof is completed. 


From (9.1) we derive the formlas 
\\e (a, B) cos Af (a, B) cos kg (a, 6) dadB = 
B) [cos k (f — g) cos k (f + g)] dadB = 
z 8) da d8 + H (@) whenf=g or /=—g 


k~! H (@) when f — g + const and / + g + const 
(9.3) 


| 


\\@ (@, B) cos kf (a, B) sin kg (a, ) dadB = k*H (@) 
when f — g=+ const, + g+ const 


Note. The cases f — g = const or f + g = const are of no interest, as 


implied in the footnote of Section 5. 
10. Formulas (9.2) and (9.3) permit the principal parts (at k + ») of 
the integrals appearing in (4.3) and (4.5) to be easily computed. 


Taking into consideration the fact that N. and N,* are positive at 


all points of the region, we obtain 
kA 

\\ N (w)wAB da dp ~ \\ [No- + Not] w,2AB da dp 

ka 


(c) cABdadbB = 
\\wt4B da dB \\w,2AB da dp 


\\ + 7,2Not] c,2ABdadp (10.1) 


Furthermore, we have the approximate equalities 
(c) wAB da dB = (w) cAB da dB = 
— + da dB (10.2) 


~ 
~ 


which are valid only under the condition that 
\\ + Lo*r,] c,w,AB da dB + 0 (10.3) 


ee 
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If (10.3) is violated in consequence of the condition that at all 
points of the region under consideration the equalities 


=L,* = 0 (10.4) 
are fulfilled, then instead of (10.2) we will have 


()wABdadp = cABdadB = Qe (10.5) 


Here Q,, Q, are quantities which remain finite at k + ». In particular, 
if in addition to (10.4) the equalities 


=0 (10.6) 
are fulfilled, the relations (10.5) assume the form 


wAB da dp ~ + 7464) w da dp 
(10.7) 
(w) cAB da dB (w,) + 7,¢,) AB da dB 


If, however, (10.3) is violated, while Ly and Le’ are not identically 
equal to zero, then instead of (10.2) we will, in general, obtain form- 
las of the form 


\\z (c) wABdadB~ kE:,  \\L(w)cABdadB (40.8) 


where E, and E, are quantities which remain finite when k + ». 


Comparing (10.1), (10.2), (10.5) and (10.8) with Formulas (4.3), we 
can conclude that in (4.3) we may consider 1, n and v’ as representing 
quantities which remain finite at k + ~, provided that p is chosen cor- 
respondingly. Specifically, we must have p = 2 if the condition (10.3) 
is fulfilled, and p = 0 if Equations (10.4) are valid in the entire 
region considered. If the relations (10.3) and (10.4) are invalid siml- 
taneously, then, in general, we will have to put p = 1; cases, however, 
are possible when p = 0. 


In the same way we can verify that in (4.5) we have to put y = 2 if 
\\ [Mo- + Mo‘) w*AB dadB + 0 (10.9) 
and y = 0 if everywhere in the region considered 
Mo = M,* = 0 (10.10) 


and finally y= 1 or y= 0 if both (10.9) and (10.10) are invalid. 
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ll. Let us consider the conditions under which the relations (10.3) 
and (10.4) are fulfilled. 


If the curvature of the middle surface of the shell is positive, then 
L,’, Ly, r_, T, are positive quantities (see Sections 7 and 8). It has 
been assumed, further, that c,, w, are non-negative and, of course, not 
identically equal to zero. Thus for a shell of positive curvature the 
relation (10.3) is always fulfilled. 


If the curvature of the middle surface equals zero, then Ly , L,” are 
non-negative quantities (Section 7). It has been shown, further, that 
the identity Ly = 0 entails the identity L, = 0 and, finally, that r_ 
and r, have the same sign if i,” and L, differ from zero. This leads to 
the conclusion that the relation (10.3) can become invalid in the case 
under consideration only if Equations (10.4) and (10.6) are fulfilled at 
every point. The equalities (10.4), if expanded, can be written in the 
form 


1 1 [2 _ 1 fh 
A? R,\ da |= A* R,|\ 0a ' da} 


1961 These equalities are fulfilled only in the case that 


Since the possibility of a mutual functional dependence between f, 
and f, is excluded, the relations (10.3) will have to be satisfied under 
the condition f, = f,(8), f, = const (or f,; = const, f, = f,(8)). 


So we see that in the case of a shell of zero curvature the relations 
(10.3) are not fulfilled then and only then, when the state of stress and 
strain (3.1), (5.1) has only one system of nodal lines, consisting of the 
lines 8 = const, i.e. of asymptotic lines (rectilinear generators) of the 
middle surface. In this case we have to set p = 0. In all other cases the 
condition (10.3) is fulfilled and we have to set p = 2, as in the case 
of a shell of positive curvature. 


If the curvature of the middle surface of the shell is negative, no- 
thing definite can be stated about the sign of L, in general, and the 
question concerning the choice of values for p becomes more complicated. 
Therefore, shells of negative curvature are excluded from consideration 
in the following. This excludes also the consideration of the cases when 
p = l, since such cases can occur neither for shells of positive curva- 
ture nor for shells of zero curvature (if, as assumed, the sign of R, 
does not change in the latter). 


12. We now return to Formula (4.1) in order to investigate with its 
aid the asymptotic behavior of the frequencies of free vibrations of the 
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shell, assuming that the index of variability r is positive so that the 
parameter k is arbitrarily large at a sufficiently small value of h/R. 
Keeping in (4.1) only the principal parts (as k + ~) we find 


(12.1) 


where r, is a number defined by the formula 

To — 4—p 
which we shal] call the characteristic value of the index of variability 
r. We note that r, is determined by p, which can assume only three values 
(2; 1; 0); correspondingly, there are only three characteristic values of 
the index of variability, namely 1/2; 1/3; 1/4. These values of the index 
of variability play a particular role also in problems of static equi- 
librium in the theory of shells [3 ].Taking (4.2) into account we may 
write 


Vol. 
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— ( x) (12.3) 


We conclude from this result that, according to (12.1), w* decreases 
with increasing r, or (for p = 2) a* does not increase as long as? re- 
mains below its characteristic value ry; when r exceeds the value ro, 
starts increasing with increasing r. 


Now consider the case p = 2, which always occurs in a shell of positive 
curvature (Section 11); in a shell of zero curvature the case indicated 
occurs when the system of nodal lines includes at least one family of 
lines non-coinciding with the rectilinear generators. 


According to the first formula (12.1), the frequency of free vibra- 
tions will remain, in the cases enumerated above, commensurate with 
(h/R)° as long asr < tr, = 1/2, so that within certain limits the in- 
crease of r is not accompanied by essential increase of the frequencies 
of the free vibrations. Then at r > +r, = 1/2 the frequencies of the free 
vibrations essentially increase, according to the third formula (12.1), 
with the increase of r according to the law (///R)?~ *”. The question as 
to at what value of the index of variability r the vibration frequency 
may become a minimum requires in the present case a more detailed study. 
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Now let p = 0. This value will be assumed by p in the case that a 
shell of zero curvature undergoes vibrations with one family of nodal 
lines running along rectilinear generators. 


Formulas (12.1) and (12.3) show in this case that as long as r <ry 
1/4 the frequencies of free vibrations will be commensurate with (h/R 
i.e. they will decrease with increasing index of variability r. At r >r 
the frequencies of the free vibrations are commensurate with (h/R)?~ 
and they increase with increasing r. The characteristic value r, = 1/4 
is in correspondence with the minimum frequency. The latter is commensurate 
with (h/R)', being thus essentially lower (at arbitrarily small values of 
h/R) than the lowest frequency that can be obtained at vibrations of a 
shell of zero curvature in the case p = 2, i.e. in the case that there is 
at least one family of nodal lines not running along rectilinear gener- 
ators. 


yar 


It should be kept in mind that the increase of the index of variability 
indicates an increase in the number of nodal lines. Consequently, we have 
before us an inversion typical for problems of the theory of shells: de- 

‘ol. 25 crease of eigenvalues with increase in the number of nodal lines. This 
, takes place only until a certain limit - until the index of variability 
1961 
reaches its characteristic value, after which the usual course becomes 
restored: increase of the eigenvalues at increasing number of nodal lines. 


13. We now turn to an analysis of Formula (4.4). Keeping on its right- 
hand side the principal parts (for k + ~) only, we obtain 


Go for T< T, 


1 
a")> for T= 


v 


rR n 
k* x2 v fort > T, 
where r4, the characteristic index of variability, has the same meaning 
as in Section 12. The parameter k is determined by (4.2). Hence 


— (ih 


\2—(4—n)t 


where p and y can assume the values 0; 1; 2 only. This leads to the con- 
clusion that with r increasing k*?~X~* either decreases or (when p = 2, 
xX = 0) maintains its values, while k*~X~?/" always increases with in- 
creasing r. This in turn shows that (q9),;, Will be commensurate with the 


quantity 


h /, » 4—% 
ay 


— ¢ 
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The corresponding value of gy will be reached at r =r, (except in 
the case p = 2, x = 0, which it is not necessary to consider, as will be- 
come evident below). 


A question of interest is that concerning the minimum value of the 
critical force in problems of stability; it is therefore necessary to 
establish the conditions under which the exponent A in (13.1) reaches its 
maximum value; its values are given here in the numerical table for 
p=2; 1; 0, and y= 2; 1; 0. 


Consider a shell of posi- 


tive curvature. We then have y=2 

p = 2 independently of the a 

distribution of the nodal 2 ‘ 7 0 
= 2 

lines of the form of loss of ‘ 

stability. It is obvious that ~0 5/4 

the configuration of these 


lines can always be chosen in 

such a way as to have the con- 

ditions (10.9), (10.10) either fulfilled, or violated, i.e. so as to 

have for X the required value. Consequently, the configuration of the 
nodal lines must be subjected to the requirement that for given T,, T,, 
S,, S, the condition (10.9) be fulfilled, which entails the equality 

x = 2, since then A assumes the maximum value possible at p = 2, namely 
the value 1. Hence, in particular, the conclusion that the case p = 2 and 
x = 0 is of no interest. 


Now let the curvature of the shell be zero. Then forms of loss of 
stability will exist at which p = 0. It will be a loss of stability with 
one family of nodal lines coinciding with the rectilinear generators. 

The numerical table shows, -however, that for p = 0 the values of A are 

not smaller than 1 and that they become equal to 1 only for y= 0. At the 
same time, the equality p = 0 is realized only at a completely definite 
configuration of nodal lines on which it is impossible to impose addi- 
tional conditions, as in the case of a shell of positive curvature. There- 
for, two cases are possible for a shell of zero curvature: 


Case 1. At a given pre-critical state of stress (T,, T,, S,, S,) there 
are such f,, f,, corresponding to loss of stability with one family of 
nodal lines running along rectilinear generators, for which the condition 


(10.9) is fulfilled. 


Case 2. At a given pre-critical state of stress (T,, T,, S,, S,) with 
arbitrary f,, f, corresponding to loss of stability with one family of 
nodal lines running along rectilinear generators, the condition (10.9) 
is violated and the condition (10.10) is fulfilled. 
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In Case 1, loss of stability will take place with one family of nodal 
lines running along rectilinear generators; the critical value q, will 
then be commensurate with (h/R)?/?, while the index of variability will 
be equal to 1/4. This follows from the fact that f,, f, can be chosen in 
the case under consideration in such a way as to have p = 0 and y = 2, 
for which, according to the table of A-values, A assumes its maximum 
value equal to 3/2. Case 1 is exemplified by the problem of a cylindrical 
shell acted upon by external pressure. The pre-critical state of stress 
will be as follows: 


T, = Si = Sa = O, T: <0 


Consequently 
1 
M, = T's (5g) 
In order to have the nodal lines coincide with the rectilinear gener- 
ators, the functions f, and f, must be chosen, for example, as follows: 


f, = £,(8), = const. Then 


and the condition (10.9) is definitely fulfilled. 


In Case 2 we select the functions f, and f, in such a way that the 
nodal lines run along the rectilinear generators, which leads to p = 0 
and y = 0. This is in correspondence with A = 1 in our table of A-values. 
The same A-value is obtained for p = 2, i.e. for the case when the nodal 
lines have arbitrary configuration, except only that which violates the 
condition (10.9). This means that in Case 2 the coincidence of the nodal 
lines with the rectilinear generators does not lead to an essential de- 
crease of the critical load. An example for Case 2 is offered by a 
cylindrical shell under axial compression. In this case we have 


Ti < 0, Si: = 82 =0 
from which 


Selecting f, and fs in the same manner as in the preceding example, 


we find that the equality (10.10) is always fulfilled. 


14. Examining the table of A-values once more, one may notice the 
following possibility: by selecting, in the case of a shell of zero 
curvature, f, and f, in such a way that the nodal lines of the form of 
loss of stability run along the rectilinear generators, we can reach in 
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some cases a dual effect. This will happen when simultaneously with the 
equations 


= Lo = 0 (14.1) 
the equations 


M,* = Mo = 0 (14.2) 


are also fulfilled. In this case we obtain, firstly, p = 0 instead of 
p = 2 by virtue of (14.1), which leads to an increase of A, and, second- 

ly, x= 0 instead of x = 2 by virtue of (14.2), which leads to a decrease 
of A. 


Loss of stability takes place at maximum A, and the question arises 
whether it is not necessary to choose f,, f, in such a way as to have 
the equalities (14.1) fulfilled not exactly, but with a certain degree 
of approximation. 


As an example we consider the case of a cylindrical shell twisted by 
shear forces. The pre-critical state will be determined by 


Ti = 7: = 0, Si = — S2 = = const + 0 


Further, we have 


1 1 (2: ah? 


Lo = \ da ~ ba = + 3a 


It is easily seen that by choosing f, = const and f, = f,(8), i.e. by 
identifying the nodal lines with the rectilinear generators, we obtain 
p = 0, x= 0, so that A will be equal to 1. On the other hand, by taking 


fe = const, fi = fi' (B) + Afi? (a, B) 


i.e. by securing small deviation of the nodal lines from the rectilinear 
generators, we obtain 


0 = 0 t 0 == “0 


AB 0a 03 ’ A? Ry \ 0a 


from which p = 0, x = 1, and the value of A increases from 1 to 5/4. 


15. The present paper achieves an analysis of the asymptotic proper- 
ties of eigenvalues in problems of the theory of shells, deriving the 
laws which become valid starting from a certain sufficiently small value 
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of (h/R), of the parameter h/R and are the more pronounced the smaller 
this parameter. The order of smallness of (h/R), will vary from problem 
to problem. It depends on such parameters of the problem as, for example, 
the length of the shell, the ratio of the radii of curvature, the charac- 
teristics of the variability of the coefficients of Equations (1.1) from 
point to point, etc. The results presented above have then a sense of 
reality when the order of magnitude of (h/R), remains within the limits 
encountered in practical conditions. This means that the parameters 
enumerated above must have values not too large and not too small. 


In a doctoral dissertation of 1950 ("On the Equilibrium of Thin 
Elastic Shells at the Post-Critical Stage*) by N.A. Alumiae the asymp- 
totic behavior of critical loads, with the influence of some of the 
aforementioned parameters taken into account, was investigated with the 
aid of some other methods. Whenever a comparison was possible, the results 
obtained by Alumiae coincide with those presented above. Also, the study 
presented here does not claim completeness, inasmuch as cases were ex- 
cluded from consideration when the coefficients of Equations (1.1) assume 
infinitely large values in the domain that is of interest to us, e.g. at 
the apex of a cone, along the circle which on a torus separates the zones 
of positive and negative curvatures from each other, etc. It should be 
noted, further, that we have excluded from consideration shells of nega- 
tive curvature as well as such shells of zero curvature on which the non- 
vanishing curvature changes its sign. The method of investigation is 
based upon the assumption that the parameter k is large. Therefore, the 
condition that the index of variability r be large will be essential. To 
extend the obtained results to the case r = 0 will be possible only by 
extrapolation. In this sense, the statement, for example, according to 
which (see Section 12) the frequency of free vibrations of shells of 
positive curvature remains commensurate with (h/R)°, as long asr < Ty = 
1/2 (with the value r = 0 included by extrapolation) is a conditional 
statement. 


In conclusion, we note that the domain of applicability of the original 
equations (1.1) is also determined by the requirement that the index of 
variability of the desired states of stress and strain be positive. There- 
fore, it would not make any sense to replace (1.1) by exact equations, 
since then even the method of investigation would become inapplicable. 
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The axisymmetric vibrations of cylindrical shells have been investigated 
in{1,2]. mn [1], using the method of undetermined length developed in 
[3], there is obtained an exact numerical solution of a problem of 
vibrations of a hollow cylindrical shell with clamped and free supported 
edges. Experimental work on axisymmetrical vibrations of cylindrical 
shells was conducted in [2], 


In this paper the problem of axisymmetrical vibrations of a cylindri- 
cal shell is solved using a displacement function. An expression is found 
for such a function which gives all characteristic (eigen) functions of 
the boundary-value problem, The frequencies and the modes of vibrations 
of the shell for the simply supported edges are investigated, taking 
into account all inertia forces and also considering only the normal re- 
sultant of inertia force, in a wide range of variation of dimensionless 
curvature, The comparison of the results indicates that the frequency of 
vibrations, calculated without taking into account the tangential inertia 
forces, is close to the lower frequency only for small values of dimen- 
sionless curvature. It is also shown that the vibrations with extensive 
transverse displacements do not always have the lowest frequency. Such 
vibrations have frequencies close to the frequencies calculated without 
tangential inertia forces. 


1. Consider a cylindrical shell of length a, radius A and thickness A. 
The natural axisymmetrical vibrations of such a shell in vacuo are 
governed by the following equations [4, p. 257 ]: 


Pu ( Ow i—vy? Ou 


Ou Aw 41 — 


Oa 
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where a is the coordinate along the generator of the cylinder; 5 = a/nR 
is dimensionless curvature of the shell; ¢ = h?/12e7; £, v, ff are Young’s 
modulus, Poisson’s ratio and density of the material, respectively. 


Consider that a shell is executing harmonic vibrations with frequency 
@. Expressing the displacements 


u(a, t) = u (a) et w (a, t) = w (a) et 


we rewrite (1.1) as 


bn (v daa + Q2n? + cb4n4 + d%nt)w = 0 


(4.2) 


where 1) is a dimensionless frequency. In (1.1) and (1.2) nm is an arbi- 
trary number, which will be taken to be equal to the number of longi- 
tudinal half-waves of the shell. 


Consider now the operational determinant in (1.2). In order to intro- 
duce the displacement function it is necessary to consider algebraic 
complements either of the elements of the first line or of the elements 
of the second line of this determinant. 


2. Let us introduce a displacement function ®(a) by the following: 


u (a) = dn (cO” — vO’), w (a) = ©” — Q*n?® (2.4) 


Substituting (2.1) into (1.2), we see that the first equation of 
system (1.2) is identically satisfied, and the second one has the form 
(1 — OY! + on? (28°v— 22) OY + 
(Q? + + 8? — ©” — n*Q? (Q2 + S4n2c + (2.2) 


Substituting (2.1) into the expressions for stresses and moments in 
terms of the displacements [4, p. 256], we obtain 


EhQ?n? 
i= v2) Wi (c — v@) 


Eh Iv 
M,= {(4 — + —Q2n”) 
In the case of movable hinges in the axial direction along the edges 


of a shell we have 


w = 0, N,= 0, M,=0 fora=0, a= (2.3) 
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Since (1 - 872? ¢) > 0 (the thickness of the shell is smaller than the 
radius) and cQ?n? - v # 0 (Q in a given problem cannot be a real number 
if we disregard the rigid body motion of the shell) then (2.3) can be 
written as 


fora=0, a=1 (2.4) 


z,a 
Solution of (2.2) has the form D(a) = + 6 , where 
Z) +++ 2 are the roots of the characteristic polynomial 


(1 — 2° + cn? (286°v — Q*) 24 + 
+ (Q* 4+ 64n*e + 22? — (Q? + S4n%e + 6%) = 0 (2.5) 


Utilizing now the boundary conditions (2.4) it is possible to con- 
struct out of the roots z, @ characteristic determinant and equate it to 
zero. The form of this determinant depends upon the multiplicity of the 
roots. A.A. Movchan demonstrated, however, that it is possible to avoid 
the consideration of the different cases of root multiplicity by con- 
sidering the equations 

A/o=0 (2.6) 


where A is a characteristic determinant for single roots, o is Vander- 
monde’s determinant formed with the values 2, +++ 2. Since the charac- 
teristic polynomial contains only even powers of z, we can write 8, =— ty 
= 45, 23 = — 26. Thus we have 
sinh 21 sinh sinh £3 
| 22 23 


0 


It is clear then that the boundary conditions (2.4) are satisfied if 
the characteristic roots of (2.5) are mni or — wmni (n= 1, 2, 3...). 
Thus solutions of (2.2) satisfying (2.4) are 


(a) = sin ana (2.7) 


It can be shown that all other solutions of the boundary-value prob- 
lem (2.2), (2.4) differ from (2.7) by a multiplicative constant. Sub- 
stituting z = mni in (2.5), we obtain the frequency equation for a simply 
supported shell 

Q4 + + 5? + + 54) Q* + (1 — v*) + 
+ — 4+ 1264 — — 0 
For fixed values of 5, n, c, v, (2.8) yields four frequencies 
Q, = i {0,5 + + en® (xn* + 8%] — 0.5 + 8? cn® + 84]? — 
— (1 — v®) — 4en® [(1 — — + 
= (0.5 + 382 + en® + + 0.5 + + en® + 84H]? — 
— (1 — v*) — 4en® [(1 — S%en*) — + 


Qs = (2.9) 
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For 5 = 0 (for a strip of width a) we obtain Q, = Ven'ni, Q, = mi. 


Substituting (2.7) into (2.1), we obtain the displacements 


u (a) = (v + cos 


w (a) = —n® (x? + Q*) sin ana (2.10) 


3. It is also possible to introduce the displacement function in an- 
other way 


u (a) = + n2 (Q* + S4n%e + 8%) O, w (a) = bn (cO” — vO’) (3.1) 


In this case the second equation of system (1.2) is satisfied identi- 
cally and the first one reduces to (2.2). Expressing the stress resultant 
and moment by the displacement function, the boundary conditions (2.3) 

can be expressed as follows: 


o” —~ fora—0,a—1 (3.2) 


Thus the equation will be reduced to 


z,;Z223 sinh z, sinh ze sinh z3 — 0 


We find then z, = t mni. Thus the solution of (2.2) satisfying (3.2) 
has the form 


(a) = cos Ana (3.3) 


The frequency equation coincides with (2.8). The displacements are ob- 
tained by substituting (3.3) into (3.1) 


(3.4) 


u (a) (Q? +- 4- + cos ana, w (a) (v sin ana 
To simplify calculations one neglects sometimes the inertia forces 
due to the tangential displacement. This assumption is equivalent to 
dropping the time derivative in the first equation of (1.1). As a con- 
sequence of this, in the first equation in (1.2) and in (2.1) the terms 
which are multiplied by the frequency vanish. (2.8) now is 


Q2 + (1 — v?) + (64 -+ — — 0 (3.5) 


The frequency thus determined will be denoted by 2”. For 5 = 0, 
Q-= 0 


4. To estimate the influence of the nondimensional curvature 5 on the 
frequencies 2,, 2, and (, the results of numerical calculations for 
e= 1/3x 10~°; v = 1/3; n= 1, 2... 5; S= 1, 2... 20 are plotted 
in Fig. 1. From this figure it is seen that 2” and {, are close for 
small values of 5 (5 < 2). Por large 5, 2” differs considerably from 0,. 
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Neglecting in (2.9) and (3.6) terms multiplied by small parameter c, 
we obtain the following approximate frequency formulas: 


i (a* + — Via? — 8%)? 2a?) 
Q, iV 05 + 8? + — 89)? + 
Q- = bVi— v 


Por ¢ = 1/3 x 10°°; vw = 1/3; n< 6; 
1 <8 < 20, these formulas yield at least 
three correct figures of the frequencies. 


Consider now displacements of the 
cylindrical shell. For each frequency {, 
or {L,, (2.10) gives two systems of dis- 
placements. Since the frequencies satisfy 

Pig. 1. (2.8), it is easy to demonstrate, however, 
that these displacements are proportional to each other. Thus, for the 
determination of the displacements corresponding to a given frequency one 

‘ol. 25 may use either formula in (2.10) or (3.4). For the sake of definiteness 

1961 we shall use (2.10) for 9,, and (3.4) for 0,. It is easy then to show 
that using the identity 


we obtain the following two systems of displacements: 


u (a) = P cos ana, w (a) = sin Ana 
da (v m®a*e) 


u (a) == COS na, w (a) = —P sin ana, P Q;? + x 


The displacements (4.1) correspond to the frequency a, and (4.2) cor- 
respond to 


The magnitude P we shall call amplitude. The amplitude P was calcu- 
lated for ¢ = 1/3 x 10°§; = 1/3; n= 1, ..., 5; 5 = 0, 1, 20. 
The calculations show that the changes 
in the value of n influence only the 
third figure in the amplitude. For this 
reason in Fig. 2 the relationship be- 
tween P and 5 is represented by one 
line for various n. An approximate 
formula for P is obtained by dropping 
terms multiplied by the small factor ec. 


5 


2. 


P 
Pig. 


Formula (4.3) yields at least three correct figures for ¢« < 1/3 x 10°°; 
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n< 6; v = 1/3; 0<¢8 ¢ 20. 


Let us now investigate the dependence of P on 5. For 5 = O (for an 
infinite strip), P = 0. Using (4.1) and (4.2) we see that, for 5 = 0, Q, 
is the transverse frequency (» 4:0) and Q, is the longitudinal frequency 
(u #:0). Por 5 > 0, P is different from zero. This means that to each 
frequency there will correspond vibrations with nonzero transverse and 
longitudinal displacements. If P < 1, we shall call Q, the frequency of 
predominantly transverse vibratfens and 0, the frequency of predominantly 
longitudinal vibrations; the nomenclature will be reversed if P> 1. 
From the graph in Fig. 2 it is seen that if 5 < 5* (S* is the value of 
curvature for P= 1; it depends on c, n and v) then Q, will be the fre- 
quency of predominantly transverse vibrations, and 2, of predominantly 
longitudinal vibrations. For 5 > 8°, Qo, (lower for a given set of para- 
meters) will be the frequency of predominantly longitudinal vibrations, 
and Q, will be the frequency of predominantly transverse vibrations. An 
approximate value of 5° for a ‘few first values of an may be found by 
setting P = 1 in (4.3). Solving for 5 we obtain 5% = 7 


It is seen that the lower frequency does not always correspond to pre- 
dominantly transverse vibrations [5, p. 118], [6, p. 135]. Thus, for 
the range of parameters under consideration, the lower frequency corre- 
sponds to the longitudinal vibrations provided that 5 > 5*. It has to be 


noted that 2 is close to 0, for small 5, and to {, for large 5. In 
other words, 2” is always close to the frequency of predominantly trans- 
verse vibrations. 


In the experiments [2] the shell was given initial transverse excita- 
tions, and consequently the frequency of predominantly transverse vibra- 
tions was measured there, that is, the frequency close to (1. It was de- 
monstrated above, however, that this "flexural frequency" need not be 
always the lowest frequency. For large 5, the frequency of predominantly 
longitudinal vibrations will be substantially lower than the "flexural 
frequency" observed experimentally. 
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1. Consider a plate which is oriented with an orthogonal coordinate 
system a, B, y such that the middle plane of symmetry of the plate co- 
incides with the a, B-plane. We make the following assumptions [ 1,2 ]: 


a) the normals of the plate assembly considered as a whole do not de- Vol. 


form; 196 


b) the material in each layer of the plate is incompressible; 


c) the directions of the stress and strain tensors coincide in each 
layer of the plate; 


d) there exists between the magnitudes of the stress and strain tensors 
the following relation: 


== _ bE (1.1) 


Here i is the number of the layer, aj, b;, a; are certain constants, 
and b; can be either positive [2,3] or negative[4], 


Ki 


Under the above assumptions the equations for the normal displacements 
» have the form [1 ]. 


1102 


Fig. 1. Fig. 2. 
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OD, (Fw Pw Pr (= Ow ) 

#D,, 4 dw #D,, 1 ) D, 
da? 2 Op?) \ op? 2 dx?) da dB dadB 


Pw 
= Z(a, B, t)—m* ar 


2 
D, = + a, — D,= > 
i=1 


m+2__ p mote 
hy" Dy = +102 
my 


me +2 
Pw? Fw Iw 


D, = gm t+23— (m,+1)/2 


2 


where g is the acceleration of gravity and y; is the specific gravity of 
the material in the ith layer of the plate. 


2. Let uniformly distributed compressive forces P, and P, (Pig. 2), 
varying with time, act in the a, B-plane of the plate. Then, as is well 
known [3], we have 


(2.4) 


Substituting (2.1) into (1.2), we obtain the equation for the dynamic 
stability of a nonlinearly-elastic, three-layered plate 


Fw Pw Pw 
Fw #D,, (= 4 dw 


Pw Pw 
+ Pa Ct) + Pelt) = 9 


The solution of (2.2) has the form 
w = f (t) X (@) Y (8) (2.3) 


where f(t) is an unknown function of time and X(a), Y(8) are functions 
which depend on a single argument and which are chosen beforehand so as 
to satisfy the boundary conditions that are prescribed on the edges of 
the rectangular contour in terms of ». For X(a) and Y(8) one may take 
the fundamental functions for a beam, 
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Substituting (2.3) into (2.2) and using the Bubnov-Galerkin method 
to determine f, we obtain the nonlinear differential equation 


Jo= 


a 


(m;—3)/2 
x 


b 

m.— 14 

(xIVy +2x°y* + xy'%) + 
0 


0 


, 


Sar + xy*)+ 


4 aK (m, — 1) (m,— 3) 


K = (X"Y)* + (XY")® + (X’Y’)? + X°Y XY’ (2.5) 


Here @ is the linear value of the natural frequency of oscillation; 
Pi. and P,. are the critical values of the loads P, and P, when they are 
acting statically and independently. 


In the particular case of a) = ® = 3 we have 


=0 


2 ab 
ak 
D,\\| 4 4- XYI¥) 4 + + 


i=1 00 


+ 2-55 (X¥" + + XY’) 4+ = (XY +5 XY") + 


#K aK 


XY da ap (2.7) 


An equation analogous to (2.6) was obtained by Bolotin[3] for the 


1104 
P,P 
+ — pr) sf — | = 0 (2.4) 
le le 
where 
\\ X*Y? da dB, J,= (x'Vy + 4- xY'Y) XY dx 
06 
ab ab 
aa ag, Se as dB 
‘ 
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homogeneous nonlinearly-elastic bean. 


In the case of an infinite strip which is simply supported along its 
edges (Fig. 3), we set X = sin (m7 a/a) and obtain from (2.5) 


@? = Py, =D), 
2(m;+1) a 
* 
= —— [m,sin™®* "ha + (m; — 1) sin” da 
0 


m*a 


P, = Pig + Py, cos Ot 


Then, taking into account linear damping, Equation (2.4) may be 
brought to the form 
+ + Q? (1 — 2p cos f — a, | f - 


— _ 0 (3.2) 


Here € is the coefficient of linear damp- 


P, Pre 4 


Fig. 3. Pig — Py ol 


It is known [3] that (3.2) can be written in a form such that its 
"linear part" allows of a periodic solution with the period T= 27/0 
or 2T 


f” + + 2,2 (1 — 2p cos f+ = 0 


Vii, f', = 2(e — e,) + 2,9 (1 — cos 92) f — 
—a,| 
The critical frequency @ is determined from the assumption that the 


initial undisturbed state is not deformed [3,5]. For example, for the 
boundaries of the principal region of instability we have 


1105 
3. Let 
1,2) 
a 
Jol. 25 f A, 
ing 
— Po oP 
— ot (4 — — Pe oPie 
| | (1 Pig Pre ) 
Here 


S.A. Ambartsumian and V.Ts. Gnuni 


he? \ 


On the boundaries of this region, i.e. when @ = 0. the linear part 
of Equation (3.4) permits of periodic solutions, which for wp << 1 can be 
approximately represented in the following form: 


G1 (1) cos (4 (¢) = sin 


On the basis of the method of Mandel’shtam [3], the amplitude of the 
steady-state oscillations C for the boundaries of the principal region 
of instability can be determined, to the zeroth order, from the equation 


2T 
\ V (0), Ce,’ (0), dt = 0 (3.8) 


0 
Therefore, we obtain the nonlinear algebraic equation 


A,c™ + AoC™ = (Q? — Q,*) (1 F p cos 2s) C 
where by virtue of (3.7) 


2T 
¢ t 


on i 2n 


0 0 


2T 
a6) 


We note that in the last term of Equation (3.9) the minus sign refers 
to the lower, and the plus sign to the upper boundary of the principal 
region of instability. 


Examining Formulas (1.3), (2.5) and (3.10), it is easy to see that 
the coefficients A; are always positive for b; > O and negative for 
b; < 0. We note also that the coefficients can be zero only in those 


cases when the corresponding layer of the plate is made of a linearly- 
elastic material. 


| 

#b 


an *b 


Pig. 4. Fig. 5. 


Let A; > 0, In this case, on the basis of (3.9), the plot of the 
amplitudes of steady-state oscillations in the principal region of 
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dynamic instability has the form shown in Fig. 5. Distortion of the 
oscillation in the direction of lower frequencies occurs. In the case of 
A; < 0, the amplitude plot changes its form and the distortion of the 
oscillations occurs in the direction of higher frequencies (Pig. 4). 


When the A; have opposite sign, for example A, > 0, A, < 0, the first 
term in (3.9) has a tendency to distort the oscillations in the direction 


Fig. 7. 


of lower frequencies, while the second term distorts the oscillations in 
the direction of higher frequencies. As an example we examine the case 
ol. 25 a, = 2, @) = 3. Then (3.9) has the form 
1961 


| A, | C?— A,C* +. (Q? — Q*) (1 pcos 23) C = 0 (3.11 


With (3.6) and (3.7) taken into account, the solution of (3.11) has 


the form 
0 (3.12) 


As | 


The zero solution (3.12) is stable everywhere, except in the region 
of excitation of the linear system, where the steady-state solution 
(3.13) (Pig. 6) is obtained. Here the following phenomenon develops: 
after the plate enters resonance, the frequency begins to drop to a 
certain value 6,7, where 0,” is determined from the equation 


A? 6,2 V w- 


after which the frequency begins to rise again. The distortion of the 
oscillations occurs in the direction of higher frequencies. 


In the case of a, = 3, a, = 2, the plot of the amplitude of steady- 
state oscillations changes its form (Fig. 7) and the distortion of the 
oscillations occurs in the direction of lower frequencies. We note 
further that if m= &, then, depending on the moduli of the coefficients 
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Ai, the steady-state oscillations are established along the curve shown 
in Pig. 4 or Pig. 5. In this particular case, if |4A,|=|A,|, the non- 
linearity vanishes. 


In order to complete the picture we remark that when A, < 0, Ay > 0 
all of the above-indicated calculations are repeated, but the plots of 
the steady-state amplitude dependence change their form. Depending on 
a; they are represented as follows: for = 2, @2= 3 (Fig. 7), for 
a, = 3, = 2 (Pig. 6), for = (Fig. 5) or (Pig. 4). 
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In simple tension Hooke’s law may be written in the following form: 


6 = Ee (1) 


Here o is the tensile stress, « is the relative elongation, and £ is 
a constant — Young’s modulus. 


It has been shown by Ivlev [1] that in the case of small deformations 
the validity of the law (1) in simple tension is insufficient for a 
generalization of a linear Hooke’s law to arbitrary small deformations. 
He has constructed examples of a physically nonlinear elastic body which 
in simple tension obeys the same law (1). 


It is known [2] that within the framework of the theory of finite 
elastic deformations it is, in general, impossible to construct an iso- 
tropic elastic medium in which the components of the stress tensor de- 
pend linearly on the components of the finite strain tensor in a space 
of initial states. Moreover, this statement is valid not only for arbi- 
trary deformations but even for particular classes of deformation such 
as plane strain and plane stress. In spite of this, it is possible to 
construct examples of nonlinear elastic bodies for which Equation (1) is 
valid for finite deformations under simple tension. 


Within the framework of small deformation theory (geometrically linear 
theory of elasticity) we shall show that the fact that Hooke’s law is 
satisfied for arbitrary plane strain or plane stress of the material 
likewise does not allow one to conclude that the material satisfies 
Hooke’s law in an arbitrary spatial state of deformation. 


An elastic medium may be specified by the assignment of the free 
energy F’<e ;;, T) or the thermodynamic potential W’{o*J/p, T), where p 
is the density and T is the temperature of the medium. The connection 
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between the stresses and the strains then has the form [3 ] 


aw’ 


(2) 


oJ=p 


Formulas (2) are valid for arbitrary processes in the general case of 
finite deformations of elastic bodies. 


If the strains are small, then for physically nonlinear bodies the 
density in Formulas (2) may be taken as constant and 


In this case Formulas (2) may be represented in the form 


ov 
05; ; 


Clearly, Formulas (3) must be viewed as physical approximations. This 
circumstance must be kept in mind in investigations in which small addi- 
tions to the stresses of the order of density changes are being taken 

into account, 


For an isotropic body the first of Formulas (3) can be written in the 
form 


OF OF OF ‘OF OF OF 


Here q,, I,, I; are the system of invariants of the strain tensor. In 
Cartesian coordinates we have 


1 
= = F — & T3 =| e22 (5) 


&31 


Let the material satisfy the relationship 


Si; = hol 15; ; j 


under an isothermal process of plane strain (T= Ty, I; = 0). 


It is obvious that an arbitrary function F, having the form 


Ie, 13, T) + 26 (1, Ie, Is, T) 


— 2p Ts, Ts, T) fC, To, 13, T) (7) 


under the conditions 
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aF 
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(11, 12,0, To) = do, 12, 0, To) = po 


an an an Ou 


0 for 


can serve as the potential function (free energy) of such a material. In 
this material Hooke’s law is satisfied for arbitrary plane strain, but 
is not satisfied in the general case. 


In an analogous way, by using the second of the relations (3) and by 
choosing a function Wo; 5, T), it is easy to construct an elastic medium 
which for isothermal processes in plane stress satisfies Hooke’s law but 
which does not satisfy Hooke’s law in general. 
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The condition of finiteness of the stresses and smoothness of closure at 
the | leading] edge of a crack of normal discontinuity has been suggested 
in hypothetical form by Khristianovich [1] in the nature of a basic con- 
dition defining the position of the ends of the crack. In[2] a proof 

of this condition was given for the case of cracks of normal discontinu- 
ity. In this paper we shall prove the finiteness of the stresses and the 
smoothness of closure of the crack at its boundary for an arbitrary equi- 
librium crack, i.e. for an arbitrary surface of discontinuity of displace- 
ments which is in equilibrium in an elastic body under the action of 
applied loads and cohesive forces. 


1. Let us consider the region in the neighborhood of some point O on 
the contour of the surface of an arbitrary discontinuity of displacements, 
i.e. a surface on which discontinuity occurs in all three components of 
the displacement vector. A system of orthogonal coordinates with center 
at the point O is chosen such that the xz-plane is a contiguous plane to 
the contour of the surface of discontinuity at the point O, the z-axis is 
directed along the contour and the x-axis is directed into the body. It 
can be shown that the stress distribution on the x-axis near the origin 
is of the form 


(1), Tay Vi 


HO(1), Tre 3, = (A) 
Here Ty, OTe components of the stress tensor, N, T, are 
quantities which depend on the applied loads, the shape of the boundaries 
of the body and the contours of the cracks existing in the body and the 
position of the point O, but which are independent of x. 


The displacements at points on the x-axis can be represented by the 
following formulas (see [3,4 ]): 
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_ 20 — 2v) 


NV x+0 (x > 0) 


u 71 V—8 + (x <0) 


+ v) (1 — 2v) 


-T, (x > 0) 


NV —2z+4+ 0(2"") (x <0) 
2(1 7”) 


(z <0) 
w= (z > 0) (2) 


Here u, v, w are components of the displacement vector; £, v are 
Young’s modulus and Poisson’s ratio, respectively, and the positive and 
negative signs correspond to the lower and upper edges of the crack, re- 
spectively. 


2. From the actual state of equilibrium of the cracked elastic body 
we pass now to a possible state of equilibrium which differs from the 
former only in that the surface of discontinuity close to the point O is 
slightly widened (see Figure), so that the new contour of the crack near 
the point O is represented by a smooth curve, all points on which are 
situated close to 0. The curve touches the previous contour at points A 
and B. We shall evaluate the energy 5A released by this widening of the 
surface of discontinuity. We have an expression for 5A in the form of an 
integral over the new surface of the crack 


1 
6A = 2 tou }- dS 


2 1. 
= — 20) N Ve + ‘ad -v) T,Vh -z} 


—2v)7T,Vz +(i—vwwWN Vh—z} + 


2(i+-v 
ow 
(the dots denote small quantities of a higher order). The factor two 
appears, since tht contributions to the energy released from the upper 
and lower edges of the crack are the same. The expression for the incre- 
ment in energy is of the form 


b 


h 
b4 = \ az Ca — + = 
a 0 
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_(i+v)a 


b 
(1 — + + \ has 
a 


v): 
= — + TY) + Tat] dS (4) 


4 


A corresponding formula for cracks of normal discontinuity is given 
by Irwin[5,4]. 


But if the surface of discontinuity in question is an equilibrium 
crack, the energy 5A must vanish, from which and from (4) we obtain 


(1 — v) (N* + + = 0 


Thus, evidently 


N = T, =T,=0 


This proves the finiteness of the stresses and the smoothness of 
closure of opposite sides on the boundary of an arbitrary crack. 


3. The foregoing discussion referred to a crack of arbitrary discon- 
tinuity on the surface of which the discontinuities in all three com- 
ponents of the displacement vector are nonzero, so that [u] ¢ 0, [»] ¢ 0, 
w #10]; the symbol [...] denotes the difference in the values of the 
function on either side of the discontinuity. For three special types of 
cracks: cracks of normal discontinuity (u]=[ws)= 0, [v] 4 0); trans- 
verse shear cracks (ul #0, [vleq [w]— 0); and longitudinal shear cracks 
dul=[wv)]= 0, [wv] 40) a more detailed examination is possible if we 
accept the hypothesis of smallness and discreteness of the end region of 
the surface of the crack [6]. The latter hypothesis amounts to the re- 
quirement that at all points on the boundary of the crack at which the 
intensity of cohesive forces is equal to the maximum possible one, the 
shape of a normal section of the end region and, consequently, the local 
distribution of cohesive forces, do not depend on the applied loading. It 
is evident that for cracks of arbitrary discontinuity the second hypo- 
thesis is unacceptable, and that for other types of cracks the shape of 
the end region of the surface of the crack is not the same. 


Cracks of normal discontinuity have been investigated in detail al- 
ready. For longitudinal and lateral shear cracks we obtain the boundary 
condition in an entirely analogous way [6] at points on the boundary at 
which the intensity of the cohesive forces is a maximum 


d d 
M (t) dt L T(t) dl 

T — M oe = — = 


. 
0 0 


(6) 
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where T,° and T,° are the corresponding quantities evaluated without 
taking into account cohesive forces, d is the width of the end region of 
the crack, r,(t) and ro(t) are, respectively, the intensities of cohesive 
forces for cracks of both types. As in the case of a crack of normal dis- 
continuity, the quantities M and L are constants of the material which 
define its resistance to the respective types of fracture. 
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The paper investigates the buckling of an idealized bar when a work- 
hardening theory in the form 


—a 


= Ap 3 | p (1) 
is admissible. Vol. 2 
1961 


We shall compare the results with the solution obtained by lineariza- 
tion of Expression (1) [1,2]. One solution to the problem of longi- 
tudinal bending of an idealized bar in accordance with the work-hardening 
theory has been given by Libov [3], in which another form of Expression 
(1) was used. Libov carried out his investigation with the aid of numeri- 
cal methods, and it is therefore not possible to make a comparison with 
the linearized form of the problem. 


Let us consider an idealized bar of I-section (see Figure). We shall 
assume that the bar has an initial deflection and is in compression under 
the action of a longitudinal force P. If we denote the area of a flange 
by F and the depth of the bar by 2h, we obtain the following expressions 
for the stresses a) and o> in the flanges (subscript 1 corresponds to 
the concave flange): 


y P 
=00(1+4), Oe =o(1—<), Oo = (2) 


If we accept the plane-sections hypothesis for strains €, and f> in 
the flanges, we obtain 


&; — &2 = —2h (y” — yo") (3) 
We shall suppose that 


y = husin Yo = hugg Sin 


= 
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where a is the amplitude of the nondimensional deflection at the centre 
of the bar. 


We shall carry out our investigation satisfying all 
the equations only at the center of the bar. We then 
have 

2h?x? P 
— woo) — Bul = pi — po (8 


where P, is the critical load for an elastic bar. 


We evaluate the quantity z = P, — Pp, making use of 
Expression (1), and find that 


0 0 


For small values of the parameter u we have 


(2 
+a) 
From this we assume 


on 
= Aw 


For large values of the parameter u we obtain 
t 


~ A (i + a)o0"2 \ dt+e or (9) 
0 
Finally, we have 
(10) 
(a+ a)'+2 ) 


k n—l—a 


2 1+a 


Then, combining (5) and (10), we obtain 


(u — u,)"u 


2h?x 
( Ay = ky (1 — B), wo = 


Thus the problem of finding the relation u = u(uo, t) is reduced to 
one of quadrature. The condition w= 0 gives the equation 


ky (n — a) ug? + (1 — kyuo) uy — (1 + @) wo = O (12) 


for finding the critical value a. 
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For Uy << 1 we have (1 + a) up. Consequently, we can neglect k, u 
in (11) compared to unity, and we then find that 


(u — uy)*du 
Ajt, (13) 
Ug 


It is evident that t. is independent of Uo: We have 


= \ = (14) 
1 


For convenience, instead of time t, we introduce a strain correspond- 
ing to the mean stress, i.e. 


(15) 


1 


Ps 
1+a 


1) (a), (a) + a) \ 
1 


Since for the bar in question ¢, = h?q7/L? ande = o,/E, we can write 
np. 
Po = = (1 + a) ¥ (a) (18) 
Expression (18) is analogous to Formula (16) in [2], in which p also 
is a function only of a. For the case when a = 1 we have 


Expressions (18) and (19) show that the criterion that w= 0, which 
was introduced in the linearized problem, leads to the same results in 
the nonlinear problem in the case of small uy. We can compare the values 
of t. and t,, derived from the condition that u + ~, 


From (11) we obtain 


(u — uy)* du 
Ar) (1+ 
Us 


(20) 


Evidently, as + 0 and always t . Consider now the para- 


meter p. We have 


u 
* 


co 

0 
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where u. is given by Equation (12). 


For values of n= 3, a= 1 from (21) for Up, equal to 0.001, 0.01, 0.1, 
1 and 10 we have the values of 40, 25, 14, 7 and 1.5, respectively. For 
the same values of Uo the parameter (P, /Py +) has the values 1, 1.03, 
1.35, 10. From these numerical results it follows that the criterion 

0 for nonlinear and linearized problems gives practically coincident 

results for Uy < 1. Obviously, for a real bar with an initial deflection 
uy the condition u~+ gives an upper bound and the condition u = 0 gives 
a lower bound. 
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The exact solution of the nonlinear equation of the unsteady filtration 


of a liquid with a free surface in a layer with variable penetrability 
in a vertical direction involves great mathematical difficulties [1,2 }. 
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In the present article we use a theorem of comparison [3] to obtain 
simple evaluations of approximate solutions of an equation of one-dimen- 
sional filtration in a layer of variable penetrability. 


1. Let us examine the known problem of the outflow of a liquid in 
plane waves into a layer with a zero level of ground waters [4]. 


Let us assume that the coefficient of filtration is a certain given 
bounded function of the vertical coordinate k = k(z). 


The differential equation of filtration for this case has the form 


H 
m (HH) (4) = (2) as) (1.4) 


aH 


Ox 


where a(H) is the coefficient, variable in a vertical direction, of the 
saturation defect. d(H) is clearly a finite non-negative function, 
Let us examine similarity solutions of the form 
H=H(u) 
which correspond to the case of a momentary rise in the reservoir from 
H, to Hy = 1: in the present instance it is obvious that Hy = 0. 


Substitution of (1.2) into (1.1) yields 
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d dH dH 


With a coefficient of filtration which is independent of thickness 
k= ki, Equation (1.1) degenerates into the well-known Boussinesq differ- 
ential equation of filtration for the analogous boundary condition in 
the zero section. 


Equation (1.3) permits an exact solution for certain special forms of 
function 


To obtain these solutions we will proceed in the following manner. 
Having integrated Equation (1.3) from zero to H, we obtain 


H 
=- = \ um (H) dil 


0 
H 


1d 
0 


aH 


dH 


We took account of the fact that d(H) dH/du = 0 when H= 0, as a 
result of the continuity of distribution of the flow of ground waters and 
the tendency of this flow toward zero, when x + «(u + ~), 


At this point, if we take a relationship of the form u = u(H), we may 
determine the function @(H) and, consequently, also the law of penetra- 
bility as a function of the thickness of the porous layer. 


The above inverse method was used to find several exact solutions, on 
the basis of which we may evaluate approximate solutions. 


An analysis of the exact solutions indicates that only those functions 
of the saturation distribution which are identically equal to zero when 
u is quite large correspond to bounded non-negative values of d(#). 


This latter feature is connected with the finite extent of the per- 
turbation, proved in[5] for the case of the generalized Boussinesq- 
Leibenson equation, which gives a completely general statement of the 
problem. The finiteness of the velocity of propagation of the disturbance 
for similarity problems examined here will also emerge clearly from the 
following simple considerations. 


In Equation (1.4) we will let H tend toward zero; then d(H) + 0, 
Q(H#) + 0 (since the integral converges), and the fraction 
du 2@ (H) 
dH~~ 
will become undetermined. 
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Investigation of this undetermined value yields 


(0) 2k (0) 


(0) m (0) ~ ~ u (0) m (0) (1.6) 


Let us assume that k(0) A 0, (0) A 0. If the axis u were an asymp- 
totic integral curve, we would have to have u(0) = », u’ (0) = — oo; how- 
ever, this would contradict (1.6). 


2. We will prove that through point u= 0, H= 1 there may not pass 
more than one curve corresponding to conditions 


H>0, H’ <Oandlimg (H) =0 for u— 


Let us designate the coordinate of the saturation front by u*, If an- 
other integral curve (other than H(u)) passes through the point (0.1), 
such that H,(u) > H(u), (u,(H#) > u(H)), there must exist a segment [ 0, 
Uy ] for which 


H 
— Hy’ (u) —H’ (u), Q, (A) > Q(A) (Q, (H) = ( uym (H) dH ) (2.4) 
0 


1 Q:(A) 1 Q(A) 


Hy (uy)? Wu) ~ 9) (2.2) 


From (2.2) it follows that the curve Hy (4) on the segment [ 0, Up ] 
does not satisfy the integro-differential equation (1.4) and consequently 
does not satisfy the differential equation. 


Let us suppose that the integral curve Hy (4) intersects the curve H(u) 
at several points Uy, If, for the segment [ ] the in- 
equality H,(u) 2 H(u) is correct, then in[u, u,. ], contained in the 
segment, the following must apply 


(2.3) 


and we again come to a contradiction, Thus, the curve Hy (a) on the seg- 
ment [unu, ] does not satisfy the integro-differential equation (1.4) 
(or the differential equation (1.3)). 


In an entirely similar way we can prove that there are no integral 
curves coming from the point (0.1) which would lie below the curve H(u) 
or intersect it so that for points u > u, one obtains H,(u) < H(u). With 
the cases we have examined, we have exhausted all possible curves pass- 
ing through the initial point (0.1) of the curve H(u): as we can see, 
not one of these curves can be an integral curve of the differential 
equation (1.3). 


1122 
1961 
1 (H H 


ol. 25 
961 


Non-stationary filtration of liquids and gases 


3. Equation (1.4) may be reduced to the form 


2m (H)@ (H) 


Differentiation with respect to H is designated by a prime. We note 
that the flux of the filtration current in the section we are examining 
is 

v = (3.2) 


Let the differential equation 


2m, (H) (H) m,'(H) 
Q + m, (M1) 


be given, 


Let us further assume that Q(#) and Q,(#) are the solutions to Equa- 
tions (3.1) and (3.3), respectively. We will assume that 


Gi (1) S@ (A), u; (1) = u (1) = 0, my (H) = m (H) (3.4) 


The subsequent development is based on a theorem of comparison given 
in({3]. Pirst, however, it is necessary to carry out the following 
arguments. 


If u,(H) > u(H) on the segment [ 0, My ] of the H-axis, then in[ Mp, 
H, |, contained on that segment, > - u Q, (2) > and 
$b, > d(h), which contradicts condition (3.4). 


Therefore, the only such relative position of integral curves which 
is possible is u(#) and u,(#), for which u(0) > wu, (0). In the plane QH, 
Q’{0) > Q,(0) obviously corresponds to this latter condition. Thus, in 
every case in the neighborhood of H= 0, the difference Q(H) - Q, is 
positive and satisfies the relationship 


Q (A) — Q (A) = — Qi’ + (3.5) 


Let us further assume that the integral curves intersect at one point. 
Under these conditions, when H= 1, Q,(1) > Q(1), and, since Q°(1) - 
Q,°«1) = 0 according to (3.4), then either at this point or in the in- 
terval between the point of intersection and H = 1, the difference 
Q(#) — Q,(#) will have to be a minimum, i.e. 


Having taken this into account, we obtain from (3.1) and (3.3) 
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(/1) H 
— Qi" = —2( — m (3.7) 


which contradicts the requirement (3.6). Furthermore, if there is a 
minimum at a point in the interval, then between H = 1 and that point 
Q’<H) = 0, which is also impossible. 


It is easy to see that, with an odd number of intersections of curves 
Q(H#) and Q,(1) > Q(1) and the above considerations remain valid, 


With an even number of intersections in the interval [0,1], it is 
clear that there will be at least one point H= H,, at which Q(#) — Q,(M) 
attains a minimum when Q(H#) < Q,(#). When we use Equations (3.1) and 
(3.3) for this point, we can easily come to a contradiction. Thus, if we 
observe conditions (3.4) for the solutions of differential equations 
(3.1) and (3.3), we obtain the inequality 


Q (MH) > Q: (A) (3.8) 


Now let the two solutions Q,(H) and Q,(#) of the equations 


2m, (1) @; (4) m,’ (A) 
m, (Hy (i=1, 2) (3.9) 


be known, where 


(4) (A), ., uy (1) = ue (1) = 0,..., m, (H) = me (H) = m (H) (3.10) 


Let us further assume fulfilment of the following condition: 
(1) @ (A) 2 (A) 


It is obvious that 


Q2 (HM) > Q(A) > (A) (3.12) 
With a proper selection of distribution curves a) (H) and uy (Hf) (or of 
curves Q,(H) and Q,(H)), it is possible in a number of cases to satisfy 
condition (3.11) by the inverse method given in Section 1 and, at the 
same time, to give a lower and upper estimate of the approximate solution 
of the differential equation (3.1), where ¢(H) is replaced by its 
majorant or by its minorant. 


4. Let us assume in Equation (1.1) that a(H) = a) = const, and illus- 
trate the evaluation method for that particular equation. The solution 
of examples on the basis of the more general equation (1.1) contributes 
nothing essential to the understanding of the method and at the same 
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time leads to several complications. 


Introducing a new variable u = a,!/2a¢7)/? (for which we retain the 
previous designation), we obtain from (1.7), for the case a(H) = Ry 
H 


(H) = yu’ udH (4.4) 


0 


Let us specify the solution for the saturation distribution in the 
form 


u = (1 — + (1 — H*) (4.2) 


and determine ¢(H) from (4.1) by the inverse method. By computations 
which we will omit here, we obtain for ¢(#), according to Formula (4.1), 
the following value: 


(4.3) 
(H) = [> en (er + [en (ex + — — [Seren | — 


By differentiating with respect to H, we obtain from (4.3) the follow- 
ing expression for penetrability: 


k (H) = + + [2e2 (ex + - + H — H* — [+ H® (4.4) 


For the simplest cases of ce, = 0 and c, = 0, we obtain from (4.3) and 
(4.4) 


@ (H) = (H? — =H), k (H) = — — 


Let us note that in the case of (4.5) the first derivative of the 
saturation at a front is equal to infinity; however, the flux at that 
point vanishes. 


Examples. Let us compare the two solutions 


(HM) = H — (H) = H (4.7) 


d, (#) corresponds to a linear change of penetrability with thickness 
from k = 1 at the base to k = 0 at the top, Go (H) to a constant value of 
penetrability k = 1. 


The solution for ¢,(H) according to (4.6) has the form 


mo 
“2t 


Hy 
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For ¢,(H) we obtain the solution from[4 ] 


u 1 u 3 ‘ 


Substituting the values Hy and Hy from (4.8) and (4.9) into (3.3), we 
obtain, when u = 0, 


= 0.5 ve = 0.628 =, 1.256 (4.10) 


It is evident from (4.10) that the difference in the rates of the 
filtration flow is 26%, although the penetrability curves strongly differ 
from each other. 


Closer values are obtained when 


Omitting the intermediate calculations, we obtain 


ve/v, = 1.13 Vol. 2 
196) 


If Q= 20, 2/2 1/2, is the solution of the differential equation (3. 2) 
(with m= const) and condition (3.12) is fulfilled, then, for the first 
and second examples 


1< < 1.256, 1< v/v, 1.13 
respectively. 


It follows that if, in the differential equation (3.2), d(H) is re- 
placed by its majorant or minorant, the error permitted in the calcula- 
tion of v will not exceed 26% (in the first example) and 13% (in the 
second). 


Let us select $y (H) in the form of a polynomial (4.4), whereby we 
assume 


1 1 
2c2 (cy + c2) — =: 0, (c; + ce) = 1 


The calculations for $y (H) and vy yield the following values: 
(H) = H — 0.230H*® — 0.02414, ve = 0.441 Vmo/ t 
For ¢,(H#) = H > o(H), we have, according to [4 ] 


0.628 V mo /2t 


4 
3 (41) 
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When (A) = 0.746 H< (H) 


vs = 0.384 Vmo/ t 


u;/ve2 = 1.084, = 1.031 


It is evident that when ¢,(#) 2 d(H) > ¢,(H) the error resulting from 
the substitution of ¢(#) by functions ¢,(#) or ¢,(H) will not exceed 
8.4%, while when d(H) 2 O(H) > $,(H) it will not exceed 3.1%. 


In conclusion, let us note that, since the unsteady filtration of gas 
is described by an equation of the form (1.1), the method we have pro- 
posed may be used in a number of cases for the evaluation of approximate 
solutions of problems of underground gas dynamics. 
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The energy principle, obtained in the papers by Lundquist [1,2], Bern- 
stein and others[3], has found broad application in the solution of 
problems of stability of equilibrium magnetohydrodynamic configurations. 
The energy principle is analogous to known theorems [4,5,6 ] on the sta- 
bility of the equilibrium condition of a system of material points. The 
proof of the energy principle, carried out in[3], is based upon the 
series expansion in small displacements of an ideal conducting fluid 
along a complete system of normal vibrations. 


In this paper we shall produce proofs of the stability theorems of 
equilibrium configurations of an ideal conducting fluid by the use of the 
Liapunov function, 


Note that the totality of solutions of the Cauchy equations of motion 
for small displacements of a nonviscous ideally conducting fluid from the 
condition of equilibrium determines a general system. Zubov has used [6] 
the analog of Liapunov functions in the proof of theorems of stability 
of invariant ensembles of a general system. Movchan [7] applied Liapunov 
functions in the investigation of elastic systems. 


1. As shown in [3,8,9 ], the equations of motion for small displace- 
ments é(r, t) of a nonviscous ideally conducting fluid from the equi- 
librium condition have the form 


= (8) (i = 1, 2, 3) (1) 


where a point above a symbol indicates differentiation with respect to 
time and F is a linear self-adjoint operator. 


F Vp) + 17 (pdivé) + (rot rot H) x H) + rot H rot H) 


where p, p and @ are equilibrium values of density, pressures of fluid 
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and magnetic field, y is the adiabatic exponent. 


We shall, for simplicity, assume that the fluid occupies a finite 
volume V, bounded by the surface S, where density p and displacements & 
become zero on S, 


Equation (1) has an energy integral 


E=T+ U = const 
1 


We shall introduce notations 


= sup VE,? + + E5?, — sup 
It is clear that 


‘ol. 25 (1) T=U=0 for\t}=0, =—0 
1961 (2) T—+0,U—-+0 for 
(3) T >0 


We shall assume €(r) to be twice continuously differentiable functions 
of ré€v. Let E(t, vr, be the solution of Equation (1), 
satisfying the initial conditions 


E=Eo(r), for 
We shall now give the determination of stability, asymptotic stabili- 
ty and instability of equilibrium conditions of a given system. 
0 


The condition of equilibrium =0, ¢=0 is stable, if for any €, > 
and €, > 0 may be found such 5, > 0 and 6, > 0, that if || €,(r)|| < 4, 


and || €5(r) || <6,, then 


The condition of equilibrium is asymptotically stable, if it is stable, 
and also 


The condition of equilibrium is not stable if there exist at least 
one €, > 0 and¢,> 0 such that for any 5, > 0 and 5, > 0 there always 
exist such €,(r) and €5(r), || €o(r) || || || < 5, that at least 
one of the following inequalities will be satisfied: 
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at least for one of the values t > 0. 


2. We shall now formulate and prove the theorem of the stability of 
equilibrium conditions of an ideally conductive nonviscous fluid. 


Theorem 1. (Necessary condition of stability.) In order that the con- 
dition of equilibrium € = 0, & = 0 be stable, it is necessary that 
ULE} 2 0. 


Proof. Let a given condition of equilibrium be stable. We shall show 
that in that case Uj é} > 0. We shall assume that there exists a &*(r), 
such that 


Assume that 


V &) o 


If € is the solution of (1), then 


dV 


rT = 2(T 


If for any given 5,* > 0 and 5,* > 0, there always exist ¢,*(r) and 
€,*(r) such that 


U <0, V Eo*} > 0, T + U <0 


then for solutions of Equation (1) with initial conditions 


E=E*(r) for 
we shall have 


dt 


>0 for t>0 (—p=T + U <0) 
Hence it follows that 
V>Vo+ co for t—-+ oc, (Vo = V for t = 0) (5) 


Since the condition of equilibrium is stable, then for any €,> 0 and 
€_ > 0 there are found 5, > 0 and 5, > 0 such that if ||€)(r) || < 5, and 
| || < 5,, then 
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r, Eo (r), bo E(t, r, Ey (r), Fo < es for t>0 


We shall now choose 5,° and 5,° corresponding to 5, and 55. Then for 
t 20 we find that 


Hence if follows that for the solutions under consideration 


(M \ pdr ) 


This contradicts (5). Consequently the assumption that U{éj < 0 is 
false. The theorem is proven. 


From Theorem 1 it follows that if there exist such &(r) that 
Ui é (r)} < 0, then a given condition of equilibrium is not stable. 


It is easily proven that the condition of equilibrium of an ideally 
conducting nonviscous fluid cannot be asymptotically stable. 


‘ol. 25 
1961 3. If a given fluid is viscous, then the equations of motion will have 


the form 
& =F, (i = 1,2,% (6) 


The force of viscous friction f; equals 


Ov Ov, Ov, Ov, \ 


=| 
Ox, Ox; Or, 


3 
where 7 and ¢ are first and second coefficients of viscosity, v; = é.. 


From (6) it is easily found that 


d(T + U)/dt= —W <0 
where 


{ Ov; Ov 2 Ov 
W = —\ of, dr = —— 
v 


We shall now investigate the influence of viscosity forces on the 
stability of condition of equilibrium. In the case of an incompressible 
fluid this problem was considered by Hare, using another method [ 10 |. 


Theorem 2. If there exist &(r) such that U| €(r)}< 0, then the con- 
dition of equilibrium is not stable even in the presence of viscous 
forces. 


Proof. We shall assume that the condition of equilibrium is stable. 
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Choose ¢, > 0 andé¢, > 0; then there exist om > 0 and 5, > 0 such that 
if 


(10) 
then for t 20 
Eo(r), bo en, VE (¢, Eo (r), Eo (11) 


Assume 
Oz, Ox, 


v 


If € is the solution of Equation (6), then 
dV /dt = 2(T — U) 


There exist ¢,*(r) and such that 


—T — U > 0, V > 0 Vol. 2 


196] 
Since for t 2 0 
then there exist A > 0 such that for t 2? 0 
V E(t, Eo (r), (r)), WE C(t, 
On the other hand, since for t 20 


we find that for t > 0 


V (E(t, (r), (r)). E(t, (r), Eo* (r))} > 2p > 0 


Consequently, for t + + « 


V (E(t, Eo* (r), Eo* (r)), E(t, r, (r), (r))} + (17) 


which contradicts (15). The contradiction arrived at shows that the 
assumption made with respect to the stability of the condition of equi- 
librium is false. The theorem is proven. 


Theorem 2 is analogous to the known Kelvin [5 ] theorem on the in- 
fluence of dissipative forces on the stability of the condition of equi- 
librium of a system of material points. 
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Note. The use of functions (4) and (12) in the proofs of Theorems 1 
and 2 should be analogous to using the Liapunov function, in its 
quadratic form, as was done by Chetaev {5,11 ] in the proofs of some 
theorems on stability. 
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We shall consider the formulation of problems of wave propagation in the 
presence of boundaries on which high-order homogeneous boundary condi- 
tions are satisfied. It will turn out that on contours of discontinuities 
in the coefficients we must give additional conditions, in this paper 
called "contact conditions". A simple problem will be solved with the 
application of contact conditions — the reflection of a transverse wave 
from the lines of discontinuity of an elastic plate, covering a liquid 
hal f-space. 


Recently, some attention has been given to problems of wave propaga- 
tion in the presence of surfaces on which homogeneous boundary conditions 
are given that include derivatives of higher order. Thus, in particular, 
is described the impact of a sound wave on an elastic shell subjected to 
pure bending, or on a thin membrane, Lamb [1] has considered the dif- 
fraction of a wave by a senti-infinite plate. 


Also interesting is the case when the coefficients of the homogeneous 
boundary condition are piecewise constant, corresponding, for example, 
to a shell composed of several homogeneous pieces. These problems possess 
some specific features, and questions of their being properly posed are 
answered by the uniqueness theorem, given below. 


Let a uniform liquid (with density o and sound speed c) occupy some 
volume V, bounded by a surface S (which, for example, may be considered 
to belong to the class BH in the sense of Liapunov); parts of S, in 

general, may extend to infinity. Let a sound field (with velocity poten- 
tial ¢, pressure p, velocity v) satisfy the following: 


1) In the volume V, the wave equation holds: 
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where f(r, t) is the source function, differing from zero only in the 
finite part of V. 


2) Zero initial condition holds: 


pP=—p2=o, v = grad g = 0 for 


3) The following boundary condition holds on the finite part of sur- 
face S ( which is considered as partitioned into several pieces S,): 


on S, 

Here the parameters D,, @,, B, and #, are constant and positive on 
each Sy, and wu is a function of time and of the points on the surface; 
eliminating it from (3), we may obtain the homogeneous boundary condi- 
tion in the following form: 


on 


#@ : 


Here n is the outward normal unit vector, and ve designate differ- 
ential operators in coordinates normal to n, 


4) On the contours of discontinuity of parameters L, some set of 
linear conditions holds, insuring the continuity of the normal components 
of the following vector I (which is defined on the surface S): 


Ou 
3 
I= D, (V% 


(This condition will be called contact condition in what follows). For 
conditions (1) to (5) the solution to the posed boundary-value problem 
in linear acoustics will be unique (if one excludes from consideration 
the uninteresting class of functions which differ from zero on a set of 
Measure zero). 


Before proving the statement we make some observations on some of the 
previous conditions. Equation (3) has a simple meaning, relating force 
to displacement, if we identify u as the normal displacement of the shell 
from equilibrium position, DV ‘u as the force due to bending, and a,V 7a 
as the force of the membrane type, characteristic of capillary phenomena. 
The term Bye is interpreted as the quasi-elastic force, mw, the mass per 
unit area of the shell, and u/d the corresponding inertia force. 
The positive sign of the constants D,, a,, , and B, corresponds to the 
stability condition for the boundary: the forces resulting from its de- 
formation tend to restore it to equilibrium position (u = 0). 


The contact condition also admits a simple interpretation. The vector 
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I is the energy-flow density vector for the shell considered; the first 
term in (5) is connected with the transfer of elastic energy for bending 
vibrations (as was shown in our paper[2]), and the second with the 
energy transferred along the membrane, Higher-order boundary conditions 
correspond to (physically) rather complicated surfaces, which appear 
able to transmit energy independently; from this point of view, contact 
conditions are completely legitimate. 


To prove the uniqueness theorem, we shall construct the difference of 
two possible solutions (p = p; — Py, V= — Vo, P= — Gy). The 
following energy theorem is valid [3]: 


Ss 


where the second integral extends only to a finite part of the surface S 
(since we are considering the unsteady problem). Using boundary condition 
(3), and carrying out the obvious integration by parts, we may write for 
some part of the surface S, 


Ou \* Vol. 2 
\ pv, dS = 1, dl \ + a, (Vu)? + B, + (>>) dS 7 1961 


Sp, Ly Sp 


Here I, is the component of vector I normal to the boundary Ly, I be- 


ing determined in (5); t is the outward normal. 


Into Formula (6) enters the sum over all regions S,; thus the integral 
for each contour L, appears twice, with opposite signs of the unit normal 
vector. The contact conditions are assumed linear, and thus I, is con- 
tinuous across a non-uniform field, so that 


1,a=0 
k 
and the energy theorem takes the form 
48) 


By virtue of the zero initial conditions for each section and the non- 
negativeness of the coefficients (D,, a,, By, Bp), it follows from (8) 
that the difference of the solutions is identically zero. 


Thus, we have proved the uniqueness theorem for the problem with 
initial data, and shown the necessity to take into account contact con- 
ditions. Evidently, they are also needed in more general cases. To 
formulate the theorem for stationary problems, we replace condition (2) 


¥ 
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by the radiation principle (in appropriate form). If the region V con- 
tains points, where the solution may lose analyticity (edge of a wedge 
or, in our case, the boundary of the contact surface), then it is neces- 
sary to impose conditions of weak singularities for the field, i.e. con- 
tinuity of the potential ¢. These variations of the uniqueness theorem 
have been discussed (cf., for example, [4 ]). 


We now consider a simplest boundary-contact problem. 


Let the half-space y < 0 be filled with an incompressible fluid of 
density 0, covered with a thin plate of constant rigidity D, the mass of 
which is negligible (Pig. 1). On the line (x = 0, y= 0) the contact con- 
dition is disturbed. For instance, both edges of the half-plates may be 
free, or may be hinged together; the presence of welding would correspond 
to the trivial case of an infinite homogeneous plate. If a surface-bend- 
ing wave hits this contact line, it is interesting to determine the 
strength of the reflected wave, since this problem is connected with the 
reflection of bending waves from cracks in ice sheets; the hinged-joint 
case may give some representation on the reflection of bending waves from 
overlapping ice-sheets. As follows from[2], there exists a range of 

frequencies for this the proposed 
model is acceptable. 


The proposed problem will now be 
reduced to the uniqueness theorem, 
The velocity potential in the fluid 
satisfies the Laplace equation 


Ag = 0 (9) 
Pig. 1. 
and,considering a single frequency, 
we have for everywhere on the plate (except the contact line) the bound- 
ary condition (4) 


dy 


3 


Here the operator V acts only along coordinates x and z, and q desig- 
nates the wave number for the bending wave on the uniform plate. 


The contact conditions on the crack, by virtue of the arbitrariness 
of the displacement u and the slope @u/dx of the edges of the half-plate, 
are given in the form 


2 
limv2u=0 forz++0, lim forz++0 (11) 


These conditions coincide with the well-known "free-edge* conditions 
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in the theory of plates. We observe that in the case of the hinged joint 
(displacement continuous but slopes arbitrary) the contact conditions 
are formulated somewhat differently: 


lim V?2u=0, lim u= lim wu 
x++0 x+>—0 cA 

Ay 72 
lim (12) 


x>—0 


Condition (11), because of the second 


equation of (3), is easily transformed into ~ 0 
a condition on the velocity potential ¢. 


The requirement of weak singularities 
(absence of sources) indicates the contin- 
uity of the potential on the line (x= 0, 
y= 9). 


The radiation principle is easily applied 
in the following manner. We exclude from the 
full field d a wave striking against and 
bending the plane 


Go (x 0-+2 sin (13) 


where 0 is the incidence angle of the wave on the line of contact; then 
the secondary field ¢, = $- ¢) arising on account of the fracture, will 
be an outgoing wave as |x| + and will vanish for y+ ~, 


We shall seek the "secondary" field ¢, in the form (x, y) exp ig 
sin Oz where ®(xz, y) is represented by the following contour integral: 


® (x, y) = \ f (A) exp — Vi? + @ sin? Oy] da (14) 


Here f(A) is a function to be determined; contour I is selected in 
the A-plane, as shown in Fig. 2, and the branch of the root is fixed so 
that on our sheet of the Riemann surface, Re Vv (A? + q°sin70) 2 0; this 
corresponds to the requirement for a vanishing field for y+ ~. 


The continuity of the potential will be guaranteed if we assume that 
f(A) vanishes at infinity faster than |A|~ . Accepting that (justifica- 
tion to follow), it is easily verified that, for x> 0, the integral in 
(14) may be reduced to an integral on the contour l,, enclosing all the 
singularities of the integrand lying above the contour I’ (in the upper 
half-plane of A), and for x < 0, the initial contour I is transformed 
into the contour wa enclosing all singularities located below I’. The 
integrals on the contours r and I’ (as will be evident in what follows) 
admit at least five derivatives in the coordinates x and y. Taking this 
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into account, one readily sees that boundary condition (10), imposed on 
the secondary field, reduces to the following relation for the unknown 
function f(A): 


t 


r, is for forz<0 


By virtue of the arbitrary nature of xz, (15) will hold if the function 
F (A) = f(A) [2 + sin? — 


possesses no singularities in the entire complex plane, except at in- 
finity, where it may have a pole of finite order, i.e. if F(A) is some 
polynomial in A. The requiremeat of the continuity of the potential on 
the line of contact in the crack problem implies that F(A) contains no 
terms higher than the third power, then f(A) ~ 1/A? as A + o and integral 
(14) is continuous, We observe that in the hinged-joint problem the con- 
dition of continuity of displacement, i.e. d¢/dy, demands that F(A) be 
a second-order polynomial. And so, if 


Co + + + 
then boundary condition (10) obtains. The explicit form of f(A) indi- 
cates that the integrand in (14) has singularities in the form of branch 
points and poles; on our sheet of the Riemann surface there are six poles, 
whose positions are shown schematically in Fig. 2. It is also evident 
that the choice of the contour I‘ corresponds to the radiation principle. 


f(A) = (16) 


It remains to impose the contact conditions on the full field; for 
the case of the crack problem there are eight such conditions — accord- 
ing to the number of undetermined real constants in (16). Evidently, by 
virtue of the linearity of relation (11), to determine ch = a, + iby, 
one will obtain a system of eight linear nonhomogeneous algebraic equa- 
tions, proportional to the amplitude of the incident wave A. The coeffi- 
cients of the system are determined from the residues of the poles of 
f(A) and the integrals along the boundaries of the discontinuities. Con- 
sidering c, to be known in principle, it is easy to investigate the ob- 
tained solution. Thus the secondary wave consists of an undamped bending 
wave emanating from the crack (described by the residues of the points 
t Ay), a non-uniform bending wave whose amplitude decreases exponentially 
with increased |x| ( described by the residues of the points + A, and 
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+A,), and a three-dimensional disturbance going downward into the fluid 
whose amplitude decreases as some inverse power of distance.* This dis- 
turbance is described by the integral along the boundaries of the dis- 
continuity. 


Particularly simple is the case of the normal-incidence (@ = 0) bend- 
ing wave on the crack; here the computation can be carried to the end 
without using numerical analysis. The positions of the poles for # = 0 
are evidently 
i2n — 


ho = 4, Ay = q exp 


We write one of the contact conditions (11) explicitly: 
(17) 


too 
Re lim Re | } + | Aq? 
0 


The real part of the integral in (17) is easily computed with the help 
of the following device: 


where the real quantities p, and¢, have the following condition imposed 
on them: 


Dp, COS &, = a, (k even) , p, sin &, = b, (k odd) 


If now €, is fixed such that 


then evidently 


co exp (ian 


dh 
== U 


\ — gio 
0 


The last integral is taken along the ray arg A = 27/5, on which lies 
the pole A, of the integrand; thus to deform the initial integration 
path to the chosen one, we must add (with minus sign) the hal f-residue 
at A,. As a result, we obtain 


* In the case of the normal-incidence wave, the decrease is as Fr, 
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Boundary-contact problems of linear hydrodynamics 


k—1 


b k—1 
(k even) , Re/, — — (k odd) 
10 cos e, 10 sine, 


Rel, =— 


The remaining contact conditions are very similar to (17); this not 
only permits analogous methods to be applied for the determination of 
coefficients, but also the simplification of the system of equations with 
the help of a series of identity transformations. Its solution has the 
form. 

= (—1.8 + i2.4) Aq’, cg = (—4.5—i.5) = (18) 


For the case of the hinge-joint we similarly obtain 
co = ¢,; = 0, ¢2 = (—1.8 + i2.4) Aq’ (19) 


From (18) and (19) we may deduce the following values for the coeffi- 
cients of the reflected wave V and the passed wave W for normal incidence: 
V= 0.95 and # = 0.32 for the case of a crack; V= 0.6 and W= 0.8 for 
the case of a hinged joint. Por an oblique-incidence wave the reflection 
must increase, and the order of the effect is clear from the conclusions 
presented above. We observe that the wave reflected from the crack is 
strong — only 10 per cent of the energy of the wave passes through. This 
fact, that the quantities V and W turn out to be frequency-independent, 
corresponds to the existence of only one parameter gq in the problem. 
Under actual conditions for sufficiently low frequencies, bending waves 
on the surface of a frozen sea transform into gravity bending waves and 
pure gravity waves. The conclusion that the reflection coefficient is 
constant in this frequency range, naturally, is inapplicable. 


In conclusion, we may indicate that by similar means we can obtain 
the solution for the reflection of wave fronts on a discontinuity line 
for a membrane. In this case V = / 3/2, and W= 1/2. 
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The paper describes a method of constructing the temperature-distribution 
function for an infinite solid cylinder on whose external surface there 
exists a temperature distribution T= f(z) extending over half of its 
length, the other half transferring heat to the surroundings in accord- 
ance with Newton’s law of cooling. 


The solution of the preceding problem reduces itself to the determi- 
nation of the function T(r, z) which satisfies the Laplace equation in 
cylindrical coordinates 


(1) 
with the boundary conditions 


or + kT = 0 for r=R, +00 (2) 


T=f(2) for r=R, (3) 


We shall assume that in the interval (— «, 0) the function f(z) can 
be represented by a Fourier integral, that is by 


= | cos Bed, (8) = = (v) Bode (4) 


Provisionally, we shall establish that solution of Equation (1) which 
satisfies the following boundary conditions: 


+ hT = 0 for r= R, 0<2< +o (5) 


T = A cos Bz A + for r= R, 0 (6) 
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Thermal conduction in a solid cylinder 


Here, the symbols A and § denote material parameters. 


Pollowing [1,2], we shall introduce the auxiliary solution of Equa- 
tion (1) in the form 


To (r, 2) = BJo (mr) e™ 


where ® denotes a complex parameter. 


Treating B as a function of the parameter u = af, we construct the 
integral 


T, = x \ B (u) Jo (pu) e*™ du (7) 


for which the contour of integration C is taken along the imaginary axis 
with circles around the points + if R, where z =AR and r = pA. 


The integral (7) satisfies Equation (1) if it can be shown that it, 
together with its derivatives with respect to p and A up to and including 


second order, converges absolutely and uniformly in the interval 
ol. 25 
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The solution (7) assumes the following values on the boundary: 


for p=1, |A|< 
for p=1, |A|< co 


RK (u) RJo(u) K (u) 
hARJo(u) — uJ; (u) (u) — uJ; (u) 


The function K(u) is so determined as to turn the conditions (8) and 
(9) into (2) and (3), respectively, namely 


K(uje“du=0 forp=1,4>0 (10) 


\ (u) du = (ei RA for p= 1,4<0 (11) 
Cc 


The boundary condition (10) will be satisfied if K(u) can be shown to 


be regular in the domain Re(u) < 0 and to satisfy the conditions of 
Jordan’s lemma in that domain. 


In order to satisfy the boundary conditions (11), it is necessary to 
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show that the function ¥(u) is regular in the domain Re(u) > 0, that it 
satisfies the conditions of Jordan’s lemma in that domain, 


as well as 
the condition 


ATi 


Consequently 


A (BR) + 31, (8R)) 


res K K (u)erul 
(uje™|,_ ly. 4niTy (BR) 


(BRA) 


It was shown in[1,2] that in order to construct the function K(u) 
it is possible to consider the infinite product 


II (u) IL 


Here a, and b, denote the positive roots of the equations 
hRJo (u) — uJ, (u) = 9, Jo (u) = 9 


Correspondingly, according to[2], we have Vol. 2 


1961 
Il (u) V—u/hR 


for sufficiently large values of |u| in the interval 0< 5 <argu < 
ar - 5. 


First, it is not difficult to establish that 


K (u) = — [Alo (BR) + Bh 1 
4nil, (BR) (u — IL (u + Il (—i3R) 


satisfies the conditions enumerated previously, and that the function 


Jo (pu) K (uye™ dy 


Ag (p, 4, 3) (14) 
hARJo (u) - uJ, (u) 


Here, the function 


0 
Io (pz) { Il (— i8R) 


—oo 


(2) sR) sin he | dz + 48 


is a solution of Equation (1) and satisfies the boundary conditions (5) 
and (6). 


Regarding A as a function of the parameter £8, we construct the 


(12) 
=: 
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integral 


T (p, 4) = \ A (8) @(p, 8) a3 


where A(8) is determined by Equation (4). 


The function (15) satisfies Equation (1) and the boundary conditions 
(2) and (3). 
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DIFFRACTION OF PLANE SOUND WAVES (LONG) 
AT A TOROID 


(DIFRAKTSIIA PLOSKIKH ZVUKOVYKH VOLN 
(DLIA DLINNYKH) NA TORE) 


PMM Vol.25, No.4, 19614, pp. 771-774 


(Tula) 


(Received March 24, 1961) 


1. We deal with a system of plane sound waves (long waves) moving in 
the direction x-negative (Fig. 1) and falling on a stationary toroid (of 
section radius a, the toroid radius being 1) whose axis of symmetry co- 
incides with the x-axis of the Oxyz-coordinate system. 


The velocity potential of sound waves in a simple harmonic system 
with time multiplier e*”* is defined by the equation 


AD+ =0 


with boundary conditions at the toroid 
surface = in the form 


a® / on = 0 


where c is the velocity of sound and n 
is the internal normal to the toroidal 
surface, 


It is required to find a solution 
to Equation (1.1) in the following form: 


eikx +@ (1.3) 


where the first term represents the 

velocity potential of waves approaching 

along the direction of Ox-negative from infinity, and the second term 
represents a function of the disturbance caused by waves reflected from 
the surface of the toroid. 


Punction ¢ satisfies Equation (1.1). 
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Let us establish the boundary conditions for function ¢. To do this 
we have to introduce a new coordinate system r’, 6, Ww as shown in Pig.2 
and which is related to the rectangular xsyz-system by the following ex- 
pressions: 


sin§, y = (1 + r’ cos 9) cosy, z = (i + r’ cos 9) sing (1.4) 


The equations of the toroid surface in this system are 


z= asin9, y = (1 + a cos 9) cosy, z = (1 + acos 9) siny (1.5) 


As the wavelength A is large compared with the toroid section radius 
a (i.e. k is small) it is possible to expand e*** close to the toroid 
surface in a Taylor series. We then have 


k2 sin? 
_ 4 4 kir’ sing — 


(1.6) 
On the toroid surface (=) we have 
= — for =a (1.7) 


On a basis of (1.1), (1.2), (1.6) and (1.7) func- 
tion @ satisfies the boundary condition 


‘hese 
= —[— ki sin 9— k*r’ sin? 6+...) 


r’ =a 


+kisin§ — k*asin? 6+... (1.8) 


If we take account of boundary condition (1.8), the solution of (1.4) 
can be expressed as a surface integral, i.e. the velocity potential of 
the reflected waves at point P can be determined by the formula {1] 


1 a ike e tke ag 


p 


In this expression p is the distance between the fixed point P lying 
outside = and any arbitrary point on the toroid surface >. 


As the function ¢ on the toroid surface is unknown, it is not yet 
possible to determine ¢(P) from Expression (1.9). In the following two 
sections we will therefore discuss the determination of function ¢ on 
the toroid surface >. 


2. Assume that on the toroid surface and in its immediate vicinity 
the function can be expanded in the series 
@ = Go + kgi + Moet... (2.1) 
where do, $,, dy are as yet unknown, Substitute this expansion in (1.4) 
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(it can be done on the basis of (1.8)) and, on equating coefficients of 
terms in similar powers on both sides of the identities, we arrive at the 
differential equations 


Aqo — 0, Aq, -- 0, Age at. fo = 0 etc. (2.2) 


It follows from (1.8) and (2.1) that on the toroid surface the func- 
tions po, will satisfy, respectively, the following boundary 
conditions; 


a 
— asin? (2.3) 


= isin §, 
In order to determine the solution to (1.1) for long sound waves to 
an accuracy of 0(k*) it is necessary, in order to determine ¢ on the 
toroid surface, to solve the three first differential equations of system 
(2.2) with the corresponding boundary conditions at =. Then function ¢ 
will take the form 


= Po + kp, + + O (k*) (2.4) 


3. It is well known that in the curvilinear orthogonal coordinate 
system xz), 2, x, the operator A@ is determined by the formula 


he Ox, 


hg 


Here hy, hy, h, are metric or Lamé coefficients. The orthogonal co- 
efficients zs, = r°, s, = 0, x; = W are connected with the rectangular co- 


ordinates of Equations (1.4). 
The metric coefficients are, respectively 


he =r, 


Thus Formula (3.1) takes the following form: 
(3.2) 


Owing to the symmetry of the toroid about the Ox-axis, the functions 
$y and d, will be independent of y¥. Thus the first of the two Laplace 
equations from (2.2) becomes 


2r’cos§ sin § _ 
Or’? 


1 

‘2 of? r’(l+r’cos§) Or’ r’ (1+ cos §) 09 (3.3) 
1 14+ 2r’ cosh sin § _ 
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where distances p are large as compared with the dimensions of the toroid. 


Let OM= R, MR= p, OP= 2 YOC= and DCM = 0, where M is an 
arbitrary variable point lying on the toroid surface with coordinates 
(1.5) (Pig. 3). 


Let us write down the following 
approximation 


where R = OP = \V (x? + y* + 2”), the 
distance of point P from the origin. 
From (4.2) we have 


—ikp 
™5,) 


Here li, m, are the direction 
cosines of the external normal. We have 196) 
(4.4) 


1, =—sin 8, m; =—cos § cos, ny = — cos § sin 


The elementary area do on the toroid surface is equal to 


do = a(l + acos 9) dOdyp (4.5) 


On a basis of (4.2) to (4.5) therefore, Formula (4.1) takes on the 
form 


2n 
k? asin? § 0 
0 


| kia sing — 


+ cos § siny =) — (ki sin § — k® a sin® §) \! — sin § _- 


a ikR, 
— cos cos 5, — cos § sin (1 + a cos + O 


kQi a ikR, k2Q ikR, j 


where Q= 2m7@7l is the toroid volume. 


It follows from Formula (4.7) that the reflected waves can be regarded 
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as arising from the combined action of a simple source and a dipole 
situated at the origin of the Oxyz-coordinate system. 


Having now found @ for any given point P lying some distance from the 
toroid, it is possible to write down a full expression for the velocity 
potential ® taking into account the time multiplier and sound intensity 
Jo in the form 


pilot kKR,— 7) 20 R,—=) 


Evaluating the real part, we have 


kQ cos (st — kRy — 2) 
@ Jy cos (kx + ot) + Jo 


0 


(Ro = 2) 

It is evident from Formula (4.9) that the velocity potential of the 
sound wave at any point located at a large distance from the toroid 
equals the sum of three velocity potentials. The first of these is the 
velocity potential of a plane sound wave originating at infinity and 
travelling at constant velocity o/k in the negative Ox-direction. The 


second one is from the dipole at the origin and the third is from a point 
source also situated at the origin. 


Thus the problem posed in Section 1 is solved by Formula (4.9). 
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CYCLIC DISPLACEMENTS FOR THE GENERALIZED 
AREA INTEGRAL 
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Chaplygin in [1] generalized the area theorem and derived the appropri- 
ate integrals. The possibility of generalizing the results, in the 
Chaplygin sense, was also indicated. The most typical generalized area 
integrals are given in Sections 1, 2, 4o0f[1]. 


Without dealing with all the generalizations which follow from [1 ], 
one can still show that the given integrals are in essence integrals of 
cyclic displacements according to Chetaev [2]. 


We retain the notation and the definitions adopted by Chaplygin. 


Regarding Section 1 of [1]. The properties of constraints which are 
imposed on a system are revealed by means of those possible displacements 
which consist of the rotation of a system of mass points, without alter- 
ing their configuration, about a straight line Az. 


Let the angle 50 represent the rotation. 


The position of the mechanical system can be determined by Poincare- 
Chetaev dependent variables 


a, B, 1, BF, 2’, y’, 2° (i, = 4,2) (1) 


where B;* are the cosines of the angles between the Axyz-system and the 
newly introduced rectangular system Ax’ y’z°, whose z’-axis coincides with 
the straight line Az, and the system rotates about this axis through 
angle 50. The lower subscript relates to the x, y, z-axes, the super- 
script to the x", y’, z’-axes. 


The variables p,* satisfy the following equations: 


n= (i, k= 4, 2) 
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Real displacements are determined by the independent variables 7; for 
which we can take 
da a8 dy d§ 


Here 7, is a part of the velocity component of the mass points in the 
moving coordinate system x°y°z° on these axes, or appropriately chosen 
independent variables representing the motion of the mechanical system 
in this coordinate system. A change in the arbitrary function f due to 
variables (1) for a given possible displacement can be determined by 

4 
df= 0; X;f + Bo, X, 
j=1 

The parameters of possible displacements are 

88, @s=— dy, m= 86, 


v 


The operators for the respective displacements are 


a 2 . 
X.= X, (v=6, 6...) 


oy ap! 

For the parameters @, of possible displacements one can take infinite- 
ly small changes in the relative coordinates of the mass points in the 
2° -systen. 


Then the form of the operators X,, similar to X;(i= 1, 2, 3), becomes 
obvious. The operators X, are independent of variables a, B, y. B; and 
constitute a sub-group of relative displacements. All possible displace- 
ments constitute an Abel group. 


With corresponding [ or appropriate] constraints it is possible to 
choose the parameters @, so that the number of them is no less than the 
total number of relative coordinates. This should be borne in mind in all 
the sections. 


From the expression for the kinetic energy T of the system it is 
evident that 
X(T) = 0 


The forces applied to the system are such that the points of applica- 
tion of two derived forces can be chosen independently of p,*. We then 


have 
X,(U) =9 


Displacement X, is indeed a cyclic Chetaev displacement. The first 
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Chaplygin integral (2) from[1] corresponds to this displacement. 


—— = const 
om 


Regarding Section 2 of [1]. As in Section 1, let the angle 50 repre- 
sent rotation of part I and 5d that of part II of the system, 


The position of the mechanical system can be determined from the de- 
pendent variables 


a, B. oe. T+ Br, ak, zy’, yr’, 21’, 28’, ys’, 29" (3) 


where aA’. a; are cosines of the axes angles for parts I and II of the 
system, respectively, x,°, are the relative co- 
ordinates of mass points in the corresponding systems of axes, as derived 
for Section 1. 


The variables eatioty (2), 


after replacing at, by B;* » 


satisfy the same ones 


Possible displacements of the system will be determined by the rela- 
tions 


dp = (k= L: L’) 


Real displacements are represented by the variables 


da dy da’ dg’ dy’ 


Quantities 7, have the same significance as in Section 1 for parts I 
and II of the system. 


The rotations d0/dt and dd/ dt of these parts of the system are con- 
nected by the same expressions, as are the possible displacements 


4 
dt 


dQ 
dt 


A change in the arbitrary function f due to variables (3) over a 
possible displacement is 


X,/ +20, X,1 
j=1 


The parameters of possible displacements are 


@, = Sa, @2 = 58, = Sy, ba’, @; - 


53’, @ = by’, = 59, (vazg, 9, ..,) 


The operators for the respective displacements are 
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For parameters a, of possible displacements, infinitely small changes 
in mass point coordinates in the corresponding systems of axes can be 
taken, The form of operator X, is obvious. These operators are independ- 
ent of variables a, B, y, a’, B’, y’, A,°. a," and they constitute a 
sub-group of relative displacements of the mechanical system. 


From the kinetic energy expression and potential function it is 
evident that 
X;(T+ U)=0 


Displacement Xx, is a cyclic one in the sense of Chetaev. 
The first Chaplygin integral of [1] corresponds to this displacement 
S + kS’ = const 


These results can be easily extended to the system dealt with by 
Chaplygin in Section 3 of cer 


Regarding Section 4 of [1], The results of this section have been 
further applied by the author [3], in the sense that the given integral 
is found for different forces and constraints applied to the mechanical 
system. The cyclic displacements will therefore be found under these new 
conditions, The analysis is retained for the Chaplygin condition. 


Suppose the angle 50 represents the rotation of system I as in Section 
1, while to translation along straight line n of system II there cor- 
responds a displacement through distance 51, assuming invariance of 
systems I and II. 


We use the same notation as in Sections 1 and 2. 


The position of the mechanical system is determined by the dependent 
variables 


a, B, Bt, 21’, Zz, Y2, 22 (4) 


where a+ Yo» 22 are Mass point coordinates of system II in Azyz-coordi- 
nates. 


Possible system displacements are determined by relations 
= «d6, x? — + 
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Let the parameters of the real displacements be 


4, 


The rotation of system I and translation of system II are connected 
by the same relations as the possible displacements 


dl dQ aE: 
(5) 


Variables satisfy Equations (2), while variables x,, on the 
strength of (5), satisfy 


Here dh/dt is the rate of change of the projection, on the straight 
line AC, of the distance between A and a mass point of system II. 


The change in the position function of the system f in dependence on 
the variables (4) in a possible displacement is 


The parameters of possible displacements are 


@ = da, @2 = 88, @3 = dy, = o, 


The operators of the corresponding displacements are 


For the parameters @, of the possible displacements one can take in- 
finitely small changes in relative coordinates of mass points of system 
(I), as in Sections 1 and 2, and the projections of 5h on the straight 

line AC of the distance from A to mass points of system II. 


The form of the operators Xx for system I is obvious, while for system 
II it is 


+ 


These operators are independent of variables a, f, y, g.*. and con- 


stitute a sub-group of relative displacements of systems I and II. 
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The possible displacements form an Abel group. 


It follows from the kinetic energy and potential function expressions 
for the system 


X(T + =O 


x, is a Chetaev cyclic function, The first Chaplygin integral (11) of 
[11], or (5) from[3], corresponds to 


= const 


OL 
one 

The expressions obtained here are applicable to the possibilities of 
generalizing the area theorem pointed out by Chaplygin. 


Incidentally, we make one observation of Section 9 of {i]. 


According to the area theorem, the derivatives of the sum of the 
moments of momentum of the motion of the envelope are written down as 
p. 52 ] 
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a (Jy9 Mau) = aN 


x 


d 
(J,.p — Mav) = —aN,, 


This is inaccurate. The second equation should have been as follows: 


d : 
= Mau) = aN, + aMg sin 


Integrals obtained from this equation should be altered accordingly. 


Integration of the differential equations deduced by Chaplygin by 
quadratures, however, can only be carried out for the case d= 0, i.e. 
when all the terms left out are eliminated. This reservation does not 
influence the final form of the formulas. 
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In [1] the author investigated certain types of motion of a heavy gyro- 
stat with one point fixed*. This work presents an investigation of the 
stability of motion of heavy gyrostats of a special kind resting on a 
fixed horizontal plane. 


1. Let the axis of rotation of a symmetric rigid body S, (rotor) be 
fixed in another rigid body S, representing a gyrostat. Let us assume 
further that this axis of rotation coincides with the rotation axis of 
the central ellipsoid of inertia of the body So. The equation of motion 
of Sy with respect to S) in the Lagrange form is 


d OT, OT, 


dt 0a" Oa Q (1.1) 


Here T, is the kinetic energy of S, in its motion relative to the 
fixed coordinate system &n ¢; a is the angle between two planes through 
the axis of rotation, of which one is fixed in S, and another in S,; Q 
is the generalized force corresponding to the coordinate a. 


By Koenig’s theorem we have 


27: + w2*) + Ce(@3 + a’)? 


where Ry, Ay = By, C, are, respectively, the mass and the principal 
central moments of inertia of the body So; % is the velocity vector of 


* It should be mentioned here that in[1] on p.11, last line, K, = 


const should read ky = const. [ Page and line numbering refers to 
translated PMM.] 
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its center of gravity 05; w, (i= 1, 2, 3) are the components along the 
principal central axes of inertia of S, of the velocity vector of S) 
moving relative to the fixed coordinate system. Equation (1.1) now be- 
comes 


C:(@3' + a")= Q (1.2) 
We shall assume that the only force which acts on the rotor is the 


pressure of S, at the end parts of its axis. In this case Q= 0 and 
Equations (1.2) yield immediately the first integral 


=@3+ a’= const (1.3) 


expressing the fact that the component of the angular velocity along the 
rotor’s axis of rotation is constant {3 ir 


The angular momentum G of the gyrostat S with respect to an arbitrary 
point is the vector sum of the angular momenta of the rigid body S) and 
So. The angular momentum of So about its center of gravity 0, equals 


Aye + Cyok (e? = w*, + @,*) 


Here k is the unit vector along the rotor’s axis; e is the equatorial 
component of the rotor’s angular velocity. 


Following Zhukovskii [2] we introduce an auxiliary rigid body con- 
sisting of the body S, and of an infinitely thin rod of mass a, connected 
rigidly with S, whose center of gravity is at 0). The rod is directed 
along the rotor’s axis, and its moment of inertia about a vertical axis 
through 0, is Aj. The angular momentum vector @ equals the sum of the 
vector Cy wk plus the angular momentum vector of the auxiliary body. Let 
us introduce the coordinate system Oxyz whose axes are along the princi- 
pal axes of inertia of the auxiliary body and the origin O is in S). The 
z-, y- and z-components of the angular momentum vector @ are 


= Ap +hk,, G, = Bq + ke, G,=~Cr+ks (1.4) 

Here A, B, C are the moments of inertia of the auxiliary body; p, gq, 
r are the components of the angular velocity vector of the body S, along 
the moving axes; ks (i = 1, 2, 3) are the components of the vector C, ok 
also along the moving axes. We can conclude now that if the gyrostat has 
a fixed point O, then its equations of motion caused by the gravity 
forces are in the form (1.1) of [1], and the results of the investiga- 
tions of stability of gyrostats when ks = const given in[1] are appli- 
cable also to our body S, with its rotor S,. 


2. We shall examine now the motion of the Gervat gyroscope (named by 
Gervat "Pied équilibriste") [3], resting on an absolutely smooth hori- 
zontal plane, and acted upon only by gravity forces. 
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The device consists of the body S, in the form of a semicircular 
frame ABC, whose circular segment is directed downward, connected rigid- 
ly to the leg BDE, and of the symmetric rotor S,. The frame ABC supports 
the rotor’s axis in the bearings at A and C. The leg BDE has a recti- 
linear part DE which is perpendicular to the plane of the semicircular 
frame ABC, enabling the device to stand on the horizontal plane. The 
middle plane of the rotor passes through DE, the center of gravity of 
the rotor 0, is on the axis AC in the plane through DE perpendicular to 
AC, 


When the rotor is not moving, then the vertical position of equi- 
librium of the device is unstable; when it rotates sufficiently fast 
then the equilibrium is stable. The theory of the Gervat gyroscope has 
been given by Carvallo, who assumed that the body S, is weightless; 
otherwise the theory becomes considerably more complicated. 


Let &n¢ be the fixed coordinate system, the axes € and 7 being in 
the horizontal plane, and the ¢-axis being directed vertically upwards. 
Let the coordinate system Oxyz move with the body S, its origin O co- 
inciding with the center of gravity of the whole device, which is located 
on the line BO,. The line 00, is directed upwards and coincides with the 
y-axis; the x-axis, perpendicular to the y-axis, is in the middle plane 
of the rotor, and the z-axis perpendicular to the x- and y-axes forms 
with them a right-handed system. The z-axis is obviously parallel to the 
rotor’s axis AC. 


Let the x-, y- and z-axes be the principal central axes of inertia of 
the auxiliary body. Let us consider also the coordinate system Ox,y, 2) 
whose axes are parallel, respectively, to the axes €, n, ¢ of the fixed 
system. Let the coordinates of the center of mass O in the fixed system 
be €, 7, ¢, and let the angle between the z,- and z-axes be 0, and the 
angle between the x,- and x-axes be y The length of the normal OP which 
is dropped from the point O to the base of DE is l. 


Clearly 
(2.1) 


The x-, y- and z-components of the instantaneous angular velocity of 
the body S) equal, respectively 


Since the forces acting on the device, that is the weight Mg and the 
normal reaction of the plane N, are vertical, the point Q which is the 
projection of the point O on the horizontal plane, in general, will move 
uniformly in a straight line. This would occur in a general case, but we 
can assume without any loss of generality that the point Q remains 
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stationary. 


Since in our case ky = ky = 0, k, = Cia, we can use general theorems 
of mechanics to derive the following energy integrals: 


dt\? 
=) + Ap? + + Cr? + 2Mgl = h 


and area integrals 


Bq sin§ + (Cr + Cw) cos§ =k (2.4) 


Here M is the mass of the device, g is the gravitational acceleration, 
h and k are arbitrary constants. 


Substituting into (2.3) and (2.4) for p, q, r, ¢ their equivalents 
given in Formulas (2.1) and (2.2), we obtain the equation 


(b + e cos? 9) (1 + ¢ cos? 6) 6’? — (a — a sin 9) (1 + ecos* 0) — (8 —- cow cos 9)* (2.5) 


Here 
_2Mgh A 


The integration of Equation (2.5) results in a formula for t in the 
form of a hypergeometric integral of @. Inversion of this integral re- 
duces the calculations of the angles Ww and a to quadratures on account of 


8 — cow cos 9 


v= “t+ cos® 9’ 


a’ =w cos 9 


We could also find the curve traced on the horizontal plane by the 
point P of the base DE[3 ]. 


3. We shall consider now a gyrostat S which will differ from the de- 
vice investigated in Section 2 by the design of its leg. Let the leg of 
the gyrostat frame have a plane knife-like stand in the form of a 
circular segment [4] of radius «a. The segment’s center 0, is on the y- 
axis, and the y-coordinate of 0, equals a,. This design adds one more 
degree of freedom; the device can rock about a horizontal axis perpendi- 
cular to the chord of the circular segment, 


The orientation of the moving coordinate system Oxyz relative to the 
fixed coordinate system Oz, ¥) 2) will be determined through the Eulerian 
angles #, Ww, & Instead of Formulas (2.1) and (2.2) we have now 


= asin — a, sin 9 cosq (3.1) 
sinOsing+ cosqg, sinOcosqg sing, + ¥' cosh (3.2) 
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The energy integral retains its form (2.3), but the integral of the 
areas becomes 


Ap sin 9 sing + Bqsin 9 cos@ + (Cr + Cw) cos § = const (3.3) 


We shall investigate the stability of equilibrium of the gyrostat’s 
vertical position occurring at the following values of the variables: 


0, p=const, py’ =0, 0, = const (3.4) 


In the perturbed motion we set 
Von + 6, 


retaining the same notation for the remaining variables. 


By Equations (3.1) and (3.2), the integrals (2.3) and (3.3) will take 
on for the perturbed motion the following form: 


V; = + By’? + Co’? + Mg (a, — 10,2) +... = const 
V2 = (A — B) 0,9 + By’ — (Cq’ + Cw) 9,+ ... = const (3.5) Vol. 2 


1961 
Here l = a — a,, and the dots indicate the omitted terms of the third 


and higher order of smallness. Let us consider the function 


V = {- AV 2? -f- M ga,q? +- 
+ B (A + AB) yp’? — + (Coo 2A — 67+... 


where A is a certain constant, 


By Sylvester’s criterion, the necessary and sufficient condition for 
the function V to be positive-definite with respect to the variables 
under consideration is 


2) — BMgl) — Mgl > 0, 3) a>0 


Clearly, the above inequalities can always be satisfied by an appropri- 
ate choice of the quantity A> 0 if 


a,>0, C%*— BMgl>0 (3.7) 


When the conditions (3.7) are satisfied, then the function V is 
positive-definite, and its time derivative, since we are dealing with the 
perturbed motion, equals zero. Thus the function V satisfies all condi- 
tions of Liapunov’s theorem on stability. 


In this way, the conditions (3.7) turn out to be the sufficient con- 
ditions of stability of the gyrostat’s unperturbed motion (3.4) with re- 
spect to the variables 0, 0’, Ww’, d, ¢’. The existence of the integral 
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(1.3) makes the motion (3.4) stable with respect to the variable a’ as 
well. 


It can be easily shown that the inequalities (3.7) are the necessary 
conditions of stability for the gyrostat’s vertical position of equi- 
librium as well. Let us consider the equations with variations for the 
perturbed motion 


+ Caoy’ = By’ — - 


The characteristic equation of these equations 
A (A) = 2.2 (ABA + C2?@? — BMgl) = 0 


in the case when C,2w — pwgl < 0, has a root with a positive real part, 
which indicates that in this case the perturbed motion is unstable. 


The condition a, > 0 indicates that the geometric center of the stand, 
which has the form of a circular segment, should be located above the 
center of gravity of the device. This condition is the necessary and 
sufficient condition of stability of rocking the gyrostat about an axis 
in the plane of the base perpendicular to the chord of the segment [4a]. 


The second condition in (3.7) allows the determination of the smallest 
angular velocity of the rotor Sp at which the gyrostat is still stable. 


It is interesting to compare the above condition with Maievskii’s 
condition of the rotational stability of a gyroscope 


C%o* — 4AMgl > 0 


We notice that, other conditions being equal, the stability of a gyrostat 
is established at an angular velocity which is half as large as that of 
a gyroscope. 


4. We shall consider now the stability of motion of a gyrostat S, 
with a spherical base resting on a horizontal plane. The gyrostat S) 
housing the rotor S» can, for example, be in the shape of a hollow sphere, 
like the gyroscopic sphere of Bobylev [5], The spherical base of S) 
touches the supporting plane at the point P. Let the geometric center of 
the spherical base 0, not coincide with the center of gravity of the 
gyrostat 0, let the moving coordinate system Oxyz have its origin at 0 
and let its axes be along the principal axes of the central ellipsoid of 
inertia of the auxiliary body, which itself is an ellipsoid of revolution 
about the Oz-axis. Let the point 0, be on the Oz-axis, let its z-coordi- 
nate be a,, let the radius of the spherical base be a, and let the axis 
of the rotor S, coincide with the Oz-axis. 
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The equations of motion of a heavy gyrostat resting on a fixed hori- 
zontal plane are derived from the general theorems of mechanics. From 

the theorem on the motion of the center of gravity of a system we have 
the following equation: 


+ qw—rem 


— + ru— pw = Y — gi2 


dw 
ae +- pv —qu=Z— gis 


Here u, v, w are, respectively, the x-, y-, z-components of the velo- 
city vector of the center of gravity 0; X, Y, Z are the components of 
the reaction of the fixed plane at the point of contact P caused by a 
unit mass. The direction cosines of the €-axis with respect to the axes 


x, ¥, z@re Yy, Yo, ¥3, Tespectively, and they satisfy the Poisson equa- 
tion 


d d d 
Beamon Bem-m 


Vol. 2 
196) 


On the strength of the theorem of the angular momentum of a system 
about its center of gravity we have 


A 4 + (C — A) qr + Coq = M (yZ — 2Y) 
(4.3) 
A—-+ (A —C) pr —Caop = M (2X — 22) 


_dr 
( a= M (xY — yX) 


where the coordinates of the point of contact P are 


= - 


ati, y = —at2, z= a; — ats (4.4) 


The equations of motion of a gyrostat (4.1), (4.2), (4.3) must be 
accompanied by constraint equations, If the supporting horizontal plane 
is absolutely rough, then the velocity of the point of contact P equals 
zero, that is 


u-+ qz—ry = 0, v+ rex —pz=0, w+ py — qx = (4.5) 


If the plane is not absolutely rough, then the body S, can slide. The 
friction force F is proportional to the normal reaction N, and it opposes 
the motion of the point of contact P. The elementary work of the reaction 
in a real displacement is obviously non-positive: 


X (u + qz — ry) + Y (wv + re — pz) + Z (w + py — gz) [9 
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If the horizontal plane is absolutely smooth, then the reaction is 
normal to the plane, and also 


X = Y = Z = (4.7) 


In every case the velocity vector of the point of contact P is per- 
pendicular to the ¢-axis, hence the following equation 
(u + gz — ry) + Y2 > re — p2) + (w + py — gz) = 0 (4.8) 
must be satisfied. 


Let us multiply Equations (4.1) by Mu, Mv, Mw, Equations (4.3) by p, 
q, r, respectively, and add them; the result is 


id 
[M (u® + v® + w*) + A (p? + gq?) + Cr? + 


= M [X (u+ qz — ry) + Y (v + rz — p2) + Z (w + py — qo) 
From the above equations and from the relations (4.5) to (4.8) follows 
M (u? + v? + w*) + A (p? + g*) + Cr? + 2Mgt < const (4.9) 


In the case of an absolutely smooth or an absolutely rough surface we 
shall have only the signs of equality indicating the existence of the 
energy integral. 


It is easily seen that the height of the center of gravity of the 
gyrostat above the plane is = a- a,y;. 


Let us now multiply Equations (4.3) by the coordinates of the point 
of contact P, that is by x, y, z, respectively, and add them. By Equa- 
tion (4.4) and (4.2) we obtain the first integral 


A (px + qy) + (Cr + Cy) z = const (4.10) 


The integral (4.10) shows that the scalar product of the gyrostat’s 
angular momentum vector about its center of gravity O multiplied by the 
radius vector of the point P centered on O, is constant. In the case 
when a, = 0, the gyrostat’s center of gravity O coincides with the center 
of the spherical base 0, and the integral (4.10) becomes the area inte- 
gral. 


Poisson’s equations (4.2) possess the obvious integral 
112 + + = 1 (4.11) 


In the case of an absolutely smooth surface, from the third equation 
in (4.3) and by (4.4) and (4.7) follows the first integral 


r = const (4.12) 
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We shall investigate now the stability of the gyrostat on a rough or 
on a smooth surface. The equations of motion (4.1) to (4.3) have the 
following particular solution: 


p=q= 0, r ro, u : = (4.13) 


whereby 
2=a,;—a= —l 


In the perturbed motion we set r= rp, + B,, ¥3 = 1+ By and leave the 
remaining variables as they were. 
By the equations of the perturbed motion we have 
Vi; = M (u? + + w*)+ A (p? + g*) + C (By? + 27081) — 2MgasBe < Vio 


V2 = A (pti + + (Cro + Bat CBiB2 + Bi= const (4.14) 
Vs = yi" + yo? + Ba? + 282 = 0 


Here Vj, = const represents the initial value of the function Vi: the 
equality sign occurs when the surface is ideally rough or smooth, and 
the inequality signs occur when there is sliding with frictional forces 
opposing the motion of the point of contact. 


Let us consider the function 
V = + + pVs + (C — A) 5" 
A (p? + q*) + (pts + + + 12”) + 


+ CB,? + 2CAB,B2 + [(C — A) A* + p) Ba? 4 


l 1 
+ M( u* + v? + w*) + 2C ro + +- (C — A) A* (7,2 + 72? + Bs 


where A is a constant, and pw = Mga, — (Crp + Cw)A. By Sylvester's 
criterion the necessary and sufficient condition for the quadratic form 
appearing in the function V to be positive-definite is the inequality 


f (4) = Ad*® + (Cro + C2@) 4 — Mga, <9 (4.16) 


In general, the above inequality is satisfied when the polynomial 
f(A) has two distinct real roots, that is when 


{Cro + Cw + 4AMega, 0 (4.17) 


It is quite clear that the linear part of the function V vanishes 
when 
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and with the above value of A the condition (4.16) assumes the form 


if 


(c—A +)n*+ Crom + Me~ 


> 0 (4.18) 

Since dV/dt = dV,/dt < 0, the function (4.15) subjected to the condi- 
tion (4.18) satisfies all the conditions of Liapunov’s theorem on sta- 
bility. In this way, the inequality (4.18) becomes the gyrostat’s suffi- 
cient condition of stability of the unperturbed motion (4.13), with re- 
spect to the quantities u, v, q, Yor 


If we set w= 0, then the inequality (4.18) assumes the form 


(c + >0 (4.19) 


and becomes the sufficient condition of stability of rotation about a 
vertical axis of a heavy solid with a spherical base resting on a hori- 
zontal plane. 


When e, < 9, then the center of gravity of the body is above the geo- 
metric center of the spherical base. In this case the rotation of the 
body is stable if the rotational angular velocity is sufficiently great 
and if the condition Cl > Aa is satisfied. 


On the other hand, when a, > 0, then the center of gravity of the 
body is below the geometric center 0;. In this case, when Cl > Aa is 
satisfied, the rotation of the body is stable for all values of the 
angular velocity ro: if the last inequality is not satisfied, that is, 
when Cl < Ae, then the rotation may still be stable when the additional 
condition 


Mg 
4e—Cl 


is satisfied. 


The above analysis of stability is applicable in particular to the 
tippe-top (a, > 0), which has been investigated in numerous works. In 
particular, in [6] we have the investigation of the motion of such a 
top in the first approximation and on the assumption that at the point 
of contact of the top with the surface forces of viscous friction are 
acting. The authors of the above-mentioned paper, using linearized equa- 
tions of motion, have found the necessary and sufficient conditions of 
stability of motion of the top about a vertical axis, which agrees with 
our condition (4.19), except for notation. 
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If the surface is absolutely smooth, then the equations of the per- 
turbed motion have not only the first integrals (4.14) but also the first 
integral 

Va= 8, = const 


We construct the function 


W= V 


where V is determined in (4.15), and find that in this case the sufficient 
condition of stability of the unperturbed motion (4.13) is the inequal- 
ity (4.17). 


We shall investigate also the function 
W, = A (pt2 — Qt) 


whose time derivative, on the strength of the equations of the perturbed 
motion, equals 


Wy’ = A (p? + — (Cro + Camo) (ptr + — Mgay + 127) +... 


where the dots indicate the omitted terms of higher order of smallness. 
It is clear that under the condition 


(Cro + + 44Mga, < 0 


the function W° is positive-definite. By Chetaev’s theorem on instability 
the unperturbed motion (4.13) is unstable. 


We conclude that the inequality (4.17) is the necessary and sufficient 
condition of a gyrostat’s stability of rotation about a vertical axis on 
an absolutely smooth horizontal plane. 
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ON THE STABILITY OF SOLUTIONS OF THIRD-ORDER 
DIFFERENTIAL EQUATIONS 


(OB USTOICHIVOSTI RESHENII DIFFERENTSIAL’ NYKH 
URAVNENII TRET’ EGO PORIADKA) 


PMM Vol.25, No.4, 1964, pp. 785-790 


Iu.M. PILIMONOV 
(N. Tagil) 


(Received April 7, 1961) 


Liapunov’s[1] and Poincaré’s [2] qualitative methods in the theory of 
differential equations lie at the basis of many works on the theory of 
stability of motion under large initial disturbances. 


Erugin has developed a method for the general qualitative investiga- Vol. 2 
tion of the trajectories in problems on the stability of nonlinear 1961 
systems. The works [3] and[4] have a direct relation to the present 
paper. In [5] there is obtained, by means of a qualitative method in- 
volving the evaluation of contour integrals, a criterion for the asymp- 
totic stability in the presence of large initial disturbances for second- 
order nonlinear systems. In the present article such a criterion is found 
for a third-order nonlinear system. Use is here made of a method which is 
related to the evaluation of contour integrals. 


1. Let us consider the nonlinear system of three equations of the 
general type 


X; (x1, x2, 7s) i= 1,2,3 (1.1) 
dt 


where x; is a function possessing continuous second-order partial deriva- 
tives in all the variables Zi» 2 and x3. (These assumptions relative to 
the smoothness of the right-hand parts of the system can be weakened. ) 


Furthermore, it is assumed that the origin of the coordinate system is 
the only state of equilibrium X;(0, 0, 0) = 0. 


Let 2; = x, (4, t), (t= 1, 2, 3), be a one-parameter family of solu- 
tions of the system (1.1). We shall use the notation 


Ox, Ou 


A= 
j,k 


ot ou 


: 
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Here the summation is carried out over all possible pairs (j, k) of 
the numbers 1, 2, 3 that satisfy the conditions: j #:k; j, k #: i. The 
symbol [ i, j, k] will stand for the number of inversions in the permuta- 
tions of i, j, k 


Here || el,° is a constant symmetric matrix possessing positive 
characteristic numbers 


8; = By /V A,B, + A2Be + AsBs 


Let us consider some arbitrary surface consisting of integral curves 
of the system (1.1) and let s; = x, (4, t) be its parametric representa- 
tion. Having taken an arbitrary closed contour I‘ on this surface, one 
can prove with the aid of Green’s theorem that the next equation is 
valid: 


(B2X3 83X2) dr, (83X, 3,4 3) dre ’ (3,X2 


aX; Aj A, 

; A,B,+ A,B, t Ash; 

Here o is the region of the values (u, t) which corresponds to the 
part of the surface enclosed by the contour I’. The double sum appearing 
in the integrand of Formula (1.2) is a quadratic form in the A; (i = 1, 
2, 3). We shall call it the qtadratic form of the system (1.1), corre- 
sponding to the matrix || 


We note that one can select for the matrix || ella’ the unit matrix 
| where 5;;= 1, 5;;= 0 if iA j, Im this case the quadratic 
form of the system (1.1) corresponding to this matrix will have the form 


(1.3) 


Theorem. (a) If the solution ) = £, = 2, = 0 of the system (1.1) is 
asymptotically stable* relative to disturbances from some neighborhood 


* The verification of this condition can be carried out with the aid of 
known methods of Liapunov [1 ]. 
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of the point z, = #, = 2; = 90; 


(b) if one can find a positive symmetric matrix || e;;ll,° possessing 
positive characteristic numbers, such that the quadratic form of the 
system (1.1) corresponding to this matrix is nonpositive; 


(c) if outside of some sphere, with center at the origin of the co- 
ordinates, the right-hand sides of the system (1.1) satisfy the inequal- 
ity a" + a," + a," >q, where q is a positive constant, then the solu- 
tion xz) = #, = *,; = 0 of the system (1.1) will be asymptotically stable 
in the presence of arbitrary initial disturbances. 


Proof. By hypothesis (a) of the theorem, the solution x, = xz, = x, of 
the system (1.1) is asymptotically stable relative to the disturbances 
from some (perhaps quite small) neighborhood of the point = = 0. 
We shall show that under the hypotheses of the theorem the region of 
attraction of the point 2) = 4 = 23 includes the entire space tx, Xo» 
#3}. Let us assume the opposite, i.e. that the region of attraction does 
not include the entire space {«), Xo x3}. Then in consequence of the 
continuous dependence of the solution on the initial conditions, the 
boundary of the region of attraction is a closed set. Hence, by hypothesis 
(a), ome can find a point (219+ *29 %30) lying on the boundary of the 
region of stability and nearest to the origin. Let us consider the seg- 
ment of the radius vector of the point (419. Xoo" *39) which contains 
this point and is of such a small length that the integral curves are not 
tangent to this segment (such a segment does exist because the integral 
curves passing through a point intersect its radius vector orthogonally). 


Let us further consider the surface consisting of those integral 
curves that intersect the indicated sigment. With the aid of the one- 
parameter family of solutions of the system (1.1), the equation of this 
surface can be written in the form 


aj = alu, t) (i 


For the sake of definiteness let us assume that the equation of the 
constructed segment is 


xj = zj(u, 0) 2, 3) ve (0, 41] 


Hereby, the smaller values of u correspond to points nearer to the 
origin of the coordinate systen. 


We note that the points z; = s,;(u, 0) (i= 1, 2, 3), w&[0,1] of 
the segment lie in the region of attraction of the point #) = 42 = 4,=0. 
In what follows we shall consider that part of the constructed surface 
which corresponds to positive values of t (for the sake of brevity we 
shall call it the integral surface). 
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Through the points of the integral curve = 2,(1, t) 1, 2, 3) 
we shall construct orthogonal trajectories which lie in the integral 
surface. Suppose that a certain trajectory, which issues from the point 
of the integral curve =; = z,;(1, t) that corresponds to a positive value 
T of t, intersects some integral curve s; = x;(u9, t), uj&[0,1] at 

the point which also corresponds to a positive value of ¢t. Then, start- 
ing from an arbitrary point of an integral curve x; = x,;(1, t) corre- 
sponding to some value of t > T7, one can construct a segment of an ortho- 
gonal trajectory lying on the integral surface. The length of this seg- 
ment can be made not less than the distance between the positive half- 
spaces of the integral curves a, = 2,(1, t) and zs; = x;(u), t). Let this 
distance be ¢«. Because of the assumption made, ¢« > 0. Let us construct a 
segment of the orthogonal trajectory, which lies on the integral surface, 
issues from the point with coordinates x; = #;(1, T) (i= 1, 2, 3), and 


i 
has length «. 


Let us mark the integral curve which passes through the end of the 
constructed segment of the orthogonal trajectory. Suppose that this in- 
tegral curve is z; = x, (a*, t), w*e[o, 1]. It is not difficult to see 
that if one selects in place of Ta sufficiently large value, the 


quantity u* can be made to lie arbitrarily near 1. 


Let us consider a closed contour I’ on the integral surface. Let this 
contour [' be formed by the following arcs: segments of the integral 
curves z; = z,(1, t), = x, t); the constructed segment of the 
orthogonal trajectory of length «; the segment zs; = x;(u, 0), w&[u*,1), 


Let us consider the integral along the contour 


(Boys — BsX2) day + (B3X1 — Bi Xs) + 2 8X1) dz (1.4) 


On the basis of Formula (1.2) and condition (b), we conclude that the 
integral (1.4) is nonpositive. We can also evaluate the integral direct- 
ly. For this purpose we note that the integrand is the mixed triple pro- 
duct of vectors with the components 


Xs, X3) (81, Be, Bs) dz», dz3) 


Hence, along the segments of the integral curves of the system (1.1) 
the value of the integral is zero. Along the segment 2; x; (a, 0), 
ucel[u*, 1], the absolute value of the integral is less than 


max || X 2 (1, 0) — z (u*, 0) Ile N (u*) 
C2 ue[u*, 1) 


Here c, is the largest characteristic number of the positive-definite 
quadratic form || B||,” in the A; (i = 1, 2, 3), while c, is the smallest 
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characteristic number of the positive-definite quadratic form 


S= AjA; @ = (a? + + * 
1, 
Along the segment of the orthogonal trajectory the integral is less 
than ¢ (qe), im consequence of condition (c). 


Indeed, rewriting the integral along the segment of the orthogonal 
trajectory (€) in vector form, we obtain 


x = (Xx de)-B = > | =e Varn 


. 


Combining the obtained estimates, we come to the conclusion that the 
integral (1.4) satisfies the inequality 


(Bx X)-de > e V qe2 — N (1.5) 


Next we note that by an appropriate choice of the contour I, the 
quantity N(u*) can be made arbitrarily small without changing the value 
of the curvilinear integral over the corresponding orthogonal trajectory. 
Along such a contour the integral (1.4) would have a positive value be- 
cause of the inequality (1.5). This, however, is impossible. 


196] 


The derived contradiction establishes the theorem, 


2. Under the hypotheses of the proved theorem let us evaluate the 
possible deviations along the trajectories with initial data satisfying 
the inequality 


rik< Po 


Suppose that outside the region (2.1) the quantity || x\|,’ is bounded 
from below by a positive number q. Because of the continuous dependence 
of the solutions on the initial data, there exists on the sphere || z||, = 
ry a point (419+ ®29+ *39) through which there passes an integral curve 
with a maximum possible deviation 


(0 oe) 


max || z(t) 


The integral curve which passes through the point (219+ %99+ *39) 
intersects the radius vector of this point orthogonally. Indeed, suppose 
this were not so. We mark the point of the indicated integral curve whose 
distance from the origin of the coordinates is equal to R. Obviously, the 
radius vector at this point intersects the integral curve orthogonally. 
Therefore, due to the fact that the solutions are continuous functions 

of the initial data, one can find, on the extension of the mentioned 
radius vector, a point through which passes an integral curve issuing 
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from the region (2.1). This contradicts the definition of the number R. 


Let us consider the integral surface formed by the integral curves 
that intersect a sufficiently small segment of the radius vector of the 
point (419+ *o9- 39): the segment adjoins this point. As above, we 
write the equation with the aid of a one-parameter family of solutions 
of the system (1.1) in the form 


xj (u, {, 2, 3), wE[0, 1] 


Let us establish a property of the orthogonal trajectories on such 
surfaces. In terms of the Poincaré [2] coordinates u, t, the equation 
of the orthogonal trajectories on the integral surface can be written in 
the form 

xy aj (u, t (u)) (i = 1, 2, 3) 


where the function t(u) is a solution of the ordinary differential equa- 
tion 

~ (> x,) 

du Ou 


In the region 0 <u <t, O< t < o, the right-hand side of Equation 
(2.3) has continuous partial derivatives [6] with respect to t and u, 
This is a consequence of the smoothness of the right-hand sides of the 
system (1.1) and of the absence of singular points distinct from the 
origin. Under these conditions the solution of Equation (2.3) with the 
initial values Uy, t) is either defined for all we[0, 1], or it has 
a vertical asymptote [7] for some value u@[0, 1]. Hence, starting 
from an arbitrary point of the integral curve i zl, t) (¢ = 1,2,3), 
one can construct an orthogonal trajectory which lies on the integral 
surface and either intersects the integral curve = 2,(0, t) 1, 

2, 3) or, if extended, will enter the region (2.1). From these considera- 
tions it becomes clear that only the first possibility need be considered. 


Let us pass an orthogonal trajectory through a point of an integral 
curve at which Equation (2.2) is satisfied. This trajectory lies on the 
integral surface and is made to extend to the intersection with the 
integral curve =; = *,(0, t). We denote the distance of the point of 
intersection from the origin of the coordinates by Rk). 


Let us consider the closed contour L formed by the arcs: the con- 
structed segment of the orthogonal trajectory, the segments of the inte- 
gral curves passing through the ends of this segment, and the radius 
vector of the point (419+ whose length we shall denote by 
A direct appraisal yields 
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Bs X2) dx, (BsX, dre (B,X2 — 32X,) dx = V (R R,) — Ny 
L 


N, = max | X lat | (2.4) 


C2 


Taking into account the fact that the integral on the left of the in- 
equality (2.4) is, because of Formula (1.2) and condition (c), a positive 
quantity, we obtain the inequality 


V geo (R — Ri) V,<0 (2.5) 


When R, ¢ rg we find that 


V (R — ro) — Ny <0 (2.6) 


Bearing in mind that ly < fo, we now obtain from (2.6) the estimate 


| max | X | (2.7) 
V €2 


Suppose that R, > ro. Let us consider a region || x||, <r, such that 
the integral curves with the iu:tial values from this region have the 
greatest possible deviation, equal to R. Let us denote by Ry, l, quanti- 
ties which have analogous meanings with respect to the region || x||, < r, 
as R, and ly have with respect to region (2.1). Here again, two cases 
can arise: Ry > rg or Ry < ro. 
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In the first case we have the inequality 


/ ‘ 
V (Ry — Ra) — <0 | V X |lals } (2.8) 


and in the second case the inequality 


V (Ry — ro) — Ne <9 (2.9) 


If the inequality (2.9) applies, then we again obtain the estimate 
(2.7) on the basis of (2.5). Indeed, adding the inequalities (2.5) and 
(2.9), we obtain 


V (R — ro) — (Ny + N2) <0 


Noting that Ny + N, < N, we can convince ourselves of the validity of 
the inequality (2.7). Continuing such arguments, we arrive at two possi- 
bilities. The first one is this: at some finite step it is found that 
the corresponding value, say Ry does not exceed ro- In this case we have 
the following inequalities: 


—- 
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V (R — Ry) N, <0 
V (Ry R2) Ne <0 


Adding these inequalities, and bearing in mind that 


Ra Ni + + Nac N 


we again obtain the estimate (2.7). The second possibility consists of 
the case when R, < 1 for every n. 


We shall show that the first possibility can always be realized. For 
this purpose it is sufficient to prove that the quantities li. l,, eee 
can be selected in some bounded closed region not containing the origin, 
in such a way that they are not less than some positive number. 


Let us suppose that the integral curves with initial values from the 
region || «||, < d do not leave the region (2.1). Such a region, obviously, 
does exist. We consider an arbitrary point of the region d < || #||,.< ro. 
The integral curve which passes through this point has a definite tangent 
at this point. Hence, it has a perfectly well-defined normal plane P. 
Because of the continuity of the right-hand sides of the system (1.1), 
one can find a number 5 such that through any point of P which lies with- 
in or on the boundary of a sphere with center at the given point and of 
radius 5 there passes an integral curve that intersects P at an angle not 
less than 1/47. If 5 stands for the largest of the possible values, then 
5 is a completely determined continuous function in the region d <j «||, < 
ro Since the function 5 takes on only positive values, its minimum 
value will also be positive. Let us denote the minimum value of the func- 
tion 5 in the region d <|| ||, < rp by 55. It follows from this that the 
quantities 1,, l,, ... can be chosen not less than 5). For such a choice 
of the quantities lL, ly, «+. Over a finite number of steps one obtains 


Ra (n<a(™—" )+1) 


This establishes the inequality (2.7). 


Note 2.1. AM analysis of the proof of the theorem and of the inequal- 
ity (2.7) will show that for the asymptotic stability of the solution 
= = = 0 of the system (1.1) with respect to initial disturbrances 
from the region || «||, < ro, it is sufficient that condition (b) of the 
theorem be fulfilled in the region || x||, < R, where R is any number 
satisfying the inequality 
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N 
~~ 
V 
The quantities which appear in this inequality have the same meaning 
as they had earlier. 


Note 2.2. A corollary of a general theorem in[5] (p. 110) gives a 
criterion for the asymptotic stability of the undisturbed motion with 
respect to arbitrary initial disturbances. This criterion specifies that 
the third-order matrix 

|X; OX, 


. 2.10 
Ox». Ox; 


il 


have negative characteristic numbers bounded from above by some negative 
constant. Computations show that if the matrix (2.10) has this property, 
then the quadratic form of the system (1.1) which corresponds to the unit 
matrix (1.3) will be negative-definite. The converse is not true, as can 
be verified by means of simple examples. Thus, if one selects for the 
matrix in our theorem the unit matrix || 4; ||| “ one obtains a criterion 

of the asymptotic stability for arbitrary initial disturbances, which 
imposes on the system (1.1) a somewhat weaker condition than the criterion 
in[5]. 
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3. Example [8]. Let us consider the system 


dz; 


(4) >a (3.2) 


The system of the first approximation for Equations (3.1) at the point 
= = = 0 has the form 
— (0) 21, — ary 

Because of the condition (3.2), the characteristic equation of this 
system has roots with negative real parts. Hence, we conclude on the 
basis of Liapunov’s theorem[1, p. 128] that the solution x, = x. = 2,=0 
of the system (3.1) is asymptotically stable with respect to the initial 
disturbances from some neighborhood of the point 2) = = 23, = 0. The 
quadratic form of the system (3.1) which corresponds to the matrix 


a 
2a? 


has the form 
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— + a] — 2a?f’ (x;) As? — 2a [f’ + a] (3.3) 


Making use of condition (3.2), we find on the basis of Sylvester’s 
criterion that the quadratic form of the quantities Ay and A; is negative- 
definite. 


Furthermore, we note that the Jacobian of the system (3.1) is differ- 
ent from zero, equal to —a, for all values of *)> x and z,- Prom this it 
is not difficult to deduce that outside every sphere with center at the 
origin, the quantity || X||, for the system (3.1) is bounded from below by 
some positive number, Thus, for the system (3.1), under condition (3.7), 
there are fulfilled all hypotheses of the proved theorem. Hence, the 
solution 2) = %2 = *%3 = 0 of this system is asymptotically stable with 
respect to arbitrary initial disturbances. 


In conclusion, I express my gratitude to N.N. Krasovskii for his 
attention to and valuable advice on this work. 
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ON A SUFFICIENT CONDITION FOR THE STABILITY 
OF THE TRIVIAL SOLUTION OF A SYSTEM 
OF TWO LINEAR DIFFERENTIAL EQUATIONS 


(OB ODNOM DOSTATOCHNOM USLOVII USTOICHIVSTI 
TRIVIAL’ NOGO RESHENIIA SISTEMY IZ DVUKH 
LINEINYKH DIFFERENTSIAL’ NYKH URAVNENIT) 


PMM Vol.25, No.4, 1964, pp. 791-793 


N. P. KUPTSOV 
(Saratov) 


(Received Nowvenber 24, 1960) 


We consider the equation 
(1) 


for which there are known a large number of various types of sufficient 
conditions for the stability of its trivial solution [1]. In particular, 
a simple and convenient criterion of the Liapunov type was established 
by Leonov [2] (see also [3,4]): if 


4) 
2q (t)~ 


>9, p 
then the solutions of Equation (1) is stable* relative to «x. 


In the present note there is derived a new sufficient condition for 
stability, which generalizes the above-mentioned criterion of Leonov. 


Suppose we are given the system of linear differential equations 
== (t)z + ay2 (t) y = a2 (t)2+ a22 (t)y 


with piecewise continuous coefficients. Let us consider the quadratic 
form 


In order to have stability with respect to z it is necessary to have 
some additional requirements (for example, the boundedness of g(t) on 
(0, ~) (see[4, pp. 372-373 ].) 


(3) 
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whose coefficients satisfy the system of linear equations 
A — 2a2,B 
om (a4, + a22) B a2,C 


ax — 2603 


with the initial conditions 


A (0) = Ay > 9, B (0) = B,, c (0) =C,>9, AC, -— BF (5) 


Let us set At = A(t)C(t) — B*(t). Differentiating A(t) and taking 
account of (4), we obtain 


A(t) = —2 (ay; + A (0) 


Whence 
t 
A (t) A (0) exp] - 2\ (an + a22) ax | (6) 


Therefore, A(t) > 0, and C(t) > 0 when ¢ > O. From this it follows 
that for t > 0 the equation 


A (t) x? + 2B (t) zy + C (t) y® = const 
determines some ellipse in the xy-plane. 


If we substitute a solution of (2) for x and y in Formula (3), then 
U will be independent of t (this fact can easily be verified by differ- 
entiating U with respect to t). Let us assume that along the given solu- 
tion z(t), y(t) of the system (2), the value of U is equal to U). This 
means that the point x(t), y(t) lies on the ellipse 


A (t) 2? + 2B (t) ry + C(t) = Vo 


The point with maximum abscissa (ordinate) on this ellipse has the 
coordinates 


Therefore Gi Alt) 


For the boundedness of z(t) on (0, ~) it is, therefore, sufficient 
that the expression C(t)/A(t) be bounded on (0, ~). The system (2) is 
linear. Hence, we draw the following conclusion on the basis of the 
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preceding statements: in order that the trivial solution of the system 
(2) be stable relative to xz, it is sufficient that C(t)/A(t) be bounded 
on (0, 


It is not difficult to prove that the boundedness of C(t)/A(t) on 
(0, ©) is also necessary for the stability of the trivial solution of 
(2) relative to x. In fact, suppose that we have this stability. Then 
there exists a constant M such that for every solution of the system (2) 
which satisfies the condition 


Aox® (0) + 2Bor (0) y (0) + Coy? (0) = 1 (8) 
it is true that | x(t)| < M for all ¢> 0, 


A solution of the system (2) which satisfies the conditions 


(ty) = V — Bi V (to) 


will also satisfy the equation A( ty) (to) + 2B( ty) + 
= 1. 


Since the function U is constant along every solution of Equation (2), 
we obtain (8) 


Aoz® (0) + 2Bor (0) y (0) + Coy? (0) = 1. 
Therefore 


C(t.) _ 
(ty) } M 


The arbitrariness of ty is still to be taken into account. 


In a similar way we can deduce from (7) that a necessary and suffi- 
cient condition for the stability of the trivial solution of the system 
(2) relative to y is the boundedness of A(t)/A(t) on (0, ~). Next, 
suppose that s(t) is an arbitrary function which is positive and has a 
continuous derivative on (0, ~). Let us set 

t 


(ay + 


A(t)= \ + Age - 


Then 


i : 
@22 | >, on | 


For the purpose of simplifyte@g the formulas we set 


t Zhai, 8 - (a2, £ay2), T hs - 


J 
Qs sa 2)? |’ 
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From (10) we easily obtain 


ay (an + sant | + On on} >0 


2 


\ 1 
(Sten L (4) + say? | “Os = au +n} >0 
P= 0 


Let J(t) = A(A + sC). Taking into account (4), we have 
J() =i (A+ 80) + s€ + SC) = — aA + 28B — 


If the function a(t) vanishes for some value of ¢t, then §(t) vanishes 
also at this point (see (12)). In this case J(t) = —- yC < 0. It is easily 
verified that for a(t) #4 0, the following equation holds: 


(Aa — BB)? 


J(t)=— Aa 


— BY) <0 
We have thus proved that J(t) < 0 when t > 0. Hence, J(t) < J(0). 
Taking into account (6) and (9), we obtain 


t 
C(t) S(t) 


0 


Vs) xp \ Ds 22 21 5442 + 2 | 


This inequality implies the following theorem, 


Theorem. If there exist a positive function s(t) which has a continuous 
derivative on (0, «), and a constant M such that 


{I (+ (an + say | - + + an} (13) 


for all t > 0, then the trivial solution of the system (2) is stable re- 
lative to x. 


In an analogous way one can establish a sufficient condition for the 
stability of the trivial solution of the system (2) relative to y: 


+ + anf du <M (14) 


+ — + sayy) | 


Let us consider some particular criteria which can be deduced from the 
theorem just proved. 


is negative and has a continuous derivative on (0, »), 
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then one can set s = — a,,/a,,. The sufficient condition for stability 
relative to x of the trivial solution of the system (2) can be written 
in the form 


t 

\ ou — + de ) | + 2an a \ 


= )| dt <M 
In particular, if one reduces Equation (1) to the system (2), then 
the last condition takes the form 


q(t) >, 


This sufficient condition of stability relative to «x is a generaliza- 
tion of the conditions of Leonov mentioned at the beginning of this note. 


2. For the differential equation (1) the inequality (13) can be 
written in the form 


This gives rise to the following criterion: if there exists a positive 
function s(t), which has a continuous derivative on (0, ~) and satisfies 
the condition 


co 


then the trivial solution of the system (2) is stable relative to «x. 


3. If there exists a constant o > 0 satisfying the requirement 
\ + | di < 
0 
then by setting s(t) = o we obtain a sufficient condition for the 
stability of the trivial solution of the system (2) relative to «x and y 
in the form 
\(len — + a3; + dt < M whent > 0 is an arbitrary 
Pr constant) 


The formulation of criteria of stability relative to y, which are 
analogous to those in 1 and 2, does not present any difficulties. 
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1961 Many works, not mentioned in this note, have been devoted to the investi- 
gation of the stability of solutions of systems of two first-order 
differential equations with periodic coefficients. In the present work 
there is given, on the basis of [1], a criterion of the stability of 
the solutions in the most difficult resonance case. 


Let us consider a system of linear differential equations of the form 


d 
a = (A+ (t))y (A = const). (1) 


Here y is a two-dimensional vector, mw is a small parameter (p > 0), 


A and B(t) are real 2x 2 matrices 


k=—oo k=—oo 


Here the B, are constant complex matrices. The symbol | A| stands for 
the norm of the matrix A = || e,; lla’ where we assume that 


| A| = max {| | + | (3) 


Let us suppose that the characteristic exponents p, and p, of the 
solutions of the system of differential equations 


dy 4 


are numbers of the form * 0.5 ni (i= 1, 2, 3, ...). 
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Then the fundamental matrix of the solutions of the system (4) will 
have the form [2, p. 99 ] 


exp {Al} = C,, Cro e nite (5) 


The complex-adjoint matrices C,,, Cag can be represented in the 
following way: 


Cy, =0.58 —inA, = 0.5E + in“A (6) 


Here, and in the sequel, £ is the unit matrix. Let us make the sub- 
stitution y = exp {At} z in the system of equations (1). Then we obtain 


d 
D(t) = B eA! (7) 
where (8) 


co 
D(t) = D, Dy = Cp + Ong By One + + Cnr 
k=—oo 


The problems on the stability of the solutions of the systems (1) and 
(7) are equivalent. 


In[1] it is shown that the characteristic exponents p, and p, of the 
solutions of the system of the differential equations (7) are the roots, 
which vanish when p = 0, of the transcendental equation 


Det (Ep — Do — (9) 


— D>) — — Dy, (E (p — + — . 
D, 


(Ee — (ha + + — = 0 
x= (kit +... +h,=0, 0, 


Kit kat. hit ket... + 


Here p is a complex variable varying in some given finite region. The 
series in (9) converges for sufficiently small values of p. (In [ila 
general method is proposed which makes it possible to express the matrix 
series in (9) in terms of a finite number of series which converge for 
any finite value of » when p&*.) 


%1 = — S,Bo = — 


co 
x2 = Det + D,, + Dy, (E (kx + + (10) 


o=2 
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x= (ky thet... 
OS th, by +te,... + 
Here x, and xX» are real numbers. 


Since the matrix D(t) in (7) is real on the boundary of the region of 
instability in the space of the parametric coefficients of the system of 
equations (1), one of the characteristic exponents P, OF Py is zero, i.e. 


X2 = 0. 


Expanding Equation (9) for small enough values |p|, p, we obtain 


+ + + 0(| pu? | +] =0 (11) 
From the Routh-Hurwitz theorem [2, p. 433] we deduce the following 
result. 
Theorem. Let p > 0 be a sufficiently small number. 


1. If x; > 0, X_ > 0, then the solutions of the system (1) are asymp- 
totically stable. 


2. If x, < 0, or yp < 0, then the solutions of the system (1) are un- 
stable. 


3. If x, > % X_, = 0, then the solutions of the system (1) are stable, 
and there exists one periodic solution when n is even, or one semi- 
periodic solution when n is odd. The period of these solutions is 27. 


4. If x, = 0, X, > 0, then the solutions of the system (1) are stable 
(bounded). 


5. If x, = 0, Xp = 0, then the question regarding the stability 
requires further investigation. In this case the characteristic exponents 
of the solution of the system (1) are numbers of the form + 0.5 ni. 


Note 1. Since k. #4 0 in the series (10), the norm of the series which 
determines x, in (10) is dominated by a geometric progression of ratio q 


co 
1 Dy (12) 
k=—oo,k +0 
From (12), (8), (6), (2) it follows that the condition | q| < 1 will 
be satisfied if 
(13) 
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If condition (13) is satisfied then the series (10) will converge. 


Note 2. The quantity p > O must be sufficiently small in order that 
the characteristic exponents p, and p, of the solutions of the system 
(1) may not take on values +(0.5n + 1)i, i.e. in order that the para- 
metric coefficients of the system (1) may not fall into a neighboring 
region of instability. In this case the series for x, in (10) may con- 
verge. 


Example. Let us evaluate x, (X,= 0) for Mathieu’s equation with n= 2 


= + (a + 2u cos 2t) x = 0 (14) 
Let us assume that a= 1, b= 0, w= 1. Setting y, = 2, yo = dx/dt, 
and writing Equation (14) in the form (1), we obtain 


(15) 


Vol. 2 
Indicating the adjoint by a bar over a letter, we obtain the next 196) 


formula from (8): 
1( i1—a+2% 
b —1 
( ) (16) 


Retaining in the series for xy. in (10) only the terms for which o = 2, 
and setting (Eki + D,)~'~= ik-*E, we obtain 


{ 
= Det ( D, — DyD_, + D_,D:— DiD_, + D_Dit...) 


= 0.25 [(a — 1 — 0.25 (a — 1)? — 0.12562)? — (6 — 0.56 (1 — a))? +...) (17) 


The equation X2 = 0 gives the approximate equation of the boundaries 
of the region of instability 


(18) 


In conclusion, I express my gratitude to A.I. Lur’e for his attention 
and aid in this work. 
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ASYMPTOTIC EXPANSION OF AN EXPONENTIAL 
FUNCTION OF FRACTIONAL ORDER* 
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FUNKTSII DROBNOGO PORIADKA) 


PMM Vol.25, No.4, 1961, pp. 796-798 


B. D. ANNIN 
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(Received April 25, 1961) 


The exponential function of fractional order introduced by Rabotnov [1 ] 
has the form 


(1+a) 
I, (8, )=t > + (i +a> 0) (1) 
n—-0 


We are interested in the asymptotic expansion for large t of this 
function and its derivatives with respect to ¢t and f, and also of the 
integrals 

t t 
(29a (8. 
(B, t) dt, ap dt 


0 0 


The following theorem, which was established in [2 a is basic for 
this article. 


Theorem 1. Let us consider the function 


n—oo h(n) 
E, (2, 9) = 9) (z= 2-+iy, y>0) 


n—0 


where q is an arbitrary constant, real or complex. 


Let h(n) be such that if one considers the function h(w#), where 
w= x + iy in any half-space xz > Xo: then 


* while reading the proof sheets, the author became aware of the works 


of M.M. Dzhrbashian [4,5] in which were investigated, in particular, 
important properties of functions of the type 9, (B, t). 
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h(w) 
(yw + 9) 


is a single-valued analytic function » which for large values of the 
modulus can be represented in the form 


Cy C, + (yw, s) 
4+ ~ (yw + (pw (3) 


where Cor Cyr ee do not depend on », and where the function 5(ys, s) is 
such that 


lim 6 (yw, s) = 0 for|w\|-« 


Thus, for the function £(z, q) with large | z|, there exist asymptotic 
representations: 


when 9< <2, 


! 


when 0 < < 2, |argz| < 


(2, q)~ z* exp (z*) C,, 
n 0 
1 

when 0 < 7 < 2, | arg:| XY 


i 


n x 
(2, z * exp (z*) > 


n=O 
when y>2, |argz|<.a 


i 
(2, >| exp Z,)z," > C,(Z, ) 


» n=O 


The first summation is performed for all yp for which 


1 
arg 23 
| arg 2 ny 


Let us restrict ourselves to the case 0<a+i1< 2. If 8> 0, then 
it follows from (5), and if 8 < 0 from (4), that 


1 

I, (8, )~ ex 3 exp (e8'**) 
n 
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n oo ) 
- n 
‘ 
| 
(83 > 0) 
(3 < UV) 


If 8 < 0 we deduce from (8) that for large t 


\ 9, (8. ~ 2—(a + 1) aj 


Analogously, using Theorem 1, one can show that the asymptotic ex- 
pansions of 0 9, (8, t)/dt and 0d 9,(B, t)/08 will be equal to the deriva- 


tives with respect to t and § of the asymptotic expansion (8) for 
Dy (B, t). 


Furthermore, with the aid of the same theorem one can find 


t 
\ 9, (B, t) dt ~ 


0 


! 


exp (13 


\ 


(1+?a) 
t — 


ire 
dit ~ (i ay 8 exp 


3 
n 2 


-89 (8, t) 
\— dt~- Ss 


The asymptotic expansion (10) with 8 < 0 was found earlier by 
Rozovskii [3]. 


We note that if 8 is a complex number, then 


a+ 1 
lim 9, (8, t)=0 for > a(1+a)<argp<(2— + 


lim 9, (3, t)=co for |jarg8|< + + 1) 


If a+ 12> 2, then one must use Formula (7). 
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ON THE EVALUATION OF OPTIMAL PARAMETERS OF 
A DRY-FRICTION DAMPER 


(K RASCHETU OPTIMAL’ NYKH PARAMETROV 
DEMPFERA SUKHOGO TRENITA) 


PMM Vol.25, No.4, 1961, pp. 798-800 
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The evaluation of the optimal parameters of a dry-friction damper for a 
model with half a degree of freedom under the assumption that the damp- 
ing system undergoes a sinusoidal motion was given in {1-3}. 


In this paper the author gives an evaluation of the optimal parameters 
of a dry-friction damper and computes the energy dissipated by the damper 
during one period of oscillation (energy capacity of the damper) for a 
model which is a nonautonomous system with one-and-a-half degrees of 
freedom. A comparison of the energy capacity at resonance frequencies 
for various values of the frictional force shows that to an optimal 
adjustment of the damper there corresponds a minimum of the dissipated 
energy. 


1. We shall make use of the results of the investigation of a dry- 
friction damper given in [4] by the method of point transformations. 
Figure 1 shows the mathematical model which was used in the indicated 
work, It consists of an elastically (with the elastic constant k) 
attached mass M, which is acted upon by an external force F sinft. The 
interaction of the mass a of the 
damper with the mass M is due 
entirely to the force of dry 

Fsinot [Coulomb ] friction ®. Let z= 0 
—" correspond to the undeformed state 
of the spring. Excluding from our 
Fig. 1. consideration the simultaneous 
motion of the masses without relative 
sliding, we have the following equation of motion for the model: 


Mé kx = F sin Qt +0,mj (1) 


Let ws now introduce dimensionless variables in Equation (1) 
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= zMQ?/ F, = yMQ?/ F, 
Then we obtain the equations 
£+o% = sin t + B sgn (n —8), un = — Bsgn 


in which the dimensionless parameters are given by 


B= F, k/ MQ?, / (4) 


If the solution &(r) of Equation (3) which corresponds to a motion of 
period 27 is expanded into a Fourier series, then one obtains an ex- 
pression for the first and higher harmonics: 

2 
— ij? {1 + E + 
168? 
Ve = (w? — n®)? (n =3,5,7,...) 


Expressions (5) and (6) are valid in the region where the considered 
motion exists and is stable. This region includes the values of the 
parameters f, w, and p satisfying the inequality 


2 (4 2 : 2 
(7) 


(w? — 1)? 

We shall determine the optimal parameters of the damper by investi- 
gating the amplitude of the first harmonic, and by estimating the 
measure of the nonsinusoidal nature of the function &(r) on the basis 


of the distortion factor 


If one fixes the value of the frictional force § and the mass p of 
the damper, then the dependence of the amplitude of the damped oscilla- 
tions on the frequency,. i.e. the function ¥, (@), will be given by a 
curve with a maximum at some resonance frequency w= w*. If one varies 
B, then w* changes and so does the amplitude ¥, (w*) for the resonance 
frequency. To the optimal frictional force By there corresponds the 
minimum amplitude ¥, @*) min, In the upper parts of Fig. 2 (uw = 0.1), 
and of Fig. 3 (wu = 0.5), there are presented two families of the de- 
pendences V,(@) for various values of 8. The figures show that as f in- 
creases, the maximal amplitude V,(w*) of the first harmonic first de- 
creases and then increases. The value Bo corresponds to the case when 
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Fig. 2. Fig. 3. 


the maximum of the curve coincides with the common point of intersection 
of the curves of the family. The coordinate w) of the mentioned common 
point is equal to the resonance frequency of the system with the optimal- 
ly adjusted damper. From Expression (5), it follows directly that a is 
given by the equation 


0 (8) 


MW, 
+2") 


The optimal frictional force Bo can be found from the condition that 
the curve Y,(w) has a maximum at the point w). By differentiating Y)(@), 
and making a number of transformations with the aid of (8), we arrive at 
the following equation: 


1 4 pail 


Using (7) ome can convince oneself that for practical, applicable 
values of » the quantities w, and By will belong to the region of the 
periodic motion under consideration. 


The optimal amplitude of the first harmonic at resonance frequency Wp 
obtained from Equation (5) is equal to 


(10) 
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An estimate of the nonsinusoidal nature of the function ¢(r) at By 
and yields 


283 10° forp = 0.1, x? — 6.59 for p= 0.5 
The evaluation of the optimal parameters on the basis of the first 
harmonic has thus been shown to be justified. 


In the case when pw << 1, one can expand Expressions (8) to (10) in 
power series in terms of Aw=o@- 1, aid one may neglect terms contain- 
ing Aw to a degree higher than the first. One thus obtains 


In accordance with the results of [ 4 l, the energy capacity of the 
damper in the case under consideration is equal to 


nw 
— —— + 12 
(w ( | (12) 


In the lower part of Figs. 2 and 3 there are given the families of 
curves E(B, @, ») computed on the basis of Formulas (12) for the values 
f= 0.1 and »w = 0.5. Each of the curves attains a maximum value £* at 
the same resonance frequency w* as does ys, (@). As B changes, so do w* 
and E*, A comparison of the energy capacity for various frequencies cor- 
responding to different values of 8 shows that for the optimal adjust- 
ment of the damper fp corresponds to the minimum dissipated energy. 


2. The last result has the following physical meaning. If the damped 
oscillations are nearly sinusoidal, then the work done by the disturbing 
force on the resonance frequency during one period of oscillation is 
approximately equal to mFxo, where F is the amplitude of the disturbing 
force, while X is the amplitude of the damped oscillations. During the 
stabilized forced oscillations, this work is equal to the energy capa- 
city of the damper. This shows that for the minimum value of the re- 
sonance amplitude 9, the energy dissipated by the damper will also be 
a minimum, 
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ON THE REDUCTION OF THE EQUATIONS OF MOTION 
OF A GYROHORIZONCOMPASS 


(0 PRIVODIMOSTI URAVNENIIT DVIZHENIIA 
GIROGORI ZONTKOMPASA) 


PMM Vol.25, No.5, 1961, pp. 801-805 


V.N. KOSHLIAKOV 
(Mosco®) 


(Received June 3, 1961) 


It is shown in this paper that the equations of perturbed motion of a 
gyrohorizoncompass, given in [1 ), can be reduced to a system with con- 
stant coefficients. 


A rigorous analytic justification of the passage to the simplified 
ol. 25 equations of Geckeler is presented. The influence of an external periodic 
961 force is also considered. 


1. The equations of perturbed motion of a spatial gyrohorizoncompass 
of Geckeler-Anschiitz [1] are of the form 
2B sin e° dp 4 


dy 2B sin &° 2B sin e° 
dt + ml VeR Ve 


Here 


dx* (a* 


tan + 


2Q= using + > 


dt ~ Ru cos @ + vp 


It is assumed that the ship is maneuvering arbitrarily along a fixed 
latitude ¢ and in system (1.1) new variables 


(1.3) 


are introduced, such that «° satisfies the condition 
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(1.4) 


Further, f and y are also expressed through x, and x,, respectively. 
We obtain the following system: 


v2 v? 2B sin @ (1.5) 
= COS AQ tan z3 = —Qz, 
Pi 


1 
—U COS Q2 cot Pri 2B sin @ Z3 


2Bg 

(1.6) 
If in system (1.5) those terms are neglected which contain the 

angular velocity 2 as a factor, then it uncouples into two independent 


systems of the form 


(1.7) 


v? ve2Bsing Pl 


-Xe, Ze — ucos £ = 
u COS @ wa: Pl 2B sing 


which determine the harmonic undamped oscillations of the compass with 
an angular frequency v. 


The simplified equations (1.7), apparently obtained first by Geckeler 
[2], form the basis of the majority of studies and texts on the theory 
of the gyrohorizoncompass. 


2. We pass in system (1.5) to new variables with the aid of the non- 
singular substitution of the form 


cos - sin 6 — A tan sin 4 
u COS @ 


xz, cos § — —_-—- 

q 
COS v 2B sin 

= cos9 + 7, cos 9 — sin 9 —— Pr 


2B si 


v 2Bsing v 2Bsing “°° 


sin 6 


sin 4 sin + 7, cos 0 + 


1 
i cot mz, sin § — 


9 (0) = 


As a result, we are led to a system of equations with respect to ¢,, 
which uncouples into two independent systems with constant coefficients 
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and possesses the same structure as the system (1.7), namely 


v? 2B sin @ ¢ Pl 


—ucos@—, : . 
E; Pi Sa, 74 2B sin @ $3 


The system (1.5) is thus reducible to the system of Geckeler (1.7). 


We also give the formulas for the inverse transformation from vari- 
ables €, to the variables x,, which will be used in the sequel. We have 


u COS u COS ® gs Sin 6 + Atan Sit §) 


a= cos + 


2B si 
= cos + E2cos 6 + Es sin 6 — 0) 


Ei sin — sin + cos 6 — - a cos 6) (2.4) 


Ee sin + Escos@ + Escos 6 


cot sin® — sing sing 

3. We assume that the ship performs sequential circulations with con- 

1961 stant velocity v and a circular frequency on a given latitude ¢, begin- 
ning, for example, with the course due north. 


Then, as is shown in[2], we may assume 


7 


Q > —pe sin wil (3.1) 
With this assumption the system (1.5) will be (3.2) 


ve v? 2B sin @ 
te — Aum tan @ sin po — 


1 ‘ Pl 
— po sin i cot & sin wlz + Z3 


The system associated with (3.2) is of the form 
(3.3) 
Pl 
2B sin @v ys 
v? 2B sin 


u COs — pw cotyP sin olys, Ys — pw sin wlye 


By means of variables [1 ] 


(3.4) 


Pl 
Wi (2) = swe Yi - (t) = SB sin qv Ya 


we transform the system (3.3) into an easily integrable system of two 
equations of first order. 
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If y,(t) is any solution of system (3.3), then, as is known [4], the 
expression y,x,; + Yo% + ¥3%3 + ¥4%q will be the first integral of the 
system (3.2). Using Formulas (3.4) and satisfying in the solutions of 
the system (3.3) the initial conditions 

{1 (J =k) 
Yik (0) jk 10 (i +k) 
we construct real expressions for the four independent first integrals 
of system (3.2). As a result we obtain 
cos vi cos § — ————- sinvicos -+- 
cos 
— £,8in visin —Atan @ visin§ = C, 
COS | 
x, sin vicos +- ze cos vi cos — cos vi sin — 


Pi —-Zssin visin = Ce 


sin vi sin + 22 cos vi sin + 23 cos vi cos 


v 2B si . . 
Sin vi cos 


| Pi 

= cot 21 Cos visin§ — ——— 

h v 2B sin g 
Pl 


vy 2B sin q 


“2 sin vésin 


Zs sin vicos§ +-r4 cos vi cos 6 = C, 


Here, in accordance with (2.2) and (3.1), in the case of circulation 
it must be assumed 


§ (¢) = (cos wt — 4) (3.5) 


It already becomes clear that, as a linear substitution with periodic 
coefficients, which reduces the system (3.2) to a system with constant 
coefficients (2.3), Expressions (2.1) should be taken, where @(t) satis- 
fies Formula (3.5). 


The roots of the characteristic equations of the transformed system 
(2.3) are, as is known, the characteristic exponents of system (3.2). 
Designating the latter by x, (s = 1, 2, 3, 4) we obtain 


= vi (3.6) 


4. Let us apply the theory presented to a study of the influence of 
an external periodic disturbance. 


Let us consider the nonhomogeneous system 


= — Apo tan @ sin 
COS 


4 
= 
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= —u cos Pri pw sin wlrs (2) 
x3 sin @olze — — Pi 


Pi 


+ 3Bsing 


fw cot @ sin 


and let 
F (t) = a cos wl (a >0) (4.2) 


Passing, in accordance with (2.1), to the variables €,, we obtain two 
independent systems of the form 


(4.3) 


ou cos @ 


— — (t) cos 6 (2), &s (t) sin 6 (0) 


Pl Pl 


—ucosgir +F(t)cos6(), &= sine Es — sine F sin 6 (0) 


where 6, as before, satisfies Formula (3.5). 


We will assume, further, that » << 1/2; we then may set sin @ = @, 
cos 6 = 1, and the system (4.3) will be 


v? 2B sin . 


4-4) 


Pil 
v2B sing 


ucos@ ucos¢ F (t), 
Pl 
2B sin F (oO 


- 


— ucos@pe: +-F (2), 


It is important to note that in the case considered the term F(t)@(t) 
has a constant component. 


Indeed, in accordance with (3.5) and (4.2) 


ua 


F (t) 6 (0) = pa cos wt (cos wt — 1) “cos 2wt —pacoswt (4.5) 


This constant component, expressed by the first term in Formula (4.5), 
is of considerable influence on the reading of the gyrohorizoncompass. 


We proceed now to the integration of system (4.4). We have from the 
first two equations of this system, taking into account Formula (4.2) 
and the initial conditions ¢,(0) = 0, €,(0) = 0, the following solutions: 


— COs wt — cos vi 4 sin wil sin vl) 
@*) u COS v / 4 6 
(4.0) 


ja 
-—, | cos wi — cos vi sin vi — sin wl 
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Assuming w >> v, we obtain from this approximate, but in many cases 
sufficiently accurate expressions 


* cos vl cos wil ~. sin wt i 
cos @ w +- sin ve) 


—, (cos vi — cos wt + — sin wt — sin vt) 
Vv y, 


Further, from the remaining two equations of system (4.4), and taking 
into account (4.2), (4.5) and the initial conditions €,(0) = 0, €,(0) = 0, 


we obtain 


Law 2 on 
) eos ve - (a= sin vt + 
2@t — sin 2t)— (cos wt — sin wt ) 
cos Zt — ap cos wt - (4.8) 
)sin vi — paw Jeos vi + 
2 2 2 
sin 2o¢ — sin ot + cos wt | 
— v? — 40° Vol. 7 
196) 


Returning to Formula (4.6), we have 
u COS @ (v? — w*) u cos @ 


Neglecting v? as compared to w*, we obtain from here 


(cos @f — cos vi) 


Eg = (cos vt os wi 
ucos@ ~ @ucos@ vi — cosas) 


Taking account of this simplification we also have 


j i 
_ we + _ 2va (= Sin wt — sin vt) 
. Vv 


From the formulas for inverse transformation (2.4), where in accord- 
ance with what has been said one should set sin @ = 0, cos 6 = 1, we have 
(cos vé — cos wi) — (1 — cos vt) (1 — cos 


1 2 
sin wf — sin vt) — sin vé (1 — cos 


- 


(4.12) 


In these expressions the most important will be the last terms which 
are due to the presence of the constant component in Expressions (4.5). 
Designating them by Ax, and Ax, respectively, we have 


| 
| 
1 pa 
9 
Vv 
T | v2 — 
pava@ 
Me 
| 
v2Bsin@. wa .. 
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(1 — cos vt) (1 — cos wt) 
(4.13) 


sim vi (1 — cos 

If the periodic external force is acting during a short interval of 
time (0, t*) which is smal] as compared to the period of M. Schuler, then 
for 0 ¢ t ¢ t* we may assume cos vt = 1, sin vt = vt; we then have 


Az, = 0, Az 


=: — ipa (1 — cos wif) t (4.14) 


The maximum possible deviations will be 


2 2 
Axim| = 2 | Atom | = 
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This paper deals with the problem of design of a stabilizing control in 
a linear system with damped random perturbations. This control is deter- 
mined by the condition of minimum of the mathematical expectation of the 
integral squared deviation. The investigation generalizes a result of 
Letov [1]. The problem is solved by the use of Liapunov functions [3,4], 
modified according to Bellman’s principles of dynamic programming [4 ]. 
This approach to the problems of optimum control, based on the concept 
of optimum Liapunov functions, is described in [5,6]. The author draws 
attention to the fact that during the writing of this paper he was 
familiar with the investigations of M.E. Salukvadze on the mean-square 
optimum stabilization for stationary perturbations. 


1. Formulation of the problem. We shall consider a control 
system described by the equations 


dz; 


++ + + mE +; (in) (i =1,... (1.1) 


where x; are the deviations of the n-dimensional vectorial controlled 
quantity x from its given value x= 0,(i = 1, ..., n), &€ is the stabi- 
lizing input of the control, and ¢;(t, 7) are random disturbances. The 
quantities $j (t, n) are considered to be functions of time t and a 

random r-dimensional variable 7(t). In a particular case it may be that 
n= r, and the components of the vector ¢ may coincide with the components 
of n(t). We assume that the random function 7(t) describes a stochastic 
Markovian process with a known probabilistic transition function [7, pp. 


232-247 | 
pis,a;t, B) = Ply (OEB/ = a) 


admitting the decomposition 
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p Is, a; t, {a}] = 1 — g (t, a) (¢ — 8) +o (i — 8) (1.2) 


p Is, a; t, B) = g (t, a, B) (t — 8) +o (¢ — 8) (1.3) 
(a does not belong to B) 


Here, a and B are r-dimensional vectors and r-dimensional Borelian 
sets, s < t are instants of time, the symbol P[ Q/L ] denotes the proba- 
bility of the event Q at the condition L, and p(At) is an infinitesimal 
quantity of a higher order than At. 


This paper deals with the problem of design of a control action (or, 
shortly, control) which assures that the perturbed motion described by 
(1.1) approaches asymptotically the state x = 0 (for t + ~). Therefore, 
we limit ourselves to the case of the disturbances $j (t, n) which de- 
crease sufficiently fast as time increases. (If the disturbances ¢,(t, 7) 
do not vanish for t + ~, then the approach of the motion x(t), given by 


(1.1), to the point x = 0 is possible only within a certain unreducible 
error 5 > 0.) 


We denote by the symbol M[¢/L ] the mathematical expectation of the 
random quantity ¢ at the condition L. The disturbances ¢,; are said to be 
bounded and decreasing in the mean if a function f[ t,, t ] may be found, 
determined and continuous for 0 <t, < t, such that the following condi- 
tions are satisfied: 


t), <N = const (1.4) 


M \qx (¢, / (to) —arbitrary |</f [to, > %) (1.5) 


oO 


f (to) = f x (1.6) 


oo, limf(t)=0 (1.7) 
0 
Note 1.1. In view of the conditions (1.4) and (1.5), the remark that 

@ may be equal to 7 (see above, p. 1212) requires a qualification. In 
this case the variable 7 may assume only the values in the region 
\|7 || < N, and the symbols a and B in (1.2) and (1.3) denote then the 
vectors and subsets in the region ||7 || < N, respectively. (Here and in 


the following, the symbol || y|| denotes the Euclidean absolute value of 
the vector y, i.e. 


+ 
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The control & will be sought in the form of a function é = é[x,7, t]. 
This corresponds to the possibility of measuring the quantities x,(t) 
and 7,(t) from the signals entering the control system during the process 
of control [8 }. 


If the function é[x,7, t] is selected, then arbitrary initial con- 
ditions x), 7 for t = ty, generate a Markovian stochastic process for 
t >t») in the space{x, 7} [7, p.72], on the basis of Equations (1.1). 


We shall not define here rigorously the concept of solution of 
stochastic equations (1.1) for a general case. We shall limit ourselves 
to simple cases where the stochastic solution x(t) of Equations (1.1) 
may be determined without difficulties. 


We shall assume namely that the functions ¢,;(t, 7) are continuous in 
both variables and the realizations 7‘?)(t) of random functions 7(t) are 
piecewise continuous functions. (The conditions under which the realiza- 


tions n‘?)(t) actually have this property are shown, for instance, in 
(7, p.242]. ) 


With this assumption, as realizations of a stochastic solution 
{x'P)(t), P(t) } of the system (1.1) we shall consider, together with 
the realizations 7‘?)(t), the continuous functions x‘?)(t) satisfying 
Equations (1.1) in the intervals of constant 7‘?)(t). The Markov vector- 
function { x(t), 7(t)} generated by the initial conditions x), 7, for 
t = ty by virtue of Equations (1.1) with € = ¢ will be denoted by the 
symbol 


{x (t), (t) / No, bo; 


The problem consists of the following. It is necessary to determine 
the optimum control &°, i.e. the function €°[x, 7, t ] satisfying the 
conditions: 


Condition 1.1. Every realization x‘?)(t) of the solution 
{x (t), / No, to; 2°} 


should be bounded in its absolute value by a constant depending on the 
initial conditions x) (— ~, m9, to 2 0, i.e. for ty < t < 


(2) || N (zo, No, bo) 


Condition 1.2. For an arbitrary initial condition |x), 75, tgi, the 


solution {| x(t), m(t)/x9, m9, to, should asymptotically approach in 
mean-square the point x = 0 for t + », i.e. 


lim Ml) (1) vo, mo, =O for t--x (1.9) 
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Condition 1.3. For an arbitrary initial condition |x), 79, ty} the 
quantity 


30 


J (x0, no, to; = \ x? (t) + / x0, no, bo; ac (1.40) 
i=1 


should be finite for € = €° and should be minimum for this control 

taken from a family of functions |€ |} specified in advance. As an admis- 
sible class of functions {é } such functions {é[x, 7, t ]} will be 
selected for which the solutions of Equations (1.1) may be determined in 
the way described above (p.1214 ), and the use can be made of the general- 
ized derivative of the Liapunov function, which will be introduced later. 
(A rigorous discussion of this problem would distract us from the princi- 
pal task, i.e. the construction of optimum €°. In any case, with known 
regularity of the functions p[ s, a; t, B] and ¢,(t, 7) we may limit 
ourselves to continuous admissible functions {é[x, 7, t |}, as it 
follows from the form of the solution €°.) 


2. The method of solution of the problem. Let the functions 
v(x, n, t) and €°[x, 7, t | be found satisfying the conditions: 


Condition 2.1. The decomposition 
v (x, H, t) = ve (z) + (2, H, + Vo 4) 


is valid, where 


ve (2) = 2423, bj; = const 
t.j=1 


is a strongly positive-definite quadratic form, the function 


vi (x, 2) = >) (2.3) 
i=] 


is a linear form whose coefficients b;(y, t) satisfy the inequalities 


\ = const (2. 
and the limit relations 


lim (yn, = 0 fort +x 
and the function v»(y, t) satisfies the inequality 
vo No = const 


and the limit relation 


‘ol. 25 
(2.1) 
(2.5) 
(2.6) 
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lim M {| vo (y, / Ho, fo] = fort+« 


for arbitrary initial conditions 75. 


Condition 2.2. The generalized derivative [6 ] of the function v with 
respect to Equations (1.1), for € = €° (dMiv}/dt),o satisfies the 
equations 


for all the values of x, 7, and t. 


Condition 2.3. The generalized derivatives (d Mj v, }/dt)eo 
dM tv,}/dt satisfy the inequalities 


(aM 


a N, ii, = Wo} |. No Vol. 2 


dt 196) 
Thus, €° is the optimum control and 


No, to) = J (Zo, Yo, to; 


We shall prove this proposition. That the condition 1.1 is satisfied 
may be shown in the following way. 


(1.1) 
Equations (1.1), for an arbitrary realization 7‘?)(t) and for sufficient- 


ly large values of the norm || x||, will be a strongly-definite negative 
function. As a result of the conditions (2.10) and of the fact that the 
functions @, are bounded (the conditions (1.4) and (1.5), the derivatives 
(d Miv}/dt),o and (dv,/dt){??,, differ only by some bounded functions 
of time t and the random variable 7, and also by some functions of t, 7, 
and x which do not increase faster than || x|| with increasing || x||. Thus, 
our statement that (du,/dt){??, is negative follows from the condition 
(2.8). Now, it can be shown that the realizations x‘?)(t) are bounded by 
the use of the function v,(x) and standard arguments of the theory of 
stability. 


The derivative (dv,/dt){?? of the function v9(x) with respect to 


Let us check whether condition 1.2 is satisfied. Consider the random 
function (solution) 
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{x (t), (2) / Zo, No, to; 


We construct the quantity 


Ve = M (0), (0), / Zo, (2.12) 


and calculate its derivative with respect to time ¢t at the instant ¢ 
Considering the Markovian property of the vector-function | x(t), n(t)], 
we can write 


aM (x(t), H(t), 0) / z(t), H(t), 
( M [ aM (3 


at 


—M (t) \\* + (E° / zo, mo, to; (2.13) 


Integrating Equation (2.13) with respect tor fromr = ty tor =T> tg, 
we obtain the equation 


— (20, mp, to) —\m (x) + (E° mo, to; 2°) dt (2.1 


t 


For T+ the quantity Vl €°] converges to the quantity v,( x(T))/ 
Xq» No» toi €° 1] because of the conditions (2.5) and (2.7) and the 
realization x‘?)(t) being bounded (see the condition 1.1, whose satis- 
faction has already been shown). This and the fact that the function 
v(t) is strongly positive-definite, imply that the lower bound of the 
first term on the left-hand side of Equation (2.14) is non-negative for 
T + ~. Therefore, the integral on the right-hand side of Equation (2.14) 
converges for T + «. From the convergence of this integral we conclude 
that 


lim M (t)F / xo, no, to; 


Since the quadratic form v,(x) satisfies the inequality 


ve (x) — Al (A = const) 
and the equation 
lim M |v2 (x (t)) / to, mo, E°) = lim M |e (x / Zo, mo, fo; 
we finally establish the validity of the limit relation 


= 0 tor T x 
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The existence of this limit follows from the monotonicy of V,[ €°] 
in t (dV,/dt < 0). 


Consequently, the equation 


co 


v (Zo, No, toe) = \ M + (E° (t))? / ao, mo, to; dt 


is valid, which proves that (2.11) is satisfied. 


We note that the limit relations derived here imply also satisfaction 
of the condition 1.2, since the form v(x) is strongly positive-definite 
and, thus, the inequality holds v,(x) > e || x||? (e > 0, const). 


The satisfaction of the condition 1.3 remains to be verified. Suppose 
that this condition is not satisfied and, consequently, an optimal 
control &* different from &° exists, and for an arbitrary initial condi- 
tion Lx, No» ty} the control &* yields the inequality 


Jj | Zo, lo; J | Zo, lo; (2.15) 


We shall show that this assumption leads to a contradiction. From the 
condition (2.9) we conclude that. 


(AS) > (2.16) 


\ dt 


Introducing the quantity VL &* | analogous to the previous one and 
integrating the inequality (2.16) similarly to what was done in the case 
of Equation (2.8), we obtain the inequality 


Vr — xo, No, to) > - P (&* / ao, No, to; dt (2.17) 
t 


Since it is assumed that €* is an optimum control, the norm || x ‘?)(t)|| 
of the realization of the solution { x(t), n(t)/xo, No» toi &*} should be 
bounded. Consequently, as before, the validity of the limit relation 


lim Vr [E*] = lim M lve (z (7)) / Lo, Wo, lo; 


may be proved for T+ «, if the limit on the right-hand side exists. 
From this relation, from the condition 1.2, and from the inequality 
v_(x) S-A || x||?, we conclude that for T+ « the first term on the left- 
hand side of (2.17) converges to zero. According to the condition 1.3, 
the integral on the right-hand side of (2.17) should converge. Therefore, 
from (2.17) by a limiting procedure for T + »~ we derive the inequality 


\ M (t) +- (€(t)*)? / zo, no, dt > v (zo, Ho, to) 


to 
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J (xo, No, to; &*) > v (zo, No, 


The last inequality is contradictory to our assumption (2.15) and 
Equation (2.11). This implies that the condition 1.3) is satisfied for 


Thus, the problem of construction of the optimum control €°[x, 7, t | 
reduces to determination of the functions v and €° satisfying the condi- 
tions 2.1 to 2.3. 


3. Construction of the optimum control £°. In this section 
the conditions of solvability of the problem are clarified, and the form 
of the optimum control €° is established. We shall write Equation (2.8) 
for the function v in explicit form, which will be called the optimum 
Liapunov function. 


For this purpose, it is necessary to know the expression for the de- 
rivative (d Miv}/dt),- in terms of the parameters of the system (1.1) 
and the stochastic characteristics of the random function n(t). It is 


aM aM aM aM {ro} 
al dt dt at 


Let us calculate the derivative dM{v,}{/dt. This calculation will 
be performed analogously to the one in [6]. We have 


aM {vi}/dt = lim [AM {u}/ At) for Ar— +0 


We determine A M{v,j}. Neglecting infinitesimal quantities of higher 
order with respect to At, we consider that in the interval At two 
mutually exclusive effects may occur: 


1) the event D: the quantity 7 maintains its value, i.e. 
n(t A) = 
2) the event D~!: the quantity 7 changes its value once. 


According to (1.2), the probability of the event D is P[D] = 1 - 
q(n, t)At, and the probability of the opposite event is P[ D~*] «= 
t)At. 


The event D~! may be split into a finite number of events a, exe 
_ where an event D-', k < m, is a single change of the quantity 9(r) 
in the interval t<r< t+ At, i.e. n(t + At) A n(t) with n(t + At) 


B, = (B,_,, B,) (or n(t + At)&B, = (B,_,,8,) for k = m) and 
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is a sequence of increasing numbers, = ~, 


(We note that here the case of a scalar variable has been considered; 
in a general case the considerations are analogous. ) 


According to (1.3) the probability is 
P [D,-'| = q (t, a, By) At 


If the distribution function y(t, a, 8) = q(t, a, B(B)) is introduced, 
with B(8) being the semi-interval (— ~, 8) without a, then 


We have the equality 
AM {v1} ApuP + (3.1) 
k=1 


where Apv, is the change of v, in the case of the event D, and A,v, 


is the change of v, in the case of the event Dy," . In the case of the 

event D, Equations (1.1) may be considered in the interval At as ordi- 

nary differential equations, and Apv, may be determined using the Vol. 2 
formula of finite increments as is done in a classical case. For the 1961 


realization we assume A,v, ~ v,(x, B, t) uP t) where 

6 B,. Substituting the probabilities P[ D] and Pl Dy ] into the 
equality (3.1), and passing to the limit for At + 0 while increasing to 
infinity the number m of divisions f, 


(Bx — = 2,..., m — 1)) 


we obtain at the point (x, 7, t) 


+ + \ v1 (x, B, t) ds ¥ (t, B) t) q ) (3.2) 


Here, the integral is taken in the sense of Stieltjes, and the symbol 
q(t, 7) denotes the quantity y(t, 7, ~). 


The derivative d M{v,}/dt reduces simply to the derivative (dv,/ 
dt),;.;) (for 7 = const), since v, does not depend explicitly on 7. 


Therefore 


4 
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dM {v2} Ove (x) ] ¢ 
dt Oz; GS n + gilt, ») (3.3) 


Considering (3.1), (3.2), and (3.3), Equation (2.8) may be written in 
the explicit form 


t=] 


n 


aM {vo (n, 
4 + & [z, 2) =0 (3.4) 


We shall now set up the equations corresponding to the condition 
(2.9). According to this condition the left-hand side of Equation (3.4) 
should be minimum for € = €°. Thus, the second equation for v and €° is 
obtained from (3.4) by differentiating (varying) this equality with 
respect to €. 


We have 


n 
dvs (#, | m Iz, n, t] =0 


Ox; Oz; 


Let us discuss these equations. We assume that Equations (3.4) and 
(3.5) have solutions v,, v,, and v, of the form described above in the 
conditions 2.1. Thus, from (3.5) it follows that the optimum control 


i=1 


consists of the linear function 
1 Ove(z) 


2 Oz; i const) 
t=1 j 


and the random term in the form 


1 Ov, (z, un t) 
i=1 
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We shall show that under certain known conditions the problem can 
actually be solved in the form (3.6). We substitute Expression (3.6) for 
€° into Equation (3.4). The equation obtained may be satisfied by making 
equal the terms with the same power of x;. We write the equations ob- 
tained in this manner: 


1 j=1 i= 
n n n 
Avy (x, H, 4) Ov, (x) Ov 
; 1 ‘i= j= / 
\ v1 (a, H, dex (2, = — Dy 


Wi W) 


aM {v9} dv, (xz, NH, (x, 
(x) — 2, Hi 2) -+- - mi: | (3.11) 
i=] 


Let us consider Equation (3.9) This equation has the same form as 
the equation for the optimum Liapunov function, derived in[1] dis- 
cussing the problem of construction of the optimum control €° in the 
absence of the perturbations ¢;(t, 7). The necessary and sufficient con- 
ditions of solvability of this equation in the form of a positive- 
definite quadratic form have been established by Kirillova [9]. We shall 
give here these conditions in order to make our presentation complete. 
Equation (3.9) has a solution in the form of a positive-definite quad- 
ratic form if, and only if, the following condition is satisfied. 


Condition 3.1. The linear subspace of an n-dimensional vector space 
defined by the vectors m, Am, ..., A"~ 1m contains the total subspace 
of the matrix A corresponding to the eigenvalues A, with non-negative 
real parts. Here A is the matrix of the coefficients aii, and m is the 
vector m;}. 


In particular, a sufficient condition of solvability of Equation 
(3.9) in the form of a positive-definite quadratic form v,(x) is linear 
independence of the vectors m, Am, ..., A®~ 1m. In the following we 
shall assume that the condition 3.1 is satisfied. 


Let the function v,(x) be found from Equation (3.9). Thus, the linear 
part €,° of the optimum control is determined from the relation (3.7). 
Substituting €,°, instead of €, into Equation (1.1), we obtain an 
auxiliary system of equations 


nm 


az Ove(x) 

J 


Vol. 2 
196) 


—- 
1222 
= 


Mean-square optinus stabilization 


The solutions of the system (3.12) are obviously asymptotically 
stable, since the function v,(x) is positive-definite and its derivative 
(dv,/dt) (5 4) on the strength of the system of equations (3.12) is 
negative-definite, i.e. all the assumptions of the Liapunov theorem of 
asymptotic stability are satisfied[2, p.90]. 


Let us consider now Equation (3.10). It is convenient to discuss this 
equation in the following way. 


On the left-hand side of Equation (3.10) is a quantity equal to the 
generalized derivative (d Miv,}/dt),, ;5) of the function v, with re- 
spect to Equations (3.12), i.e. we have 


n 


3.18 


at (3.12) Ox; 


With this interpretation of Equation (3.10) it is easy to show that 
this equation has a solution in the form of a linear form (2.3), satis- 
fying the conditions (2.4) and (2.5). In fact, the form v,(x, 9, t) can 
be determined by the formla 


oo n 


Or; 


where (3.12) in the symbol for mathematical expectation M under the in- 
tegral sign in (3.14) indicates that x(r) is the solution of the system 
(3.12) corresponding to the initial condition x for r = t. We shall now 
verify whether the conditions (2.3), (2.4), and (2.5) are satisfied by 
the function v, determined by Equation (3.14). In order to establish the 
linearity of the function v, (3.14), we write this expression out in 
full. If F(t) denotes the fundamental matrix of solutions of the system 
(3.12) (F(0) = E being the unitary matrix) then 


Oz; 


where {F(r — t) x}, is the jth row of the product of the matrix F(r — t) 
and the vector x. Now Equation (3.14) can be written as 


(3.15) 
=: (> (F M (t, (t)) / (0, tl} dr 
1 


1 


Since F(t) is the fundamental matrix of solutions of the asymptotic- 
ally stable system (3.12), the elements of this matrix should approach 
zero for increasing time, and 
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FP (t) < (t>0,a>0, — const) (3.16) 


where || F || is the norm of the matrix F. 


From the conditions (1.4), (1.5), and (3.16) we conclude that the 
improper integral on the right-hand side of (3.15) is absolutely con- 
vergent, while v, is a linear function of the coordinates x; with bound- 
ed coefficients 


b(n, t) = 2\ be — lq; (t, (t)) / 


1,..., n) (3.17) 


Here, F, ; are the elements of the matrix F. These coefficients, on 
the basis of the conditions (1.5), (1.6), and (3.16), satisfy the in- 
equalities 

ba (n, t)|<2\ nNpBf It, <2 j (2) (3.18) 
i 


which with (1.7) imply satisfaction of the condition (2.5). Now it is 
only necessary to prove that the function v,(zx, 7, t) satisfies Equation 
(3.13). We calculate the derivative (d M{v,}/dt,, ,,) for the function 
v, (3.15). Considering that x(t) in the expression for v, is a solution 
of the system (3.12), and considering that 7(t) is a random Markov func- 
tion, we have 

(4M (oy) 

at (3.12) 


A n 


t 


= —2 >) > (t, + 


j=—1 


nm 


24 >» bi; (« — 2) ) M lq / (0, 


2\|> (> 4 (F — t) 2); 
1 j=! 


(3.19) 


The last two terms in the last equation are equal to zero. In fact, 
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x(t) = F(t)e (c is a constant vector), i.e. 
= 2 Fe) = 2 = 0. 


In the same way 

— M lq (t, / = 0 


since the Markovian properties of the function 7(t) imply that the ex- 
pression in curl brackets is equal to zero. Consequently, the function 
v, (3.15) indeed satisfies Equation (3.13). This function also obviously 
satisfies the condition (2.10). 


Remark 3.1. Equations (3.15) imply that in order to determine the 
functions v,(x, 7, t) it is sufficient to know the functions 


M,(n, t, 1) = M [@;(t, (i=1,..., a) 


i.e. it is sufficient to have, at each time t, the forecast of the 
future mean values of the perturbations ¢,(r, 9(r)), r > t, on the basis 
of the knowledge of realized values n(t) = 7. 


Let us consider Equation (3.11). This equation has the solution 
v9(n, t) which has the form 


n 


Vo t) \ M {> 1b; (t), Pi (T, (t))) 


(yn (x), | /n, (3.20) 


The proof that the function v, (3.20) satisfies Equation (3.11), the 
conditions (2.6) and (2.7), and the second condition (2.11), can be 
given by the use of the conditions (1.3) to (1.6), similarly to what was 
done in the case of the function v,. Therefore, we omit here this proof. 


Thus, we arrive at the conclusion that, with the condition 3.1 being 
satisfied, the functions v and &° exist which satisfy the conditions 2.1 
to 2.3, i.e. with this condition the problem is solvable. Let us 
summarize the result obtained. 


The problem of construction of an optimum control system €°[x, 7, t] 
minimizing the mean-squared error 
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t=1 


in the system (1.1) in the presence of bounded and decreasing random per- 


turbations ¢,(t, 7) is solvable if, and only if, the condition 3.1 is 
satisfied. The optimum control €° should be presented in the form 


n 


+ &.° (n, 2) 
t=1 


The term €,° coincides with the optimum control which is obtained for 
an analogous system but in the absence of perturbations. The random com- 
ponent ¢.°(n, t) takes into account the existence of random perturbations 
o,(t, n). This term is determined at each instant of time t according to 
the information on the realized values of y(t), but the computational 
formulas for €.° assume the knowledge of the forecast of the future 
values of the mean values of the perturbations ¢,(r, 7), r > t. 
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Let us assume that a controlled system is subjected to random impulses 

and that it has a corrective arrangement guaranteeing the carrying 

through of the process according to the given program, conditioned by 

the uninterrupted receipt of complete information about the random in- 

pulses at each given instant. If the information about the random in- 

pulse is transmitted with a distortion arising from the appearance of : 
random errors, errors of measurement, the appearance of lags, inertia, Vol. 2 
etc., then the actual process will be different from the desired process. 196) 
Below are given estimations of the distortions which bring about the de- 

viation of the process from the given one, within the permissible limits. 

There is considered the case in which the actual motion is periodic and 

the case in which the actual motion is discontinuous. 


The results can be treated as the conditions of stability of the 
motions, that is, as the conditions of preservation and stability of 
periodic motions in the presence of constantly acting random impulses. 


In order to give uniformity to the results, the actual process is 
treated as if it were random, This article is the immediate continuation 
of previous work [1] in which the determinantal case is considered. 


l. Consider the system of differential equations 


dr 


tn) + 4 (0) (1.4) 


where x is an n-dimensional vector; 7(t), &(t) are random scalar func- 
tions; f(x, t, n(t)), u(t, &(t)) are n-dimensional vector functions. 


There arises the problem of the choice of the functions &(t), u(t,&(t)) 
so that the a priori given (and perhaps random) function x = g(t) would 
be a solution of the system of equations (1.1). Obviously the simplest 
solution to this problem would yield the relations 
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=n), u(t,e()) = — f(g, 4. 9 (1.2) 


However, upon construction of the equation u(t, €(t)) it is possible 
to obtain incomplete information about the significance of the function 
n(t) and moreover this information may be received with a certain lag. 

It may occur that the function u(t, €(t)) can be chosen only from a de- 
termined class of functions (for example, trigonometric polynomials), and 
consequently the second equation in (1.2) can only be fulfilled approxi- 
mately. Consider 


where €(t) is a random function correlated with n(t). Then values are to 
be found for the distortion r(t, 7(t), €(t)), upon the fulfilment of 
which the deviation of the actual random process x(t), described by 
system (1.1) from the given process g(t), does not exceed the given 


magnitude. 


The structural scheme of the system, described by the equation, is 
presented in Fig. 1: here A is the object, the actual required process; 
random impulses 7 act upon A; these impulses are sent simultaneously 
through C into a correcting arrangement B, the purpose of which is the 
working out of the corresponding controlling impulse. 


Consider now certain general aspects related to the theory of differ- 
ential equations with random parameters. It may be shown [ 2, p.30 ] that 
a random quantity can be determined as a measurable function, fixed in a 
certain region of values {) (or a region of elementary events). Here two 
random functions n(t) and €(t) enter into Equation (1.1). If &(t) is 
functionally connected with 7(t), then both of these functions have the 
same region of values {. If the function &(t) is connected with 7(t) 
correlatively, that is, at a determined realization of 7(t), the function 
&(t) will be a random function with a 
region of values A; then evidently as a 
general region of values it is possible 
to take the region being the product of 8 
regions {2} and A with a measure measure é 


chosen in the corresponding manner. M 


In such a manner, it is possible to 
consider that all random magnitudes 
entering Equation (1.1) will be random 
magnitudes connected with the general region of values 2. 


g 


If in a linear region of random magnitudes there is determined by 
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some means a norm (as in a region of measurable functions determined in 
a region of values 2), then the differential equation (1.1) is trans- 
formed into a differential equation given in the linear normalized space 
M the elements of which are random vectors. Further, as the initial 
vectors for the solution of Cauchy’s problem, it is necessary to take 
not only the determinantal vectors but any other random vectors from WM, 
Evidently, in the presented treatment of Equation (1.1), the integral is 
derived from a random function conforming to a scalar argument ¢t; it 
should be understood how the integral is derived in the sense of Bokhner 
[3, p.59 ]. In particular, if in place of the square of the norm of the 
random vector one can take the mathematical probability of the square of 
the length of the vector, then the concept of the derivation and the in- 
tegral of the random function coincides with that generally understood 
[4, p.214]. 


It should be noted that the theory of differential equations in linear 
normalized regions is well developed at the present time. Relying upon 
this theory, it is possible without difficulty to formulate the conditions 
of existence, of uniqueness, and of continuity of solutions[5], to con- 
sider the questions of stability [6], or the questions of the existence 
and determination of periodic solutions [7]. 


196) 
Making use of the above-mentioned reasoning, it is possible, obviously, 

to utilize the results of the cited works for the study of differential 

equations with random parameters. 


2. Let g(t) be a piecewise differentiable random process. Carrying 
out in system (1.1) a change of variable z = x —- g(t), there results 


dz 
dt 


f(z +¢(,t,n(@) (2.1) 
Making use of (1.3) and introducing the designation 


Z(z.t,n()) = f(z + 4.4 (O) — (eg (0, 4, 4 


the system of equations of the perturbed motion takes on the form 


Z(z,t,n (0) +r (t,n (0) (2.2) 


The vector random function r(t) determines the error resulting from 
the presence of distortions connected with the transfer of information 
about 7(t) into the correcting arrangement; the deviation of the random 
function from zero coincides with the deviation of the solution x(t) of 
system (1.1) from the given function g(t). As a measure of the deviation 
of the random magnitude z from zero, we take 
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= (M| = max! 2!|(4 <i <n) 


Here M is the operation of finding the mathematical probability, z, 
is the projection of vector z. If A is a matrix with elements a;,, then 
it is assumed that 


|A\l= max | Ay» 
Obviously, the inequality 


|Az|<|A| lz (2.4) 


is valid, whereby the equality can be attained. If matrix A and vector z 
are random, then the inequality (2.4) is justified for any separate 
realization, that is for the fixation of the element w of the chosen 
region 2. 


We now separate from the function Z(z, t, n(t)), according to some 
rule, the linear part A(t, 9(t))z, and Equation (2.2) is then written in 
the form 


=A (t,n(O) 2+ + (0, (O) (2.5) 


By D is designated the part of the region of random values from M, 
determined by the inequality || z || < «. 


The following limits on the equation are assumed: 


a) The values M| A(t, n(t) ||R(z, t, n(t)) I], Ir (Ct, 
are finite for almost all t. 


b) The functions | A(t, 7(t))| and |R(z, t, 9(t))| for any fixed z may 
be integrated (as random functions) over any interval [kT, (k + 1) T], 
where k is a positive whole number and T < 0. 


c) The function R(z, t, 9(t)) satisfies the Lipschitz condition 
\|R(z, t, Rly, t, (t)) || < Lijz- (L = const, zCD, y CD). 


d) The function || r (t, 7(t), €(t)) || is integrated (according to 
Lebegue) over any interval [k7T, (k+ 1)T). 


e) There exists the fundamental matrix W= W(t, r, w) of the system 
x” = A(t, n(t))x, such that 


M.|W (t, t, @) |? < (B>1,a>0) 
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Here M, is the operation of finding the conditional mathematical pro- 
bability with t <r, (t) = 99(t) where 7,(t) is a certain realization 
of n(t). 


f) =a—LB>d>O0 


g) The random magnitudes | W(t, r, @)| and |R(z(r), r, n(r), just as 
the random magnitudes | W(t, r, w)| and |r(r, n(r), E(r)) |, with the 
physical value r and the determined realization 7(t) = m9(t) at t <r 
are statistically independent. 


The last condition means that the course of the process, described by 
system x” = A(t, 9(t))x, does not depend upon the distortions, occurring 
at a given instant of time. In other words, in the case of a linear 
object A, this means that if the closed circuit shown in Fig. 1 is opened 
at point M, then the random magnitude u, on the output of C at the in- 
stant of time r, and the random magnitude x on the output of A at the 
instant of time t <r will be statistically independent. Condition (e) 
is the condition of exponential stability on the average, introduced in 


[8 }. 


In agreement with [5], conditions (a) to (d) guarantee the existence 
and uniqueness of the solutions of Equation (2.5), if this equation is 
considered as an equation given in a linear region of random magnitudes 
z, with a norm determined in agreement with Equation (6). 


The designation p(t) = ||r(t, n(t), €(t)) || is introduced and it is 
assumed that 


(k+1)T (k+1)T 
hyo = sup p(t), , == sup \ p(t)dt, hy = sup ( \ p* (t) dt | 


0<1< 00 co < KT 


where k is an integer, and T is some positive number. 


Theorem 2.1. Let conditions (a) through (g) and but one of the follow- 
ing equations be ful filled: 
(A) < 
2B 
2h 
(C) } (1 — 


hy < (1 — “AT) 


If z(t) is a random solution of system (2.5) determined by the con- 
dition || z (0) || < «/2B, then at t > 0 the inequality || z(t) || < « holds, 
and, further, there exists t, such that || z(t) || <«/2B for t > to. 
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The proof of the theorem follows. Obviously, the formula of Cauchy is 
justified in the given case, in agreement with which 
z (t) W (t, 0) zo + (t, t) (R(z, t) + dt 
where z,) is the original random vector and for brevity of notation the 
random parameters 7(t) and &(t) are omitted. Obviously there results 


Since | W(t, 0)| and zy are independent random quantities, then 


|W 0) zo] < (| W 0) zo) < zo] 


‘ol. 25 From this and the limitation of condition (g) it follows that 
1961 


Analogously 
| W (¢, t) R (z, | R | 2 | 


Finally 
z (t)||< Be-*"| +4 B\e z(t) dt (2.7) 


Further reasoning is completely analogous to the reasoning brought 
out in the proof of the first part of Theorem 2.1 of [1]. 


Now it is assumed that the constructed random process g(t) has iso- 
lated points of discontinuity of the first kind. This means that at the 
points of discontinuity t, limits exist in the mean quadratic lim g(t) 
as t + t, + 0 and lim g(t) as t + t, - 0, but these limits do not co- 
incide on the set of the 2 of the nonzero measure. Evidently the control 
carrying out the given process x = g(t) must be of the form 


at points of existence of the derivative and 


1233 
Further 


E.A. Barbashin 


u (t, (2) (4 — ty) 


at points of discontinuity t = t,. Here, b, denotes the random vector, 
the components of which coincide for each value w < © with the magnitude 
of the discontinuity, corresponding to the component of the vector func- 
tion g(t). 


Obviously the vector of distortion r(t) in this case must have an 
analogous form, that is 


r(t) = r° (t) + — &) (2.8) 


Let T be a positive number and let the quantity || r°(t) || = p,(t) be 
integrable over each interval [kT, (k+ 1)T] (k= 0, 1, 2, ...). 


Let 
(k+1)i—0 
h, sup { |r (t)\| dt sup (t) \dt 
0<k 0<k ! KY m Vol 2 
1961 
Here the second sum is extended onto those m for which the points of 
discontinuity Cm lie in the interval [kT, (k + 1)T]. 


Utilizing the reasoning brought forth in the proof of Theorem 2.1 of 
the present article and Theorem 3.1 of [1], it is possible to prove 
that upon fulfilment of the inequality 


S 
hi (1 ) 


the solution z(t) of system (2.5), determined by the condition || z (0) || < 
«/2B, does not exceed, for t > 0, the limits of the area ||z || <«. It 
is also possible to prove that such a ty), for t > ty, will have 


z(t) |] < «/2B. 


3. Now consider the case in which the programmed process is periodic. 
The random function ¢(t) is called periodic if there exists a period 7 
such that 


+7)—@ (Mig (ts 7) 2) 


for any t. The random vector function is called periodic if its compo- 
nents are periodic random functions of one and the same period. The 
periodicity of a random matrix is determined analogously to the require- 
ment of the periodicity of its elements. It should be noted that the in- 
dicated definition of the periodicity of a random function is equivalent 


— - 
i 
1234 
a 
By 
ee 
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to the requirement of the periodicity of almost all realizations of the 
function. 


It is proposed now that in Equation (1.1) the function f(x, t, n(t)) 
is a periodic random function t of period T. Further, let the approxi- 
mate random process g(t) also be a periodic vector function of the same 
period. In this case, it is reasonable to select the control u(t, &(t)) 
to be periodic, and this means that the distortion r(t, 9(t), &(t)) is 
also periodic of period T. Therefore, in system (2.5) let the matrix 
A(t, n(t)) and the functions A(z, t, 9(t)), r(t, n(t), E(t)) be periodic 
of period T. 


Theorem 3.1. Let there be fulfilled conditions (a) through (g) and one 
of the conditions 


eh 
(A) Po (2) 


C) =(\ PO dt) < sie 


The following statements are then valid: 


1) Any solution z(t) of the system of equations (2.5), determined by 
the condition || z(0)|| <«/2B for t > 0, is limited to the region 
<e. 


2) There exists in the region ||z || <«, for t > 0 a periodic solu- 
tion, asymptotically stable in the mean quadratic [8], z°(t), such that 
from || z (0) — z°(0) || <«/2B there follows lim || z(t) — z°(t)|| = 0 as 


t+ oo, 


The proof of the first part of the theorem follows from Theorem 2.1; 
the second part is proved exactly as the second part of Theorem 2.1 of 
[1], if the remarks made in the proof of Theorem 2.1 are noted. 


Now suppose that the approximating process g(t) again has isolated 
points of discontinuity of the first kind. Let 


7 
\ r dt + >} | Ce 
k 


where the random function r° (t) and the random vector c, have the same 
meaning as in (2.8); the sum in the second component is extended over 
those values of k for which the point of discontinuity lies in the in- 
terval [0, T]. It is not difficult to prove that in this case the 
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fulfilment of the inequality 


2B 


1 


eT (4 — eT) 


involves in itself the proof of both statements of Theorem 3.1. 


The author extends his thanks to N.N. Krasovskii for the discussion 
of the subject and results of this article. 
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(0 STABILIZATSII STOKHASTICHESKIKH SISTEM) 
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(Sverdlovsk) 
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This paper is concerned with the study of control systems in which the 
transition process is described by means of stochastic linear differ- 
ential equations. The construction of the Liapunov functions is accom- 
plished by means which generate the known methods of Chetaev [1]. The 
system is subjected to the action of a random effect of the Markov type 
[2 P developed during the control process, and also to disturbances 

ol. 25 which have the character of random external impulsive disturbances [3 |. 

961 The problem of the stabilization of such systems generalizes Liapunov’s 
[4] stability problem. The problem considers the establishment of the 
control action of a control element (control program) which assures sta- 
tistical stability of a given motion with arbitrary initial deviations. 
Such a control program will be called “allowable". Sufficient conditions 
for the existence of an allowable control program in an nth order linear 
system are established. For a system of second order, the possibility of 
constructing allowable control is established by means of a geometric in- 
terpretation in the phase plane. The existence criteria given in this 
paper help explain the problem of the establishment of the optimum con- 
trol action which minimizes some integral criterion on the quality of the 
transition process. 


1. Statement of problem. 1. Let us study a stationary control 
system where the transition process is described by the vector equation 


dz/dt = A (mn) xz +c & + (1.1) 


Here x ={x,, ..., x,} denotes an n-dimensional vector of the coordi- 
nates x, which are equal to zero in a given unperturbed motion; ¢ is a 
scalar governing the control action; A(y) is a matrix of the form log; ll - 
whose coefficients are functions of the random factor n(t); c= Cho ves 
denotes an n-dimensional vector which depends on the random quantity 
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n(t), and y ={y,, ..., y,} is an n-dimensional disturbance vector. 


We assume that the sought relation &(x, 7) is linear: 
E (z, n) = Bi + Bn (1.3) 


The problem calls for the establishment of a stabilizing control pro- 
gram € by means of choosing the functions 8,(y), ..., 8,(y). The coeffi- 
cients of the matrix a;;() and the components of the vector c;(y) are 
known. A description of the statistical properties of the random quantity 
n(t) and the external perturbation y(x) is given below. 


2. We shall describe the random quantity 7(t) in the following manner 
[2, p.234]. Assume that 7(t) is a unique Markov process. The change of 
n(t) takes place in a closed finite interval 7, < n(t) < np. 


We denote by P[ Q/L] the probability of an event Q occurring under 
the condition L. For a sufficiently small interval of time At we have 


P (y(t + At) = a/y()) = a] = 1 — g(a) At +0 (Ad) 
P {y(t + At) $a, + At) = a] = g(a, B) At + 0 (Ad) 
where g(a) and q(a, 8) are assumed to be known. 


If it is assumed that the function g(a, 8) has a density p(a, §), 
then 


y(t + Ad) < Be, y(t + A) a) 


p 8) dB +4 0 (At) 


Under these conditions of realization 7?(t) of the process the y(t) 
are step functions [2, p.233 ]. 


3. The perturbation y =ly,, ..., y,} is a random function which de- 
scribes a constantly acting disturbance. We assume that y can be repre- 
sented in the form 


k 


Here y(t) is an impulsive function which depends on the random vari- 
ables v, and t,, where the values of v, are independent for various k 
and are also independent of t,; the symbol 5(t) denotes the Dirac delta 
..-, is a constant vector or a vector function 
p(x). 
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For the random variable t, the Poisson distribution with a frequency 
A (3, p.63] is satisfied. 


With such a description of the disturbance, the realization of the 
solution x?(t) is subject to a discontinuous change | A.x;} at the instant 
t,. If the function x,?(t) is assumed to be continuous from the right, 
one can compute 


= (ty) — (te — 0) = (1.5) 


Suppose the mean value of v, is al to zero (Miv,{ = 0, k= 1, 
.., @); the scattering Mtv 7} = 0, 2 0 is known as well as the correla- 
tion coefficients k;;, which describe the statistical coupling of y, and 


yj (Mtv = We shall analyze the following cases: 


a) The disturbing action diminishes to zero as the given law of motion 
approaches x = 0, where 


= +... + == 1, ... = const) (1.6) 
B) The disturbance does not depend on x(t) 


fy = const (1.7) 


4. The solution of the system (1.1) will be a random vector function 
{ x(t), n(t), y(t) } whose realizations { x?(t), 7?(t), y?(t)} satisfy 
Equation (1.1) for 7 = nP(t), y = yP(t). 


As a result of the disturbance action the realization of the solution 
x?(t) is discontinuous, which introduces some peculiarities into further 
considerations. 


Thus, each initial condition x), 7) generates a random Markov function 
i x(t), n(t)/x9, m9, ty = 0}. 


5. We shall introduce some definitions which modify the concepts pre- 
sented in [5,6]. 


Definition 1.1. The solution x = 0 of system (1.1) will be said to be 
stable in the probability sense if for any arbitrarily small numbers 
¢ > 0 and p > O one can determine a 5 > 0 such that the following inequal- 
ity holds: 


<e tor to fori = to] >1 —p 
n 


Here, on the left-hand side stands the probability of the inequality 
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>) c2(t) < for the initial conditions >) < & 
mt 
If, in addition, for any w > 0 the following condition is satisfied 


for each initial value Xo 


lim P [> w? | 1 as 


nm 


then the solution will be called asymptotically stable in the probability 
sense (as a whole). 


Definition 1.2. The solution x(t) of the system (1.1) will be said to 
be stable in the mean if for an arbitrary number ¢ > 0 one can determine 
a 5 > 0 such that the following inequality holds: 


M (t) +... + (0); z (4), (0) / Zo, No} for . Tug? <6 


Here, on the left-hand side Mix, ?(t) is the mathe- 
matical expectation with the initial conditions x), 79, «ic @ 
2 2 
no ~ 


If, in addition, for each initial value of x) the condition 
lim M (t) +...-+ =O as (+x 


is satisfied, the solution can be said to be asymptotically stable in 
the mean (as a whole). 


Using Definitions 1.1 and 1.2, we can formulate requirements leading 
to the allowable control program. We shall call the control program 
E(x, 7) allowable if the following conditions are fulfilled: 


a) Solution x = 0 is on the average asymptotically stable with respect 
to arbitrary initial deviations. 


b) The integral of the mean square error [6, p.428 ] 


is finite for arbitrary initial conditions x, 79. 


c) The system possesses stability of the given motion x = 0 in the 
probability sense. 


Note 1.1. In the case (8) of Section 3 where, on account of the pre- 
sence of a disturbance, the unperturbed motion x = 0 is impossible to be 
realized without some unavoidable error, whose value is determined in 
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the space! x), ..., by means of the inequality a,” < A?, 
we shall introduce the concept of (p, A) —- allowable control. This is a 
control program which satisfies the conditions 


(3) \ M, > + no} di<« 
0 


Here, the symbol My denotes the mathematical expectation in terms of 
the random variables z(t), &(t) which satisfy the inequality 


(O+ 
(y) For e given number p > 0 one can find ap > 0 such that 
+...+ for t> +... + 2°, < 


It can be seen from the conditions (a) to (y) that the stability in 
the probability sense and the stability in the mean have somewhat differ- 
ent meanings than in the Definitions 1.1 and 1.2. 


2. Approach to solution. 1. Suppose that in Equation (1.1), the 
perturbation is y(x) = 0. Then the realization x?(t) of the solution of 
the system (1.1) will be a piecewise-smooth continuous function, and on 
the basis of Theorem 6.1[5, p.818 ] the existence criterion of the 
allowable control is determined. 


If a positive-definite quadratic form v(x, 7) can be found whose de- 
rivative dM{vj}/dt, formed on the basis of Equation (1.1) with 
€ = B,(q)x, + ... + B,(m)x,, | Bly) | < b = const satisfies the condition 


dM dl —w (x, (2.1) 


where w(x, 7) is a negative-definite quadratic form, then the function 
&(x, n) gives the allowable control. 


Condition (2.1), according to the above-mentioned theorem, assures 
the asymptotic stability in the mean and the stability in the probability 
sense of the solution x = 0. The convergence of the integral of the mean 
square error follows from the equation 
v (Zo, No) = M {w (x, y) / Zo, mo) dt 


which is obtained by means of integrating the averaged equation (2.1) 
with respect to t, and from the ability to choose the constant L for 
which x,“ + ... + hy + €? < Lw(x, 7) holds (for detail see an analogous 
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discussion in [6 ]). 


Note 2.4. References [5,6] used a description of the random variable 
n(t) in terms of a transition matrix || p,,|| ,". The more general method 
of describing 7(t) in the present paper does not introduce any significant 
changes into the reasoning. 


Analogously to[6, p.426], the derivative dM| v}/dt is computed in 
the following manner: 


[aw + \ Lv (x, 8) — dgqg(y, 3) (2.2) 
Here the Stieltjes integral replaces the summation in Equation (4.6) 
[6, p.427 ]. 


2. Let us assume that in the absence of disturbances, there exists an 
allowable control. Considering the perturbation y(x) the following addi- 
tional terms appear in the expression dM| v} /dt: 


(2.3) 


2 


The negative-definite form [dM{vj}/dt], is computed by means of 
Formula (2.2). Let us explain how the second term of the right-hand side 
of (2.3) is obtained. 


Assume that during a sufficiently small time interval At > 0 the co- 
ordinate x, is subjected to only one jump, whose magnitude, computed 
from Formula (1.5), is A.x; = w,. In the time interval t <r < t+At 
we shall neglect the continuous variations of the function v(x, 7) with 
x and shall assume that 7(t) = a = const. These assumptions give an 
error which is small to a higher order and vanishes as At + 0. Then the 
mathematical expectation of the change of v with | Ax; has the form 


M {Av} = M, (A,v) P [ul] 


The symbol M, denotes the mathematical expectation of A. v, which was 
obtained by averaging over the random variables v ;; P(u] denotes the 
probability of one impulse occurring in the interval At. We have 


P (u] = AAt + 0 (Ad) 


For the computation of M,{ Av} we use the Taylor expansion of the 
quadratic form Av; here all terms higher than second order are equal 
to zero. Thus 
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1 


2 — 


In this equation 


M, {((Ov / (Ov | Ox,,) Ax,)} = 


since the mean value of v; is equal to zero. Thus, taking into account 
the equation M, lv v,|}= kow,, we obtain from (2.4) after division by 
At and passing to the limit as At + 0 the desired expression for the 
terms of the right-hand side of (2.3), which are determined by the dis- 
turbance. 


Note that the second term of the right-hand side of (2.3) is positive, 
since v(x, 7) is a positive-definite quadratic form. 


It is impossible to use directly the results of [5] in the case of 
the disturbance, since the realizations x?(t) are discontinuous. 


Furthermore, in the case | (8) there exists a neighborhood of the 
1961 origin A?, where the derivative |/dt is known to 
be positive. 


In order to extend the conclusions made in Section 2 (1) to the case 
of the action of a disturbance, we shall formulate the following theorem: 


Theorem 2.1. Suppose that in Equations (1.1) the disturbance y does 
not depend on x (the vector » is constant) and that there exists a 
positive-definite quadratic form v(x, 97), whose derivative of the mathe- 
matical expectance computed by means of Formula (2.2) for & = &(x, 9) is 
negative-definite. Then for arbitrary p > 0 and A> 0 one can find 
numbers « and // such that when satisfying the inequalities 


| <H (2.5) 


the control program €(x, 7) is (p, A) -allowable. 


The proof of Theorem 2.1) proceeds in a manner analogous to the state- 
ment in[5] (p. 823). The difference in reasoning and the presence of 
the limitation |A,x,| < H is caused by the discontinuity of the realiza- 
tion x?(t). The details introduced into the reasoning by this difference 
are omitted here. 


If the vector » depends linearly on x (case 1 (a)), then because of 
the action of the disturbance, there appears on the right-hand side of 
Formula (2.3) a positive quadratic form, whose coefficients are deter- 
mined by the values of the dispersion o, and the coefficients Bij in 
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(1.6). The existence criterion of the allowable control, similar to 
Theorem 2.1, is formulated as follows. 


Assume that in Equation (1.1) the disturbance y varies linearly (1.6) 
with x, and that there exists a positive-definite form v(x, 7) whose 
derivative of mathematical expectance, computed by means of Formula (2.2) 
with € = &(x, 7), is negative-definite. Then one can always find p > 0 
and s > 0 such that when the inequalities 


< p, |< s (2.6) 


are satisfied, the control &(x, 7) is allowable. 


3. Stability in the overall probability sense. Suppose a 
transition process is described by means of a stochastic equation in 
vector form 


dz /dt = A +c & (3.1) 


It will be said that stability in the overall probability sense will 
exist if the solutions x(t) = 0 of Equation (3.1) correspond to the re- 
quirements of Definition 1.1, and in addition such an r, > 0 can be found 
for two arbitrary numbers p > 0 and r, > 0 that the following inequality 
holds: 


| (t)< ri® for < ro? for t= >1i-p 


- n 


This section presents conditions with the aid of which one can con- 
struct a control program €(x, 7) which assures such a stability. 


If the system of vectors c(n), A(n)c(n), ..., A™*(m)c(m) is linearly 
independent, then for an arbitrary fixed value of 7 = 7, in the form of 
a Liapunov function an optimum control time T°(x,, ..., x,) can be 


adopted, which can be determined from the conditions [7 ] 


7° 
min \ |S) [dt = 1, = hs = 
ad 


n 


Here, f,,(r) are the coefficients of the inverse matrix of the funda- 
mental system of solutions of the equation 


dx / dt = Az (3.2) 


The optimum control program u(x) from the point of view of fast action 


can be found by the method described in [7 }. 
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Under the given conditions function T°(x) = v(x) exists, and along 
the optimum trajectory dv(x)/dt = - 1[7, p.634]. We shall find a con- 
trol program € = u(x, 7) which optimizes the system with a chosen value 
of » and the functions v(x, 7) for each fixed 7. 


Assuming v(x, 7), constructed in such a manner, to be a function of 
the random variable 7(t), we compute the derivative of mathematical ex- 


pectance dM{v{/dt on the basis of Equation (3.1). 


Taking into account (2.2) we obtain 


[v (x, 3) — ve (2, ds q(m, 8) 


41 


The integral in (3.3) can be positive as well as negative. Thus, one 
should find such a neighborhood a," < around the origin 
where the right-hand side of (3.3) will be certainly negative because of 
the smallness of T°. Of course, « > 0 is determined by the maximum of 
the integral on the right-hand side of (3.3). 


In this neighborhood we choose a control program é = u(x, 7), assum- 
ing it to be a function of the random quantity 7(t). It will be shown 
that the constructed control program can be extended over the entire 
space in order to assure the stability of the solution x(t) in the over- 
all probability sense. 


Let p > 0 be a given small number. Since in the region m°e ween 


v(x, 7) satisfies the conditions of the theorem on the stability of the 
solution x = 0 in the probability sense [5, p.812], one can find a 

5 > 0 such that for the condition San” ee w*, < 8? the following 
inequality is fulfilled: 


P +... +2,2() < >i —p (3.4) 


Let us transform by means of a uniform expansion of the space | x,, 
.+, %,} the sphere = p* into the sphere 


2 transforms into the 


= 57. Then the region 5? < <e€ 
region 


It is required that the function u(x, 7) constructed above transform 
at the point { x} of the region 5? < < «? into the func- 
tion u, in a linear fashion 
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©) u(x) 


: 2 2 2 
In the regione“ x," + ... + < 


such that = x v(x8/e). Then grad V, = /5) grad v, and 


consequently, taking into consideration the linearity of the system 


(3.1), we have (for € = u, in the region es") 


2 we construct a function Vi 


AV, (xe 5, e? dv (x, dV, 


or 


at &2 at ’ dt 4 


(since dv/dt = — 1). By continuing a similar construction process, one 
can find a series of consecutive concentric spheres with radii €; of 


2 2 2 2 
functions and uj determined in the layer €j-1 + + 


It follows from (3.4) and (3.5) that for an arbitrary sphere € ; the 


fulfilment of the inequality P [ x,?(t) x,7(t) < >l-pis 
assured if only the initial deviations are bounded by the region x,* + 
< 
It will be shown that the constructed control program assures stabili- 
ty in the overall probability sense for the system (3.1). 


Let ¢ > 0 and q > 0 be given numbers. Assume that the region eo" + 


a a < ¢* lies inside the kth sphere with a radius r = e,- Of 
course, the probability of the realization x?(t) going beyond the sphere 
of radius ¢,,, with the initial conditions x,)° + ... + *, < 2? will 
not be greater than p. One can choose an integer | > 0 such that p! € q. 
Then for the sphere of radius ¢,,, the following inequality holds: 


iz," meee (t) < -} Sua” < Ps) {— q 


which also proves the stated hypothesis on the stability in the overall 
probability sense. 


Thus, if the system of vectors c(n), ..., is 
linearly independent, then it is possible to construct a control program 
which assures the stability of the system (3.1) in the overall probabili- 
ty sense 


4. System of nth order. Sufficient conditions for the 
formation of allowable control. 1. Let us continue the study of 
Equation (3.1). Suppose that the function g(a, 8), which characterizes 
the probability of the transition (7 = a) + (7 = 8), has the density 
p(a, 8). The variation of n(t) is limited by the closed interval 
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Theorem 4.1. If for any value of (t) on the segment 7, < n(t) <9 
the following conditions are ful filled: 


1) the vector system c(n), A(n)c(m), ..., is linearly in- 
dependent ; 


2) there exist finite estimates of the coefficients of the matrix 
A(n), the components of the vector c(y) and the density p(a, 8) 


L 
8) < By 
then one can find a constant Q > 0 such that when the inequality NL < Q 
is satisfied, it is possible to construct an allowable control which 
stabilizes the system (3.1). 


Proof. From the first condition of the theorem it follows that for 
each fixed value of 7 = ny one can construct a control program €°(x, 74) 
which assures the asymptotic stability and minimizes the mean-square 
integration error [8 ]: 
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We have [9 


) +> 


dv 
min 
at 


dt 


By known methods and by inserting the control program {°(x, 94) into 
(4.2) we obtain an equation for V(x, 74): 


n 
ir. | [> a — aij 


? 
i=} 


In order to clarify the dependence of the constructed function V upon 
n we differentiate (4.3) (for the present formally) with respect to 7, 
denote 0d V(x, = and transpose all terms containing a and da /dn 
to the left-hand side of the equation. Thus, we obtain the equation 


) 


n n 
’ W 
> ¢ 


Or Oz; 
i 1 i 


i ( » x;) 


on. Oz: dr, — 


1247 
(7, Ne) \ [> + 


Z.A. Lidskii 


Since €° = - 1/2(c,0V/dx, + ... + ¢,9V/0x,), the left-hand side 
of (4.4) is the total derivative da(x, n)/dt on the basis of system 
(3.1) with € = €7(x, 7), and the right-hand side is a quadratic form. 
With fixed 7 the system (3.1) is asymptotically stable. Consequently [ 10, 
p.61 ] one can assert that there exists a unique solution of (4.4) which 
is a quadratic form of a(x, 7). The conditions of the theorem are ful- 
filled on the closed interval 7, < 7 < 9, and the form coefficients of 
a depend continuously on 7. Therefore, a constant | > 0 can be chosen 
such that the following estimate is fulfilled: 


ie < (t) (4.5) 


on 


Let us choose V(x, 7) as a Liapunov function, where 7 is the random 
magnitude of n(t). Because of (3.1) the derivative of the mathematical 
expectation dM{v}/dt consists of a sum of numbers which consider the 
change of the function v over all arguments, including n(t) (Section 2): 


7 


aM 


— 4 \ (v(x, 8)— v(x, p(a, B) dB (4.6) 


n 
Ma 


Using the values from (4.1) and (4.5) we obtain 


| \ lv (x, 3) v (x, a) p (a, B) | NL | — Nh (t) 


To assure stability and to satisfy the statements of Theorem 4.1, it 
is sufficient to require that the right-hand side of (4.6) be negative- 
definite, i.e. that the inequality 


1 - 


NL 


(4.8) 
be fulfilled. 


Note that the constant | is determined from the solution of known 
problems with fixed 7 from the interval 7, < 9 < 7, and consequently 
the value of Q can be calculated. 


Note 4.1. The condition p(a, 8) < L/| a — B| corresponds to the re- 
quirement of a small probability of large jumps with varying 7(t), i.e. 
the inequality NL < Q means that the probability of large variations of 
the system (3.1) is limited. 


For the stochastic system, this result corresponds to the well-known 
result of Chetaev on the freezing of variable coefficients in ordinary 
differential equations [1 
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Note 4.2. If the conditions of Theorem (4.1) are fulfilled and allow- 
able control exists, then one can also construct an optimum control pro- 
gram which minimizes the integral mean-square evaluation of the quality 
in the stochastic system (3.1) (see, for instance |[6, p.428 ]). Thus, 
the following derivation is the result of the preceding. 


From the already-established existence conditions of the allowable 
control, it follows that if the vector system A(m)c(H), 
A™* in) em) is linearly independent, and the evaluations in (4.1) are 
carried out, ome can construct an optimum control program which optimizes 
the system (3.1) according to some integral criterion of the quality of 
the transition process. 


2. Let us study the case of the action of a disturbance y(x), when 
#; = const (case (8), Section 1). 


Suppose the conditions of Theorem 4.1 are fulfilled, and in the ab- 
sence of the disturbance the system is stabilized by means of a control 
program (x, 7). We construct a function V(x, 7) just as in the proof of 
Theorem 4.1. 


Then the expression for the derivative dM{vj/dt, computed consider- 
ing the disturbing action y, differs from (4.6) by components of the 
form 


n 
A » ov 
= —— K 55345 


on the right-hand side (subsection 2, Section 2). Since V(x, 9) is a 
positive-definite quadratic form, the relation 


S<G (4.9) 


exists, which determines the region of non-correctible error “" @ see 
+ < A? 


In order to stabilize the system by means of the control program 
&(x, 7), which in the case under study is (p, A)-allowable, it is suffi- 
cient to require that the limitations (2.5) on Theorem (2.1) be ful- 
filled. This determines the existence conditions of the control program. 


If By depends linearly on{x,, ..., x,} (case a, Section 1), then on 
the left-hand side of (4.9) a quadratic form like 


n 


g (n) 


J 


is obtained. 
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The stabilization of such a system is possible with the aid of the 
allowable control, if the evaluations of (2.6) are fulfilled, where in 
choosing the number s > 0 in (2.6) (as well as the number H > 0 in 
(2.5)) a discontinuous character of the realization is assumed. 


5. System of the second order. Sufficient conditions for 
the formulation of allowable control. In a system where the tran- 
sition process is described by second-order equations, one can find 
sufficient existence conditions for the allowable control &(x, 7) by 
means of a geometrical interpretation in the phase plane | x,, x,}. These 
conditions differ somewhat from the requirements of the general theorem 
4.1 since the limit on the rate of change of the random variable 7(t) 
(see Note 4.1) is not used here. 


Let us analyze this vector equation 


+ CS, ai(y) %, 2 
i-1 


ax (H) (5.1) 


Here k is the vector of the right-hand side of the fundamental linear 
Vol. 2 
{er (m), (m)) 1961 


It will be shown that under certain conditions one can establish the 
allowable control 


E m -+- (m, 31, 32 = const) (9.2 


We fix the variable 7 = 7,. In the x,x,-plane (see figure) we con- 
struct the vector c, = c(y,). We denote by {- vector 
equal in magnitude and perpendicular 
to 
} 
Suppose the scalar product (k,1,) 
rad w, grad w, along the line A,A, is equal to zero. 
The line A,A, separates the plane 
into regions of negative and positive 
values of the product (k, l,). 


Gj We assume that for all values of 
<9 <q the directions of the 

vector c(n) lie within the angle 
4 between c, and c,. 


Suppose that there exists a 
general (for any 7) negative region (k, 1) < 0 (such a case is shown in 
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the illustration) where the vector | for 7, < 7 < 7, is directed toward 
that region. 


We choose f,, B, in (5.2) such that the line ¢(x,, x.) = B,x,+f,x,=0 
passes through the region (k, 1) < 0. Let us study now the positive- 
definite form with constant coefficients 


w, = a,,2z,? + +- (5.3 


a) 


The coefficients of the form a; are chosen in such a fashion that the 


segments BB and C,C, (direction of the vector c,) are conjugate dia- 
meters of an ellipse w, = N,. Now we pass through the ends of the seg- 
ment BB an infinite number of ellipses w, = N, (corresponding to various 
values of 7), each of which has as conjugate diameters the segments BB 


By changing the constant N, we obtain a new system of level lines 
w(x, 7.) = const, where one can verify that also for the new ellipses the 
general intersection points remain on the line 8x, + §,x, = 0. 


We have for a fixed » = 9, 


Ow, dx, Ow, 
dt Ox, dl Oxy, dl 


or because of (5.1) 
du, 


(A -+- c&, gradwi) 


The vector grad w, has the direction of the exterior normal. In the 

neighborhood of the points B we obtain 
(k, grad wi) = n(k, <0) (5.5) 

By means of a choice of the factor m in (5.2) with an increasing dis- 
tance from the line d(x,, x,) = 0, one can reach a negative value of the 
derivative dw,/dt, since the line ((x,, = 0 separates the plane 
into regions in which the scalar product te, grad w,) has opposite 
signs. 


Let us construct a quadratic form v(x, 7), considering 9(t) to be a 
random quantity such that the coefficients of the form v(x, 7) for each 
value of 7 = 7, are equal to the coefficients a; {®) in the expression 

J 
for w, of the form (5.3). 
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We compute the derivative of mathematical expectation dM| v}/dt on the 
basis of Equation (5.1) (see Formula (2.3)): 


Ne 


(k +-c&,grad, v) + lv (2, B) — v (x, dag B) (5.6) 


Ta 


dM 


Here grad, v is computed for a fixed 7. 


At the points of the line f,x, + B,x, = 0, which is the geometric 
locus of general intersection points of equal values of the form v(x, 7) 
for all 7, < 9 < M9, the integral on the right-hand side of (5.6) 
approaches zero. 


At any other point of the plane x,x, which does not belong to the 
neighborhood of that line, a negative value of dM\ v}/dt can be assured 
by a choice of the multiplier m in (5.2). Thus; the sufficient condition 
for the ability to construct an allowable control in the case studied is 
the existence of a region in the phase plane | x,, x,} (in the illustra- 
tion this region is shaded) in which for 7, < nit) <q the scalar pro- 
duct (k, 1) is negative and the vector | is pointed in the direction of 
this region. These conditions will be, of course, sufficient for the Vol. 2 
system (5.1) and for the purpose of constructing the optimum control 196] 
program. 


We omit the discussion on the possibility of constructing the control 
program for the case of the action of the disturbance y(x), since this 
repeats completely the presentation of Section 2, subsection 2. 
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ON THE OPTIMAL STABILIZATION OF 
NONLINEAR SYSTEMS 


(OB OPTIMAL’ NOI STABILIZATSII 
NELINEINYKH SISTEM) 


PMM Vol.25, No.5, 1961, pp. 836-844 


E. G. AL’ BREKHT 
(Sverdlovsk) 


(Received June 26, 1961) 


The author considers the problem of the formation of the guidance action 
in a nonlinear control system under the condition of the minimum of the 
integral for the estimate of quality for small initial disturbances. The 
problem is solved by the methods of Liapunov and Chetaev in stability 
theory. 


1. Let us consider the system of equations of a disturbed motion 


fi (x, u) (i=1,..., a) (1.4) 


Here x = ix), opin x, 3 is an n-dimensional vector in the phase co- 
ordinates of the system, u is a scalar function of the x; coordinates 
which describes the guidance action, the control. 


It is required to find such a control u(x) that for x = 0 the undis- 
turbed motion is asymptotically stable, and for which along the trajec- 
tories of the system the following integral will have a minimum: 


\ G (x, u) dt = min (1.2) 


Here G(x, u) is a given function which characterizes the criterion of 
quality. Letov [1,2] has studied this type of problem for a linear 
system under the condition when G(x, u) is a quadratic form. 


We shall assume that the functions f (x, u) and G(x, u) are analytic 
functions in some neighborhood of the origin x = 0, u= 0, and that they 
can be expanded in convergent power series 


k, m=1 
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where the symbol (m) gives the order of the forn. 


We shall give a sufficient criterion for the optimum of the control. 
This criterion will be based on the ideas of the method of Liapunov’s 
function [3 ] which involves certain ideas from the theory of dynamic 
programming [4]. For this purpose we consider two functions v(x) and 
(x) satisfying the following conditions: 


a) the function v(x) satisfies the conditions of Liapunov’s theorem on 
asymptotic stability [5, p. 29]; 


b) the derivative function of v(x) satisfies,in view of the system 
(1.1), with u = (x), the equation 


(dv / = —G (z, &(z)) 
c) the function 


H (a, &) = (dv / + G (2, &) 


has a minimum at each point x of some neighborhood of the origin if 
one sets & = u°(x). 


Theorem 1.1. If one can find functions v(x) and u(x) satisfying con- 
ditions (a) to (c), then the control u = u%x) will be an optimal control, 
i.e. it will satisfy the condition (1.2)*. 


Proof. From the condition (b) it follows by integration with respect 
to t that along the trajectories of the system (1.1), with & = u°(x) 


t 
\G (x (t), u° (x ())) dt 


Let us now take the limit as t + «, taking into account the fact that, 
by condition (a), x + 0 when t + «, We then obtain 


v (xo) =\G (ax (2), u® (x dt 


Let us assume that the theorem is false, that the control u°(x) satis- 
fying (a) to (c) is not an optimal control, namely, that there exists a 


* Such a criterion was given for linear systems in[6 }. 


Optinal stabilization of nonlinear systems 1255 
m2 k=2 


E.G. Al’brekht 


control u,(x) such that 


\ G (a (0), (x dt < \ G (a (i), u° (x de 


0: 0 


for some initial condition x). From condition (c) we have 


(dv / dt)ujx) > —G (x, ur (2)) 


Integrating this inequality along a trajectory of the system (1.1) 
we obtain 


co 
. 


v (Xo) \ G (x (t), ui (x (2))) dt 


0 


which contradicts the hypothesis. Hence, the theorem is proved. 


2. In this section we present a formal method for the construction of 
a Liapunov function v(x), and of an optimal control u°(x) in the form of 
a power series in x. For the sake of simplicity, we shall drop the index 


° on w(x). 


From Theorem 1.1 it follows that it is sufficient to find functions 
v(x) and u(x) satisfying the condition 


min 
| dt 


+ G(z, u) 0 (2.4) 


This condition yields the system of equations 


G (a, u) (2.2) 


We shall restrict ourselves at first to the lowest-degree terms in x 
and u of the series (1.3) and (1.4). Then the functions f;(x, u) = 
(x) + (i= 1, ..., m) will be linear functions, while G(x,u) = 


(x) + WOO + B,u? must be considered to be a quadratic form 
(positive -definite).* The system of equations (1.1) will be a linear one 


From practical considerations it follows that such functions estimate 
especially well the quality of transient processes [1,2 8 
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(2) 


and the condition for an optimum of the equation takes the form 


(yi?) (x) + Bs (u™)*) dt = min 


From Equation (2.3) we find the control to be 


2B, 2B, 
i=1 


The Liapunov function v‘?)(x) will be a quadratic form whose coeffi- 
cients satisfy a system of quadratic equations which are solvable under 
certain conditions. These conditions were found in [6]. We shall assume 
that the conditions for solvability of the linear system are satisfied, 
and that we know the solution of the linear problem v‘?)(x) and u‘??)(x). 


The solutions of Equations (2.2) and (2.3) are to be found for the 
‘ol. 25 general case in the form 


v (x) (z) + vi) (z) +... + (2) (2.7) 


u (xr) (z) + w@(z) +... (z) +... (2.8) 


Let us formally substitute (1.3), (1.4), (2.7) and (2.8) into the 
system of equations (2.2) and (2.3), and let us equate to zero the co- 
efficients of the powers of x. Hereby, the terms of the mth order in 
Equation (2.2) will correspond to the terms of the (m— 1)st order in 
(2.3). For the functions v‘?)(x) and u‘!)(x) one obtains the same equa- 
tion as above in the consideration of the linear problem (2.4), (2.5). 


Let us assume that the functions v‘?)(x), ..., v'®~ !)(x), and 
uf2)(x), ..., u®®-2)(x) have been found. Let us write down the ath-order 
terms of Equation (2.2), and the terms of the (m- 1)st order of Equation 
(2.3). We thus obtain 


(2.9) 


(2.10) 


t=l 


Taking into account (2.4) and (2.6), we can transform Equation (2.9) 
to the form 


1257 
> 5 
(i =1,..., 2) (2.4) 
dt fi 
(2.5) 
1961 
ar" ar’) \) a, ad 
4 (r) > Ai Or; us Aj, Or 
y! 


E.G. Al’brekht 


Here (x), 1)(x) are known forms; the symbol /dt) 4) 
indicates the derivative on the basis of (2.4) when u‘!)(x) is given by 


(2.6). 


Since the system (2.4) is asymptotically stable, we have by Liapunov’s 
theorem [7, p. 61 ] that there exists a unique solution of Equation 
(2.11). Knowing v'")(x), we can find u‘*~!)(x) with the aid of (2.10). 
Thus one can determine successively the forms of any order in the series 
(2.7) and (2.8). Hence, if the problem (2.5) can be solved for the linear 
approximation, then there exists a unique formal solution of the non- 
linear problem. 


3. In this section we prove, for a typical case, the convergence of 
the formal series whose construction was described in Section 2. 


Let us consider the system given by the equations 


dt 
m=1 
where f(x) are analytic functions. 


Suppose that along the trajectories of the system (3.1) the following 
integral is minimized: 


\ (S' 2? + u*) dt = min (3.2) 


0 


The functions v(x) and u(x) satisfy the conditions 


ap n 
SA) 


t=1 


We shall assume that the solution of the linear problem v'?) (x) and 
u‘1)(x) is known, and that the linear system of the first approximation 


A(z) b 


is asymptotically stable. Let 


CyYi +... 4 


| 
| 
Vol. 
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| 
2 bi Oz; | 
i=] 
dr ay’) 
95 
= (3.5) 
i=1 t 
(i= 1,...,8) (3.6) 
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be a linear nonsingular transformation [8 ] which reduces the quadratic 
form v'?)(x) to the form 


v)(yy= ym? + .. (3.7) 
Let its inverse transformation be given by 


+... + dinXy (i n) (3.8) 


Since the roots of the characteristic equation are invariant under 
any linear nonsingular transformetion, the linear system in the new vari- 
ables will also be asymptotically stable, and it will have the form 
duf™ (2(y) — 2-8, 


i j=1 


while Equation (3.3) will become 


n 


vi | 
> 
wd 


The functions F,(y) will obviously be analytic functions in the new 
variables, and Equation (3.10) will be of the same type as (3.3). Hence 
we shall assume that the transformation (3.6) was made to begin with, 
and that the solution of the problem (3.5) has the form v‘*)(x) = ** + 


2 
For what follows we need the next assertion. 


If f(x), ..., f,(*) is the system of analytic functions of the 
right-hand sides of Equations (3.1), then there exists a convergent 
power series 


(r? ) 


i=1 
such that the following inequality is valid: 
(2) |< i= ;m=1,2,3... (3.12) 
Let us substitute (2.7) and (3.1) into (3.3), and equate to zero the 


coefficients of the powers of x. Then we obtain the following set of 
equations for the determination of the terms of the series (2.7): 


Biz) + Bias = 0 (3.10) 
j=1 

‘ol. 25 where 
1961 Fi(y) = Si dy fi(e(y)), Bi = didi (44) 
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n n n 
Ay (2) 1 . (3) 
eee (zx) Or, ( b; 


-_ Oz; i 
i=1 i=1 
ay (4) n av(m™—2) hed ayim2 + 1) 


where the last term occurs only when m is even. 


For the proof of the convergence of the series (2.7) we make use of 
the known inequalities 
ayim) 
(2) | Amr™, = <cmAmr™—! (3.14) 
where c is a coefficient of proportionality which does not depend on the 
order of the form. We also utilize (3.12) and consider the series 


(r) 4+ +... +... (3.15) 


The series (3.15) is a dominating series for (2.7). It is only neces- 
sary to establish estimates of the coefficients A, for which the series 
will converge. With the aid of the relations (3.13) we estimate A,, A 

-, Ay, ... . From the first equation of (3.13) we have 


Cn co 


4’ 


,(2) 
it 


Let us introduce the notation n, = nc, and make use of the inequality 
r(t) s tae which is satisfied by the solution of the system (3.5) 


because r? = a* ae ty = v'?)(x) is a Liapunov function for the 
system of the first approximation. 


Then we obtain 


1 | 
(x) 35 2mCero®, or As 3a 2nile 
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In exactly the same way we estimate v‘*)(x), v°5)(x), and so on. We 
thus obtain the following values for the coefficients of the series 


(3.15): 
As = Inks 
3a 


Ay= 2A3 + 2mCs3 +5 n2b? As? | 


An = |(m — 1) +... 
(m — 1) AsAma +... +2 


(b = max {| 


For the proof of the convergence of the series (3.15) we make use of 
the method of the dominating series, i.e. we construct a convergent 
series with positive coefficients 


such that the inequality [9 ] 
Am < Bu (3.18) 


will be satisfied for all m after a certain one. 


Let us consider the solution of the equation 


ny (— 4 Cmp™)s “i> ny 242 { - } =U 


m=2 


Here pu is some perenster for which the convergence of the series 
Cou? + Cy? is not violated; the numbers C, satisfy the 
ineqeal ition (3.12), while the numbers a, and a, satisfy the anneal 
a, <a 2/462 


The function v,(r), which is a solution of Equation (3.19), has the 
form 


ve (r) = B (3.20) 


where B(x), a solution of a quadratic equation, is an analytic function 
of the parameter y, and can be represented in the form of the series 


B (yp) = S) (3.24) 


m 2 


Let us substitute (3.20) and (3.21) into (3.19), and equate to zero 
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the coefficients of the various ers of x. The coefficient of the 
pow 
first term of the series (3.21) satisfies the quadratic equation 
qu qu 
BR, nb? B, (5.22) 
uation (3.22) has two real positive roots, and the solution is given 
po & 
by the expression 
1 3.23 
2 2nyb? nyb 
The coefficient of the second term of the series is determined by 
means of the equation 


(nia: — Bs = mC2B2 (3.24) 


The expression in the parentheses will be the same in all equations 
for the determination of the coefficients of the series (3.21). It is 
obvious that 


mai — = 2mb ais — (3.25) 


Let us assume that a, is known, and we are to select a, so that the Vol. 2 
following equation be satisfied: 1961 


— a? (3.26) 


Then we will have 


— Be 


Now let us assume that a, 2 2n,b? + a/n,; then B, 2 1. Carrying out 
the computation, we obtain the following relations for the coefficients 
of the series (3.21): 


The resulting series (3.17) is then obtained by multiplying the 
series (3.21) by r?, and by setting p = r. 


Comparing (3.16) and (3.18), we can establish the validity of the in- 
equality (3.18), and from this follows the convergence of (2.7). There- 


—- 
a 
a, or 2 = (3.27) 
x 
By 
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fore, in the case under consideration, the Liapunov function v(x) and 
the optimal control u(x) do exist and are analytic functions in a 
neighborhood of the point x = 0. 


4. One can give a formal method for the construction of a control 
u=tu,, ..-, u,}, a vector function satisfying the condition of a 
minimum integral deviation of the system from a given motion. Let us con- 
sider a control system described by the differential equations 


dx; dl fa (2, (i (4.1) 


Suppose that along the trajectories of this system the following 


integral has a minimum: 
co 


\ G (2, u) di = min 


v0 


Here x), ..., x, is an n-dimensional vector in the phase coordi- 
nates of the given system; u = lu, cee u,} is a vector function which 
describes the control; f fx, u) and G(x, u) are analytic functions in the 


neighborhood of the origin 


fi(z, u) = (z) + + Qi 


k=1 


G (a, u) = + (x) +P + Gi 4. 


i=1 ik=1 


where $;(x, u) and G,(x, u) are analytic functions that contain terms of 
higher order in x and u; the coefficients b,, and d;, are such that the 
nx n matrices B =||b,, ||," and D =||d;, ||? are nonsingular. 


Let v(x) and u(x) = {u,(x), ..., u,(x)} be functions satisfying the 
conditions (a) to (c) of Section 1, whereby the minimum in (c) is taken 
for all u,(x). Repeating all the considerations of that section, we ob- 
tain the ihculon equations for the determination of v(x) and u(x): 


fi (x, u) + G (x, u) = 0 (4.5) 

i=l 
Ou, Ou, 


=U 


We will look for the solutions of the system of equations (4.5) and 
(4.6) in the form of series 


v (xz) = (z) +... + +... (4.7) 
uy (z) = uf? (z) +... + uf” (z) +... (4.8) 
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Let us substitute (4.3), (4.4), (4.7), and (4.8) into Equations (4.6) 
and (4.5), and equate to zero the coefficients of various powers of «x. 


Since the matrices B and D are nonsingular, the linear problem 


dz, (1) ul (1) J 
= + (i =41,...,2) (4.9) 
0 im 


is solvable. 


Liapunov’s function v?(x) will be a positive-definite quadratic form, 
and the optimal control will satisfy the following system of linear non- 
homogeneous equations: 


n (2) 


2 dixul? (x) = — bin —— — Cy” (2) (4,11) 


i 
i=1 i=l 


Let us suppose that the functions v'?)(x), W(x), and 
2)(x) (k= 1, ..., mn) have been found. Let us write 
down the terms of the mth order of Equation (4.5), and the terms of the 
(m — 1)st order of Equation (4.6); we then obtain 


Vol. 2 
196) 


4) \ ar (m) 
— 


n n 

cm ) 
(a) bie Cn"? (2) + 
t=] 


or 


l k=] 
2 dix ui” (x) (2) = (2) (4.12) 
S biz +25 uj 2) = F (x) (k —1,..., (4.13) 


i=1 
where (x) and 1)(x) are known forms. 


With the aid of the system (4.11), Equation (4.12) can be reduced to 
the form 


(4.14) 


(4.9) 


Since the system of linear equations (4.9) is asymptotically stable, 
there exists a unique solution v‘")(x) of Equations (4.14). 


Substituting the found value of the function v‘")(x) into (4.13), we 
obtain for the functions u, ‘2 1)(x) a system of linear nonhomogeneous 
equations which also has a unique solution because its determinant is, 
by hypothesis, different from zero. Thus, one can successively determine 
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the forms of any order in the series (4.7) and (4.8). Therefore, if the 
matrices B and D are nonsingular, then there exists a unique formal solu- 
tion of the problem. 


In conclusion, let us consider the following special case: 


dz; 
= h(t) + bine 
k=1 
oo n n 


A (32 245 dt = min 


Equations for definition of v(x) and u(x) will have the form 


n n 


— biz =) + =0 


k=1 


n 


1 Ov 
i=1 


Repeating the arguments of Section 3, one can show that Liapunov’s 
function v(x), the solution of Equation (4.17), is an analytic function. 
Therefore, the optimal control u(x) = {u,(x), ..., u,(x)} exists and is 
an analytic function in the neighborhood of the point x = 0 if the matrix 
is nonsingular. 


I take this opportunity to thank N.N. Krasovskii for posing the prob- 
lem, and for making suggestions to me 
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In theoretical investigations attention is devoted chiefly to the use of 
either crossed magnetic and electric fields [1,2,3,4 ] or running mag- 
‘ol. 25 netic fields [5,6,7]. 
1961 


Below we investigate driving an incompressible electrically-conduct- 
ing fluid by means of constant transverse and time-varying longitudinal 
Magnetic field. 


In Section 1 we consider the unsteady flow of a viscous incompressible 
conducting medium in a plane channel provided with a homogeneous trans- 
verse magnetic field, where the motion arises as a result of a variable 
longitudinal magnetic field penetrating the fluid from the walls. The 
general solution of the problem is found by means of the Laplace trans- 
form. In the case of a linear variation with time of the intensity of 
the external longitudinal field, a simple 
formula is found expressing the speed and mag- 
netic and electric field intensities at a 
cross-section of the channel for the limiting 
regime of uniform motion of the medium, 


A detailed investigation of the transition 
regime is carried out in Section 2, where the 
analogous problem is studied for an inviscid 
fluid. Here it is shown that for sufficiently Pig. 1. 
small values of the magnetic Reynolds number the transition regime has 
an aperiodic character. The case of uniformly accelerated motion of the 
medium is also considered. 


In Section 3 we investigate driving an inviscid conducting fluid in a 
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channel of annular cross-section. 


In view of the complexity of the resulting equations, results are de- 
duced only for the limiting regime of uniform motion. 


1. Driving a viscous fluid in a plane channel. We consider 
the following problem. An infinitely long plane channel of height a is 
filled with an incompressible viscous electrically conducting fluid. The 
upper wall of the channel is assumed to be nonconducting and the lower 
wall ideally conducting. There exists a homogeneous transverse magnetic 
field B, parallel to the x-axis (Fig. 1). 


At time t = 0 a homogeneous magnetic field B, (t) is created parallel 
to the z-axis in the vicinity of the upper wall, whose variation is 
assumed known. As a result of penetration of this magnetic field into the 
fluid there is induced in it an electric field E, and current Jy: 


The transverse magnetic field B, and current j, produce a field of 
body forces, under whose action the conducting fluid is set into motion. 


We will assume for simplicity that the physical properties (p, 7, a) 
of the fluid are constant, and that the magnetic permeability p» is equal 
for the fluid and the walls. We assume also that the displacement current 
may be neglected (cf. [8], pp. 237, 270). 


Then in the region of the upper wall the magnetic field is described 
by the equations 
rot B* = 0, div B* = 0 (>a) (1.1) 


and in the region occupied by the fluid the behavior of the field and 
the medium is determined by the equations 


—Vp+jxB+ nAv divv = 0 


s(E-+ v x B), divB=0 (1.2) 


OB 


Oe T< a 
at 


Since in the problem under consideration all quantities depend upon 
only the one coordinate x, we obtain from the system (1.1) to (1.2) the 
relations 


ho(t)  (&>1) (1.3) 


ah 
oT 


ou oh 1 du oh 
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Here dimensionless variables have been introduced according to 


(v, = By /V (pp) is the speed of Alfven waves) 
The system (1.4) is to be solved under the following initial and 


boundary conditions: 


u 0, C for (1.6) 
u=QO0, e 0, forr>0, 
u=Q0, A ho (t) fort>”, (1.7) 


Applying the Laplace transformation to Equations (1.4) we obtain 


dH t @u dl dl. 
ol. 25 Rd? iS d= 


where the boundary conditions (1.7) take the form 


(1.8) 


E=U=0 for = 
H=H., U gor = 1 (1.9) 


From the system (1.8) we find by elimination the following equations 
for the transform of the speed: 


au 
dt‘ 
where 


+(R + Rm) pl Sy + = 0 (1.10) 


B,ta*s 
M? (M = Hartmann number) 


Solving Equations (1.10) and determining the constants of integration 
from the boundary conditions (1.9), we obtain the following formulas for 
the transforms of the speed and field intensities: 


( \sinh coabn \sinh cos”: 
n ~\P m 


U =H, 


ia R 


v. 
By 
(1.11) 
(1.12) 
= n®* \ sinh’n cosh 
= 


I.B. Chekmarev and Ia.S. Ufliand 


2 \ sinh yn sinh n= m2 \ sinh. sinh = 

) 

Pio \siah m®\sinhn cosh") (I. 
a 


(1.14) 
RR» +(VR + VRn)? p + + (VR — VR»)? p| 


1 
1 


n= RR, +(VR +VRn)* p— + (VR —VR,,)? p 
The transformation is inverted using the inversion formulas 


u= sai \U exp ptdp, h= \ exp ptdp, e exp pt dp (1.15) 


L L L 


We restrict ourselves further to the case when the intensity of the 
external magnetic field varies according to the law h, = ar (H, = a/p?). 
Since U, H and E are then functions of p whose sign does not change, 
their inversions are found by summation of the residues at the poles 
p= 0, p= Pp,, where the p, are the roots of the denominator in Equa- 
tions (1.11) to (1.13). 


An investigation of these roots was carried out by the authors in 
[9], where an approximate expression was obtained for them. Here we 
give only the formulas for the limiting regime of uniform motion of the 
fluid, which are found by calculating the residues at the pole p = 0: 


Uo  EsinhM —sinn M ho 

€o sinh ME 

a ‘sinh V/ 


M (cosh —cosh ME) 


(1.16) 


>) Ry 


Thus by means of crossed magnetic fields — a uniform transverse one 
and a longitudinal one that increases linearly with time - it is possible 
to create a uniformly moving stream of fluid. 


2. Driving an ideal fluid in a plane channel. We consider 
the problem posed in Section 1 for the case of an inviscid electrically 
conducting fluid. With 7 = 0 the system of equations (1.8) takes the form 


dll 
J= Rn(E+U), 


where the boundary conditions are the following: 
E=0 for §=90, H=H, ftoré 
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From (2.1) we find the equation 


sinh Vi (2.4) 
Finding expressions for U and E from (2.1) with the use of (2.4), and 
determining the constants of integration by means of the boundary condi- 
tions (2.2), we obtain the following equations for U, H and E: 
Ho sinh (= 


= yi com H = H, 


OF 
E=— H 1+ = = 
(° 


cosh = 
cosh 


m cosh 0 
Let hy = ar as above. Then the determination of u, A and e is reduced to 
the calculation of the residues at the poles 


he — > 


2k +- 1 
5 x) 


Performing the calculations, we obtain for the distributions of speed 
and magnetic and electric field intensities in the fluid 


, Sin 


n 


=P \— 3 i, cosh| V dx? — }- 
k on, 


(2.9) 
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k-o 
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The first terms in Equations (2.7) to (2.9) represent the limiting 
regime of uniform motion of the fluid, and the remaining terms the tran- 
sitional regime. It follows from these results that for R, < 7/4 the 
transitional regime has an aperiodic character, whereas for R, > 7/4 it 
exhibits a finite number of damped oscillations. 


It may be noted that here, in contrast with a viscous fluid, the 
current density in the fluid is equal to zero for the regime of estab- 
lished motion. 


We consider also the case that the intensity of the external magnetic 
field increases according to the law hy = Br? 


For the limiting regime we obtain the relationships 2.10) 


Ug 


Rin 

As is seen from Equations (2.10), in this case there is created with 
the aid of crossed magnetic fields a uniformly accelerated stream of 
fluid in the channel. 


In concluding this section we note the following circumstance arising 
from Equations (2.7) to (2.9): in the case of plane unsteady motion of 
an ideal incompressible fluid in a constant transverse magnetic field, 
the speed, and also the induced electric and magnetic fields, are repre- 
sented by functions of the form* 


f = exp [me —3 (2.11) 


(where A is an arbitrary parameter), satisfying the equation 
(2.12) 


Solutions of this equation for the case of a half-space were con- 


sidered in[10]. 


3. Driving an ideal fluid in a channel of annular cross- 
section. We investigate now the possibility of driving an inviscid con- 
ducting fluid in an infinitely long channel of annular cross-section, 
which is formed by an inner ideally conducting cylinder of radius a and 
an outer nonconducting cylinder of radius 6. There is a radial magnetic 
field B_ = B,a/r. Motion of the fluid arises as a result of penetration 


* For R, + co these solutions become Alfven waves. 
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of a uniform longitudinal magnetic field B.(t), which is created in the 
vicinity of the outer cylinder by external annular currents. 


The investigation of unsteady longitudinal motion of a viscous con- 
ducting fluid in an annular channel in the presence of a radial magnetic 
field presents significant mathematical difficulty. In [11] it was found 
possible to integrate the appropriate equations only in the special case 
of equal viscous and magnetic Reynolds numbers. We therefore restrict 
consideration to the flow of an inviscid fluid. For the region occupied 
by the fluid we have the following equations: 

Oh 


= Ral 


Ot 


Bo 
a The initial and boundary conditions for the problem have the form 


B= 0, h = e= 0 for rt (3.3) 
for (3.4) 


Applying the Laplace transformation, we obtain from (3.1) 


= Rn(E+ 


From this system we find for the transform H 


(1+ 


4 (1 0 (3.6, 


Substituting x = Ry y(1 + pé?/R,), we obtain the Bessel equation 


(3. 


dx? x dx 
whose solution has the form 
H = Cilo + (2) (3.8) 
Determining C, and C, from the transformed boundary conditions 
dH 


dx 


R 


R 


(3.9 


Here 
= a’ R (3.2) 
s=1 

pl =_— d= (EF) pH (3.9) 
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we obtain the following expressions for the transforms U, H, E: 


Ho ‘ 
U = — (a) Ki (a1) — (41) Ki 


H (fo (x) Ki (a1) + (a1) Ko (2)) 


HeVp 
ay (x) Ki (21) (a1) Ki (2)) 


m 


A = Ki (ai) + 1/1 (21) Ko (x2) (3.11) 


Leaving aside the investigation of the transitional regime, we limit 
ourselves to giving the formulas for the limiting regime of uniform 
motion of the medium obtained in the case hy = ar : 


fo 1 2 ‘ ‘ 
2 = 1) (3.12) 
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NONSTATIONARY ROTATIONAL FLOW OVER A CASCADE OF 
THIN OSCILLATING AIRFOILS 
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TONKIKH VIBRIRUIUSHCHIKH PROFILET) 
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In[{1], the solution of the problem of flow over a cascade of thin 
oscillating airfoils is investigated with the help of the acceleration 
potential, which is represented in the form of a series. 


Below, an integral representation of the complex acceleration poten- 
tial is introduced. An analysis of particular cases is not given; this 
is done in[1], where a bibliography is also given. Here, as a particu- 
lar case, only the problem of nonstationary rotational flow over a 
cascade of thin airfoils (a cascade in a vertical gust) is investigated. 


1. Let us consider a cascade of thin, slightly cambered airfoils 
situated in the plane of the complex variable ¢ = & + in (Fig. 1). The 


Fig. 1. 


axis of the cascade is inclined at the angle § to the axis of the 
abscissa. The gap is denoted by t, and the chord of the profiles will be 


196 
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taken equal to 6 = 2. 


Let us consider the problem of flow of an incompressible fluid 
approaching with a small angle of attack. The oncoming flow may, in 
general, be rotational. The airfoils of the cascade may be oscillating 
with small amplitude. 


We shall denote the component of velocity along the €-axis at up- 
stream infinity by U and take it to be constant. The velocity component 
in the n-direction at infinity may be varying with time, but in conform- 
ity with the assumption stated above that v << U in the flow (with the 
exception of singular points on the noses of the airfoils). 


Then Euler’s equations for the nonstationary motion may be linearized 
and put in the form 


To Equations (1.1) must be added the continuity equation 
(1.2) 


In these equations, u is the perturbation velocity component, addi- 
tional to U. 


To solve the problem we introduce the complex acceleration potential 


a — ia, (1.3) 
The acceleration potential is related to the pressure by the obvious 
relation 


= -+ const (1.4) 


The constant in this equation may be omitted; p in the equation de- 
notes the perturbation pressure, additional to the value at infinity, 
upstream of the cascade. 


Differentiating the first equation of (1.1), with respect to €, and 
the second with respect to 7, adding the resulting expressions and 
taking into account the continuity equation (1.2), we obtain, as is well 
known, Laplace’s equation Ad = 0. 


Differentiating the first equation of (1.1), with respect to 7 and 
the second with respect to €, and subtracting one expression from the 
other, we obtain 
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aQ , 


Here 2 is the angular velocity of rotation of velocity particles. The 
integral of Equation (1.5) must have the following form: 


(1.6) 


Equation (1.6) shows that vortices approaching the cascade from in- 
finity, as well as vortices created at the airfoils by changes of circu- 
lation, must flow downstream with a velocity U, without change of 
strength. 


Let the airfoils be oscillating and, generally speaking, be subjected 
to some small deformations. The coordinates of points on an airfoil may 
be given as a function of the abscissa and time, f = f(é, r). Then the 
vertical velocity component on the airfoil, from the condition that there 
is no flow through the surface, is equal in linearized form to 

(1.7) 1 
1961 

The boundary value of the vertical component of acceleration, corre- 

sponding to the second equation of (1.1), will be 


(1.8) 


In solving the problem with the help of the acceleration potential, 
the boundary condition (1.8) is satisfied in that the derivative 
d¢/dn = a, of the function ¢ to be found must have a given value on 
the airfoil contour. The boundary condition for the velocity (1.7) need 
be satisfied at only one arbitrary point on the contour, since at the 
remaining points condition (1.7) will be satisfied automatically (with 
the satisfying of the boundary condition for the acceleration). 


Beside this boundary condition, in flow with circulation it will be 
required that at the trailing edge the Chaplygin-Joukowski condition be 
satisfied, which, in the given case, and in view of (1.4), is equivalent 
to the requirement that the function ¢ be continuous at the trailing 
edge. 


We shall assume the pressure at upstream infinity to be constant, and 


then d= 0. 


Since the airfoils will be thin and will have small camber, and the 
amplitude of their oscillation will be small, the boundary conditions 
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on an airfoil contour may be applied at the upper and lower edges of the 
slit which coincides with the airfoil chord. 


The solution of the problem consists of the determination of the non- 
stationary fields of velocity, acceleration, pressure, vorticity, and the 
calculation of the forces and moments acting on the airfoils of the 
cascade. 


In view of the linearity of the problem, the fields of the velocities 
c, accelerations a, pressures p, and vorticity {, in the general case of 
fluid motion, may be regarded as the sum of the corresponding fields 
created for various reasons. We shall investigate the following fields: 


1) Flow field given. The flow moves with the velocity U and carries a 
given system of free vortices. The velocity field induced by the vortices 
may be derived in the usual way. The pressure in the fluid will be con- 
stant. 


2) The field of the perturbations c, a and p, due to steady flow over 
the cascade of airfoils of given thickness and camber, with velocity U 
and at the mean angle of attack. 


3) The field of the perturbations c, a and p, due to nonstationary 
flow over the cascade of airfoils of zero thickness and camber. The per- 
turbation field is due to: (a) variations in the velocity of the approach- 
ing flow; (b) oscillations and deformations of the airfoils; and (c) the 
influence of the vortex sheet trailing from the airfoils in nonstationary 


flow. 


Since ¢ must satisfy Laplace’s equation, conformal transformations 
may be introduced and the problem solved in a parametric plane. With the 
aid of the function 


(1.9) 


cos B mu 


sin Bz — (cosh qz +) sinh? gz — sinh” g) cosh”! 


we transform the cascade plane ¢ = € + in into the parametric cascade 
plane z= x + ly. 


Corresponding to the cascade of slits in the ¢-plane, there will be a 
cascade of slits in the z-plane, but without stagger (f = 7/2). The 
length of the slits will still be equal to 6 = 2, and the gap to ¢. 


The condition d¢/dz = 0 gives the points in the z-plane which cor- 
respond to the edges of the slits in the ¢-plane: 


sinh = — sin sinh (1.10) 
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2. We shall find the expression for the complex acceleration potential 
in the z-plane outside the cascade of slits, which are not staggered 
(8 = 7/2). Let the y-axis be the axis of the cascade and the origin of 
coordinates be the center of one of the slits. 


In [1] it was shown that the complex acceleration potential in this 
case may be represented as a series* 


In (coshgz V sins qz —sinh” q) + (2.4) 


g = 


Here A, and B are constant (with respect to z) quantities. Then the 
complex acceleration is given by the series 


-4) b> nA, In (cosh gz +- qz —sinh* g) — z| 


n=] 


igBsinh2y 


(z +- 1) Weinbg (= — (2 1) 


The last term of (2.2) becomes real on the slits. The coefficients A, 
are determined by the known boundary values of the imaginary part of the 
complex acceleration on the edges of the slits. 


At infinity, the function represented in (2.2) by the series is of 
order 1/sinh? qz. On the upper and lower edges of the slits the imaginary 
parts of this function takes on equal values, equal to the boundary value 
of the normal acceleration. The real parts of the function of the complex 
acceleration are equal in magnitude but opposite in sign. For represent- 
ing this component of the complex acceleration, use can be made of the 
method used in thin-wing theory [2 ]. 


In that case, if the z-plane is taken to be parametric, the real part 
of the complex potential must be equal to zero at the point sinh qz = 
sin 6 sinh g, corresponding to the trailing edge in the ¢-plane. Then 
the last term in (2.1) must be 


Voinh? 92 —sinh? — 
(2.2) 
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A periodic analytic function, tending toward zero at upstream and 
downstream infinity, may be represented in the cascade plane by an inte- 
gral which is obtained from Cauchy’s integral 


F (2) = coth g(f — z) dt 
L 


Here the integration is around one of the slits. Let us consider the 
function 


@(z, t) = a (2, t) Vein? gz —sinh® g (2.4) 


This function is periodic and approaches zero at infinity. On the 
upper and lower edges of the slits the real part of this function, equal 
to a.(x, r)/(sinh*q - sinh?gx), takes on values which are equal in mag- 
nitele « and opposite in sign. The imaginary part, equal to a,(x, r) 
¥ ( sinh?q - sinh?qx), takes on equal values at corresponding points of 
the two edges. 


Then, using the integral (2.3) to represent the function ®(z, r), and 
taking a slit to be the contour of integration, we obtain instead of the 
series in (2.2) one integral representation of the function in terms of 
the known boundary values of the normal acceleration. Leaving out 
the intermediate steps, we obtain the final expression for the complex 
acceleration 


| 
a, gq —sinn* com g (E — z) dé 4 


igB 


= — (2.5) 
2sinhy (2 1) Vsinn — 1) (2 ! 


The complex acceleration potential w is found by integrating (2.5) 
along an arbitrary curve from z = + 1, where the real part of w may be 
put equal to zero, and the immaterial imaginary constant can be thrown 
away. 


as 


w T) = T) Vsinn® g coth y — 2) dE 


f tabhq(z— | 22 
iBy sinh ¢ (z 1 (2.6) 


Thus the complex acceleration potential consists of a term which de- 
pends only on the normal acceleration on the contour, and a term which 
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is determined by the kinematic condition of the motion by integrating 
(1.1). 


For example, in the case of a harmonically oscillating process (oscil- 
lation of the airfoils or flow of periodic vortex wakes over the cascade) 
the velocity and acceleration of the flow may be written in the form 


v (z) exp / rT, a’ (z, tT) = a (2) exp jot 
Here w is the frequency of the oscillatory process, j is the imaginary 
integer, not the same as the imaginary integer lt. 


Then integration of (1.1) under the condition that the velocity far 
ahead of the cascade is equal to U, and the normal velocity on the lead- 
ing edge of the airfoil is equal to vp, exp jor, gives 


ein a (— 2) dz (2.7) 


1 
Here k = wb/2U is the Strouhal number. 


The further solution of the problem proceeds along usual lines [1 ]. 
From (2.7) and (2.5), B can be determined. In Equation (2.6), separating 
the real part (with respect to i), we find the distribution of pressure. 
Integrating the distribution of pressure around the airfoil contours, we 
determine the nonstationary lift force. 


3. In the case of steady flow over the cascade, the normal accelera- 
tion on the contour will have only the convective term, which, according 
to (1.8), is equal to 

ay (xz) = UV? = Ki? (3.4) 

Here K = K(x) is the airfoil camber. The camber being known, (2.5) 
makes it possible to find the acceleration field, and, with the help of 
(2.7), putting w = k = 0, to find the coefficient B. These transforma- 
tions can be carried out in general form. 


It is also possible to generalize the problem to the case where the 
normal accelerations on the upper and lower edges of the slits are not 
equal (the airfoils have different cambers on the convex and concave 
sides). 


4. In the case of nonstationary vortex flow, the cascade may be taken 
to be made up of airfoils having zero thickness and camber (a cascade of 
plates), since the influence of thickness and camber can be attributed 
to stationary flow. 


196) 
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Let us consider a cascade of airfoils with zero stagger (8 = 7/2) 
over which vorticity waves flow periodically, coming from infinity with 
constant velocity U, their front being perpendicular to the flow di- 
rection. 


Consider the given fields in the absence of the cascade. Let the 
vertical velocity vary as in gusts, traveling with velocity U. The form 
of the gusts is given by the function 


v=v(t— (4.1) 
These gusts are produced by traveling vorticity waves 
(4.2) 


In accordance with the second of equations (1.1), the vertical ac- 

celerations in the flow are equal to zero: 
Ov ,ov 
y= + 0 

We assume the pressure field to be a constant everywhere. If a cascade 
is placed in the flow it will produce disturbances, since the airfoils 
are impenetrable, and the normal component of velocity on them must be 
equal to zero. 


The complex acceleration potential of the perturbed flow is, from 
(2.6), equal to (a, = 0): 


w (z, t) = 1) (4.4) 


sinh g (z 1) 


The coefficient B is determined from the condition that the vertical 
perturbation velocity on the airfoil is equal to —v(r - x/U). 


Let us investigate the case of a vertical gust, when the velocity 
varies according to a harmonic law 


v = Vo exp jw(t 


The general case can then be obtained by representing the gust by a 
Fourier series. 


Using (2.7), with the acceleration determined from the complex poten- 
tial (4.4), we obtain 


B = vVeiwR (k, # = (4.6) 


elk 
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1 
The pressure field is then found by separating the real part (with 
respect to i) of (4.4). In particular, the distribution of pressure on 
an airfoil of the cascade is given by the expression 


sinhq (1 — x) 
p= 9B sinh g (1 x) (4.8) 
Note that the pressure-distribution law does not depend (in the linear- 
ized problem) on the form of the gust and the frequency of the approach- 
ing vorticity waves. 


: The nonstationary lifting force acting on an airfoil of the cascade 
is found by integrating (4.8) over the airfoil contour: 
t . mb 


L= — 40B —sian 


4 
b 2t (4.9) 


In the particular case of oscillation of a single wing (q = 0) the 
integral (4.7) is expressed by means of Hankel functions 


oo 


I (k, OV = \ ( — dx = + — e—ik 


1 


: The function (4.6) becomes the function 


R (k, 0) = —— 2) 
mule (k) + (k)| (4.40) 


and gives the solution for a wing in a sinusoidal vertical gust which 
was obtained by Sears [3]. 
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ON THE EVALUATION OF THE CRITICAL REYNOLDS 
NUMBER FOR THE FLOW OF FLUID BETWEEN 
TWO ROTATING SPHERICAL SURFACES 


(K OTSENKE KRITICHESKOGO CHISLA REINOLDSA DLIA 
TECHENIIA ZHIDKOSTI MEZHDU DVUMIA 
VRASHCHAIUSHCHIMISIA SFERICHESKIMI POVERKHNOSTIAMI) 


PMM Vol.25, No.5, 1961, pp. 858-866 


Iu. K. BRATUKHIN 
(Perm’ ) 


(Received April 28, 1961) 


The investigation of the onset of flow instability in a closed region has 
so far been carried out as a nonlinear problem only for the case of fluid 
motion between two cylinders rotating at different angular velocities 

{1 ]. In this problem the equations for the basic laminar motion may be 
solved exactly for any Reynolds number. 


Por the flow between two rotating cylinders ("Taylor flow") Taylor has 
shown theoretically that laminar flow ceases to be stable at a certain 
critical Reynolds number. The form of the disturbance which broke down 
the laminar flow was also determined theoretically. Furthermore, Taylor 
has shown in classical experiments that after breakdown of the basic flow 
for Reynolds numbers somewhat above the critical value, there appears a 
new stationary flow whose form is almost indistinguishable from the in- 
stability flow resulting from a normal disturbance, and the intensity 
appears to be proportional to ¥(R—- R.). As has been shown [2], this 
latter relationship must apply to unbounded flows, but in regard to the 
"intensity" of the nonstationary motion arising after the breakdown of 
the stationary flow, it is evident that the phenomena of the breakdown 
of stability are of a nonlinear nature. The theoretical investigation of 
the nonlinear equations of hydrodynamics for the Taylor flow was carried 
out by Stuart [3], who used a method similar to the method of Landau 
for unbounded flows. Recently, however, it was discovered [4] that the 
Taylor problem may not be regarded as a typical closed-flow problem. 


In the present paper we consider the stability problem of the fluid 
flow in the space between two concentric spheres. The problem is solved 
using the method of small perturbations. From the results of proposed 
experiments it is expected that the critical Reynolds number will be 
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known. It is assumed that the outer boundary, i.e. the wall of the 
spherical layer of radius ro: is stationary, and the inner boundary of 
radius ry is rotating with angular velocity 


Q=OQn (n* = 1) (0.1) 


Let us choose the following as characteristic quantities: radius of 
the inner sphere r,, velocity v/r,, moment of forces rie P y?, where v is 
the kinematic viscosity, p the density of the fluid. Then the Reynolds 
number is 


(0.2) 


The calculations were carried out for ro/ry = a= 2. A solution was 
looked for in terms of powers of Reynolds number. The convergence of 
such an expansion for small Reynolds numbers is proved in[5]. Since 
the calculations become very cumbersome for large powers of R, we had to 
confine ourselves to terms proportional to Rr’. The results obtained by 
this method, therefore, are not valid for fo>>r, or for ry - ry << ry. 


1. Basic laminar flow. The equations of steady motion in terms 
of the chosen nondimensional quantities have the form 


(UY)U = — VP — rot rot U, div U = (1.1) 


U|, = Rox r,, Ul =0 (r, is a unit vector along the radius) 


We look for the solutions of these equations in the form of series 
U=RU + A7U2 +..., P=RP +... (1.: 


The well-known first approximation [2] is 


(1.3) 


U,=a(raxr, 

For the second approximation we obtain from (1.1) and (1.2) the equa- 
tions 

7P2 +- rot rot U2 = — (U:9) U,, div U, = 0, le nm = 0 (1.4) 


It is convenient to carry out the solutions of these equations in 
spherical coordinates r, #, ¢. We shall denote the coordinate vectors by 
r,, Oi and ¢,, and expand the right-hand side in terms of spherical 
vector functions [6 ]. The calculation yields 


(U,V) U, = (¥2 — +2rVY¥,] (Y2=+ (3cos*®—1)) (4.5) 
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Since the operator on the left-hand side of (1.1) is invariant with 
respect to speed of rotation, the solution must have the form 


Us = F(r)nY2 + G(r) rVYe 
= P(r) + Q(r)Y2 (1.6) 
Substitution of Expressions (1.5) 
and (1.6) into (1.4) gives 


P’ =— ra’ 
— PQ’ — 6F + 6(rG)’ = (1.7) 
— Q—F' +(rG)’ =1 re? 
— 6rG = 0 
F(i)=0, Fa@)=0 (48) 
G(1) =0, G(a) =0 


To determine function G we eliminate Q and F and obtain by simple 
calculations 
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Four coefficients C are determined from (1.8): 


(1.10) 


For a = 2 we obtain 


F = — (2 — (832 + 452r + 4 137%) (1.41) 


The secondary velocity U, superimposed upon the basic flow may be re- 
presented in the form 


U, = rot |— Y,| (1.12) 


The meridional *streamlines* for U,, whose equations are r*F sin? @ 
cos = const, are represented in Fig. 1. This secondary motion should 
never be confused with the motion created by the onset of instability. 
It exists always, although it may not be noticeable experimentally for 
smal] Reynolds numbers, since the ratio of this correction velocity U, 
to U,; is of the order of one thousandth. 


(C \ | | 
WW 
—~\\ | 
WA ff fh), 
NON 04/4, 
Fig. 1. 
ls C4 — i— 
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2. Decrements in a stagnant fluid. To investigate the sta- 
bility we shall find first the decrements of normal perturbations for 
R= 0, i.e. in a stagnant fluid, and, after that we shall calculate their 
variation with increasing R. 


It is known [4] that in a stagnant fluid normal disturbances are 
attenuated according to the law exp (—At), where the A-values are real. 
For the velocity field of normal perturbations u we obtain the equations 
[4] 

—Au+Vp-+rotrotu= 0, divu=Q0, ul = 0 (2.4) 


Sir Se 


The problem has spherical symmetry, therefore it is convenient to ex- 
pand the perturbation in terms of spherical vector functions [6 ] 


u=/f/()Y¥n+g()rVY +h(r)rx« VY, p=q(r)Y (2.2) 


where Y= ¢) = (@) exp (im are spherical functions of 
order 1. Note that g = h= 0 for 1 = 0. Because of full spherical sym- 
metry it is clear that the decrements will not depend on the number am 
(the orientation of the disturbances in space is irrelevant). Therefore, 
henceforth, in this section m= 0 and the index | is dropped. Substitut- 
ing (2.2) into (2.1) we obtain 


— af +p = 0 
— ag +2 4+— If — = 0 


2. 1 


r 


ah +h’ + 2h’ 


where all three functions f, g and A vanish for r = 1 and r= a. Evi- 
dently, the functions h are determined independently of f and q; con- 
sequently the perturbations are of two types: for ¢disturbances 


u=AhA(r) rx VY (2.5) 


the particles do not cross their spherical layer, whereas for r-disturb- 
ances 


u=/(r) Yr, +g(r)rVY (2.6) 


the fluid particles have a radial velocity component. 


From (2.4) is seen that: 


1289 
= 0 (2.4) 


Iu.K. Bratukhin 


a) The ¢-perturbation may be defined by Besse] functions of index one 
half, i.e. by trigonometric functions 


h (r) = Cor + Carpe (2.7) 
where [7 ] 


(2) = (—)'2' | 


te (2) = 2! ) [ses ‘| (t= 1, 2, . (2.8) 


zdz z 


The boundary conditions yield 


(AT?) + Carpe (A'/*) = 0, Crp Carpe = 0 (2.9) 


Hence the equation for A is as follows: 


thy spe (AY 8a) = apa ape (2.10) 


For every | there exists an indefinitely increasing sequence of de- 
crements, and the smallest of them for each | will be henceforth denoted 
by 


It is easily shown that A, < A, <A, < , ... « Indeed, the smallest 
eigenvalue of the problem (2.4) is equal to the minimum of the expression 


Qi th) =(\ + + 1) / (\ (2.11) 
1 1 


if the trial functions vanish at the limits of interval [1, a]. Since 
it is evident that Q,[h] < Q,,,[h] (the trial functions for all I are 
the same) then obviously 


min Q; < min Q)4,; (2.12) 


Thus, the smallest decrement of the ¢perturbation is obtained for 
l = 1. The numerical solution of Equation (2.10) for a= 2 yields 


A. = 10.80, C2/Ci = 2.120, u = —h(r) sin Og, (2.13) 


b) r-perturbations. In order to solve the system (2.3) we shall first 
determine the pressure. From (2.1) we have (dropping the index 1) 


= 2p’ — tt), 0 (2.14) 


r 


B 
= Ar (A, B = const) (2.15) 


Then, eliminating g from (2.3), we obtain 
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4 
with the boundary conditions 


fi)=f@=f @=0 
The homogeneous equation, corresponding to (2.16), has the solution 
[Dis + Daa (AY? 2.18) 


and Equation (2.16) is easily solved by the method of variation of co- 
efficients. Let us introduce the notation 


dr, Is (r, A) = hp dr 
Ta (r, =\r'** dr, Ta A) = \ dr (2.19) 


Integrals (2.19) are calculated directly, using known formulas [8 }. 
Then the exact solution of (2.16), satisfying conditions (2.17) at the 
lower limit, will be 


f(r) = A (wile — i) (pls \p2/s) (2.20) 


Conditions (2.17) for r = a lead to the equations 


A (A, @) — pe (A, + 

+ B [w, Ia (A, — (A* 7a) Ts (A, a)] = 0 

+B (A! *a) (A, a) — pe’ (A' Is (A, = 0 


where the prime signifies derivatives with respect to r. Equating to 
zero the determinant of this system, we obtain 


I (A, a) La (A, a) = Te (A, a) Ts (A, @) (2.21) 


This condition determines the spectrum of A-decrements. In practice, 
it is impossible to calculate the variation of all the decrements with 
R. Therefore, at first the smallest decrements for various | were 
calculated, then those among them were selected which, according to 
physical considerations, mst decrease faster with increase of R than 
the remainder. For a = 2 the smallest decrements for 1 = 1, 2, 3, ... 
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are equal to A, = 38.62, A, = 37.49, A, = 36.9, Ay = 37.2, As = 38.9. 
Morever they sharply increase with increase of l. 


It is most probable that the laminar flow will be broken down through 
the perturbations, whose lines of flow coincide approximately with 
streamlines of the secondary velocity of U, of the basic flow. This con- 
dition is satisfied by the perturbation in the case Il = 2. Precisely for 


this case the calculations were carried out which verify the assumptions. 


For comparison the calculations were carried out also for I = l. 


Since Formula (2.20) is cumbersome for numerical calculations, it is 
desirable to obtain approximate expressions for f,(r) and f,(r). To do 
this we reduce Equations (2.3) to a variational problem. Eliminating p 
and gq, we obtain 


(r*f’y’ — 2s (r?f')’ + 8(s — 2) f=Al(s— 2) Pf (2.22) 


where for simplification s = | (1 + 1). The smallest eigenvalue A, is 
equal to the minimum of expression 


a (2.2.3) 
[r4f’? +. 2sr*f’? + s(s — 2) fl dr /\ [r4f’? + (s — dr 


1 


with the condition (2.17). Hence, using the Ritz method, we obtain for 
a =2 


fi (r) = Ai (r — 1)? (2 — vr)? (4 — 0.446 r), 
fe (r) = Az (r — 1)? (2 — vr)? (1 — 0.426 r) (2.24) 


The constants A, = 6.39 and A, = 12.47 for a= 2 were determined from 
the condition of normalization 


\udv = { (V is the volume of (2.25) 
fluid) 
3. Decrements in the case of slow flow. For small R’s normal 
perturbations may be expanded in series (the index | is dropped) 
u+u,R + uh? +... (3.4) 


For the velocity field u, we obtain the system of equations [4 ] 


—Am + Vp. + rot rotm = — [(U,7)u + (uV) (3.2) 
div um = 0, ui|, = 0 


a) Treatment of the ¢-perturbations. Using (1.3) and (2.13), let us 
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expand the right-hand side of (3.2) in terms of spherical vector func- 
tions 


(U,V) u + (aV) — 2ah sin On xg, = = [2 (4 — Ye) r, — (3.3) 


In agreement with (3.3) we are looking for the solution of (3.2) in 
the form 


uw =B(r) Yen pr = go + (3.4) 


Projecting (3.2) on the axes of spherical coordinates, we find 
4 > 9 


The equation of continuity is 


The boundary conditions are 


(3.7) 


To determine functions § and y let us first find g,. To do this we 
take the divergence of both parts of (3.2) and equate the coefficients 
of the spherical function Y, on the left- and the right-hand sides of 
the equation. After some calculations we obtain 
D 


3r3 


4 Cc 
+>" 


(|Z (r) = \ har? dr } (3.5) 


Eliminating the function y from (3.5), we obtain the equation for 


ae 4 4 i, I 


B (1) = B (a) = (1) = (@) = 


The solution of the homogeneous equation, in agreement with (3.9), 


(3.9) 


is 


where Jp{*) is a Bessel function of the first kind of order p. 
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1718 | —0.01312 00541 .000103 
.02522 .01827 00759 000283 
.02258 01661 00631 000341 
.01237 00840 .00237 } .Q00279 
00072 00202 00222 | LQ. 00016! 
01146 01075 00606 0.000034 
01682 O1495 00765 000037 
01562 | 01364 | —0.00679 000040 


By varying coefficients, the solution of (3.9) is easily found so as 
to satisfy the conditions A(1) = 8’(1) = 0: 


B (r) \ 5 “r) Zdr — 


+- 


5 *r) J; *) 


The function y is determined from (3.6). The constants C and D in 
(3.10) have to be found from conditions A(a) = B’(a) = 0. For a= 2 
numerical calculations yield C = — 0.006374 and D = — 0.4531. The values 
of 8 are represented in the table. 


From the equations of the second correction to the perturbation [ 4 ] 
we have 
— — +- -- rot rot ue 


= — (U,V) u + U, + (u,V) U, + (U,V) uy] (3.41) 


Let us determine the correction to the decrement. For this purpose we 
multiply (3.11) by uw and integrate over the whole volume V of the liquid 


. 


i 


a,” = \u (uV) U,dV +- \ u (u,V) U, dV + \ u(U,V)udV (3.12) 


with the condition 
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After integrating over the angles of (3.12) we obtain 


a 


= +- 3G) h®rdr \p +-3y) hartdr + 


1 


(ar)’ + 3ya] hr*dr} (3.13) 


Numerical integration for a= 2 yields a, * = — 0.000212. The de- 
crement of the ¢perturbation, to the R? approximation, is 


= 10.80/14 — | (3.14) 
b) Treatment of the r-perturbation. 

ol. 25 1. Perturbation case | = 1. Its 
961 meridional streamlines are defined by 


the equation (Fig. 2) 
fir? sin? = const (3.15) 
This perturbation opposes the basic 


flow in some regions of the cavity 


(Fig. 1). 


We shall expand the right-hand side 
of (3.2) in terms of spherical vector 
functions 


~ (uy) U, = (fira’ 2fra — 2gia) sin cos 
Let us look for u, satisfying this function in the form 
u = (r) r x VY2 
Projecting (3.2) on the axis ¢,, we obtain 


+ 2 + = — jira’) (3.18) 


This equation was integrated numerically. The function ®, for a= 2 
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is represented in the table. After integrating over the angles in (3.12) 
we obtain in this case 


= \ (fi — a + +3 (F — 4 


4 3figiG’ + — F)| Pdr (3.19) 


under the condition of (2.25). Numerical integration for a = 2 yields 
A, (2) _ 0.00658. The decrement of r-disturbance for | = 1 approximated 
the term is 


= 38.6 + (a (3.20) 


Thus, the larger R, the stronger the damping of this perturbation. The 
case when l = 3 is analogous to this case and the calculations were 
omitted. 


2. Perturbation case | = 2. This case is unique because its stream- 
lines given in the meridional plane by the equation 


fer? cos > sin? + = const (3.21) 


are parallel to the streamlines of the secondary flow imposed upon the 
basic flow and are almost indistinguishable from them (Fig. 1). There- 
fore, we may assume offhand, that this perturbation is most apt to break 
down the laminar flow. We shall expand the right-hand side of (3.2) in 


terms of spherical vector functions 
(3.22) 
(U,‘7)u +(uy wh +2 6 cos? ‘= 
=< + fra’ + (+ — fra’ _ 218), xV¥s 


Let us look for a solution of (3.2) satisfying the above in the form 
a. = (r)r x Yi 4+ Os (r)r x VYs (3.23) 


Projecting (3.2) upon the ¢,-axis and equating the coefficients of 
the same spherical functions we obtain 


os" +2 (Ae — 53) Ds = — fea’ 


These equations were integrated numerically. The values of functions 
®, and ®, for a= 2 are represented in the table. 
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After integrating over the angles in (3.12) we obtain 


u 


= = \{ fra (6@s — + gra (120s — 701) + 
1 


The numerical integration for a= 2 yields a, **? = — 0.00367, with the 
condition of (2.25). The decrement A, for the r-perturbation in the R? 
approximation 1s 
2 
de = 37.49[4 — (353) | (3.24) 

4. Conclusions. The behavior of decrements with increase of R is 
represented in Fig. 3, where curve 1 is the ¢perturbation for / = 1, 
curve 2 is the r-perturbation for | = 2 and curve 3 is the r-perturbation 
for 1 = 1. The decrement Ay for the r-perturbation increases with R; con- 
sequently, the basic flow is stable with respect to this perturbation. 
The two other curves slope down, however; curve 2 intersects the x-axis 


at R. =~ 100, likewise curve 1 at R,’ = 230. This means that the laminar 
flow 


U=(an x r)R + 4+ Ya) (4.1) 


will be broken down by the r-perturbation in the case | = 2 
u = (feYer + gerVY2) + (Mir x Yi 4+ VYs) (4.2) 


for Reynolds numbers of the order 100. 


Qualitatively, flows (4.1) and (4.2) do not differ from each other. 
In both cases there is a velocity component along ¢,, proportional to R. 
The meridional streamlines are also similar in the case of both motions. 
In this manner, after the breakdown of the basic flow, a new flow will 
be established which is almost of the same form. As established by the 
nonlinear theory [4], the new stationary motion will be 


U + bur (R — R,) (4.3) 


It will be observed only for R > R,, where it is stable. Although the 
coefficients b were not calculated, it may be surmised that the second- 
ary flow for R > R, will be directed into the same direction as the 
basic flow. For R< R, it is in the opposite direction and it is not 
stable. 


The observations of these phenomena will be very difficult, because 
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the appearance of the new motion may be detected only by a break in the 
curve which determines the intensity of the flow as a function of R. 


I take this opportunity to thank V.S. Sorokin for suggesting the 
problem and for his valuable help. 
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Many authors have studied the one-dimensional plane-wave motion of a 
medium which has a stress-strain dependence of a complicated type (non- 
linear or even irreversible). One may mention here the work of Donnell 
[1], taylor [2], von Karman and Duwez[3], Rakhmatulin[4,5,6], 
shapiro[7], Barenblatt [8], white and Griffis [9,10], calin[11], 
Liakhov and Poliakova [12,13 ], and others. 


Of great interest was the work of Rakhmatulin [ 4 ] in which an un- 
loading wave was discovered and studied. Evidently, the work of Baren- 
blatt [8 ] was the first to establish a clear dependence of the qualita- 


tive features of the solution of the piston problem for a nonlinear 
elastic material on the differential properties of the stress-strain 
diagram. In particular, a solution with a slow impact wave was con- 
structed which, it developed subsequently, could be used to explain 
certain qualitative effects that have been observed in the propagation 
of explosive waves in soil [14-16 ]. Galin’s paper [11] gave a general- 
ization of the results of [8 ] to the case when stresses depend not only 
on the strains but on the temperature as well. Most of the work in this 
direction had in view an application of the results to nonlinear elastic 
materials and elastic-plastic metals. In these papers it was assumed 
that the relation between the axial stresses and strains was given in 
some form or other, and then the mathematical problem arising from this 
formulation was solved. The question of what system of general three- 
dimensional equations of motion gave rise to the one-dimensional problem 
studied was not, however, investigated. 


We systematically study below the one-dimensional self-similar prob- 
lem of soil motion which is excited by the penetration into the soil, or 
withdrawal out of the soil, of a piston moving at a constant velocity. 
This study is carried out on the basis of the general system of equations 
of soil mechanics which is contained in [14,15 ]. Further, as in[17], 


ae 
= 
7 
Vol. ; 
7 
1300 


Piston problem for soil-dynamics equations 


the investigation is carried out without explicitly specifying the func- 
tion which characterizes the material. Therefore, the results which are 
obtained are of a general nature. As a consequence of this analysis, the 
following qualitative results are established. 


1. The restriction on the form of the function F(p) which was formu- 
lated in[17] is necessary here also, though for another reason. It is 
necessary here for the sound velocity of rarefaction waves of plastic 

shear to be real. 


2. The discontinuous change in the sound velocity with a change in 
density during the transition from elastic to plastic shear strain, both 
in rarefaction and compression motion, leads to two possibilities. These 
depend on the differential properties of the characteristic of the 
medium. There is the possibility of a doubly-centered wave of compres- 
sion (or rarefaction) which divides the region of progressive motion, or 
the possibility of two shock waves of compression (or rarefaction) pro- 
pagating one after the other at different velocities. * 


3. Under specific differential properties of the characteristic of 
the medium, shock waves of rarefaction may exist. 


4. The experimentally established [16] form of the function F(p); = 
(kp + b)? turns out to be an optimum in a certain sense. It allows one 
to reduce the question of the existence of various shock or continuous 
simple waves to the investigation of the differential properties of a 

single function p= f(p, p,). 


5. The presence of a break in the p= p(p) diagram in the transition 
from the p, = const to the branch p = p, also leads to the possible 
existence of additional shock or continuous compression waves. 


1. In the case of one-dimensional plane-wave motion, the system of 
equations describing the motion of the medium has the form [17 ] 


We note that in the solutions given in[4],[7], [12] and others, 
the emergence of centered waves that divide the region of progressive 
motion is tied in with the approximation of a smooth stress-strain 
curve by a broken one. That is, it is the consequence of an approxi- 
mate method of solution of the problem. Here, however, it is a pro- 
perty of an exact solution based on a definite physical mechanism. 
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dus do Ou 


d (+ +p) 


P =f (0, Pg) € (Og — 9) (2 — po) = f° (9, py) 


a 2GW — F’ (p) dp/dt 
2F (p) 
2GW = 2G (0 +p)5, = +0)? 


e — F e (2GW — F’ (p) 


The same notation is used in these formulas as in [17]. The lateral 


principal stress Cyy = 7% is determined by the formula 


= —p— (p +9) (1.2) 


If the motion is resisted by the compression of an element of the 
medium, then it is natural to assume that o < o,, that is, by virtue of 
(1.2) that o + p< 0. For extension of an element o + p> 0. 


If shear proceeds elastically, then A = 0 and J, < F(p). Therefore, 
under elastic shear we must have the inequalities 


<p +0< —V3F (1.3) 


The transition to plastic shear under compression corresponds to the 
left inequality in (1.3) turning into an equality. Under extension the 
right inequality becomes an equality. 


With the help of the second of relations (1.1), the third may be trans- 
formed into the form 


4 


4 (6 


+4 +7) = 0 (1.4) 


The piston problem is self-similar because the system of equations for 
the medium contains no constants whose dimensions differ from those of 
stress and density. If the velocity of the piston is denoted by V then 
we have 


o=kS (2), p=kP(®), py =pik, (8) 


w= VU G=Gog(R), f° Py) = (R, 
F (p=) = PF (P), = = / Vt (1.5) 
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where p,, G, and k are values of density, shear modulus and pressure that 
characterize the medium (we assume that the modulus G depends on density). 


Then the system (1.1), (1.4) goes over to a system of ordinary differ- 
ential equations for self-similar motion (primes denote differentiation 


with respect to é) 


s'=0, (U—&R’ +RU' =0 


m?* 


R(U 
R,' = R’e(R—R,e 


v2 C 
m* = pi k 


Relations (1.2) and (1.3) retain their form in the new notation. 


If the shear occurs elastically, then A = 0, and the third of equa- 
tions (1.6) goes over to 


(U— (S+P + (1.7) 


Under plastic shear A > 0 and 
5 +P=+ dF (P) (1.8) 


the upper sign corresponding to rarefaction and the lower to compression. 


In this self-similar problem all of the quantities, including R,, are 
functions of €. In part of the region the specified solution R, can 
change with a change in €, and then R, = R; in the remaining parts of 
this region R, will be constant. Therefore in each of these parts P will 
be a single-valued function only of R. Hence, in the integration of the 
system (1.6), (1.7), (1.8) it may be assumed that P = P(R). The depend- 
ence of P on R, and the change in R, become essential only for a transi- 
tion through a value of £ for which the solution either undergoes a dis- 
continuity or for which there occurs a transition from the region where 
R, = const to a region where R, = R. 


Since U - & 4 0 (otherwise the second of equations (1.6) would be 
violated), we have from (1.7) 
4 g(h)dR 


S=—P— \ R + const (1.9) 


1303 


S.S. Grigorian and F.L. Chernous’ko 


In view of the relative dependence of P on R indicated above, it is 
clear that both in elastic and plastic shear S is a single-valued func- 
tion of R ((1.8) and (1.9)). This greatly simplifies the problem, re- 
ducing it to the integration of a system of two ordinary equations 


(U +RU'=0, (U—®) RU’ + =0 (1.10) 


where 


A ’ 4 (R 
— Se = P’ (R) + on (4.14) 


for elastic shear and 


for plastic shear. 


The quantity a/m plays the role of a sound velocity. From Formulas 
(1.11) and (1.12) it is seen that for a continuous transition from the 
region of elastic shear to the region of plastic shear the sound velo- 
city, generally speaking, changes by a jump. We shall see below that 
interesting peculiarities of the studied motion of the medium are asso- 
ciated with this circumstance. 


Further, from (1.12) it is clear that for 
F’ (P) > V3F (P) (4.13) 


the sound velocity in plastic shear under conditions of rarefaction 
(upper sign) becomes an imaginary quantity. It is curious to note that 
this same condition led, in the quasistatic problem with central sym- 
metry that was investigated in[17], to the emergence of limiting lines; 
therefore, the requirement imposed there that the function F(P) should 
not have the property (1.13) is also necessary here in the investigation 
of the dynamic problem. We remark again that the function F(p) which is 
formulated according to the results of experiments on sandy soil [16 ] 
satisfies this requirement. 


As is well known, Equations (1.10) have the general solution 
U = const, R = const (1.14) 


determining progressive flow, and the particular solution of a simple 
centered wave 


1 (1.15) 


R 
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The solution of the piston problem, as well as that of the general 
problem of the decomposition of an arbitrary shock in soil, can be con- 
structed from the solutions (1.14) and (1.15), taking into account the 
fact that the dependence of a on R is different in the elastic and 
plastic (in shear) regions ((1.11), (1.12)). For solutions of this type 
it is necessary to study the relationships on the surface of the shock, 
which, generally speaking, will certainly arise in the problems studied. 
The shock surfaces are investigated to some extent below. Now we examine 
some properties of the solution (1.15). 


By the selection of the positive direction of the x-axis, one can 
arrange that the solution (1.15) will always have the form 
R 
(1.16) 


m | ~ R 
Ry 


Here Ry, U, are arbitrary constants. This solution describes a wave 
travelling in the positive direction of the x-axis. Let compression 
occur in this wave, i.e. 


dR / dt = R’ (&) (U — &) /t = — ah’ (&)/ mi >0 
This is possible if R’(é) < 0, or 1/R’*(€) < 0. Using (1.16) we obtain 


1 
«dk 


da a 1 d (a R) 
(ar R) mR aR 


! 


This means that a simple wave will be a compression wave only if 


d(aR)/dR < 0. For d(aR)/dR > 0 it will be a rarefaction wave. 


We examine first the case of elastic shear. Using Formula (1.11) we 
have 


d (a,R) d(a,Rp 


Ig (R) +Re’ (R)|} = A, (R) (4.17) 


If A(R) > 0, then the simple wave will be a rarefaction wave. It is 
natural to assume that the shear modulus does not decrease with an in- 
crease in density, i.e. g’(R) 2 0. In order for a simple compression 
wave to be possible, it is necessary for a region of change of R to 
exist, in which P“(R) < 0. In the opposite case a simple wave will be a 
rarefaction wave. Thus, for example, if volumetric deformation takes 
place according to a linearly elastic scheme, then 


P(R) =C (1 —Ro/R), C =const, A, = >0 
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i.e. a simple wave will be a rarefaction wave. 


If one passes from R to 0 = 1 -R,/R,, then the expression for A, has 
the form 


necessary condition for the existence of a simple compression wave is 
Pog” < 0. We remark here that this condition is by no means sufficient 
for the existence of such waves. A sufficient condition is the inequal- 
ity A, < 0. 


When shear occurs plastically we have, using Formula (1.12) 


d(a,, R) 1 d(a, 


ak 2a, R ak 2a, 


In the variable @ we have 


A, (0) = (1 — 0)? | Po (1 | (1.20) 


If compression occurs in plastic shear, then it is necessary to take 
the lower sign. Therefore, a simple compression wave with plastic shear 
can exist only under the condition 


2FF° —(F’? 
(1+ + (Po <* (1.21) 


while a simple rarefaction wave with plastic shear can exist only under 
the condition 


We note simple cases where waves of one type or another are known to 
exist or not exist. If 2F F” - (F’)* > 0, then for Pgg”-> 0 compression 
waves do not exist, while for Pp,” < 0 rarefaction waves do not exist. 

If 2FF”— (F’)? < 0, then for Pgg"-> 0 there exists a rarefaction wave, 
while for Pog” > 0 there exists a rarefaction wave, while for Pg,” < 0 
a compression wave exists. In the intermediate case 2FF”-— ‘(F’)? = 0 

a more accurate statement can be made: for P,,”.> 0 a rarefaction wave 
exists and a compression wave does not exist, while for Pp,”.< 0 the 
reverse is the case. It is interesting to note that it is just this 


A, (0) = (1 — 0)? (9) + (1.18) 


From this formula it is seen that (under the condition Be “(0) > 0) the 
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intermediate case that occurs in sandy soil for which the function F(p), 
constructed experimentally [16], has the form 


F (p) = (kp +) (1.23) 


Let us determine the cases in which a simple wave can in fact arise 
in plastic shear. For this it is necessary to calculate A by Formula 
(1.1). By the use of these formulas, and also Formlas (1.5), (1.6), 
(1.8), (1.16), (1.11), (1.12), we obtain 


_ Pp (Ry | x 


3a p 4.2 


|} 


In a compression wave R’(é) < 0 and it is necessary to take the lower 
sign in Formula (1.24); in a rarefaction wave R’(é) > 0 and one should 
take the lower sign in Formula (1.24). In both cases the motion is 
admissible, i.e. A > 0, only for 


Ce > ay (1.25) 
or, what is the same thing, for 


4, p 26 


In rarefaction (upper sign) this inequality is fulfilled everywhere, 
while in compression (lower sign) it can be fulfilled or not, depending 
on the properties of the functions g(R), F(P), and P(R). For large values 
of P this inequality will certainly be violated because F’ < ¥(3F) (see 
above), g(R) is naturally assumed to be a bounded quantity, and P’(R) 
may attain a significant magnitude when R approaches the limiting value 
R., with increasing P. Condition (1.26) and conclusions drawn from it co- 
incide with similar conclusions for the quasistatic problem (see [17], 
Formula (2.4)). Hence, we see, exactly as in the quasistatic case in- 
vestigated in[17], that here in the dynamic case in continuous motion 
the following occurs. Under conditions of rarefaction, plastic shear, 
once excited, will be retained everywhere under an arbitrary degree of 
further rarefaction. Under conditions of compression it may disappear and 
pass over to elastic shear if the further compression is significant. It 
is of course possible (i.e. such a choice of functions g(R), F(P) and 
P(R) is possible) that the shear in the compression wave cannot be 


3a, (5) E n = 
== 3 Y3F ( 
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plastic under any compression, i.e. inequality (1.26) with lower sign is 
not satisfied for any value of R. 


It is convenient to display these results graphically. In Fig. 1 in 
terms of a plane in the variables y = -(S + P), P the lines OA, OA’ 
show the plastic limit (line (1.8)), and the lines DEB, D’E’CL,D”E”F 
are three out of a set of lines that are determined by the elastic con- 
dition (1.9). Each of these lines is determined by the initial point P)9, 
Rog, which consequently also specifies the dependence of P on R, and by 
the initial value S= Sj». The point C is 
a point at which condition (1.26) with 
lower sign is satisfied. The process of 
deformation of an element of the medium 
is described in the y, P-plane in the 
following way. If the initial state is 
described by the point E (i.e. S,y=—P 9) 
and rarefaction occurs, then the point 
describing the state of the element moves 
along the curve ED (elastic shear) and 
further along DO (plastic shear). The 
process is complete when the state of 
disintegration is reached (point K) for 
which R= Ry, P = Py, which also means 
S= S,. After this the point jumps to the Pig. 1. 

origin of coordinates: P= 0, S= 0, 

which corresponds to stress relief during’the disintegration. If a com- 
pressive deformation develops from the initial state £, then the point 
moves along the curve EB, then along BA until the point C is reached, 
after which it moves along CL. The motion along £B corresponds to an 
elastic shear deformation, along BC to plastic shear deformation, and 
along CL to an elastic deformation again. It can be assumed, generally 
speaking, that upon motion of the point along CL it will again emerge 
on the curve OA, i.e. plastic shear deformation will begin anew, after 
which the point will again evolve to a point of the type C, i.e. elastic 
shear deformation will start again, etc. However, for a significant 
advance to the right, as has been already mentioned above, the deforma- 
tion stops and remains elastic for all further times. The coordinates of 
the points D, B, C and K are easily determined if the dependence P = P(R) 
is chosen and the functions F(P) and g(R) are given. 


2. We turn now to the study of the shock surface in the motions ex- 
amined. The laws of conservation of mass and momentum lead to the follow- 
ing conditions on the surface of the shock wave: 


(D — uy) = (D — wy) (2.1) 
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(D — u,) uy = 0, +p, (D — uy 


where D is the velocity of the shock wave, the subscript 1 pertains to 
particles to particles in front of the shock wave, and the subscript 2 
pertains to those behind the wave. In the self-similar motion being 
examined, the velocity of the shock wave is constant, i.e. the parameter 
€ = €, is constant on the shock wave. Therefore, using the dimensionless 
variables (1.5) we obtain from (2.1) 


Ry 


(U,— 


= — mRike 


(2.2 

Shock waves which are used to construct the solution of the problem 
must satisfy necessary conditions of stability, included in the follow- 
ing. The velocity of the wave with respect to the particles in front of 
the wave should not be smaller than small perturbations in these particle 
velocities; the velocity of the wave with respect to the particles in 
back of the wave should not be more than the velocity of small perturba- 
tions there [18 ]. In the problem being examined the quantity do /dp 
plays the role of a square in the velocity of small perturbations. In the 
general case jumps that arbitrarily connect two points of possible soil 
states in the p, p-plane are conceivable. We use the following hypothesis 
to restrict the possible shock waves. We shall assume that points in the 
Pp, p-plane corresponding to two sides of the shock wave either lie on 


the curve with the same value of the parameter p,, or, if this is not 
the case, then at any rate one of the points must certainly be found on 
the curve p= p, = f%p,, p,) (see Formula (1.1) as regards notation, 


and also [15 ]). 


The second of these possibilities can be realized only in jumps of 
condensation. 


These assumptions are justified by the following considerations. In 
the original notions for a model characterizing volumetric deformation 
[15], it was assumed that the point in the p, p-plane describing the 
state of the particle can, for p < p,, only move along the curve p, = 
const in the process of volumetric deformation, while for p = p, it can 
only move along p = p,. This means that it is possible to go from the 
point Pp), < to the point py, py > Ps, only by first moving 
upward along the line p, = P,, and then along the line p = p, until 
Ps = Pe, is reached and then downward along the line p, = p,,. The last 
stage represents an unloading. 


In examining the motion within a thin layer which is changed by the 
shock surface (i.e. in examining the structure of the shock wave), we 
shall assume that the process of volumetric deformation occurs only along 
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the described lines. In order for this to be possible it is necessary to 
assume that there must exist some viscous type forces that have not been 
taken into account in the equations of the model. The presence of these 
forces is necessary so that the line in the p, 1/p plane connecting the 
points corresponding to the two sides of the shock wave can deviate from 
the straight-line segment joining these points. However, the deformation 
process taking place within the thin layer (shock wave) according to 
such a model will contain a stage of rarefaction if the examined jump as 
a whole is a jump in condensation. On the other hand, if the jump as a 
whole is a jump of expansion, then an examination of the jump leads to 
the conclusion that the jump can only connect points on a line with the 
same value of p,. Hence, our hypothesis is in essence equivalent (within 
the framework of the model being examined) to the assumption that within 
the jumps of condensation the condensation of the particles occurs mono- 
tonically. 


We turn now to the question of the velocity of the small perturbations 
which mst be used in the study of the stability of shock waves. In the 
general case of non-self-similar perturbations, the velocity of propaga- 
tion of the perturbations is also determined by Formulas (1.11) and (1.12), 
with the proviso, however, that P’(R) should be changed to 


R, 


aP\ 
( a an = (i 


aR, 


where the letters next to the parenthesis indicate which argument is 
held fixed in the differentiation. If R< R,, then the velocities of 
small perturbations in loading and unloading coincide; however if R = R,, 
these velocities will be different. If the studied wave is a jump of ex- 
pansion, then, as has been established by the hypothesis assumed above, 
the two points of the PR-plane corresponding to the two sides of the 
jump occur on one and the same line R, = const. In this case, clearly 
R,< R, at a point behind the jump, while at a point ahead of the jump 
either R, = R, or likewise R, < R,. If R, = R,, then at a point in front 
of the jump the velocities of small compression and rarefaction will 
differ. However, in accordance with the requirements for the stability 
of a jump, the jump velocity must exceed both these velocities. There- 
fore, one may finally assert that for the stability of rarefaction jumps 
it is necessary that the jump velocity be smaller than the velocity of 
smal] perturbations of the particles in front of the jump and not larger 
than such velocities in back of the jump, all this under the condition 
that the velocities of small perturbations be calculated for R, = const. 


In the examination of jumps of condensation, four cases are possible 
when the densities at points ahead of and behind the jump satisfy: (1) 
the conditions R, < R, < R,,; (2) the conditions R, < R, = R,,; (3) the 
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conditions R, < R,, < R, = R,,; and (4) the conditions R, =R,, <R,=Ryy. 


In case (1) it is obvious that the conditions of stability of a jump 
are formulated in exactly the same way as for the above case of a jump 
of rarefaction. In case (2) there are again two small perturbation velo- 
cities for the particles behind the jump. The velocity of the jump must 
certainly be no larger than the smal] perturbation velocity there, calcu- 
lated under the condition R, = const; however it may exceed the smal] 
perturbation velocity determined by R = R,. 


This assumption is justified by the following considerations. If in 
the neighborhood of the point of intersection of the lines R, = const 
and R = R,, as small a piece as desired of the curve R, is changed (with- 
out a break) so that it smoothly passes over to the curve A = R,, then 
for stable jumps the condition R, < R,, will certainly be fulfilled, R, 
differing from R,, as little as desired. Thereby case (2) is reduced to 
case (1). Passing now to the limit (setting the length of the smoothed 
section of the curve R, = const to zero), we obtain case (2), and the 
conditions of stability of the shock wave remain identical to the condi- 
tions for case (1). In case (3), for a particle in back of the wave, the 
small perturbation velocities have two values. The condition of stability 
requires that the wave velocity does not exceed both values, and since 
the velocity of loading perturbations (i.e. calculated under the condi- 
tion R = R,) is the smaller of the two values, it is*necessary for sta- 
bility that just this velocity be not exceeded by the wave velocity. The 
condition at a particle in front of the jump is the same as that in cases 
(1) and (2). Finally, in case (4), the stability condition at a particle 
in back of the jump coincides with the stability condition for case (3), 
while for a particle in front of the jump the situation is analogous to 
case (2). Here we likewise reduce case (4) to case (3) by smoothing the 
transition from the curve R, = const to the curve R = R,, and as a result 
of a limiting transition we establish that for stability it is sufficient 
for the wave velocity with respect to a particle in front of the wave to 
be not smaller than the small perturbation velocities there, determined 
under the condition R = R,. 


It is easy to unify all of these cases into the following simple rule. 
If a shock wave of compression (rarefaction) produces a condensation 
(rarefaction) of the medium from the density R, to the density R,, then 
for the shock wave to be stable its velocity relative to the particles 
should not be smaller than the small perturbation velocities of particles 
in front of the wave and not larger than the small perturbation velo- 
cities of particles behind the wave, the perturbation velocities being 
calculated according to a dependence of P on R that connects the points 
P,, R, and P,, R, in a unique possible way. This rule greatly simplifies 
the investigation of shock waves because it allows one to bypass the 


S.S. Grigorian and F.L. Chernous’ko 


dependence of P on R or R, and in every case deals with a single rela- 
tion P = P(R) connecting the points describing the state of the particles 
in front of and behind the wave. 


The formulated rule only gives us stability conditions for the shock 
wave. For this or that wave satisfying this rule to actually exist, it 
is necessary, generally speaking, to satisfy additional sufficiency con- 
ditions. 


For certain cases we next determine conditions which allow one to 
establish the known stability or instability of waves. Let a compression 
from R, to R, occur in a shock wave. The stability conditions read 


—Us|=Ra| 


—h 


S +4 (R2) (2.5) 


m 


U,—U; 
— 


where, by virtue of what has been said above, a(R) may be determined by 
Formulas (1.11), (1.12). If d(aR)?/dR > 0 in the interval R, < R&R, 
then as a result of the second of Formulas (2.2) and Seaualen (1.11), 
(1.12) we have 


R, 
mM Rik = = \ a® (R) dR 
Ry 
(ak)? > a? (Ri) Ri? dR (Ri) 


RR, 
Ry 


Hence it follows that condition (2.4) is satisfied. It can be analo- 
gously established that condition (2.5) is satisfied as well. However if 
d(aR)?/dR <0 then in an exactly analogous way it can be shown that the 
stability conditions are not satisfied, i.e. that the compressive wave 
is unstable in this case. In rarefaction, i.e. for R, < R, we may analo- 
gously establish that for d(aR)?/dR < 0 in the interval R, <R<R a 
shock wave of expansion is stable, while for d(aR)?/dR > (R, < R <R,) 
it is unstable. Comparing the results obtained here with the seaalte of 
Section 1, we see that if d(aR)/dR >0, then the existence of continuous 
rarefaction waves and stable compressive shock wave is possible. On the 
other hand if d(aR)/dR <0, the existence of continuous compressive waves 
and stable rarefaction shock waves is possible. 


The case of the quantity d(ar)/dR changing sign in the region of R 
being studied is complicated and requires a more detailed investigation. 
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3. We turn now to the construction of the solution of the piston prob- 
lem. We examine first the case where the piston, moving to the left out 
of the medium, produces a rarefaction. Here it is required to construct 
a solution of Equations (1.10) that satisfy the following conditions: for 

- 1U=- 1 and for +o, U= 0, R= Roo. We shall assume that 
d(aR)/dR 2 0 and d(a,R) /dR > 0. Under these conditions, as has been 
established above, there can exist continuous rarefaction waves and stable 
jumps of condensation, but there cannot exist stable jumps of rarefaction. 
For simplicity we assume that in the initial state S,, = - Py». Let the 
velocity of the piston be extremely small. Then the parameter m is small 
and the whole motion will be small. The motion cannot be contiguous to a 
region of the initial rest state of the compressive shock wave because 
in this case a progressive flow or a rarefaction wave could follow in 
back of the shock. However, neither of these is possible because in view 
of the stability of the shock wave its velocity along the particles in 
back of it is smaller than the sound velocity there, and therefore in the 
case of a progressive flow in back of the jump the second boundary of the 
region of the progressive flow, moving at the sound velocity, and hence 
faster than the jump, would not be able to remain away from the jump. In 
the case of a rarefaction wave in back of the jump, the same reason would 
cause the wave to overtake the jump and weaken it. This would be contrary 
to the constancy of the magnitude of the jump as given by the sel f- 
similar solution of the problem. Hence, the motion in the neighborhood of 
the region of the initial rest state will certainly be a rarefaction wave, 
and since Sp. = - Py9 in the initial state, the shear in this wave will 
occur elastically. If the velocity of the piston is sufficiently small, 
then the shear will be everywhere elastic in the region of motion, and 
the solution will consist of the indicated expansion wave and a region 
of progressive motion bordering on the wave of rarefaction and extending 
to the piston. Compressive waves in interior portions of the region of 
motion also cannot exist (for the same reasons as above). The solution 
has the form 


a,(R)dR 
\ U= — —a,(A) (Ea (3.1) 


R: Reoin (—1<§ < &) 


The constant parameters ¢,, ¢, and R... are determined from the con- 
ditions of continuity of the solution on the boundaries of the expansion 
wave and the regions of the progressive flow and the condition on the 
piston 


U = 0, R = Roo (Eo < EK + ov) 
R 
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{ | 1 
Eo (Roo), \ R R=-m, = (R min) (3.2) 
Rimin 


From these formulas it is seen that for small velocities of the piston, 
i.e. for small m, R,;, will be close to Rog and the motion will be small 
and concentrated in a thin layer between the near surfaces = ¢, and 
é= é;. With an increase in the velocity of the piston the rarefaction 
will grow; R..| will move away from Roy, and the width of the rarefaction 
wave will increase. Subsequently, either the elastic limit in shear will 
be reached and a solution with plastic shear will have to be found, or a 
state will be reached under elastic shear where the stress approaches 
zero in the region of the progressive wave abutting the piston. If the 
particles of the medium that are immediately contiguous to the piston are 
only in free contact with it, then a further increase in the velocity of 
the piston will not correspond to motion of the medium. The piston will 
tear away from the medium and a vacuum will be formed between the piston 
and the surface of the soil. Likewise, if the particles directly next to 
the piston are rigidly attached to the piston ("glued on"), then an in- 
creased velocity of the piston will correspond to that of the medium as 
long as the pressure P in the region of the progressive flow does not 
attain the minimum possible value P, < 0, below which the medium will not 
sustain tensile stresses. For velocities of the piston exceeding this 
critical value, there will occur at time t = 0 a discontinuity in the 
medium at the cross-section directly adjacent to the piston, so that the 
motion will coinside with the motion which is excited by the velocity of 
the piston when S = 0 at the piston. The feasibility of constructing a 
solution with a jump which changes the particles from a state of limiting 
tension P= P, < 0, R= Ry, S= S, > 0 to the disintegration state P = 0, 
S = 0 does not arise because, as is seen from the second of Formulas 
(2.2), condensation would occur on such a surface of discontinuity, which 
contradicts the assumption that disintegration also occurs behind the 
surface P= S= 0. 


The velocity of the piston for which S = 0 on the piston is determined 
from the condition 


Re 
(Rh) 
m= \ (3.3) 


where the density R, is, by virtue of (1.9), determined from the condi- 
tion 
P(R,) \ =0 (3.4) 


R, 
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Likewise, in the case of the glued piston the velocity at which the 
piston attains the limiting tension is determined from the condition 


a, (R) 
\ (3.5) 
Ry 
where Ry, is the minimum density possible without disintegration [15 ]. 
Clearly R, < R,. Of course, all of this will take place if the shear 
remains elastic for all time during a change of density from Ro, to R, 
and Ry, i.e. the point in the y, P-plane remains above the line OA’ 
(Fig. 1). However, if there exists a value of the density Rp > Ry, at 
the attainment of which the point emerges on the line OA’, then for 
larger rarefactions, i.e. for larger velocities of the piston, it is 
necessary to construct a solution which takes into account the formation 
of a region of plastic shear. We show at the outset that the transition 
into the plastic shear region cannot occur with a jump. This jump cannot 
be a jump of condensation because it would leave the particle in the 
elastic region, and for this case it has been shown above that a jump of 
condensation cannot exist in the solution. Hence, the jump, if it exists, 
must be a jump of rarefaction. It cannot be entirely in the elastic region 
‘ol. 25 or entirely in the plastic region because it would then be unstable. This 
1961 means that it can transfer a particle from the elastic to the plastic 
region. Using (2.2) we have, taking into account that a,< a, 


Rp Ry 
= \ a,*(R)dR + \ a,*(R)dR 
R, Rp 


_ 


2 


R, R, 
< \ a2 (R) dR = \ (ak)? 


Rs R, 


dR 


R, — Ry 
lilt, 


(Ai) Re 


Hence, we obtain the condition of the instability of a discontinuity 


—Ui|=Rs 
Thus, the transition from the region of elastic shear to the region 
of plastic shear occurs continuously. However, the rarefaction wave 
which certainly occurs in the plastic region cannot be adjacent to the 
rarefaction wave in the elastic region, since the velocity of sound 
undergoes a discontinuity in the transition from the elastic to the 
plastic region. This means that between these two waves of rarefaction 
there must exist a region of progressive motion. In conclusion, the 
solution has the form 
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(3.6) 
E< +0) 


U=———a.(R) <b) 
R= Rp (Epp S S Ene) 


\ = §——ap( ) SE < 


Rmin 


U=—1, R= Rain (—1<§& < &) 


The value of the density Rp is determined by the condition of exit to 
point D (Fig. 1), while the Spe £1, Up, Ry; are de- 


in 
termined from obvious continuity conditions, giving the form as 


Reo Rp 

. (R R 

Rp Rmin Rp 


bo de (Roo), — 14+ + ap (Rain) 


m 


Ene = Ud + + a.(Rp), Epp = Up + 


Here, with an increase of the piston velocity V, R_... will likewise 

decrease, reaching first the value R,,, for which S= 0, and then Ry 
(for the glued piston). The formulas for R,, and the corresponding velo 
city will be 
P (R,,) —2 V3F IP (R,,)| = 0 

R 3.8 

D (R) Re (R) (3.8) 


Rp 


Figure 2 shows an example of the form of 
the diagram of the parameters of motion for 


u A the solution (3.6). The solution constructed, 


containing a portion with plastic shear, has 
a remarkable property. It contains two 
centered rarefaction waves, separated by a 
region of progressive motion. This type of 
motion is not possible in a gas and in general in an ideal fluid having 

a sound velocity which is a continuous function of density. A similar 
motion occurs in magnetohydrodynamics where the medium is characterized 
by two sound velocities. These also make possible the separate propaga- 
tion of two centered rarefaction waves in the self-similar problem. 


Fig. 2. 
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We now investigate the case of motion of the piston to the left, but 
d(aR)/dR <0 and d(a,R)/dR <0. We again construct the solution, start- 
ing with the smallest values of the piston velocity and then increasing 
these velocities. For smal] velocities the motion will be small, and 
therefore the shear will be elastic throughout the region of motion. By 
virtue of the assumed conditions, continuous waves of rarefaction and 
stable compressive shock waves will not be possible. By means of con- 
siderations completely analogous to those introduced above, it can be 
shown that the solution of the problem cannot contain continuous compres- 
sive waves. Therefore, we finally obtain a solution consisting of a pro- 
gressive flow bounded from the side of the region of the initial unper- 
turbed state by a rarefaction jump. It is given by the formula 


U =0, R = Roo +) 


(3.9) 
R=Row (—1<& &) 


Here the constants R,., and ¢, are determined from conditions on the 
surface of the jump by the formulas 


Renin 


(3.10) 


Keo — Kinin 
Rimin 
These formlas solve the problem for R,;, 2 Rp, where Rp is the 
density for which the elastic limit in shear is first attained. This 
takes place when the velocity of the piston attains the value V) deter- 
mined from the formula 
Rey 
RR 
\ dR = m* (3.41) 
Rp 


For larger values of the velocities the solution will contain regions 
of plastic shear. 


To construct the solution for such velocities, we examine the relation- 
ship between the sound velocity under plastic shear for R = Rp and the 
velocity of a jump along the particles in back of it for V= Vp. For 
these quantities we have the formulas 


= ap (Mp) ( Wp=|En—Uzp| = mR, [Rpt Roo | 


d 
(3.12) 


If the velocity of the piston does not significantly exceed Vp, and 
if a solution of a single wave is constructed as previously, the density 
in back of the wave R, will differ little from Rp a,(R,) from a_(R,) and 
W, from Wy. Therefore, if a,(Rp)/m < Wp then a,(R,)/m < Wy as wall for 
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these velocities V. This means that the shock wave in such a solution 
will be unstable. The only possible 
solution for these values of the 
piston velocity will be a solution 
consisting of two rarefaction shock 
waves moving one after the other. 
The solution is given by the formula 


(—1<§<h 


Here the constants Up, 
€, are found from corresponding con- 
ditions on the shock waves from the 
formulas 


RpU p Rp 
Ep Ry — Rp Roly ( le (R)dR ) 
Rp (3-14) 196) 


Rp 


(1 + U p)* p + Rein 


Rp Rain ~ ““min 


Rimin 


In Fig. 3 the curve AD shows the connection between S and 1/R for 
elastic shear and the curve DBCE for plastic shear. Point A is the 
initial state, point D the state behind the first shock wave (transition 
state), point B the state in back of the second shock wave, point K the 
state behind the shock wave when V < Vp. Under an increase in the piston 
velocity V the point describing the state in back of the shock moves 
from the point A to the point D along AKD; after point D is reached, 
the velocity of the shock wave and the state of the medium in back of it 
does not change with a further increase in V. Rather, a second wave is 
excited with a point that moves from point D along DBE. If the point C 
exists (the intersection of the straight line AD and the curve DE), 
then when it is reached the second wave catches up with the first wave, 
and for larger values of the velocity V the motion again occurs with a 
single wave. The value of the velocity at which this occurs is given by 
the relation 


For m> m, the solution is determined by the formulas 
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R = Ro 
R = Rain 
Rp Re 
a,2(R) dR + \ a2(R) dR = ni. 


Rmin Rp 


nin 


min 


Here, for a certain piston velocity, the state for which S = 0 on the 
piston will be likewise attained, and there will also exist a value of 
the velocity for which the state of limiting tension will be reached in 
the neighborhood of the piston. These states can be reached up to the 
attainment of states D and C and after state C (Fig. 3). In each of these 
cases it is a simple matter to write down formulas which determine the 
values of the velocities for which these limiting states are attained. 
The formulas are similar to (3.3) to (3.5), and (3.8). 


If the functions a,(R) and a_(R) are such that a (Rp)/m > Wp» then 
there will be no second wave regardless of the value of V. It should be 
mentioned that for the points on Fig. 3 which are located between C and 
L (L is the point at which a straight line emanating from point A is 
tangent to the curve DE) it is possible, in addition to the above solu- 
tion, to construct a second solution in which there occurs only one shock 
wave, connecting the points A and B directly. This wave is clearly stable. 
However this solution must be discarded because the solution, under the 
condition that the stability conditions are fulfilled at A and B, does 
not depend on the form of the curve ADB in the interval between A and B. 
Hence, in particular, the curve in this interval can be arranged so that 
the necessary thermodynamical energy inequality [19,20] is not satisfied 
on the shock wave, since the deformation work entering into this inequal- 
ity depends on the form of the curve ADB. 


When the quantities d(a_R)/dR and d(a,R)/dR change sign in the range 
e . . . . 
of R of interest, the situation can be studied in an analogous fashion. 
For the piston problem in these cases there will be regions with rare- 
faction waves and a progressive flow, and likewise rarefaction shock 
waves. 


We turn our attention now to a curious property of the solution that 
has been constructed — it can contain two shock waves, propagating at 
different velocities from one another. This situation is likewise related 
to the discontinuous character of the sound velocity as a function of 
the density and is a consequence of the transition from elastic to 
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plastic shear deformation. In ordinary ideal fluids this phenomenon can- 
not take place. Such a phenomenon is met in magnetohydrodynamics where 
it is likewise associated with the presence of two sound velocities. 


We turn finally to the case of the piston moving to the right and 
producing compression. The considerations introduced above for the motion 
producing rarefaction carry over completely. A difference will arise in 
the following two circumstances. In rarefaction motion the sound velocity 
underwent a discontinuity only in the transition from elastic to plastic 
shear. With this, as established above, was associated the possibility 
of two shock or continuous rarefaction waves existing. In compressive 
motions, the sound velocity will undergo a discontinuity at another point 
in addition to the point of transition from elastic to plastic shear. 
This is the point in the P, R-plane at which there occurs a transition 
from compression along the curve R, = const to the curve R = R,. At this 
point dP/dR undergoes a discontinuity, as is seen from Formula (2.3), and 
this means that the sound velocity a suffers a discontinuity as well 


((1.11), (1.12)). 


Further, if d(aR)/dR < 0 were true for large values of P, then as can 
be verified from an analysis of the equations expressing the solution of 
the problem, the solution can be constructed only for a range of values 
of the piston velocity V which is bounded from above. But the piston 
velocity is an assigned external quantity. In order for the problem, 
whose solution must exist on physical grounds, to be solvable for arbi- 
trary V, it is necessary to assume that d(aR)/dR > 0 for significant 
densities. This condition will be known to be satisfied if, for example, 
the density of the medium R remains bounded for an unbounded increase in 
the pressure P. 


For an increase in the density R, both for a transition through the 
elastic limit in shear and for a transition through a break in the P, R 
diagram, the sound velocity, changing by a jump, decreases. This will 
lead to the situation that when d(aR)/dR < 0 there will be, correspond- 
ing to values of the density at which the sound velocity undergoes a dis- 
continuity, regions of progressive motion enclosed between two continuous 
compressive waves. When d(aR)/dR > 0 this will lead to the increase in 
the number of compressive shock waves by one, for a transition through 
each value of density at which the sound velocity undergoes a discon- 
tinuity. The considerations which establish these facts are almost a 
literal repetition of the analogous considerations which were introduced 
above in the case of rarefaction. Hence, even when the condition d(aR)/ 
dR > 0 is satisfied throughout the region of continuous sound velocity 


a(R), there can exist three compressive shock waves travelling one after 
the other at different velocities for sufficiently large values of the 
piston velocity. 
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Further, if it is possible for the function d(aR)/dR to change sign 
several times, then the number of shock waves can be still larger. 


If for values of R close to Rog, dlak)/dR < 0, while for larger R, 
d(aR)/dR > 0, then for small piston velocities the motion will be a con- 
tinuous compressive wave. With a growth in the piston velocity, a jump 
will emerge in back of the continuous wave. The jump will move into the 
main part of the continuous wave with increasing piston velocity, absorb- 
ing it, so that at a certain value of the piston velocity the continuous 
compressive wave will dissipate and a single jump will remain. 


An experiment [16 ] shows that exactly this case occurs in reality. 
Therefore, in the solution of specific problems more attention should be 
paid to it. 


It should be emphasized that inasmuch as for P + ~ it is certainly 
true that d(aR)/dR > 0 (as was established above), in all cases, start- 
ing with some value of the piston velocity, the piston motion for all 
large values of the piston velocity will represent a progressive flow, 
bounded uniquely from the direction of the unperturbed medium in the 

‘ol. 25 solution of the shock wave problem. 


1961 We remark finally that the transition from plastic shear to elastic 
shear again cannot be accompanied by any sort of qualitative change in 
the solution of the problem, since from the relations (1.25), (1.26) it 
follows that this transition occurs with the sound velocity remaining 
continuous. 
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1. The equations of motion in terms of potentials. The 
equations of motion for the displacements in a plane anisotropic medium, 
in the absence of body forces, are [1 ] 


Oy? Oxdy ot? Oxoy Ox? oy? oe ‘ 1961 
where u, v are the components of the displacement vector, a, c, d are 

elastic constants, the density of the medium having been taken equal to 

unity. We shall restrict attention to the case of three elastic constants, 

since the more general case can be treated similarly. Introducing the 

potentials of rotation free and equivoluminal displacements by means of 

the equations 


al v — Op (1.2) 
Gs * Gy’ oy 


u = 


we obtain the equations of motion in terms of potentials 


oy | (a oy? d ’ ot | 


(1.3) 


A generalization of the method of complex solutions to the case of 
systems of homogeneous differential equations of the second order has 
already been given in[1]. These results apply immediately to the 
system (1.3) and furnish its solutions of the particular form 


g=9(Q),, (Q) (1.4) 


| 
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where {2 is defined by 
S6=1(Q)t + m(Q) zr +n(Q)y +k (Q) =0 (1.5) 


The following formulas are valid for the derivatives of the function 
@ (analogous formulas hold for the function yw): 


(Q)t +m’ +n’ (Q)y +k (Q) +0 


dl _ 
O (DHS 


(1.6) 
l’ (Q) 


It is readily seen that the system (1.3) is satisfied provided that 
l, m, n are such that 


m + (d +c) n? — 2) +n [(a — c) + dn’? — PF] = 0 
n [(d +c) + an® — 2] — m [dm® + (a —c) — 0 


which implies that the following relation must hold: 


t+- (d +c) P| n [(a —c) m® +- — P| 


(1.8) 


| [(d + c) + — — m +- (a —c) n? — | 


and a similar relation between and ¥’. Putting 1 = 1, m=--6, n=A, 
we may rewrite (1.5) in the form 


=t—Ojr +A; (0) y + (0)) = 0 (1.9) 


where A; are the roots of Equation (1.8), which may be written 


a +d — Li? 


As H0 +e—e) (1.10) 


Obviously the A; are the branches of an algebraic function A which 
is single-valued on a Riemann surface which consists of two planes @, 
and @,, cut, respectively, along the intervals (-—1/yVa, 1/ya), 
(-1/Vd, 1/Vd). The planes are attached to each other along a cut that 
joins the branch points @,°, which are the roots of the equation 


These roots are not real but complex conjugates, provided that c < 
a--d, This inequality holds for all anisotropic bodies which are con- 
sidered in[2], as may be seen from the following table [2], where 
unit stress is taken to be 10° g/cm’. 
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Medium eng 
Pyrites (cubic) 2505 
Fluor Spar 1325 
Rock-salt 348 
Potassium chloride . 263.5 309.5 
In order to construct solutions we shall employ the first of the rela- 


tions (1.7). By introducing the functions ®; and vi, corresponding to 
the the root Aj we obtain 


(6;) = A;P; (8;) (0;), = @; (0) (1.12) 


where w. is a branch of an arbitrary algebraic function which is 
single-valued on the Riemann surface mentioned above, and 


P; = (a —c) 02+ —1, Q,(0)) = (d +c) (4.13) 


The general real-valued solution (of the form (1.4)) of the system 
(1.3) is given by 


G 


g(x, y.t)= \ dé, = > Re £Q; (8) 


j=1 (1.14) 


In order to obtain the homogeneous solutions of zero order, one has 
to set k; = 0 in (1.9); this yields 


+4; (0) =0 € (1.15) 


which furnishes the correspondence between the above-mentioned Riemann 
surface and the domain in the £n-plane, where the functions 0,(¢, 7) 
and 0,(€, 7) are defined. This is a double-sheeted domain, consisting of 
two separate domains, corresponding to the planes @, and @,, attached 
along the cut which joins the branch points (¢,°, 7,°). These two points 
are the images, in the ¢n-plane, of the branch points @,°. The bound- 
aries of these domains are obtained as the envelopes of the straight 
lines (1.15) for real 0; and Aj. Solving Equation (1.10), we obtain 


where the radical sign inside the square brackets refers to that branch 
which is positive for real @, and the "outer" square root refers to the 
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branch which is positive on the upper banks of the cuts (-1/yVa, l/ya), 
(-1/Vd, 1/vd). For < a--d, outside these cuts on the real axis, A, 
and A, take on only purely imaginary values. Thus the points of the 
Riemann surface which lie on the mentioned cuts correspond, in the &7- 
plane, to points of curves on the cone of rays; and the point at infinity 
corresponds to the origin of coordinates. The two-sheeted domain in the 
&)-plane is the simultaneous domain of definition of the functions 0, 

and @,. In the xyt-space it determines the interior of a characteristic 
cone of the system (1.3), with vertex at the point x= y= t = 0, 


2. Lamb’ s problem. Suppose first that on the boundary of an aniso- 
tropic half-space y < 0 there act the distributed tractions: 


—N(z,t), try = —T (2, for y=0 (2.4) 


which differ from zero on the rectangle 0 < t < ty, — 1, < x < ly, and 
suppose that they have a finite impulse; and introduce the new tractions 


N.(z, t) N(=, 4 T, (2, =—-T(=, +) 
which differ from zero on the internal 0< t < et), ~¢l, < x< el), and 
let d(x, y, t), u(x, y, t) be the corresponding potentials. It is easy 
to show that in the limit, as « + 0, we obtain homogeneous functions of 
the first order, ¢ and w, which carrespond to the action of an instan- 
taneous impulse. Thus in order to solve the problem it is necessary to 
obtain solutions of the system (1.3), with zero stress components ey and 
T gy On the boundary of the domain for t > 0, that is 
a 
(6, —1) 58+ 
ap 
Oxdy ' 


The solution will be sought in the form (1.14). The boundary condi- 
tions will then be automatically satisfied, provided that the analytic 
functions and ®; v5 analytic in the upper half-plane, fulfill the re- 
lations 


> Re — d) 0? + ah?) + (a +d —c) =0 


j=t 2.4) 


Re (— + (4,2 — 0) = 0 


Using (1.12), we obtain 
Re [AiSim = 0, Re 0 [Mio — Mew) = 0 (2.5) 
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from which it follows that 


101 = ia, 6 [Mion -+- Mowe) 


M,; = — + (A? — 6) Q; 


Using the w,, as determined by (2.6), in Equation (1.12), we obtain 


+ Dy’ 
Ay 


(Ay — he x) (<.5) 


/ k 


y,’ 


Since the immediate determination of the constants a and f is not an 
easy matter, we shal] follow an indirect approach. We shall construct 
the solution of the same problem by means of a successive application of 
the Fourier and Laplace transformations, as is done in[3], and later 
compare this solution with (2.8); in this way we arrive at the result 


Wd; h 


0 


" (2.9) 

sin kx cos kx 

nd, \ l, k) dh Nd, 5: l, k) dk 
0 0 


Here d, = pd, where p is the density of the medium, and N,, T, 
the normal and tangential components of the impulse 


\ 


a—itoo / 


D(C) = 


The functions A ° MP, S; at P; » Q°° are obtained from the 
M;, S;, P., which were by replacing @ by i/¢. 
order to determine a and f, one must compute, for example, 0¢/0 x. Mn 
the solutions (2.9) we obtain 
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(2.6) 
where 
1, 2) (2.7) 
\ 
(A; — 5) (05) 
R \ A; I M, ; dt 
a+ te 2 a @ 
Rag \ > (2.10) 
a+ioo 2 ( v 2 oo, 
: | \ dt Ss Qj 4s is i! _& 
3o—ioo jo (0) d; , 
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2.11) 
k 


Interchanging the order of integrations, choosing the contour |, in 
such a manner that it encloses only the singularities corresponding to 
the roots of the equation ix -A,.°°y + ¢t = 0; employing Jordan’s lemma 
and the theorem of residues of Cauchy, we obtain, in terms of the vari- 


able @: 


Og N.. 3—i'"3 


= (Ody 


Upon comparison of this equation with the one resulting from the 
fundamental equation (2.8), it follows that 


nd, 


which completes the solution of the problem posed at the outset. The de- 
terminant A(@) is given by 


A (6) = — cO (6? + (0? + As*) Va? — R (0) 


(2.14) 

R (6) = {la? — (c — d)*) ~a} Vd" — —a Va — 

Rayleigh’s function R(@) for the anisotropic media was studied in 

[1]. It has two real symmetric roots, which correspond to the speed of 
propagation of Rayleigh waves on the surface of the given medium. The 
qualitative picture of the motion in an anisotropic medium is analogous 
to the motion in an isotropic medium. A disturbance which originates at 
the origin of coordinates at the time t = 0 is propagated throughout the 
entire half-space, dying out gradually at all interior points. With the 
passage of time almost all the energy of the disturbance is concentrated 
in the neighborhood of the surface of the medium and behaves, at suffi- 
ciently large distances from the center of the disturbance, as a Rayleigh 
surface wave. For c < a — d we obtain from (2.8) the known solution of 
Lamb’s problem for an isotropic medium. 


3. Lamb’ s problem with mixed boundary conditions. The bound- 
ary conditions will be taken as in [4]: 
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Txy = 0 for = 0, — CO < Zz foe (3 1) 
o, =0 for z>0, v=0 forz< 0 


The condition r,, = 0 at boundary points yields 


(Mia + Mew2) = if (3.2) 


Putting 


+ = A (6), Re A (6) = 0 (3.3) 


(6 > 0) 


there occurs the sought function A(@), which will be supposed to be 
bounded at infinity. The third boundary condition gives 


+ BO), ReBiy=0 (<0 (3.4) 

j=1 
while (3.1) and (3.3) together give 
Ay—j 1B — OMy_; A (0) 


= —4,_) 4 (3.5) 


Substituting into (3.4), we then obtain 


(6) — = B (9) (3.6) 


where 


P; + OM,_; *P + OQ; 


In the sequel it will be convenient to replace the constants a, d, c, 
respectively, by a”, d-?, c~*. Thus, the sought function A(@), which is 
to be analytic in the upper half-plane, will satisfy on the real axis 
the conditions 


Re A (8) =O (§>—a), Re [71°A (6) — 72°if] = 0 (9<—a) (3.8) 


Since the functions P, Q;. S;, M are real for real values of the 
variable @, in view of eb value’ at the determinant A(@) and of the 
choice of the branches A; and of the roots V(a? -.67) and ¥(d? -. 6?) 
(they are supposed to be positive on the upper banks of the cuts (-4a,a), 
(-d, d)), we have that the function T, must be real and the function T, 
must be purely imaginary when @ < — d. Consequently for @ < -— d we must 
have that: Im A(@) = 0, that is to say, the function A(@) may be con- 
tinued analytically across this segment of the axis. Denoting by f its 
real part on the segment (-d, -a), we get 
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A (0) — _ yd (3.9) 


om 9, 6) 


By the radical y(d + @) is to be understood here that branch which is 
positive on the upper bank of the cut @ > --d. For the function )(@), on 
the same upper bank, we obtain 


~ Vd+ 6 Qo(6) 


Qo = >) + 


(3.10) 


Observing the value of A(@), and the fact that y* = - y~, where y~ 
is the value attained by y(@) when approaching the same segment of the 
real axis from below, we deduce that 


= Gy- +¢ (3.44) 
G(0) = —Gi (6) = — — ha) R (8) 9) = 2ReiTs (1 - ha) A (9) 
( a ( ) (Aq — Aa) BB) ) Vd Qo (9) 
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Thus we are led to a well-known boundary-value problem, whose solu- 
tion, satisfying all the stated conditions, can be put in the form 


—a 
(E) (a — Ae) ALE) 


| 


dé + Xo (6) if, (3.12) 


In 
2m 


—d 


2ReiT.” 
= Xe (0) = 
V d+ 0 Qo(0) (9) 


In view of (2.8) we have 
(A; ~hy_ 5) 4 (65) 


; A (0) — 0,2; (3.13) 


M 
Wi’ +W2' = >) =: 


j=1 


The constant 8, may be obtained from the condition that the solution 
must be bounded for @ = - Co, where a is the speed of the Rayleigh 
waves. In view of (3.13) this means that 
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which in turn implies that, since A(-c,) = 0, that the numerator of the 
expression for VY,” + ¥,’-is also zero, thus enabling us to evaluate the 
constant £, by means of the constant f, and to write that 


A (6) = iPAo (8) 


Substituting this into (3.13), we obtain 


(3.15) 


Wi’ = ip (3.47) 


Since for large @ the term containing A)(@) in (3.17) tends to zero, 
and Expression (3.17) tends to the solution which corresponds to the 
action of a purely tangential component of the impulse, we must have that 
8 =- T,/ad,; and thus the problem has been entirely solved. It may be 
readily verified that when ¢ * = a” --d~*, we are led back to the re- 
sults obtained in the isotropic case in[4]. 


4. Reflection of plane waves from rectilinear boundaries. 
The consideration of the reflection of a plane wave from a rectilinear 
sboundary leads to a homogeneous Hilbert problem. The evolution of the 
wave is given in the form 


(Q1°) + = A;°P;°w; (Q;°) 


Q;° = — hj (90) y (4.1) 


pr? (Qi°) + (Q2°) = (Q;°) 


where the w, are branches of functions which are single-valued on the 
above-mentioned Riemann surface. The boundary conditions are mixed (see 
Fig. 1; notice that in Figs. land3the points ¢,° are the image points, 
in the plane xy at the instant t, of the branch points 0,°). The re- 
flected waves, corresponding to various boundary conditions, may be 
easily constructed for x > 0 and x < 0. The solution is obtained in the 


+ 954+ Ht D + 954+ 45-3") (4.2) 


j=1 


(25°) jw; (Q_;°) + (Q5_3°) 
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pj = 90 (225°) + 40 QC (Q_;°) + 00 (4.3) 
A;° = hj (90), P;° == P; (80), Q; = Q; (80), exe 


and the values of the constants C; and D; depend on the boundary condi- 
tions. Thus for stress-free boundaries we have 


jj 


A° = A (60) 


and for the boundary conditions applicable for x < 0 we have 
C,’ = D,’ = — i, C:’ = D,’ =0 
In the sequel we shal] take for w,; a step function w)(¢), which equals 


zero for € > 0 and equals unity for & < 0. For this function the cor- 
responding irrotational disturbance, in the domain CFD, corresponding 


(8= a+ ip) 


a d 


Pig. 1. Fig, 2. 


to the root A,, is just 6° + ,° + G,°°; while in the domain CED 
the disturbance corresponding to the root A, equals 6° + 4° + @4°°. 
Similarly, the irrotational disturbances in the domains GFF’ and GHEE’ 
have intensities ¢, + ,°° ,°°° and +4 ,°°°, respect- 
ively. In these domains one may also readily determine the intensity of 
the corresponding equivoluminal disturbances +9? 2 and 
YP. + + The functions 5) and ¥;(6;), which describe 
the disturbance in the domain OGFCbo are defined in the upper hal f- 
planes of the Riemann surface. Since the arcs CFG and BEA are the 
envelopes of the straight lines t ~ 0.x + A.y = 0 for real values of 0. 
and Ai the points E and F in the xy-plane must correspond to a single 
point 9, lying on the segment (-a, a) (see Fig. 2). At this point the 
single-valued and piecewise constant (on the mentioned interval) func- 
tions + and ¥,(0,) + ¥, possess a finite discontin- 
uity. Representing these functions by means of integrals of Cauthy type 
and differentiating, we easily obtain in the neighborhood of 6, 
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(A;° — Ay_;°) A° i. 
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to 


mi — Oo) 


@o = —2— 


(6) + D2’ 


“A 


j=1 j 


The fact that the shear stress is zero on the boundary of the hal f- 
plane gives 


Re (Mio + Me@2) = 0 (4.7) 
The fact that there is zero normal stress for x > 0 gives 
Re (AiSi@i -+- AeS2@2) = 0 (6 >0) 
The absence of vertical displacement for x < 0 gives 
Re (Tio: + T2m2) = 0, 7; = APP; + (6 <0) (4.9) 
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Since there is no source of vibrations at the origin, it follows that 
Mim + Moa: = 0 
and putting A,S,@, + = A(@), we have 
Re A (6) = 0, 6 >O 


Expressing @; by means of A(@) and substituting in (4.13), we obtain 


A(6) 


Re 


(9 <0) (4.10) 


It is readily seen that the imaginary part of A(@) is zero for 0<-d; 
hence according to (3.9) we obtain A = y¥(d+@A,), where 


T\M,—T2M, A,(6) 


Re 


(—d §<—a) (4.11) 
The function A,(@) has a first-order pole at the point @ = 9), while 

the resulting solution, as before, must be bounded for @ = - cy. Intro- 

ducing the new function A, = (@ --6,)A,/(@ — cy), we obtain on the upper 

bank of the segment (-d, - a) 

T\M A,* (9) 


(—d<§8<— a) (4.12) 


Re 
Wat— R (8) 


where A,* is the limiting value of the function A, on the segment (-d, 
-— a) when this segment is approached from above. Denoting by A,” its 


—- 
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boundary value when this segment is approached from below, one sees 
readily that A,* 


= A,. This allows us to reduce the problem to the solu- 
tion of the following homogeneous Hilbert a. 


Az* = GAz, 


(4.13) 
whose general solution has the form 


In Gy 


midi, Gi = — G (4.14) 


with 8 a real constant. The radical is understood to denote the branches 


which are positive on the upper banks of the cuts @ > - a and @>-d 
Analogously for A,(@) we obtain 


4.15 
The constants may be evaluated from a consideration of the singular- 
ities of the functions ®,°(@) + ,°(@) and ¥,°(@) + ¥,°(@) at = @ 
hy According to (4.6), letting @ tend to 0), we obtain 


—a 


ont ) (4.16) 
—d 


and the problem is entirely solved. Setting c “ = @* -d ~2 we are led 
to the solution of the same problem for an isotropic body 
- — 267)? + 40° Va? — — 
Dy,’ = (6) = 0 
(0) = (a? — ad) 4), we = — 
5. Diffraction by a rigid slit. For an isotropic body this 
problem has already been studied in[5] and[6 ] 


. The solutions of Equa- 
tions (1.1), of the form (1.4), will be constructed for the displace- 
ments. According to[1], we obtain 


2 j 
u (x, y, t) = Re [uw (6:1) + ue (62)) = e \ A (&) A, (&) (&) dé 


(5.1) 
v (x, y, t) = Re (01) + v2 (62)) = (4 (E) w,; (&) dé 


where 
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L; (&) = + (~)—1, K =e (5.2) 
: and the variables 0; are defined by the relations (1.15). The elastic 
medium occupies the plane with a cut along y = 0, x> 0. For t < 0, in 
the left half-plane x < 0, we have a plane wave 
(x, y, t) = — K (80) (Qi°) + (Q2°)] (9.3) 
(x, y, t) = Lr (80) (Qi°) + Le (80) (Q2°) 


Q;° = — — Aj y (O< 9, <4) 


which impinges at the time t = 0 on the edge of the slit. The diffraction 
pattern for t > 0 is depicted in Fig. 3. 


The reflection of the plane waves in the neighborhood of the lower 


Pig. 3. 


- boundary of the slit may be obtained by a calculation of the boundary 
Hy conditions corresponding to a wave packet of plane waves of the form 


j=1 


(z, t) » [L;° @;° (2;°) + (2;°’) + L;°E;@;° (Q,_;)] 


Q;°’ =t — +A;°y, K° = K L;° = L;° (80) (5.4) 


In order to fulfill the conditions for y = 0 we must have 


+ 


hy_ jh; 


N;= 


Let us formulate our boundary-value problem for the functions 
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u (6) = Ui (6) ue (6), v (6) = Vi (6) ve (6) } (9.6) 


i.e. let us find the values of these functions on the real axis, where 
the variables 0, and 9, defined by the relations (1.15), coincide. The 
functions u, and v. represent the disturbance in the domain AF,GFB of 
the planes @. of the Riemann surface, where cuts have to be made, re- 
spectively, along the segments of the real axis 0, > —- a and 0, >-d 
(see Fig. 4). Since the function w.°(€) is a step function which equals 
zero for € < 0 and equals unity for € > 0, it follows that the functions 
Re u(@) and Re v(@) are piecewise constant on the boundaries of the cut, 
and that 


Re u (6) = Rev (6) = 0 (6 > Oo) 


Reu(G)=a°, Rev(6) = 


where 0) on the upper bank of the cut corresponds to the points EF and F, 
and on the lower bank corresponds to the points £, and F, (see Fig. 3): 


= + = k° +A’), p° = + v2 Li? +L2° (5.8) 


Performing a cut in the plane @, along the segment (-—d, -a), and 
denoting by f, and f, respectively the real values of u(@) and v(@) along 
this segment, we obtain readily, as in[5 ] 


x Va t 0, 


8 

v’ (9) = — ——- + 
(9) mi 0 - Vda+0 d 

Let us put 


A (0) Vd + (0 — 6) (6), (6) = | 


ai 


B Vd + (0 — (0), = \ 
d 


According to (5.1) we have 


A (6) 
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which implies 
_ 1,4 (8) — 


w, (9) 
(0 — 60) V2 + 6 AiK 


(5.12) 


K A; (6) = Aula — dali = ar) Va? — + — 


Since the function , may be continued analytically across the seg- 
ment (~d, -—a), i.e. its limiting values from above and below this seg- 
ment must coincide: w,* = @, , we are led to the equation 


The right-hand side of this opatien is real, while the left-hand 
side is purely imaginary, because A~= -A*, B~ = -B* A; =-A i, and 
L, and K are real on the segment in quien consequently, this equa- 
oben is equivalent to the following two equations: 


A* G’A- 
Bt G,'B- 


(c = — he + ha 9? — Va — 2 =) (5. 14) 
The solution of these equations, which is bounded at infinity and in 
the neighborhood of the boundary points, has the form 


(5.15) 
A (9) = ia Yo (6), B (6) = ip’’Yo (6), (6) = dé 


The function w,(@), and together with it the functions u,’(@) and 
v,°(@), is holomorphic in the neighborhood of the point @ = - d, and 


satisfies 


where N and y are real constants, with y < 1. Consequently, the point 


: 6 = — d is a removable singularity for this function. The constants a°° 
: and B°° may be obtained by comparing (5.10) and (5.15) for @ = 6); the 
result is 


a. d 4 On 


If, instead, we choose the functions ®°°(@) and Y°°(@) as unknown 
functions, we obtain nonhomogeneous equations of the type studied in 
[5 ]. However, in this case the structure of the solution is much more 
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complicated than in (5.13) above, where the whole matter reduces to the 


calculation of a single function Y,(@), which may be given in the form 
of tables [6 }. 
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(0 MATEMATICHESKOM OPISANII POVEDENIIA UPRUGOGO 
IZOTROPNOGO TELA PRI POMOSHCHI 
KUSOCHNO-LINEINOGO POTENTSIALA) 


PMM Vol.25, No.5, 1961, pp. 897-905 


D. D. IVLEV 
(Voronezh) 


(Received April 20, 1961) 


The relation between stress and strain components for an elastic iso- 

tropic body in the region of small strains is considered when there 

exists a potential which is piecewise linear. ye 
It is assumed that a linear Hooke’s Law holds for uniaxial tension- 

compression and for pure shear, and that volume changes are proportional 

to the mean stress. The behavior of the model differs in general from 

the behavior of an elastic isotropic body obeying the linear theory of 

elasticity [1,2]. 


l. For determination of the relations between stress and strain for 
an elastic body we start with the expressions 
au 


95; 


(1.4) 


Here o.. and €,; are the stress and strain components respectively, 


and U is the potential of the strains. 


For isotropic bodies the potential U is a function of the invariants 
of the stress tensor 


U U Zs (1.2) 


where o is the first invariant of the stress tensor, >, and 2; are the 
respective second and third invariants of the stress deviator tensor. 


We assume that a linear relation exists between the mean stress o and 
the volume strain « 


af 
2 
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o= 3Ke (€, + e, e,) (K 


const) 
(6, +9, + 


(Here K is the volume modulus of compressibility. ) 


In order for (1.3) to hold, one mst set 


aK T (= 2° 3) (1.4) 
The relation between stresses and strains determined from (1.4) in 
accordance with (1.1) will satisfy relations (1.3). 


We assume that with a change in sign of the stress the reversed strain 
components likewise suffer only a change of sign. It follows that the 
function ® depends on the modulus | 2,|. 


In the field of principal stresses 0,, 9,, 9, the function ® is in- 
terpreted as the totality of cylindrical surfaces with equal values of 
®, the generators of which are parallel to the axes 0, = 0, = a3. 


We consider a deviator plane a, + 0, + a, = 0, on which U = ®. The 
curves of intersection of the U-surfaces and the deviator plane we de- 
note by the term "potential curves". 


961 


If the value of the potential is determined for uniaxial tension- 
compression, then the possible nonconcave potential curves will lie be- 


tween the hexagons ABCDEF and A,B,C,D,E,F, (Fig. la). 


If the value of the potential is determined from an experiment in 
pure shear, the mutual disposition of the hexagons is shown in Fig. lb. 


It is well known that the function ® is not completely determined 
from the results of simple tests (the connection between stresses and 
strains for tension-compression, pure shear, etc.) and so, generally 
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speaking, one may construct as many relations as desired between the 
components of stress and strain for an elastic isotropic body leading to 
a linear Hooke’s Law for uniaxial tension-compression [ 3,4 ]. 


The linear relations of the generalized Hooke’s Law are obtained from 
the special assumption that ®= ®(%,). The corresponding potential curve 
on Fig. 1 is represented by the circle. 


We now consider the relations given by the theory for an elastic iso- 
tropic body when the potential curves are represented by hexagons similar 
to the hexagon ABCDEF in Fig. 1. 


The surface of the function ® in the principal stress field is piece- 
wise smooth; hence, a generalization of the determination of (1.1) is 
necessary. It follows from the relations (1.1) by the use of (1.3) and 
(1.4) that the components of the tensor of strain deviators will be 
orthogonal to the surface ® in the stress-strain field. In other words, 
the components ¢ (6 = 1; = 0, t Jj) coincide with the 
normal to a surface which is tangent to ® at a given point. 


The surface ® may be interpreted as a bending of both tangents to the 
plane. Particular points and lines of the surface ® are interpreted as Vol. 2 
the limits of smooth sequences. 196) 


For continuous passage from a smooth potential surface to one which 
is piecewise smooth, we find that the potential surface of the strain 
tensor may take different values at certain points. If this singularity 
is represented by the tangents to the smooth surfaces 


=%,=...=0, (1.5) 


then the set of components of the strain tensor may be presented in the 


form 
m 


— = D A 
k=1 i 


am, 


(1.6) 


Since A, +A, + ... A, = 1, A, > 0, one obtains m- 1 possible strain 
components in the parametric family. Just as in the theory of plasticity 
[5-8 ] one has to rely on an additional condition applicable to the 
specific problem (edge, initial, or other condition) in order to deter- 
mine the state of strain completely. 


Upon multiplying relation (1.6) by do we obtain 


ij’ 


> = edo +- 


k=1 


; 
— = 
3 
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It follows from (1.5) that d®,=d®, =... d® = d®, and so we 
find from (1.7) 
= aU 
ij 
Relations analogous to (1.6) are obtained from the theory of the 
generalized plastic potential [5,6 ]. 


2. We consider the relations for the theory of an elastic isotropic 
body (Fig. 1) with a piecewise linear potential ABCDEF. Evidently 
maximum freedom in the strain occurs at the peaks. Any arbitrarily 
directed strain may correspond to the peaks of the hexagon ABCDEF; or, 
in other words, an arbitrary state of strain may correspond to a state of 
stress with maxima on the given hexagon peaks. 


Considering the side AB (Fig. 1), we shall have for it 
2 
U= +P@), 


In accordance with (1.1) we obtain from (2.1) 


es =— e = 0 (2.2) 


a—e= 
1 OE ’ 


In the case of uniaxial tension-compression Hooke’s Law holds by 
assumption: 


= Ee, Ga = 63 = (2.3) 


For (2.3) to be true, it follows from (2.2) and (1.3) that one must 
set 


By denoting 1/G= (1/E - 1/°K), we write Expression (2.4) in the form 


— Sa 


3G 


T 


max’ 


Expressions for the function ® for the other sides of the hexagon 
ABCDEF (Fig. 1) may be written by analogy. 


Consider the relations corresponding to the peaks of the hexagon 
(Fig. 1). The peak A is the point of intersection of the sides AB and 
AF. We have for these sides 

Van = OK 6G (o1 — o2)?, = + (o1 — 
(2.6) 
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We obtain for the peak A in accordance with (1.6) and (2.6) 


= — o2) + Az (or. — 


= (o1 — 62) (Ay + Az = 1) (2.7) 


&3 3G 03) (hs > 0, he > 0) 


By taking into account that 0, = 0, at the peak A, we rewrite (2.7) 
in the form 


(2.8) 


It is apparent from (2.8) that Hooke’s Law (2.3) holds. We write down 
the initial conditions for the deviator components in the xyz-coordinate 
system. We suppose that the xyz-axes make angles with the directions of 
the principal stresses designated by 1, 2, 3, the cosines of which are 
here tabulated. 
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From the relations 
= + Gomi? + o3m?, .. 


Txy = Oilile +- Gomime + O3mime,... 


we obtain at the peak A 


6, =o — T + T cos? 41, Tx, = T cos 1 cos 62 


o, =o — T + T cos? 02, t,, = T cos 62 cos 03 
=o —+T + T cos* 0s, t,, = T cos 93 cos 
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Here 0,, 9,, 9, are the angles determining the direction of the 
principal stress 0, in the xyz-coordinate system. 


In particular, it follows from (2.9) that 
(o, +—T) — T) — 0 
+ T) (0, T) —v,=0 
(6, -0 +—T) (0, —0 +17) —t,=0 
From (2.10) we find that 


T=i[s, +Vs — | 
8,,3) 


(2.11) 


Each radical in (2.11) requires a plus sign since T> 0. 


‘ol. 25 From the condition of isotropy, by asserting the coincidence of the 
principal directions of stress and strain following [7 | i 


, we obtain 


1961 


cos He cos COS Hs 
xy 


COs *? cos COS Ue = cos 


r 


ens COs Us 


From this we find after making use of (2.9), (2.10) and (2.11) 


Relations (2.13) may be obtained from Expressions (2.10) by the theory 
of the generalized elastic potential. 
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To the five equalities in (2.13) there must be added three equations 
of equilibrium 


4 —¥ 4 ... (2.14) 


oy 


and, in addition, the relations (1.3). 


The system of nine equations (2.13), (2.14) and (1.3) in the six 
stress components and three displacement components determines the be- 
havior of the elastic model under consideration. 


The original system of equations may be presented in another form. By 
substitution of Expressions (2.9) into Equation (2.14) we get 


sin 61(cos 61 + cos 02 oy ) 
— T cos 6:(sin 6: — sin + sin Os — (2.15) 
ce Oy Oz 
1 aT aT av ar \ 
: cos + —— cos — == Q, ... 
+ cos 61( Oi + By cos $24 5; 608 0s) 


To the three equations (2.15) one must add the condition 


-+- cos* 42 + cos* 1 (2.16) 


We rewrite Equations (2.13) in the form 


Ou 1 / Ou dv \ cos Oe 1 /du , dw\cos 


oy dx / cos 2\oz Ox /cos 


Ou dv\cosh, , dv {1 dv dw \cos Gs, 


| oy + Ox COS He T Oy 2 \ ds oy He (2.1 
1 (> Ow \ cos Ov Ow \ cos He Ow T 
| Oz lx 03 2 ( Oz + oy lous Os Oz 3K + 3G 


The system of equations (2.15), 
7, 6,, 9;, u, v and 


(2.17) and (1.3) relates the unknowns 


In the case of correspondence of the state of stress with the hexagon 
sides (Fig. 1) we will have 


Tmax 3G Tmax (2.18) 


where r,,, and y,,, are the respective maximum shear stress and strain. 
For this model of an isotropic elastic body the shear modulus is 3/4 G. 


If two of the principal stresses are equal, the relation 
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(yi Y2) Tmax 
— 


holds, where y, and y, are the 


principal shear strains. 


The Cartesian expressions corre- 
sponding to the hexagon sides are 
cumbersome and therefore have been 
F omitted. 


Pig. 2. 3. In the case of torsion 0,= -%, 
o, = 0, ao =«€ = 0; consequently the 
third invariant of the stress deviator tensor is zero. 


For torsion, the stress-strain relations for an elastic isotropic 
body lead to generalized Hooke’s Law for small strains for any potential 
function (1.1) if conditions (1.3) and (2.3) are accepted as valid. 


Consider the case of plane strain. We suppose that 
= &3 = Tye 0 


and that the remaining components depend only on the xy-coordinates. 


The state of stress corresponds to the boundary AB (Fig. 1). We find 
from (2.2) that ¢ = 9; indeed, for plane strain the given elastic 
material behaves as though it were incompressible and independent of the 
modulus K. 


It is easy to convince oneself that the remaining relations essenti- 
ally coincide with those of a generalized Hooke’s Law[1,2] for an in- 
compressible body in plane strain 


4. We proceed to the case of plane stress. We assume that 


= 0, = Ty Ty = & U (4.1) 


All remaining components depend on the xy-coordinates. Figure 2 shows 
a section of a certain surface of equal levels of ® in the plane o, = 0. 
Evidently, we must differentiate between the cases where the state cor- 


responds to the sides AB, BC, DE, EF, or to the sides CD, FA. 


We consider first the side AB (Fig. 2). The sides CB, DE and EF 
are considered to be completely analogous. 
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Obviously, to derive the law of deformation one must start with the 
expression 


— a2)? 


= — — 05) (4.3) 


The principal stresses 0, anda, (0, > ,) lie in the xy-plane and 
the principal strains ¢«, and ¢, coincide with them in direction; there- 


fore we have 


(4.5) 


It is known that 


We find, from (4.4) and (4.5), that 


(4.7) 


+ &y — V (ex — e,)* + 4e,,7 = OK (o, + 


Supplementing the two equations of equilibrium and the condition 
(1.3) by the three relations (4.5) and (4.7), we obtain a system of six 
equations in the six unknowns ¢,, Fy Tey YY and w. 

The system of equations may be linearized with the aid of the sub- 
stitutions 


06, =—o +x cos 20, &, = m + qcos 20 


= - 


3 
3 
2 


o — x cos 26, &y = m — q cos 26 


Tx, = % sin 20, &xy = g sin 26 


The condition (4.5) is satisfied identically and condition (4.7) 
takes the form 


12Gq = 30 + 2x, (4.9) 
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U-> (4.2) 
7 We find from (4.2) that 
i Substitution of o, = 0 into (4.3) gives 
(0, + Oy) + V (ox + AT 
(4.6) 
7 + ey) + V (ex e,)° + 

(4.8) 
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Substitution of Expressions (4.8) into the equations of equilibrium 
and compatibility gives a system of quasilinear equations ino, x, m, q 
and @. 


In the case where the state of stress corresponds to the cut DC or 
to AF, one must start with Expression (4.2) for the potential. It is 
easily shown that in this case the relations 


2 
— &y = a7 (Ox — = tay 


(4.10) 


e, = +(e, + ey), Ox +0, == K (e, + 
hold. 


The case of the axially symmetric problem is completely analogous. 
The relations may be obtained as a special case of the general problem. 


5. We consider the case of a thin ring-shaped plate stretched by uni- 
formly distributed forces applied around the edge (Fig. 3). Denote the 
inside radius by a, the outside radius by 6, and the load intensity by p. 


We set 9, = 09, 0, = 9,. Since 0, > a, > 0 everywhere in the plate, 
the state of stress corresponds to the side AB (Fig. 2). 


We limit ourselves, for simplicity, to the case of incompressible 
material. We obtain from (4.4) 


It is known that 

Here u and v are the displacements along the axes p and z. 


The single equation of equilibrium is written in the form 


It is easy to obtain 


pb In (p a) pb 
pin(bja) ’ p im (b/ a) 


pb 
e, = 0, In (b/ a) 


pb phz 


Zin (bj a)’ In a) 
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We present for comparison the solution of the same problem obtained 
by using the linear relations of a generalized Hooke’s Law [1 |: 


pb? a pb? 


pb? pb? 1 a? 


pb? pb? a® 
36 — a?) ’ 2G (b? — a?) +=) 


3G (b? — a?) 


We note that the stresses are rather close, the largest difference 
being in the displacements and strains. 


6. Evidently, different consistent models of an elastic isotropic 
body may be assumed, which through experiments on uniaxial tension- 
compression and pure shear lead to linear relations between stresses and 


strains. Vol. 2 


1961 
The model considered is one of the possible ones. The use of this or 


some other model is connected with the degree of correspondence between 
the theoretical results and the experimental data, and with what is no 
less important, the mathematical simplicity of the original equations. 


It is possible that deviations of the behavior of an ideal elastic 
body from that of an elastic Hookean body in the region of small strains 
may be accounted for by passing to some other potential surface; never- 
theless, the Hooke model leads unquestionably with the greatest simplicity 
and exactness to the well-studied linear equations of elliptic type. 


We note also that in the light of Hencky’s interpretation [8], the 
Mises plasticity condition as a certain energy of elastic shape change 
does not have exceptional value. For example, for certain conditions the 
energy of elastic shape change coincides with the plasticity condition 
of Tresca. 


Analogously, for any given plasticity condition there may be assigned 
a model of an elastic isotropic body, for which the expression for energy 
of elastic shape change coincides under a certain interpretation with the 
given plasticity condition. 


The author takes this opportunity to express his thanks to V.V. 
Novozhilov and to L.I. Sedov for valuable comments. 
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Plane plastic flow of a rigid-plastic body is analyzed. As a coordinate 
system the flow lines and the curves orthogonal to them are selected. The 
analogues of the Hencky integrals taken along these lines are presented. 
The compatibility equation of the stress and the velocity fields is de- 
rived, and a method of obtaining various solutions corresponding to the 
assumed flow fields which follows from this equation is indicated. The 
relationship between the compatibility equation and the extremal proper- 
ties of a true velocity field is studied, together with certain velocity 
classes for which the flow lines coincide with the slip lines and the 
trajectories of principal stresses. 


Vol. 2 


1. The plane plastic flow of a rigid-plastic body is described, as is 
well known [1,2], by the following equations: 


Ox oy Ox oy 
2 
+ 4t*,, = 4k (4.4) 
oy — Ov, | Ox — dv, / oy 


Let the equations for the flow lines and the orthogonal curves be 


Gi: = 4, (2, y) = const, G2 = Go (x, y) = const (1.2) 


In curvilinear orthogonal coordinates q,, q, (1.1) has the following 
form (e.g. [3 ]): 


dH, aH 


i] 
| 
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where o,,; are stress components in the given coordinate system; k is the 
limiting shear stress; oi; are deformation velocity | strain rate ] com- 
ponents; Hy and H, are Lamé’s constants. 


The deformation velocity in the q,, q, system satisfies 


1 Ov H, @ v 
where v is the modulus of the velocity vector. Introduce now new vari- 


ables 


o= + (ou + O22), =o+k cos 2p, = sin 26 (1.5) 


where 8 is an angle formed by the velocity vector and the direction of 
‘ol. 25 the larger principal stress. Thus (1.3), taking into account (1.4) and 
1961 (1.5), can be written as 


Os cos 28 2k sin 28 kH, Asin2 


On 


Os Asin 28 2k cos 28 oH, k 0 cos 23 2k sin 23 dH, 


_ 
TP 


Here f(q,) is some function of its argument. The Lamé equation 
0 OH, 1 oH, 
(a; Oq2 ) U (1.10) 


should supplement Equations (1.6) to (1.9). 


2. We shall derive now the analogues of Hencky’s integrals for the 
equations along the flow lines and the curves orthogonal to them 


2kF, 0H kH, OF 2kF, dH, 
+ k cos 2p —{( + i. + Hy dq + (qe) (2.1) 


o—kes B= \\7 3, wy on 


+ ¥ (4) (2.2) 
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(01, — +- 404. = 4k* 
sll — $22 
2k cos 23 OH, 
| (1.8) 
(1.9) 
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Here F, = sin 28, F, = cos 28 and are determined by (1.9); (q,), 
y(q,) are some functions. 


We shall assume in the sequel that the derivatives of the functions 
in the above equations exist and are continuous. Eliminating by differ- 
entiating the function o from (1.6) and (1.7), we obtain 


cos 28 @sin28/ 2 any d sin 28 
cos 2 28 1 2 cos 28 sin 28 
+ + P+ 
O42 Hy On Oq2 2 
sin 28 


4 
H, 4 sin 23 


1 OH, 
+ Oq2 \ He ) 


or, considering (1.9) 


2 2F OF aH, OF 


Hy Hy Oq2 Hy, Oq, 
°F » apl/ OF A, OF \2 Hy 
© 0 2 0 2 


Function F in (2.3) and (2.4) is determined from (1.9); moreover 


dsin23 1 OF dcos 23 F OF 


(1+ | ( F*) (3 \; | 


cos 28 


079; 09; 


Equation (2.4) is the third-order equation relative to H,, H, and 


f (q,), and it represents the compatibility equation for the stress and 
velocity fields. This can be formulated in the following theorem: 


Theorem. A necessary and sufficient condition for a flow-line field, 
which is determined by the Lamé constants, having continuous derivatives 
up to third order, to be a true flow-line field is that there exists 
such a function f(q,) which after the substitution of H, and H, into 
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(2.4) satisfies the compatibility equation identically. 


Note that for dH,/dq, = 0 the compatibility equation in the form 
(2.3) reduces, in view of (1.9) and (1.10), to an identity. In the case, 
however, when we have simultaneously 


dH, 


= 0, = 
In (42) 


the components of the velocity vector are identically zero. 


For the true flow-line field (2.4) is generally an equation of the 
third order with respect to f(q,). The order of this equation may be re- 
duced to the second. This fact permits the solution corresponding to the 
given flow-line field to be found in the following way. The function F 
is determined from (1.9), it is then substituted into (2.4), from which, 
in turn, we find f(q,), provided that the conditions of the theorem are 
satisfied. Next, tan 28 is found from (1.8) and (1.9). Finally o is found 
from (2.1) and (2.2). 


Example. Consider curvilinear orthogonal coordinates with the Lamé co- 
efficients 


Hy, = exp (aqi + bq2), He = exp (aqi + (2.6) 


where a, 6 and ¢; are constants. (2.6) represents two families of loga- 


rithmic spirals. From (1.9) we obtain 


[2 d\n f (q2) 


dq2 


From (2.6) and (2.7) it follows that the compatibility equation is re- 
duced to an ordinary differential equation for f(@»)- Thus the conditions 


of the above theorem are fulfilled and the compatibility equation accord- 
ing to (2.3), (2.6) and (2.7) is 


dsin 28 2Zadeos28 dsin 28 


bm sin 26 + a cos 26 + - iq - 
aq: 


cos 28 
a lens \ ‘¢ — bm sin 23 — a cos 28 7 
2.10) 
bm? acm 
In (¢ — acos 28 — bm sin 2p) + + Di 


~ + (a? + a* + 


1355 

or 
hence 


0.D. Grigor’evw 


where c and D; are constants: 


= — — = 2 a ( 
V .?—a?- c? — a? (2.11) 
p=) 1 arth (¢ + a)tan3 —- bm 24 btm? 
V a? + bm? V a? +- 


Because of (1.6) and (2.6) the integral (2.1) taken along the flow 
line is 


+ 2keq (42) (2.12) 


Let us now calculate the integral (2.2) taken along the lines ortho- 
gonal to the flow lines. In doing so we rewrite (2.2), taking into account 
(1.7) and (2.9), in the following form: 


2kbe kmb sin 26 2k (a2 + 
— k cos 2B + — \ sin 26 dq: (q1) 


It follows from (2.10) that 


2k (a? +- b®m?) ¢ 2k (a? 4- b?m?) cos 28 sin 28 dB 
am a c — bm sin 28 — a cos 28 1961 


Hence 


2k (a? + k (a%ec 
\ sin 28 dq» a? B+< (c — bm sin 26 — a cos 2B)+ 


k 2km 
+ —- (a cos 26 bm sin 2B) + (2be* — a% — b®m*) p + Ds 


Thus along the line gq, = const the following is satisfied: 


2kbe 4kbem (a®e — b®em?) 


6— 8 in 26 — acos 2B) 4 
a @ a* 62m? a (a* +- b®m?) In (c bm sin 26 a cos 28) 


+ (2be? ~ — a*b) p = y (q1) (2.13) 


From (2.12) and (2.13) it follows that 


_ — Beem!) | bee sin 2 9 

3 = — 2kequ t+ 42 a (a? + n (c m sin 26 — a cos 26) 
a2 (abe m a*b) p+ Da (2.14) 


where p is determined from (2.11). 


From (1.9) it follows that 


| 
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In f (q2) 2bq2 — \tan 2p dq2 + Ds 
since 


sin 23 43 am 
wl . sin 2 2B) - 
¢ — bm sin 28 — a cos 28 2a? + bm?) n (c »m sin 2B —a cos 2p) 


‘tan 28 dq. = at 


hm? hem? 
+ + 
a* + b*m?* a? + Ds 
therefore 
a* 


In (ec bm Sin 2p acos 2p) 7 


b?m? 


(q2) exp | 
abm Yabem 


a b2m? ” a? 
and thus, according to (1.8) 


a 
a? Bnd In (c — bm sin 2B — a cos 2) 


v= exp| bas . 


2abm 2abem 
at + Bm? — P Ds| (2.16) 

The relationships (2.10), (2.14) and (2.16) determine plastic flow 
which corresponds to the flow lines in the form of logarithmic spirals 
(2.16). Such a flow can be visualized in an extrusion of a plastic medium 
through a channel, the walls of which are logarithmic spirals, and the 


tangential stresses along these walls are constant. 


If in the above relations we put a= a= 1, 6= 0, then Nadai’s solu- 
tion for the radial flow lines is obtained. 


It is easy to verify that the conditions of the theorem are satisfied 
by the following class of curvilinear coordinates: 


Hy = (q,) ¥ (qs), H, = (q,) (qs) (2.17) 


where ®(q,) and W(q,) are arbitrary functions having continuous deriva- 
tives up to the third order. The non-admissible coordinates, for example, 
are 


Hy, = H, H = exp (2mq,qe) (ec. » onst) (2.18) 


3. Let some flow-line field satisfy the conditions of the theorem. 
Consider some plastic region w and given flow-line field in it. We shall 
assume that along the contour of w the velocities are given by (1.8): 


(42) 
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In this case, in view of the well-known theorem of extremal proper- 
ties of a true velocity field[1], the function f(q,) must yield the 
minimum of the functional 


/ 


1=V2K\Y + do (3.1) 


w 


which, after integrating along q, and in view of (1.4) and (1.8), has 
the form 


1=V2k \ Q f dae (3.2) 


q a 
with the usual transverse conditions 


= = 0 (3.3) 


where Q(f, f’, q.) is known. Thus for the determination of f(q,) a direct 
method can be applied. 


4. Consider the case when 0H,/dq, = 0. In view of the known relation- 
ships we have 


1961 


Os) Hell; Oda OSe Hy, Hs OS, 


where a is an angle formed by the tangent of the flow line with a vari- 
able direction; da/ds; is the curvature of the coordinate lines. Con- 
sequently, according to (4.1), the flow lines are equidistant curves. On 
the other hand, it follows from (1.9) that 8 = 0 + 7/4, i.e. the flow 
lines coincide with the slip lines. Clearly, the converse is also true. 
Thus the necessary and sufficient condition for the coincidence of the 
flow lines with slip lines is that the flow lines be equidistant curves; 
clearly the motion of a medium as a rigid body is excluded. 


5. Consider now the case when the flow lines coincide with the direc- 
tions of the principal stresses. Since in this case 8 = 0 + 7/2, and be- 
cause of (1.9), we have 
7] 


(9.1) 


On the other hand (1.6) and (1.7) have the following well-known form: 


(5.: 


o + 2k In H, = (q2), o — 2k Hy + (5.3) 


— 
1358 
ds , 2k OH; as ok ay 
Hy On 
or 


Plane deformation of a rigid-plastic body 


Hence in view of (5.1) 


1 
a" (42) = In f (c = const) (5.4) 


Thus if the flow lines coincide with the trajectories of principal 
stresses, then the following is true: 


In = In f — +e (5.5) 


Obviously, the converse is also true, i.e. (5.5) represents a neces- 
sary and sufficient condition for the coincidence of the flow lines and 
the trajectories of the principal stresses. 


As an example consider an isometric net of the flow lines (or the 
trajectories of the principal stresses). It follows from (1.10) and (5.5) 
in this case that 

1 
(in f (g2)]" = ras = (n = const) (5.6) 


Therefore 


2 2 
H,=H,=H = + — — C391 +¢)| 


o = k (ng,? + + + 2csq, + ¢4) (c, = const) (5.7) 
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A number of papers have been published on the question of finding rela- 

tions between the solutions of the plane and axisymmetric problems of the 
ol. 25 theory of elasticity and the use of these relations for solving axisyn- 
1961 metric problems. 


In[{1,2], Weber has suggested the use of integral transformations 
for the transfer from stress functions of the plane state to stress func- 
tions of an axisymmetric state, and vice versa (in these cases the bound- 
ary conditions are transformed; Weber, together with other authors, does 
not indicate what the boundary 
conditions of the initial 
state should be in order to 
obtain the given conditions 
for the state to which the 
transfer takes place). Trans- 
fer from a plane to an axisyn- 
metric state of a space by 
means of superposition is 
illustrated in[3], and 
Papkovich [4] has pointed 
out the analogy between the 
solutions of the plane and 
axisymmetric problems. In [5] 
Mossakovskii has derived a 
solution to the axisymmetric 
problem for a half-space by using analytic functions of a complex vari- 
able. Goletskii [6] has investigated the analogy between plane and axi- 
symmetric problems for regions bounded by concentric circles and 
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spherical surfaces, respectively. In[7,8 ] Polozhii considers the appli- 
cation of analytic functions to axisymmetric problems and establishes 
reversible integral transformations of axisymmetric and plane states of 
stress. Mustafaev [9] has investigated certain cases of transfer by 
means of the Weber method. Chemeris [10] has obtained an integral equa- 
tion with the aid of the results of Polozhii for the axisymmetric prob- 
lem with given displacements. In[11], Belen’ kii gives solutions to some 
axisymmetric problems with the aid of integral presentations and func- 
tions of a complex variable. 


In the present paper relations are derived between the plane and axi- 
symmetric states of stress for an infinite plate, and the state of plane 
stress is determined which after transfer gives an axisymmetric state 
with known boundary conditions. 


These relations enable the solution of axisymmetric problems for 
volumes of revolution of arbitrary shape to be reduced to the determina- 
tion of two analytic functions from two integral equations [12-14]. 


We shall adopt the notation that all quantities referring to a state 
of plane stress will be distinguished by the suffix || and those referring 
to a state of axisymmetric stress by the suffix °. 


1. An infinite plate. 1. The relation between the plane and axisya- 
metric states derived by rotation of the plane state. Let us suppose 
that an infinite plate of isotropic or transversely isotropic material 
with its axis of elastic symmetry parallel to the z-axis is in a state 
of deformation which is symmetrical with respect to the yz-plane and 
which is caused by the action of vertical and horizontal loads @Q and P 
(Fig. 1, left). By rotation of the loads acting on the plate through an 
angle 7 about the z-axis, we obtain a transformed axisymmetric state. 


It can be shown (for example, by replacing the loads Q and P by loads 
uniformly distributed over elements of area of the type shown hatched in 
Fig. 1, and taking into account the superposition which takes place with 
rotation of the loads) that in the transformed axisymmetric state loads 
(Figs. 2 and 3) 


(1.1) 


q(p) = p(p) = 9 (p<a) 


will correspond to Q and P, which in the case of a plane state are dis- 
tributed along two lines parallel to the y-axis. 


In the case when Q= Q(a), P= P(a) for @, < @< ~ and Q= P= 0 for 
O0< a< ap, we have 
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for p > a@& 


q(p) = 


= \ da 


for p < a 


q(p) = = 0 


The components of the transformed axisymmetric state are given by the 


integrals 


Here 6,,(z, 2), (2, 2), Gy (2, 2), Try 2 
stresses and displacements for the plane state, 


+ sin® §) 


Tt cos d§ 


u’ = \ cos 


(z, 2), 2) are the 


is isotropic Cw =v (0, + 9,), and if it is transversely isotropic 
= VayFxq Vays Vex Deimg Poisson’s ratios. 


Instead of integrating with respect to @, let us now integrate with 
respect to x. Relations (1.3) then become 


z= rcos 0. If the plate 
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If the effect of temperature has to be taken into account, the thermal 
expansions for the plane and axisymmetric states are related by the ex- 
pression 


kT, = 


9 


= 2 eT, - de (1.5) 

0 


Here 7)(z, z).7., (7,2) are the temperatures for the plane and axisym- 
metric states, k is the coefficient of linear expansion, which can be 
constant or can depend on the temperature. Analogous relations can be 
derived in other cases which admit the principle of superposition (for 
instance, dynamic problems). 


The relations derived above enable us to determine the loads (or 
other conditions on the surfaces of or within the plate) for the plane 

state, which, after transfer to the axisymmetric state by the method de- 
scribed, give the known loads (or other conditions) for the axisymmetric 
state. 
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If, for example, the loads for the axisymmetric state q(p) and p(p) 
are given, we can solve Equations (1.2) for the functions Q(a) and P(a) 
(by use of the substitutions u = p? and v= a” these equations become 
equations of the Abel type) and find the loads for the plane state, which 
after rotation give the known axisymmetric loads 


To a, 


Q (a) = Pla) =0 O<a<ao) (1.6) 


If the boundary conditions for the axisymmetric problem are given in 
terms of displacements, then by an analogous process we find that 


x 
r'dr {ae rdr 

w 1.7 


In the case of a thermal expansion problem 


aT, = 1 Cer. (1.8) 
% Oz 


In order to solve an axisymmetric problem it is necessary to find 
from (1.6) to (1.8) the loads, displacements on the boundary or other 
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conditions of the corresponding plane state, to solve an auxiliary plane 
problem and to find the stresses and displacements for this state. After 
substitution of these stresses and displacements into (1.4) and (1.5) we 
can determine the stresses and displacements for the required axisymmetric 
state. 


It should be noted that with the described method of superposition by 
rotation of the plane state, it is not possible to obtain any axisyn- 
metric state, i.e. for certain forms of axisymmetric loading, Expressions 
(1.6) to (1.8) do not enable us to obtain a corresponding real plane 
state. If, for example, in the case of an axisymmetric state the loads P 
and Q@ are applied on a circle (Pig. 1, right), it is not possible to de- 
termine directly the loads of the corresponding plane state by means of 
Expressions (1.6). 


In this case we must either make use of another superposition de- 
scribed in subsection 2, or we must perform certain additional operations. 
For example, let us consider the axisymmetric state set up by loads q, 
and p, uniformly distributed within the limits fromp = a, to, With the 
aid of Expressions (1.6) we find that in order to obtain an axisymmetric 
state with such loading we must rotate the plane state caused by loads 


a @ a 


a a 
O(a) = P(a) = 0 (ag > a > 0) (1.9) 


Q (a) = P (a) = — sin 


—a,? 


Having evaluated the components of this plane state, we transfer by 
means of Expressions (1.4) to an axisymmetric state (set up by loads q) 
and Po distributed as indicated above). Differentiating with respect to 
a, the expressions for the components of the axisymmetric state so ob- 
tained, and replacing q, and py by Q and P, we find an axisymmetric state 
caused by loads Q and P distributed over a circle of radius ay. 


Note that another method can be used to find an axisymmetric state 
with the loads P or Q acting on one circle (Fig. 1, right). Suppose that 
2, Gpl(r, z,P), pl (r, 2, P),Og0(r, 2, Pp) are components of 
the required axisymmetric state, p is the radius of the circle on which 
the loads are applied. The components of the axisymmetric state produced 
by loads q(p) and p(p) distributed according to (1.1) can be expressed 
in the form of the integrals appearing on the right-hand sides of Ex- 
pressions (1.10) and (1.11). On the other hand, the components of this 
state of stress z, @), O*,0(r, a), «-. can be obtained by 
rotation of the plane state as shown in Fig. 2-1 and evaluated from 
Formulas (1.4). We then obtain: 
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when the load Q is applied 
00.2) 4 
0, 2 


oo 


(r, z, a) = 


With the aid of the substitutions indicated earlier, Expressions 
(1.10) and (1.11) can be reduced to Abel equations, the solutions of 


which give: 


when load Q is applied Vol. 2 
196] 


(4.12) 


(r, 2, ¢) 
So 


Ogo(r, 2, = % 
PV p?— a? 


and when P is applied 


a 
2 2, ac.o(r,2,p 


O,.(r, 2, a)= aa) = 

2. The relation between the plane and axisymmetric states derived by 
linear displacement of the axisymmetric state. Suppose that an infinite 
plate of isotropic or transversely isotropic material with the elastic 
axis parallel to the z-axis is in an axisymmetric state caused by the 
action of vertical and radial loads Q and P (Fig. 1, right, and Fig. 
2-4). By displacing the loads acting on the plate along the y-axis from 
y=-— 0 to y = © we obtain a certain transformed plane state. 


It can be shown (for example, by replacing loads Q and P by loads uni- 
formly distributed over elements of area of the type shown hatched in 
Fig. 1, and taking into account the superposition which takes place with 
displacement of the loads) that in the transformed plane state the loads 
(Pig. 2-2) 


a 
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Ma Vp? —a 3 
(r, z, p) — = dp Pia.z,) 2, 
a V a? Dia 2) — — 
at. and when P is applied we - 5 
Q 
G,0(r, 2, a) = O,0(r, 2, — dp 
a (1.11) 
Pig. 4. 
Tyo (r, 2, a) = \ Gyo (r, p) dp 
a —a? 
(1.43) 
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2nP 
p(y) = Ve—y (n < a) (1.14) 
= (y > a) 


will correspond to loads Q and P, which in the axisymmetric state act on 
one circle. 


In the case when Q= Q(a), P = P(a) for 0< a< ¢ and Q= P= 0 for 
eo>ar>e 


= 2aQ (a) _* 2nP (a) 
= (n > 


The components of the transformed plane state are given by the inte- 
grals 


(1. 16) 
\ cos*@ + Gy. sin? 0) dy, (o,. + oy. cos*6) dy, 


r 


co co oo 
\ dy, = \ cos 0 dy, u,* = u, cos Ody, w,* = \ w, dy 
—oo —oo —0o 


We replace the integrals with respect to y within the limits y = -— ~ 
and y = ~ by double integrals with respect to y within the limits y = 0 
and y = «, and transfer from integration with respect to y to integra- 
tion with respect to r. (The expression for dy can be found by partial 
differentiation of the expression x” + y? = r*, sin 6 = y/r, cos Q= x/r) 


If changes in temperature must be taken into account the thermal ex- 
pansions for the axisymmetric and plane states are related by the expres- 
sion 


co 
kT \ kT, dy = (1.18) 
—co 


1367 
¢) 
(1.15) 
ol. 25 
— 6, ,° az 2 \ Gye) r 2 2 
x 
oo 
x 
rdr 


A.Ia. Aleksandrovw 


Analogous relations can be obtained for other cases which admit the 
principle of superposition. 


We will solve the first of Equations (1.17) for the components of the 
axisymmetric state. We set g = r?, h= x’, multiply both sides of the 
equation by (h - H)~*/2 ah, integrate them from H to B° and, making use 
of Dirichlet’s formula, change the order of integration 


B 
dh \ (5,0 — See) 
\ 
B 
Oe \ nH — ag 
g—hVh—da g 


dg 


Returning now to the previous variables and differentiating both sides 
with respect to r, carrying out the integration by parts and letting 
oo, we find that 


* 
it ) r 
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The first term on the right-hand side can be expressed in the form 


‘ 
2 


lim [x (6, — o,,%) as 0o 

After solving in an analogous way the remaining equations of (1.17) 
and taking into account the manner in which the stresses decrease at in- 
finity, we find that 


co 
Ox 2— r? 


If the vector sum of the forces applied to the boundary vanishes, 
then c= 0. 


Note that if we substitute in (1.17) expressions for the stresses for 


— 
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an axisymmetric state in terms of a stress function w(r, z) with the aid 
of the expressions 


Py 


1 oy, ay 


r Or * 


we obtain 


2) = — az} { 2 (2 — v) — 


+ a (rf 2? + B(r) + x (r) (1.20) 


By substituting Expressions (1.20) into (1.17) we obtain a system of 
integral equations for determining the functions a(r), A(r), y(r). 


In order to solve the axisymmetric problem it is necessary, with the 
aid of relations (1.14) to (1.18), to find the boundary conditions of 
the corresponding transformed plane state and, having solved the aux- 
iliary plane problem, to find the stresses and displacements for this 
state of stress. We then substitute these stresses and displacements into 
Expressions (1.19) to find the required axisymmetric state. 


2. Solution of the axisymmetric problem for a volume of revolution 
with the aid of analytic functions. 3. A solid body. Let us suppose that 
a cylinder of isotropic or transversely isotropic material with its axis 
of elastic symmetry parallel to the z-axis is in a state of plane de- 
formation which is symmetrical with respect to the yz-plane (Fig. 3a). 
By rotating the contour of the cross-section of the cylinder about the 
z-axis, we can form a volume of revolution. Initially, we make the 
supposition that the contour of the cross-section is such that this 
operation is possible, i.e. we assume that the function r(z) is single- 
valued for the half of the contour situated on one side of the z-axis. 
We then superpose the states of stress and of strain for this body by 
rotating them through an angle w about the z-axis. The components of the 
transformed axisymmetric state so obtained can be found from the same 
relations (1.3) to (1.5) as for an infinite plate. 


We introduce into (1.4) the well-known expressions for the components 
of the plane state in terms of two analytic functions. If the material 
is isotropic 


+ =2( OD), Sty — Gey = 2 (0) + ¥ 


2p (uy + iwy) = (3 — 4v) — — ¥ ©) 
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Here € = «+ iz, x — iz, are the Lamé parameters. 


We now express the analytic functions d(Z), WiC) in terms 
2 of Cauchy integrals, change the order of integration and then integrate 
* with respect to x. By virtue of the symmetry of the plane state about 
a the yz-plane, it follows that 


=—G(—9 


where t= r+ iz, t= r— iz, to = rg + ito, ty = ity, For 
» are the coordinates of points on the contour of the meridian section of 
x the body. We make a cut in the plane of the complex variable close to 
= the boundary of the body, and instead of carrying out the integration 
. along its contour, we integrate along the boundaries of the cut. We note 
that the root t5)(t+ t))] which appears in the integrands 
changes sign on passing from one side of the cut to the other. 


After transformation, the values of the components of the axisymmetric 
state on the contour of the body can be expressed in terms of the bound- 
ary values of two analytic functions in the following way: 


— — — 29) © — — wt — ¥ 
(to + to)? 


2 [2t — (to — to)]® — (to + to)? 
x — dt 
V (t —te) + be) 


\ 
. 


le 


dt 
[2@ (t) + — to + to) (t) + ¥ 


= ((t — to + fe) + ¥ (| at 


fotto V (t + 


i — 2t — ta + te 
[(3 — 4v) (t) — — — to + to) ()) ——— 
V (t— to) + &) 


—t, 


The integration is carried out over the positive branch of the root. 


| Note that when writing down Expressions (2.1), if we reverse the 
; positions of the real and imaginary axes, Expressions (2.2) assume a 


4 
ay 
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more symmetrical (and sometimes more convenient) form: — to is replaced 
everywhere by to- 


4. A medium containing a cavity. Suppose that an elastic medium with 
an axisymmetric cavity is in a axisymmetric state of stress (Fig. 3b). 
By displacing the contour of the meridian section of the cavity along 
the y-axis from y = —- ~ to y = ~, we form a cylindrical cavity (for this 
operation to be possible we initially make the same requirement of the 
contour of the meridian section of the cavity as that in subsection 3 
for the contour of a section of a cylinder). For a medium with such a 
cylindrical cavity we can superpose the states of stress and of strain 
by displacing them along the y-axis from y= — ~ to y = ~, The components 
of the transformed plane state so obtained are given by the same expres- 
sions (1.16) to (1.19) as for an infinite plate. 


The derivatives with respect to x of the components of the plane state 
which appear in (1.19) can be considered as components of some other 
plane state, and with the aid of (2.1) they can be expressed in terms of 
two analytic functions. Note that, since the components Ses Seq yess 
characterize a plane state which is symmetrical with respect to the yz- 
plane, the components 05,,)/dz,...03,,/dz characterize a plane state which 
is skew-symmetrical about this plane. It follows that ®t) = — ®(-f), 
f(t) = @(-*). After carrying out transformations analogous to those de- 
scribed in subsection 3, we obtain the values of the components of an 
axisymmetric state on the contour of a body of isotropic material ex- 
pressed in terms of the boundary values of two analytic functions. If we 
equate to zero the vector sum of the forces applied to the contour of 
the cavity, these expressions coincide with (2.2). 


5. A body of arbitrary shape. The fact that two different superposi- 
tions give analogous expressions for the components of an axisymmetric 
state in terms of the boundary values of analytic functions leads us to 
suppose that these expressions are sufficiently general, and that we can 
discard the requirement introduced in subsections 3 and 4 that the func- 
tion r(z) be single-valued for half the contour of the cross-section of 
the body situated on one side of the z-axis. 


We will show that it is possible to make superpositions which are 
slightly different from those described in subsections 3 and 4, but which 
lead to analogous results when this requirement is removed. We shall 
consider a body in a state of plane deformation as part of an elastic 
wedium subjected to loads @ and P applied on the contour r(z) and loads 
Q(a, z) and P(a, z) distributed outside the meridian section of the body 
(Pig. 4). (Note that with the given boundary conditions the loading is 
many-valued.) By rotating these loads through an angle w about the :- 
axis, we obtain an axisymmetric state of the body. As a result of rotat- 
ing the loads of the plane state Q,, Q,, Q(a, z9). Py, Py, Pla, t9) 
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acting on the segments BC and DE of the line AF in accordance with Ex- 
pressions (1.1) and (1.2) with p > by > ao, we obtain axisymmetric loads 
of the form 


P (p, 20) 2aP (4, 20) 4, 
Ve? a? 

Por certain relations between loads Q,, Qj, Py and Q(a, and 
P(a, z) we can obtain q(p, zo) = pip, zo) = 0 forp > by > ag. It 
follows that by rotation of the plane state of a medium we can obtain, 
without the conditions imposed on the contour in subsections 3 and 4, an 
axisymmetric state without any loads acting within the meridian section 
of the body. 


We shall ascertain whether or not we can in this case express the re- 
lations (1.1) in the form (1.2). 


Suppose that the integration of the components of the plane state 
(Expressions (1.4)) is carried out along the line AF, the segments BC and 
DE of which pass through the regions where the loads Q,, Q,, P,, Po, 

Q(a, 2), P(a, z ) are applied (Fig. 4). We shall consider these loads 
as body forces, Q,, P, being treated as loads Q, (a, z9). 
Qo(a, zo), «++, distributed along the line AF over segments of length d, 
so that Q, = Q,(a, z9)d, = ..., (later we shall let 
d+ 0). We express the components of the plane state caused by loads 
Q= Qo) and P = Pico) acting on DE in the form of integrals of the 
stresses and displacements at the point ¢, which does not lie on the line 
AF, caused by concentrated forces Q and P acting at the point Co on the 
line AF. We must bear in mind that these stresses and displacements are 
given by Expressions (2.1) and by the functions 

P+ iQ 1 3—4v P—iQ to (P + iQ) 1 


PS) 8x(1—v) C— Ge’ 


30) 
P+-iQ 


r — 
be 


which are analytic everywhere except at the point ¢ = Cee In determining 
the stresses as the point ¢ approaches the point C* on the line AF we 
make use of the formulas of Sokhotskii-Plemel’ 


b 


(Eo) do + f (t*) 1 f (0) do 


4 2ni Co — C® 
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Substituting the stresses of the plane state so obtained into rela- 
tions (1.1), we find the stresses for the axisymmetric state as the sum 
of two terms corresponding to the first and second terms of the right- 
hand side of Formula (2.4). If the loads of the plane state are such that 
forp > by q(p. 29) = pip. zo) = 0, then by comparing Expressions (1.1) 
and (1.5) we can see that the first terms in the expressions for o. 
99 +%p,?,p are zero. The corresponding term appearing in 7.0 — Og0 
is nonzero, and in order to determine it, it is necessary to make use of 
the equations of equilibrium, of compatibility of strains and of unique- 
ness of the displacements for an axisymmetric problem. We should point 
out that the equations of equilibrium and of compatibility are satisfied 
if the required term in o,o — ogo is of the form er’. The integrals 
appearing on the right-hand sides of Expressions (2.4) and figuring here 
in the sense of a principal value, together with the integrals appearing 
in the expression for the displacements uy and w, can be represented by 
analytic functions and lead to expressions analogous to (2.2). 


The condition imposed on r(z) can therefore be removed. 


Analogous results can be obtained (by filling up a body containing 
axisymmetric cavities to form an elastic medium and applying loads Q and 
P on the contour r(z), and loads Q(e, z) and P(e, z) outside a meridian 
section of the body within the cavities) for superposition by means of a 
linear displacement of the axisymmetric state.- 


6. The equations of the problea. Substituting Expressions (2.2) into 
the boundary condition of the problem (for the first basic problem, into 
the relations Ay=0,° sina+r,,o cosa, 2,= sina), 
we obtain a set of two integral equations for the determination of the 
boundary values of the two analytic functions. Having solved the equa- 
tions and determined the analytic functions for these boundary values we 
can find with the aid of Expressions (2.1) the components of an auxiliary 
plane state, and then with the aid of (1.4) and (1.19), we can find the 
components of the required axisymmetric state. 
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METHOD OF RESOLUTION IN THE THEORY OF SHELLS 


(METOB RASCHLENENIIA V TEORII OBOLOCHEK) 


PMM Vol.25, No.5, 1961, pp. 921-926 


L. A. ROZIN 
(Leningrad) 


(Received April 28, 1961) 


An approximate method of solving certain problems of the theory of thin 
plates and shells is developed in the following; it is called here the 
"method of resolution". 


The operators of the equations involved are resolved, by introducing 
so-called connecting functions, in such a manner that the knowledge of 
these functions may lead to a comparatively simple solution of the prob- 
lem. The problem reduces to the determination of the functions indicated 
from the condition of equivalence of the original problem with the re- 
solved one; this determination is carried out with the aid of the method 
of Ritz. Such a method of resolution permits the equations of the theory 
of thin shells, referred to the principal curvature lines of the middle 
surface, to be subdivided into two systems of ordinary differential equa- 
tions, each referred to one of the two principal curvatures, respectively. 
The obtained equations are treated as equations for displacements and 
slopes of two groups of curved bars extending, respectively, along the 
two principal curvatures of the middle surface of the shell. 


1. Essence of the sethod of resolution. In order to explain the method 
under consideration we shall discuss here a special case. Suppose a 
certain domain { and its boundary S are prescribed. It is required to 
find a definite function u(P) of the point P, differentiable a necessary 
number of times and satisfying the differential equation 


Au = {(P) (1.4) 


in the domain (2) and boundary conditions of the form 


Tj; u= gj (P) (1.2) 


along the boundary S. The notations used here are as follows: A repre- 
sents a linear differential operator; f(P) is a function prescribed in 
©; IT’. are linear, generally speaking, differential operators; 6; (P) are 
functions prescribed along S. 
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Assume that the operator A can be resolved into some simpler linear 
operators having a sum equal to A and that each of the operators can be 
inverted comparatively simply; assume, furthermore, that the correspond- 
ing resolution of the boundary conditions (1.2), related to the resolu- 
tion of the operator A, is possible as well. In order to simplify the 
following presentation we assume A = A, + Ap, which in connection with 
(1.1) leads to 


Ay = fi (P), Aq = (P) + (P) (1.3) 


The function f,(P), which we shall call the connecting function, must 
be determined from the condition of equivalence of the original and the 
resolved equations. This condition consists in the case under considera- 
tion of the equality of the functions u(P), appearing in loth equations 
(1.3). 


For the determination of f,(P) we use the direct method. To this end 
we choose a complete sequence (Py) of linearly independent coordinate 
elements in the Hilbertian functional space L,( and we prescribe an 
approximation for f,(P) in the form 


hin (P) = (P) +... + @,9,, (P) (1.4) 


Then, inverting the operators Ay and Ay in (1.3), we obtain 


n 


Ar (P) = Yon = — Ay (P) + (P) = Uag — (1.5) 
k=1 k=l 


ts, = A, (P), = (P), = Ag (P) (1.6) 


The function u,, Satisfies the part of the boundary conditions (1.2) 
which is associated with the operator A,; the function U,, satisfies 
the boundary conditions which are associated with the operator Ay. We 
introduce the notations 


n 
%, = Yin — = — + Vy = + (1.7) 
k=1 
We shall consider the quantity Vn as an error function of the approxi- 
mate solution, while the norm of the element W,, denoted by || y, ||, will 
be used as a measure of the error; an expedient procedure for determina- 
tion of the constants a,[1] is then based upon the condition that 
\| vw, ll? assumes its minimum value. We determine the metric of the 
Hilbertian space under consideration by the formula 


Vive 
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and the quantity [w,, vn ] by one of the following formulas: 


(Par Pn)» 


(Ayp,,, AYp,,) (1.8) 


The use of the second scalar product (1.8) is possible when the oper- 
ator A is positive. From the condition that || vn ||? assume its minimum 
value we then are able to derive a system of linear algebraic equations 
for the constants a,: 

n 


[Pps Vn) = Pn) (m =1,....2) (1.9) 
k=1 


The system (1.9) always admits a solution if the elements v), ..., v 
are linearly independent of each other. In turn, the mutual linear in- 
dependence of v), ..., v, is a consequence of that of 4), rer Dy» pro- 
vided that the operator A can be invertible. Indeed, if both parts of 
the equality 


which follows from (1.7), are multi- Vol. 2 


plied by AjAp, leading to 


n n 
= A( >) (1.10) 
k=1 


k=1 


and if we assume that it is possible to 
find such non-simultaneously-vanishing 
constants Cyr seer Cp that 

n 

>» chy, = 0, 

k°k 


then from (1.10) we obtain 


n n 


A( >) =9, > % = 0 


k=1 k=1 


in contradiction to the assumption concerning mutual linear independence 


Of Dy, «++, Dy 


The idea of the method of resolution can be realized in various ways, 
depending on the nature of the problem. Sometimes, for instance, it 
proves expedient to carry out an incomplete resolution, in the sense that 
not all of the deviced new operators have to be of simple structure and 
invertible in the process of solution. Several procedures of solution can 
be obtained in cases of the kind in question. Take, for example, the 


— 

n 
>) = Ai (> eux) + A, (> 
k=1 k=1 k=1 
0, M,, 

N,, 
4 f /) 
\n 7 
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problem considered and assume that the operator A, is not to be inverted: 
if the function f,(P) is prescribed in such a way that the function Yon 
satisfies all boundary conditions, then the coefficients a, can be deter- 
mined from the condition that Yon satisfies approximately the first of 
Equations (1.3). Another possible way is to start directly from a func- 
tion Yin satisfying some of the boundary conditions associated with the 
operator A,, to construct f,(P) and u,,, and then to determine a, from 
the condition of matching of and 


2. Resolution of the equilibrium equations for a shell element. Using 
the principal curvature lines éy and é, of the middle surface of the 
shell as coordinate lines (see Figure) and considering a line element of 
the shell extending in the direction of a ¢,-line with the boundary sur- 
faces ¢, = const and ¢, + dé, = const, we obtain the following system of 
equations for the equilibrium of such an element: 


da,N da.M, On, 
1 — (P2 — 92), — “OE, + Mi + = — 
‘ol. 25 01291 Mu 
1961 = — Matte (Pp — =* 


where a), @ are Lamé parameters, while R,, Ry are principal curvature 
radii of the middle surface of the shell; p,, Py, Bo 
are forces and moments directed along x, y, nm and referred to unit middle 
surface area; finally, the quantity 7 is the intensity per unit length 

of opposite equal forces on OB and AC. The forces and moments q,, 92+ Uns 
rT, @), M, are external forces and moments with respect to the line ele- 
ment along é,. but at the same time they represent the result of combined 
action of forces and moments which are inner forces and moments on OB and 
AC of the shell as a whole.On the other hand, the inner forces and moments 
acting on OA and BC will be external forces and moments with respect to 
the line element along 4: their intensities are determined by the left- 
hand sides of Equations (2.1); therefore the equilibrium equations for a 
line element along a €,-line assume the form 


Ot 2 
a= 2 = — — + M + 


Me 
N 2 Ry 
Taking the algebraic sums of corresponding equations of the two 
systems (2.1) and (2.2), we obtain the equilibrium equations of an 
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element of the shell as a whole. Thus, having introduced the connecting 
functions G+ Wor Ine Ts Myr BQ (we shall call them forces of inter - 

action), we were able to resolve the operators of the equilibrium equa- 
tions in terms of partial derivatives into operators for separate coordi- 
nates. 


For the sake of definiteness we shall use the version of the shell 
theory in Love’s form|2 1], which is not compulsory for carrying out 
further considerations. Eliminating Q, and Q, in (2.1), (2.2) and omit- 
ting some terms within the limits of accepted degree of accuracy, we ob- 
tain 


ae, + — obs ~ (Pr 4a) 


— (Pe — G2) 


M 
— 


01, 
O52 
1 
ae, Ry Bs (2.4) 


We have omitted here also the last equations of the systems (2.1), 
(2.2), which with the assumptions introduced are equivalent to the con- 
dition = 


The equations obtained can be considered as equilibrium equations for 
the separate curved bars extending along the €,- and ¢,-lines and of 
width proportional to a, and a). respectively. Along their lateral sur- 
faces such bars are acted upon by forces and moments of intensities No): 
My) and Nios Myo, which permit the moment equilibrium condition to be 
satisfied with respect to the n-axis in the absence of bending with re- 
spect to the same axis. 


3. Resolution of the equations of the theory of shells. We shall 
adhere to the principle that the resolved equations have to represent 
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two systems of equations for the displacements and slope angles of the 
two groups of line elements extending along a and os. respectively. The 
equations connecting the stress resultants with the strain components 
and the strain components with the displacements shall be written in the 
form [2 } 


Eh Eh 
B (e, + vey ), Vie Ven Ly & 


N,; 


1 
Eh 
M,=—D (4, + » = My = D(L—v)x (3.1) 
w a0, 


{ Ou; { Or, 
&| 1, OF, OE; uy | 
Dii—v), 1 ad; Dit —v) 
2 a, OE, GE } 2 Vi 
ol. 25 
1961 while E is the modulus of elasticity, v is Poisson’s ratio, A is the 


shell thickness, Uy, Wo, w are projections of displacement on the zx-, 

y-, m-axes, respectively. Assume first vy = 0; then, expressing the stress 
resultants in terms of displacements with the aid of Pormulas (3.1), 
(3.2) and substituting into Equations (2.3), (2.4), we obtain the follow- 
ing two systems of equations for the two groups of line elements extend- 
ing in the directions €, and ¢,, respectively: 


Fy a, (Pi — 91) + oe, 


Fis a, 0”) (p,, 


>2 


(2 
+- 
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We find on the left-hand sides of Equations (3.3) and (3.4) the quanti- 
ties 0, and n,, 1,, , respectively, expressed by 
and by $: or #, . It is, furthermore, easy to conclude that the F, .(j = 
1, 2, 3, 4) represent ordinary differential operators with respect to éi. 
while the F,,(j = 1, 2, 3, 4) are such with respect to €,. Equations 
(3.3) and (3.4) can be treated as equations for displacements and slope 
angles, identified by corresponding subscripts, for the two groups of 
line elements directed along and The quantities charac- 
terize the rotation of the cross-section of the element, f,, B, indicate 
the shear along the element, ¢,, dy give the shear across the element. 


In order to achieve a complete resolution of the equations of the 
theory of shells in the sense indicated above, four interaction terms, 
namely Mi, Mo, lL, ly, had to be introduced additionally; they can be 
treated as intensities of oppositely equal forces and moments applied to 
the lateral faces of the elements under consideration and combined, re- 
spectively, to couples and bi-couples. There are altogether nine terms of 
the kind just mentioned in (3.3), (3.4). Nine matching conditions are 
necessary for the determination of those terms, and these conditions make 
(3.3), (3.4) equivalent to the equations of the theory of shells. Such 
conditions are Vol. 2 


k | 
k) 


( 
1 Ou; 


If expressions for the interaction forces and moments are given with 
indefinite coefficients, then in solving (3.3), (3.4) these coefficients 
can be chosen in such a manner as to have the conditions (3.5) satisfied 
in some sense. Thus, the solution of the problem considered will be con- 
structed by a direct method. It is usually convenient, and for a majority 
of problems acceptable, to have the operators (3.3), (3.4) inverted along 
separate lines é, = const, é, = const, and (3.5) satisfied at separate 
points. In this procedure methods of structural mechanics can be used for 
derivation of the solution of (3.3), (3.4), taking into account some 
specific properties of (3.3), (3.4) such as absence of bending with re- 
spect to the n-axis, torsion with a rigidity proportional to the moment 
of inertia, presence of the last equations of the systems (3.3), (3.4), 
etc. 


If, in the process of resolution of the original equations, the only 
intention is to arrive at ordinary differential equations without having 
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in mind the possibility of making use of the methods of structural 
mechanics, then the number of interaction forces and moments in (3.3), 
(3.4) can be reduced. Simple transformations permit the conclusion that 


where the f; represent ordinary differential operators with respect to 
é, and 5. respectively, for the quantities within the brackets. Making 
use of (3.6) we can eliminate |, and 1, from (3.3), (3.4); this means 
elimination of the last equations in the systems (3.3), (3.4) and of the 
last two conditions of the system (3.5). 


In the general case, when v # 0, the right-hand sides of the first 
four equations in (3.3), (3.4) include additional interaction forces and 
moments determined by the quantities N M,,, in (3.3) and Noy» M, in 


ly v 
(3.4) by means of the formulas 


lv’ 


1 


Ro, N,, = Be,“ 
%a,M,, = — Dy," | 
( R, “iv + OE; 2,05; 


These quantities characterize relative extension across an element 
and relative change of angle between its lateral surfaces. For their de- 
termination four additional matching conditions will be necessary in the 
general case: 


du, 

Resolution of the equations of the theory of shells into the systems 
(3.3), (3.4) is accompanied by resolution of the boundary conditions. 
The system (3.3) is to be supplemented by boundary conditions on the 
sides é, = const, the system (3.4) by boundary conditions on the sides 
é, = const of the bounding contour. A specific scheme of support will 
arise in this case when the line elements, separated from the shell, are 
not in equilibrium under the action of the applied loads and support re- 
actions. It then becomes necessary to prescribe for one end of the ele- 
ment the slope angle and three displacements as indefinite parameters. As 
a result, the quantities indicated will be determined from the equilib- 
rium conditions of the line element considered. 


Thus far we have considered the problem of the theory of shells in 
terms of displacements. If the problem is formulated in terms of stress 
resultants, it may prove expedient to use an incomplete resolution of 


1383 


L.A. Rozin 


the original equations, leaving the continuity equations for the strain 
components of the middle surface of the shell |3 ] unresolved. Then the 
five interaction forces and moments, appearing in (2.3), (2.4), have to 
be determined starting from an approximate fulfilment of the conditions 
Nis = Noy» Mo = My, and of the three continuity equations for the strain 
components [3]; in addition, they have to satisfy all boundary condi- 
tions. 


4. Examples. 1. Plate in bending. Assuming a, = a, = 1, R, = Ry = ~, 
u, = uy = 0, €, = x, €, = y, we obtain from (3.3), (3.4) the following 
system of equations for the two groups of rectilinear elements directed 
along x and y: 


= Pn 

= 


where nm, = My = 0, while ly, ly are eliminated on the basis of (3.6). The 

number of interactions in (4.1) can be reduced to two, since from the Vol. 72 
second equations of (4.1) it follows that da,/dy = dm,/dx. The matching 1961 
conditions for (4.1) will be 


aw'2) 


= (4.2) 


2. Circular cylindrical shell. Assuming a@,= 1, = Ry = 09, 
R, = a, €, = x, é, =, wu, = u, uy = v, we obtain from (3.3), (3.4) 


) 


ay) On, 


D ( @y2) (2) 
D a) D arg) 
aul) 
ap 
D a0, 
2 avy 


mi. 
h, 


It follows also that da,/adwW = dm,/dx, and it is sufficient to satis- 
fy one of the conditions (3.5) with respect to @,, @, . 


A study of (4.3) and of the assumptions representing the basis for 
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the analysis of arch dams with the aid of arch cantilevers [4] leads 
without difficulty to the conclusion that this kind of analysis reduces, 
if the variation in the thickness of the dam is disregarded, to the so- 
lution of (4.3) in connection with carrying out of the corresponding 
matching at u, = q,; = n; = ny = O with 1,, Ll, eliminated. Indeed, the 
method of arch cantilevers is based upon subdivision of the dam into a 
system of vertical cantilevers and horizontal circular arches. These 
elements are subjected to external loads and internal interaction forces 
and moments in such a way as to make their radial and tangential dis- 
placements and their slope angles coincide. If U = 9) = my) = Ag = 0, 
then the relations (4.3) become equations for the same displacements and 
slope angles of the cantilevers and arches, while Equations (3.5) become 
matching conditions and q,, q,, m,, ®, correspond to the internal inter- 
action forces and moments of the method of arch cantilever. 
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Solutions are presented for two problems of the linear theory of elasti- 
city, concerning the states of stress and deformation in circular elastic 
plates under symmetrical loading. 


1. The equations of equilibrium of a thick isotropic elastic circular 
plate for symmetrical deformations under the action of transverse loads 
may be put in the form | 1,2 ] 


(2k) ! a® dy dy may + (2k)! a* dy 


) | (2k 4)! dy + (2k + 1)! 


k+p 1 d 1+k—pi di d, | _9 
a \(2k + 1)! a? dy 1)! dy dy 


’ il d k—1 +p okey (1 — 2p) 


Here 2h is the thickness, FE the modulus of elasticity, p the coeffi- 
cient of transverse contraction (Poisson’s ratio), a the radius of the 
plate, <1 


lid 
(...) (1:2) 


p VIC.) aay 


7™,, m™_ are the normal external loads on z= + h 


co 

u Su 


k=0 


(1.3) 
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w is the displacement normal to the middle plane, and uw is the radial 
displacement. 


Because of the relations | 2 | 


k(—1)* id : — 2 + 2p) ( 


Mok) 2 (2k) (1 — ay 2 (2k)! (1 — p) 


(— 1° ok d (A — 1 + 2p) 
(2k 4 Did "(oy (2k + 1) — 2p) 


the state of stress and deformation is determined by the four functions 
Let us assume that the loads may be represented 
by the series 


(1 + p) (1 — 2p) 


co 
1— p? ’ 5) 


m=! 
1961 
where Zn(U gl) are functions satisfying the equation 
1d d n® 
and the numbers Be which are arranged in increasing order, are the non- 
zero roots of the equation 


Zi (x) = 0, > Bm > > (1.7) 


We will select the specific functions Zn in accordance with the 
character of the particular problem. Clearly 


1 1 
qnZo an, pnZo dy 


; 


2) 
A A 


since the system of functions Z,(u) is orthogonal on the interval 

A <n <1. Here A = 0 corresponds to a plate without a center hole, 
while A > 0 corresponds to the case of a thick ring, the inner central 
cylindrical hole having radius A a. 
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We consider the case in which the plate is supported in such a manner 
that the vertical deflection on the circle 7 = 7)(A < No <1) is pre- 
vented by reactions on z= — h, distributed around the circumference of 
this circle. The total reaction equals 


1 
R 2na* \ (a, + 
i 


Assuming that this reaction is uniformly distributed on an area of 
the plane z = — h bounded by the circles 7, + 5/2 and 7, — 5/2, we obtain 


(1.9) 


\ (x, +a) (mo + x )ndy 


In accordance with these expressions, we obtain for P, and q, 

Gin EN \ [Zo — Zo nan 

(1 +) (1 — 


qo = 0 2(1 + p) (1+ 
o=0, po= 


where the limiting process 5 + 0 has been carried out. 


We seek a solution of the system (1.1) in the form 


9 i 
Wig) = G1 + a2 ln + + ayy? In + + A,, Zo 


pa = + Bon + Ban ln + 4 Z1 (1.11) 


co 


(0) m 


T 
m m 
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After substituting these expressions for 409) into Equa- 
we find that in order to 


tions (1.1) and making use of (1.5) and (1.10), 
satisfy these equations the following conditions must be fulfilled: 


Ae 4h? 
(1.12) 


~ (L—p) a? 


We obtain from Equations (1.1) a system of linear equations for the 


determination of Ay, B,. Cc, and D,, which yield 
(1.13) 


2 (1 — p)cosh 
“>m 


Gin 


—- (1 — 2) cosht 
sinh 


Making use of (1.3), (1.4), (1.11), (1.12) and (1.13), we obtain 


1961 


a + a2 In + aay? + In — 2! 
oo 


x (a3 + 8a, In + 4ay) + = + = 


y in ne + 
qe 


m 


)cosh sinh 
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2. We now consider the problem of the state of stress and deformation 
in a thick circular plate without a center hole, when the points on the 
bounding cross-section are restrained from moving in the radial direction 
and the shearing stress rs is equal to zero at each point of this bound- 
ary (for 7 = 1). These conditions will be satisfied if 


Since the plate has no hole 


a: = dy = = fs = Oe 


in view of the fact that the displacements must be bounded at the point 
n= 0, z= 0. 


If we take 

(2.3) Vol. 2 
196) 
where Jn are Bessel functions of the first kind of order n, which are 
orthogonal on the interval 0< 7 «< 1, then in view of (1.7) we conclude 


that the terms containing Ay, B,, C. and D,. in the expressions for the 
displacements automatically satisfy the conditions (2.1). For the re- 
maining constants we obtain from conditions (2.1) and (1.12) 


Po 


( 


The constant a, is determined from condition (2.1), but it has no 
effect on the states of stress and deformation, hence its determination 
is omitted. 


3. We consider the problem of the states of stress and deformation in 
a thick annular plate, the boundaries of which are cylinders of radii a 
and Aa (0 <A< 1). On these cross-sections the radial displacement and 
shearing stress ‘Tp are zero. These boundary conditions will be satis- 
fied if 


p 


QO for 


O for 


0 for y 


For this case we obtain 
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Z, = J, Yi — Ji Y, (3.2 


where Y,(*) is the Bessel function of the second kind of order n. If the 
numbers #, are the roots of Equation (1.7), or S,;(s, A) = 0, then we 
have the equalities 


Si.) = 0, Sid, a) = 0 (3.3) 


The system of functions S)(uyj, A) is orthogonal on the interval 
A <7 <1. Por such a choice of the functions Z, the terms containing 
A,, 8,, C, and D, in the expressions for the displacements automatically 
satisfy (3.1). We obtain for the remaining constants 


Po 


= = G3 = a, = 0, "i= — (3.5) 
4. In order to obtain numerical results one must know the roots of 
Equation (1.7) for the function (2.3) and the roots of Equations (3.3). 
The roots of the first of these equations may be found, for example, in 
[3 ]. The asymptotic expansions of the functions J, (x) and Y,(z) may be 
used to advantage in determining the roots of the second equation, and 

one finds 


Here y= x(1-—A), y, = 7n, and x is a root of Equations (3.3); in 
order to obtain the necessary accuracy one should use successive approxi- 
mations, which converge rapidly. The functions Q,(x) and P,(x) have the 
form 


oo 
1)* (4% —1)!! (4k + 3)!!_ 0.375 0.1025 

= (2k -+- 1)! 


(— 1)**2 (4k —3)!1 (4k + 1)!! 
bent (2k) 
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SOME REMARKS ON THE LINEARIZATION OF 
THE EQUATIONS OF PLASTICITY 


(NEKOTORYE ZAMECHANITIA LINEARIZATSII 
URAVNENIL PLASTICHNOSTI) 


PMM Vol.25, No.5, 1961, pp. 931-932 


V. V. SOKOLOVSKII 
(Moscow) 


(Received November 1, 1960) 


Some remarks are herein made concerning the question of the lineariza- 
tion of the equations of plastic flow as applied to the simple problem 
of the drawing of a thin tube through a frictionless conical die (Fig.1). 


Fig. 1. Fig. 2. 


We define the stress- and strain-rate fields in the conical tube by 
the stress components 71, % the rate-of-strain components € and 
the radial velocity v, remembering that 

dv 


The differential equation of equilibrium of the conical tube of thick- 
ness h has the form 


d (hs) h (7 — Ge) 
r 


while the plasticity condition is 
(01, G2) 


The relations between the stress components and the rate-of-strain 
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components are 


On 


which lead to 


dv 


dr 


OW | 0% 
—=() 
AD | 03, (3) 


The usual condition of incompressibility of the material requires 
that 


d 
(rvh) 0 (4) 


We note that even small variations in the function may cause large 
changes in 0 9/ do, and d9/da,, and hence in the coefficient a. 


A solution of the above problem obtained by Swift [1] was based on 
the usual plasticity condition 


— 0102 + o2? o? 


which may be represented by an ellipse in the o,, o,-plane. The stress 
components 0,, Gd, at the place where the tube enters the die and at the 
place where it leaves it are depicted by the points A and B (Fig. 2). 
From this it is clear that 


The stress components a) and T» in this solution, as well as the 
radial velocity v and the thickness h, may be represented in closed form, 
and 


rvh ai oho 


We note that for b/a= 0.425, the principal stress T, at the point 
where the tube leaves the die is equal to zero, while the ratio h/hy = 
1.054. 


A graph of the function h/hy, which determines the variation of the 
thickness of the conical tube along a generator, is shown in Fig. 3. 


A solution of the same problem was presented by Prager {2 ] for a 
linearized plasticity condition 


—- O2 


which can be represented by a straight line in the O71. 0,-plane. 


The stress components O11 GF at the place where the tube enters the 
die and the place where it leaves it are denoted by the points A and B, 


1394 
| 
4s, Or 24 — 6: 232 — 
= 
A 
Vol. 2 
196) 
ae 


Linearization of plasticity equations 


Fig. 3. 


before. It is clear that 


The stress components a) and Oo take the form 


ol. 25 =o,In—, (win = 4) 
1961 


and the radial velocity v and thickness h are 


3 


= vel\—), h= ho(—) 


The parameter » should be determined from the condition that the 
stress components 0, and o, at r= 6 satisfy the relation 
— 0402 
or that the point B lie on an arc of the ellipse. 
This condition determines the relation 


b 1— 
exp | i—p+ 


which yields 


0.4 0.5 0.6 0.7 0.8 0.9 1.0 
0.927 0.789 0.702 0.637 0.584 0.539 0.500 


We remark that for a ratio b/a = 0.368, i.e. for » = 1, the stress 
component a, at the point where the tube leaves the die is equal to zero, 
while the thickness of the tube is the same everywhere, i.e. A= ho- 


Curves of the function h/ho, representing the variation in the thick- 
ness of the conical tube along a generator, are presented for various 
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values of 6/a from 0.4 to 1.0 in Pig. 4. 


Comparison of the graphs of the functions h/ho in Figs. 3 and 4 shows 
that they have different forms, although the corresponding stress compo- 
nents 0, at the place where the tube leaves the die are in fairly close 
agreement. 
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A HORIZONTAL GYROCOMPASS ON VIBRATING 
ELASTIC FOUNDATION 


(GIROGORIZONTKOMPAS NA VIBRIRUIUSHCHEM OSNOVANII) 
PMM Vol.25, No.5, 1961, pp. 933-937 


Iu. K. Zhbanov 
(Moscow) 


(Received May 24, 1961) 


The influence of vibrations on the readings of a horizontal gyrocompass 
with two rotors is investigated. The inertia forces of the elements of 

the compass and the elastic properties of the gyroscopes’ membranes are 
being taken into account. The formulas obtained permit the calculation 

of the most dangerous (resonance) vibration frequencies and the amount 

of turning of the compass through an azimuth angle as a function of the 
frequency. 


Pig. 2. 


The influence of vibrations is expressed through the external periodic 
moments M-* and M_* in the horizontal plane, about the eastern and the 
northern axes of the instrument, respectively. These and other moments 
can be transmitted to the gyroscopes’ rotors only through the deforma- 
tions of the membranes. The axis of symmetry of a rotor r and the axis of 
symmetry of its casing R, usually coinciding, diverge when the membrane 
is deformed. The moment of the elastic forces acting on a rotor is ex- 
pressed by the formula 


M=pr xR 


Here r and ® are unit vectors, w is the transverse rigidity of a 
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membrane. 


The mean orientation of the vibrating elements of the compass, that 
is, of its two rotors and of the shell, is determined by three unit 
vectors: 


Fo. the unit vector of the axis of symmetry of the first rotor; 
Foo: the unit vector of the axis of symmetry of the second rotor; 


Fo3: the unit vector of the axis of the shell, which is parallel to 
the rotation axes of the casings (the so-called axes of precession). 


An orientation at an arbitrary deflection is determined by unit vectors 
Fi» Fo. Fy. respectively, and by an angle Ww which is the rotation angle 
of the shell about r,. At an arbitrary deflection of the shell and of the 
rotors, the axes of the casings remain perpendicular to the axis of pre- 
cession Ts. The axes of the casings will turn about r, relative to the 
shell through angles y which equal each other because of the sectorial 
constraint. The orientation of the axes of the casings after this turn- 
ing will be determined by the unit vectors R, and R,. 


The vectors R, and R, are uniquely determined through the vectors rj), 1961 
and the angle w. 


In deriving the equations of motion, we shall use the coordinate 
system shown in Figs. 1 and 2, where (Foy Foo) is the equatorial plane. 
Let oo and ¢, be angular deviations of r, and r, from their mean posi- 
tion in the equatorial plane; let z, and z, be the deviations of r, and 
ry above the equatorial plane; let x and y be the projections of the 
deviated vector Fr, ON Fo, and ro). Let wu be the rotation angle of the 
shell about r,;- The orientation of the vector r, determined through «x 
and y can also be determined through the coordinates &, 7, or #°, y°, 
which is explained in Pig. 2. 


The, equations of motion representing the law of the rate of change of 
the angular momentum for each of the three bodies, that is, for the two 
rotors and for the shell, have the form 


16=M,+M,* 
Hz, +49,=M,, M=—M,— Me 
H9,—Az,=M,, 

Ho, — Az, = M,, 


Here H is the angular momentum of a rotor about its rotation axis, A 
is the moment of inertia of a rotor about the axis of precession, I is 
the moment of inertia of the shell. The right-hand terms in the equations 
represent the projections on the respective axes of the elastic moments 


x 
+ 
5 
al 
‘ 
(2) 
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generated by the membranes. The moments M;° and M,,*. as mentioned pre- 
viously, are the only exterior moments connected with vibrations of the 
foundation, 


When deriving (2) we neglected the rigidity of the spring constraint 
and of the pendular properties of the instruments, since they correspond 
to rigidities considerably smaller than uw. The ellipsoid of inertia of 
the shell is assumed to be a sphere and the gyroscopic effects of the 
shell are neglected. In the formulas for the elastic moments, which will 
follow, the inertia of the casings is also neglected. 


The elastic moments of the membranes m, and ‘, acting on the first 
and on the second rotor, respectively, are, on the strength of (1), given 
by 


M, = (r, « Rj), 


ol. 25 therefore, with sufficient accuracy 


961 
M, = (ry Ry) (ry rs) (es urs - (ry Ry) ry 


M, Re) (ry (hs Pz) MPs - (Py * R,) ry 
In our coordinate system 


= 22 + 2, x Rg) = p+ x— 


The condition of equilibrium for the casings, neglecting inertia, re- 
quires My Fs; hence 


1 
1=7 1) 


Since the deformation is small we can set 
Ry - 1, 


On the strength of (5) and taking into account (6), (7), and (8), we 
have 


M, u (2 + y) (rn rs) 


- / 


Mz == (22 +> 2) (rz Ps) 


Writing down the scalar components along the respective axes of the 
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vector equations (9) and neglect 
ness, we obtain 


The elastic moment acting on 
clear that 


ing terms of the third order of small- 


the shell will be denoted by Mo- It is 


Writing down the scalar components along the respective axes of the 
above vector equation and neglecting terms of the second order of small- 


ness, we obtain 


= p (21 


-y + 22+ 2) cose 


M, = u(a+ y — z2 — 2) Sin 


My, = 


From Fig. 2 we have 
x= 17 e + sin e, 
y = n cos e — Esin e, 


It follows that 


2 sine’ 
r—y 


Z2cose 


sin + 


y Sin 


z+y 


r—y 
eot ec 


The relations (13) permit all the quantities appearing in Formulas 
(2), (10) and (11) to be expressed in terms of the coordinates 9, 9, 
The linear part of the system (2) takes the form 


Hz, + Ag, = 


usin e (z+ y 


cos & (21 + 


— Am = (21 + y) 


HQ» - + 2) 


+ 


ta—z)+ lp 


+ zg + z) — 
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The nonlinear parts of the moments (10) (they will be denoted by 
om, may have constant components AMg, » AM, 


Aa, which are equivalent to the external moments Amz, AM, AM, and 
to the moment AW resisting the spring moment Nie). Thus 
cos e(AM, + AM,), AM, = AM,, 


sine (AM, AM,), AN = AM, — 


2; 
The most important resisting moment is AM,. Taking into account (13) 
we obtain for M. the following expression: 
6M, = = {sin® (2 + y) y — 22 — 2) + cos* (2 y) (tat y + zat (16) 


In order to investigate the system (14) we introduce the variables 


a + G2, = +22, 
By suitable additions and subtractions the equations in (14) can be 
transformed into the separable system 


2 
2 sin® ey 2 sin* ex = sine M, 


a— 


a, 


Eliminating 5 and using matrix notation we have 


2 sind 
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i 2 cose 


i 
| 


When the moments M-* and M.* are sinusoidal with the frequency w, then 
the solution of (19) and (20) yields 


e Bi = — cos e M,* 
Ay 2 
A, * A; * 
1= 2sine M,*, = cos M; 
Here A are the corresponding minors and determinants when D = iw. 
Substituting (17) and (21) into (16), we obtain the expression 


2M.*M,* 
‘Mm, = — 2: {cos 2eA, AY cos? 4,4, sin* e A, A.) 
1 


M,* = M sin®™ sin ot M,* = Mcos6 sin (ot + 0) 


then AM, reaches a maximum when 0 = 1/47, 6 = 0, and 


2 
M,* = max AM, = — Ptcre Ae {cos 2eA, A, + cos*eA,A, + sin?eA, A.) (24) 


Calculations give 


A, = 2 sin? e —A {1 + sx (1 + 2x sin® e)} + sx? 
Ay, = (1+ sx) — A, = s 2 sin* e (25) 


Y 


Az = 4 cos* e — A {2 (1 + cos*® e) + s [1 — 2% (1 + cos* e) + 4x? cos® e}) 4 
+ 2? { 1+ 2sx [1 + x (1 + cos? e)]} — (26) 


Ag, = 2+ + 2x) — + 2sx (1 + + 
Ag = (1 + 2x) — sxd 


Ip 


= 


The roots of the equation 
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Ay (A) Aa (A) = 0 (28) 


give the resonance frequencies. By Formulas (24) to (28) we can calculate 
both the resonance frequencies and the quantity M.° at any vibration 
frequency @, 


Equation (28) has five roots. The elasticity of the membranes deter- 
mines, in principle, the three smaller roots; the two larger roots are 
connected with higher-order terms of the polynomials A, @) and A, A). 
The latter two roots can be very roughly approximated by the formula 


hg 1/ sx 


and they correspond to the frequency 


which is the nutation frequency. Nutation frequencies are, as a rule, 
quite high, therefore, when the low frequency spectrum of vibrations is 
being investigated, the higher-order terms of the polynomials A, A) and 
A, (A) can obviously be neglected. It should be mentioned, though, that 
the presence of the high-order terms in Formulas (25) and (26) does not 
cause any special difficulties. 


When the elasticity of the sectorial constraints of the casings is 
taken into account, then the relations (9) will change a little and 
assume the form 


M, = p (2) + y) + Ho 


= p (zo + 2) rp X + (29) 


Denoting the rigidity of the elastic constraint of the bisector of 
the axes of the casings and of the northern axis of the shell by p,, we 
have 


i 2u 
K=1+— 


(30) 


Formula (24) for the resistance i and the formulas in (25) remain 
valid, but the relations in (26) must be replaced by 


Ae i coste — 2 (2 (1 + K cos? e) + s [1 + 2x (1 + cos® e) + 4x? cos* e}) + 
+ A2(K + sx [(1 + 2x) + K (1 + 2x cos* e)]) — (31) 
s 2x) + (1 + K + 2x)) + 
A, = (1 + 2x) — Kua 


Iu.K. Zhbanov 
“ When K = 1, which corresponds to = then the relations (31) re- 


duce, as they should, to (26). 


To conclude, we present a numerical example. Let the parameters of a 
gyrocompass have the following values: 


H = 10° g cm sec; I = 500 g cm sec’; A= 30 g cm sec” 


p= 6x 10° cm; Pl = 4500 cm 


E The angle between the axes of the rotors « = 60° ; the amplitudinal 
a acceleration of the vibrations » = 0.1 g; the latitude d= 60°. 


Pig. 3. 


These parameters correspond to 


M= Plw/g = 450 g cm 


From (27) we have 


0.3 ? 0.06, 


From Formulas (25) and (26) we find 


A, = 1.5—1.02 A + 0.0011 22 
A, = 1.018 — 0.0011 


A. = 0.027 


1—2.85 A+ 1.04 A2 0.0011 2% 
2.336 1.0424 + 0.0011 


0.336 — 0.018 


Sino 4 


When the values of A are not too large, then we derive from (24) quite 
an accurate formula for M. 
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M 2.1—A 
= 0.087 — - 
(1.47 — A) (0.35 — A +- 0.372) 


The moment M.° causes the gyrocompass to turn through the azimuth 
angle Aa 


M,* 
2H cose’ cos | 3.6¢ ca 


The above formulas permit to express the magnitude of the azimuth 
angle | Aa| as a function of the frequency of vibrations f. This depend- 
ence is shown in Pig. 3. The resonance frequencies correspond to the 
roots 


As 1.470, A, == 2.416 


and the frequencies in cycles per second equal 


Translated by T.L. 
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ON A DYNAMICAL METHOD FOR INCREASING 
STABILITY OF A RAPIDLY ROTATING 
SYMMETRICAL GYROSCOPE 


(0B ODNOM DINAMICHESKOM METODE POVYSHENIIA 
USTOICHIVOSTI BYSTROVRASHCHAIUSBCHEGOSIA 
SIMMETRICHNOGO GIROSKOPA) 


PMM Vol.25, No.5, 1961, pp. 938-940 


A. M. FEDORCHENKO 
(Kiev) 


(Received April 6, 1961) 


There are instances in mechanics when the stability of certain motions 
of a mechanical system can be significantly improved by application of 
external time-varying forces, while some normally unstable motions can 
even be completely stabilized. An example is a pendulum with an oscillat- 
ing support. In this case the stability of the lower position of equi- 
librium is considerably increased with respect to external disturbances, 
while for certain conditions the upper position of the pendulum can be- 
come stable [1]. on the basis of this principle accelerators with rigid 
focusing are constructed which increase the stability of orbital motions 
of charged particles [2]. 


It will be shown below that the stability of a rapidly rotating gyro- 
scope can be increased by an analogous method. 


The rotation of a heavy symmetrical gyroscope with respect to its 
pole can be described by a Hamiltonian of the following form: 


p.2 cos 27 
Io oll 4 ) | Mgl cos § 


2/5 21 sin § 
Here I,, I are the principal moments of inertia of the gyroscope 


relative to the pole, 1 is the distance from the center of masses to the 
pole. 


It is known that the natural oscillation of the gyroscope will be 
stable if the coefficient of gyroscopic stability 


Vi 


3°03" 
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is bounded in the region 1 > o, 2 0, and also that the higher 4 the 
more stable will be the natural oscillation with respect to external dis- 
turbances [3 ]. 


It can be seen from Formula (2) that for the highest stability of the 
gyroscope it is necessary to make the quantity IMgt/1,*«," as small as 
possible. Should this possibility be exhausted, further increase in 
stability can be obtained by vibration of the pole. 


Thus, let the pole vertical vibration be prescribed by zo = F(t), 
where we will consider the function F(t) to be almost periodic, which 
can be expressed in the form of a finite sum of periodic functions with 
non-coincident periods: 


>> Ayn OXp (i@ nt) 


neo 


Let us consider the motion of a gyroscope relative to the system of 
coordinates referred to its pole. However, because of vibration this 
system will not be inertial, and it is therefore necessary to add the 
potential of inertia forces to the Hamiltonian, which will then be of 
the form 


Ht He — M cos6 exp (i@ nt) 


vneo 


Let w be the highest of the frequencies a. Introducing nondimensional 
time r = @t, the Hamiltonian now becomes 


H’ e [Hy — cos § > exp (ix nt) (e 


¥ neo 


The exact solution of Hamilton’s equations stemming from (4) is in- 
possible. It is therefore necessary to use an approximate method which 
consists of the following [4,5 ]. 


With the aid of function S(q, P; r) we change the variables p, gq to 
the variables P, Q, assuming 


p = OS dq, Q = dS / aP 


The Hamiltonian H* in the new variables will be related to the 
Hamiltonian H in the original variables by 


eH* — eH +- aS / dt (5) 
Seeking S such that the Hamiltonian in the new variables be explicitly 


independent of time, the equality (5) then transforms into an equation 
for determination of the function S. We have 
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Ss OS > *| p os Os \ 
7 We seek the solution of Equation (6) in the form of the series 
So + eS; + e882 (7) 
7 Here Sy = Pq is the identity transformation. Substituting (7) into 
. (6), expanding in powers of € and equating the coefficients of equal 
i powers of €, we obtain the following chain of equations for successive 
approximations: 
OS, OSs OH AS; oH ,* Os; 
Since H is an almost periodic function ofr, i.e. 
H(P,q:0 = H,,, exp (inx,t) 
red the solution of (8) will be 


' 
H,* > Sy exp in 


Substituting the result of the first approximation into the equation 
of second approximation (9), one can analogously find Ss and H,* etc., 
as series in powers of ¢€. 


Applying this method to the Hamiltonian (4), in the third approxima- 
tion we will obtain 


VW2/2 

¥ H H,4+-Gsin®? Q any ) 
P,§ — cos § > a,,@,n exp. 
Vi P, eas § 

vr 

v, 

The original variables p,, pg: >, are related to the new 
Po 

a ones by the following formulas: 

as as 

Py v’ Ps Og 

OP, y. OP, = q, 


For further investigations it is convenient to change from the 
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Hemiltonian form of equations to the Lagrangean form, since the initial 
conditions are formulated for the coordinates and the velocities. To the 
Hamiltonian (10) there is a corresponding Lagrangean 


L= cos Q + + = I sin? Q + — Mgl cos Q —G sin? Q 


Let us investigate the stability of the gyroscope motion with the 
initial conditions 
Yo = Yo 


(12) 
Yo = 


Here w, is the natural frequency of rotation; also Q) = 95 = 0, Q% = 
0 are satisfied in any case for this approximation. 


The Lagrange equations for the three Euler coordinates are 


= const, cos Q+ = const (13) 
| const, I3@3 cos Q + I¥ sin? Q al = const (14) 
ol. 25 
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. Mgl . 2G. 
— = a 0 cos ‘oS = 
did a0 b QO+ ¥ sin Q sin Q cos Q 7 sin Q + 7 sin Q cos Q=0 


Further 


I 
(15) 


cos Q, Ve sin? Q, 


| I 


and eliminating by from Equation (15) we obtain 


Q? + 4ao? 23 cos Q sin? Q = 23 


Let us introduce u = cos Q; then Equation (16) becomes 


u? — 23 (1 — (1 — u) — (1 — u)? — (1 — u*)*= (u) (17) 


As in the case of no vibration, the Lagrange equation (16) has the 
following solution: 


= Ws, Y=0 Q=0 or u= {i 


This solution corresponds to the natural rotation [spin] of the 
gyroscope without nutation and precession, i.e. with the retention of 
the given direction of rotation, this form of rotation being widely 
utilized in technology. This motion must be stable with respect to the 
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external disturbances. 


The solution u= 1, u= 0 will be stable if 


(u) < for 


The value of the second derivative may be taken as the measure of 
stability. Equation (18) gives 


or, if the so-called coefficient of gyroscopic stability is introduced 
[3, p. 152], which is compared with that of the gyroscope without vibra- 
tion[2], then it will be clear that o > o) for any condition, i.e. the 
vibrations of the stationary point of the gyroscope (pole) increase its 
resistance to external disturbances. 


We state without proof that the smaller the amplitude of vibration and 
the higher its frequency the greater is effectiveness of this method for 
increasing stability. 
Vol. 2 
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A gyrostat [1] is a mechanical system S which consists of an invariable 
part S) and other bodies So, variable or rigid, but connected not invari- 
ably with S,;. At the same time it is necessary that the motion of bodies 
Sy relative to S; does not change the mass geometry of system S. Perma- 
nent motions of a balanced gyrostat under constant gyrostatic moment were 
investigated in detail by Volterra [2]. Zhukovskii presented[3] a 
geometric interpretation of this motion. 


Below are determined permanent motions of a heavy gyrostat near an 
immovable point by a scheme analogous to that used by Mlodzeevskii [4 ] 
for determination of permanent motions of a rigid body near an immovable 
point. 


Let the invariable part S, of the gyrostat be fixed at one of its 
points O which we will take as the origin of two coordinate systems: a 
stationary system Om with the vertically directed axis O¢, and a 
moving system Oxyz, the axes of which are directed along the principal 
axes of inertia of the gyrostat about the point O. On the strength of a 
theorem for addition of velocities, the momentum of the gyrostat about 
the point O can be resolved into two components: the vector K, referred 
to the whole system S which results from its translational motion, and 
the vector k governed by the motion of So relative to S,;. We will assume 
that the gyrostatic momentum k is constant in magnitude and direction 
relative to S,. The projections of this vector on the moving axes will 


be denoted by ke, ky. ki. while the projections of K on the same axes as 


K, = Ap, K, = Bq, K, = Cr 


Here p, q, r denote the projections of the vector w, the instantaneous 
angular velocity of the gyrostat, on the stationary axes, while A, B, C 
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are the principal moments of inertia of the gyrostat about point 0. 


By the momentum theorem we obtain the following equations of motion 
for a heavy gyrostat near an immovable point: 


1 
A - + (C — B) qr + qk, — rk, P (zoy2 — yoYs) 


-+ (4 C) rp + rk, — pk, = P (xoys — zon) 


C —- + (B — A) pq + pk, — qk, = P (yoy: — xoy2) (1) 


Here x9, Yo, z denote the coordinates of the center of gravity of the 
gyrostat in the moving system of coordinates, P is the weight of the 

gyrostat, and y,, Yy, ¥3 are direction cosines of the axis O€ relative 
to the moving coordinates satisfying the kinematic equations of Poisson 


dv d%s 


Let us consider under what conditions the gyrostat will rotate per- 
manently, i.e. rotate about axes which are fixed in the gyrostat. Let 
such rotations exist. Then 


where a, 6, c, are the constant direction cosines of the required axis 
in the xyz-system ofcoordinates. In this case the equations of motion 
for the gyrostat become 


4a — r (Cc B) bew* (bk, ck,) P yoy 3) 


Bb —— + (A C) acw*® + (ck, — ak,) @ P (xoy¥s — 2071) (3) 


+ (B A) abw* (ak, — bk.) P (yot1 — xo¥2) 


x 


ay; dX ad 
@ (ey2 — bys), 7 w — w (by: — aye) (4 


Equations (4) possess two integrals 


112 + + ys? | (5) 


ayi + bya t+ cys = V (6) 


Multiplying Equations (3) by y), Yo, ¥3i Yor and ky. 
respectively, and adding, we obtain 


dq 
dt 
: 196 
20, q bw, r cw 
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d 
(Aay, + Boy: + Ceys) + ((C — B) bey, + (A — C) acy, + (B — A) abys] @* ~ 
+ [(bk, + (ek, — ak.) Ya + (ak, bk.) ys] @ 0 (7) 


(Aaxo + Bbhyo + Cezo) + [(C B) bexo + (A — C) acyo + (B — A) abzo] w* + 
ck.) ro + (ck, ak,) yo + (ak, bk.) ze] @ = 0 (3) 
(Aak. + + Cek,) > — B) bek. 
— P |(zoy2 — yoys) k, + — &, + (Yorn xoy2) = 0 (9) 


+ (A C) ack, (B — A) abk.| — 


x 


There are two similar equations (7) and (8) for w The coefficients 
of these equations must be proportional. If the constant coefficients of 
Equations (8) are denoted by L, M, N, we obtain 


Aay, + Cerys (C — B) bey, + (A — ©) acy, (B — A) 
(bk, — + (ek 


ak,) 124 (ak, bk.) 
From these one can obtain two independent equations 

(10) 


M |Aay, + Boys + Cerys) = L — B) bey: + (A — C) + (B — A) abyss] 


N ((C — B) bey, + (A C) acy2 + (B A) abys] 
M |(bk, ck,) + (ck, ak.)y2 + (ak, bk.) (11) 


Differentiating (10) with respect to t, taking into account Equations 
(4) and the integral (6), we obtain 


M ((C — B) bey, + (A — C) aeya + (B — A) 
L (Aaj: + Bby2 + Cerys) Lv (Aa* + Bb* + 


Solving the system of equations (10), (11), (12), we find 


L*v (Aa* + Bb* Ce 

LMv (Aa Bb? 4- Ce*) 
Mt 


Aay + Cerys 


(C B) T (A 7 (B A) abys 


LNv (Aad? + Bb* Ce*) 
M? 


(bk. — chy) + (ch, — ak,) 


(ak, — bk,) Ys (13) 


Thus, for y), Yg. ¥3 there are five algebraic equations (5), (6), (13) 
with constant coefficients, four of which are linear. The linear equa- 
tions (6), (13) can be considered as a system of homogeneous equations 
relative to The determinant of this system must be equal 
to zero; constructing it we obtain 


(Aa? -+ Bb? + Ce*) [(C — B) bek, + (A — C) ack, + (B — A) abk,] X 


(Aa? + Bb? + Cc?*) (axe + byo + 0 


7 x 1 
7 condition for the existence of a nontrivial solution will be 
(C — B) k,be + (A Cc) k ac + (B — A) kab = 0 


We observe that the other condition 


(Aa* + Bb? + Cce*) (axe + bye + czo) = 


yields nothing new compared to (15), and will therefore not be considered. 


In satisfying the condition (15) there will be nonzero determinants 
of third order; for example, such will be the determinant located in the 
upper left corner of the determinant D. Consequently, y,, Y», Y3 can be 
determined from the system of nonhomogeneous linear equations with con- 
stant coefficients, i.e. the problem is to find constant y,, yo, Y3. In 
this case Equations (4) yield Vol. 2 
1961 


(16) 


This indicates that the investigated permanent axis will be vertical. 


On the strength of (16) the coefficients of w and w* in Equation (7) 
are equal to zero, and since, generally speaking, the angular velocity w 
is finite then 


dw / dt 0 (17) 


= i.e. the gyrostat rotates uniformly about the vertical permanent axis. 


Taking this into consideration as well as condition (15), Equation 
(9) yields 


(yok, zok,,) a xok,) b yok.) c (18) 


But then Equation (8) gives an additional condition for direction 
cosines 


(C B) xobe + (.1 — C) yoac + (B A) toab 0 


Equation (19) is the equation for the Mlodzeevskii-Staude cone of 
permanent axes for a rigid body. Equation (15) becomes the cone equation 
for permanent axes of a balanced gyrostat. Equation (18) is the equation 


for surface of the vectors k(k,, ky. k.) and Fo(%+ Yor 
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The vertical permanent axis must lie simultaneously on these three 
surfaces. In the general case the surfaces (15), (18), (19) possess a 
unique common straight line. Its equation in the moving system of coordi- 
nates is 


(20) 


Here R,, Ry, R, are the projections of the vector R= k x Fy on the 
moving axes. 


The angular velocity of permanent motion of the gyrostat can be found 
from any one of the equations of motion which can be put in the follow- 
ing form: 


(A — C) (B — A) (C — B) Ro? — + + @ + 
+ nP (AR 29 + BR yo CR, 20) 0 (21) 


V (C — BP RAR? + (A — + (B— AP RAR? 


It is clear from this that of any two segments of a straight line in 
(20) only one can be the axis of permanent rotation in the general case, 
namely that one for which the discriminant of Equation (21) is always 
positive. (Interchange of the straight line segments results in the 
interchange of the vectors k and ro which in turn results in a sign 
change of the free term.) The gyrostat can rotate near such a segment in 
one or another direction but the angular velocities of these rotations 
will be different. We will explain these facts assuming that a vertical 
axis of rotation is given and will determine the conditions for which a 
permanent rotation about this axis is possible. 


The permanent rotation axis of a heavy gyrostat is located in the 
vertical plane (18) passing through the support point and possessing an 
invariable location in the gyrostat. In this plane is also located the 
constant vector K relative to the gyrostat. In such a case the weight 
moment M, can be counter-balanced by a gyroscopic moment 4 = — (@ x 
(K + k)) since both moments are directed along the straight line per- 
pendicular to the plane (18) which we will call, as in the case of a 
rigid body (5), the central vertical plane. 


The vertical axis of permanent rotation divides the central vertical 
plane in two half-planes. Then one can state that in order that the 
equality a,=- 4% take place, the center of gravity of the gyrostat must 
lie in the right central half-plane when looking from the end of the 
vector M, = — (wx K). Since the center of gravity of the gyrostat is 
prescribed, this means the following. 


one 
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Of the two straight line segments forming the axis of permanent rota- 
tion, the one relative to which the gyrostat center of gravity is in the 
right-hand half-plane when viewed from the end of the M, vector, must be 
directed upward. 


The reversal of rotation about a given segment only reverses the sign 
of the gyroscopic moment My = — (wx k). Previous rotation is possible 
but the angular velocity will now be different. 


Let us consider a number of particular cases. 


(a) Let the inertia ellipsoid of the gyrostat be an ellipsoid of 
rotation, for example A = B. Thereby the straight line (20) is located 
on the principal surface of inertia associated with that principal axis 
of inertia for which the moment of inertia is not equal to the two re- 
maining ones. In this case the equation for the straight line is given 
by 

Riz - (22) 


(23) 


In the case of a spherical ellipsoid of inertia Equations (15) and 
(19) become identities and the plane (18) for the permanent axes of the 
gyrostat is obtained. The angular velocity will be given, for example, 
by the equation 


Any straight segment of the surface (18) can serve as a permanent 
axis of rotation, but the rotation can take place in one direction only. 
The angular velocity of rotation for the axis coinciding with the vector 
k is @= ~, For the axis passing through the center of gravity of the 
gyrostat w= 0, which corresponds to the equilibrium of the gyrostat 
when its center of gravity occupies the highest or the lowest position, 


(b) Let the projections of k and ry on two axes be proportional to 
each other, for example 


Yo 
ky, 
In this case the cones (15) and (19) are intersected by these axes 
and touch along the third principal axis which serves as the permanent 
axis of rotation. The angular velocity of the gyrostat is 
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If the vector k of the gyrostatic moment passes through the center of 
gravity: 


then the cones (15) and (19) coincide, while the plane (18) ceases to 
exist. Thus, in this case the geometric location of the permanent axes 
for a heavy gyrostat is the Mlodzeevski-Staude cone (19). 


The angular velocity will be determined from one of the following 
equations: 
(C — B) zo be w* + (bz0 cyo) @ P cyo) ro 
(A — C) yo ac w*? + k, (exo azo) @ P (exo aze) Yo 


(B — A) ab + (ayo bre) P (ayo bro) zo 


Unlike for the rigid body, the angular velocity of a heavy gyrostat 
for the principal axes of inertia is a finite quantity and equals 
I k / ; 


u 


Following Staude [6], we will refer to the half-generators of cone 
(19), for which Equations (25) give real values of w, as the admissible 
conditions of the problem and the remaining ones as not admissible. For 
an arbitrary value of the gyrostatic moment, the admissible conditions 
for a heavy gyrostat will be the same as those for a rigid body. However, 
if the gyrostatic moment is sufficiently large, then the permanent axis 
of rotation can be any half-generator of the cone (19). 


It may happen that all third-order determinants for the system of 
linear equations (6), (13) are zero while among the determinants of 
second order there are nonzero ones. This is possible for different 
particular admissions considered above. Using Equation (5), one may 
again find a constant solution for y,, yy, yz, i.e. the permanent axis 
will, as before, be vertical. 


A final possibility remains, namely, that there is only one independ- 
ent equation among the linear equations (6), (13). The permanent axis 
will not be vertical. 


Let the equations of system (13) follow from Equation (6); then the 
coefficients in these equations must be proportional: 
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zr, Yo 

w P— P — 

ky 

Yo 20 
(25) 


Aa Bb_ Ce (Aa? 4+- Bb? + 


(A—C)ac _(B—A)ab_ LM (Aa? + + Ce 
b 


ck. — ak, 


b 


Equations (26), (27) can be satisfied either by letting two of the 
cosines a, 6, ¢ equal zero, or by equating two moments of inertia A, B, 
C and making the cosine at the third moment zero, or by equating all 
three moments of inertia A, B, C. 


But if two moments of inertia are equal to each other, for example 
A= B, then the moving axes x and y can always be chosen in such a way 
that a or 6 is zero. One may proceed analogously when A= B= C, i.e. all 
three cases can be reduced to one: one cosine equals unity and the other 
two are zero, for example 


(29) 


Vol. 
If one requires, in addition, that the vector k of the gyrostatic 196 

moment be directed along that of the principal axes of inertia for which 

the cosine is unity, e.g. 


(30) 


then Equation (28) will also be satisfied. 


On the strength of (29) and (30) we have L = Axy M= N= 0, Since 
now da/dt # 0, then it follows from (8) that L = 0, i.e. x) = 0. Further, 
Equation (7) becomes 


—-=(, i.e. yi = 9 


Then the angular velocity of the gyrostat is given by 


A = P (zoy2 — yoYs) (31) 
at 
Consequently, since 6= ¢ = 0, in the given case the gyrostat rotates 
near one of the principal axes of inertia (in the case considered near 
the axis Ox), located horizontally; whereas the center of gravity of the 
gyrostat must be located in the principal inertia plane associated with 
that principal inertia axis near which the rotation takes place, while 
the gyrostatic moment must be directed along the axis of rotation. Thus, 
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(26) 

3 

(C — B) be (27) 

a 

bk,—ck, bk, LN (Aa* + bB* + (28) 

| 

a=1, b=0, ¢=0 
k, = k, = 0, k, =k = 
z 
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this is the case of a common physical pendulum, 
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In this note there are established sufficient conditions for an optimum 
in a particular case. It is shown that a part of these conditions is a 
condition of the maximum principle of Pontriagin [1 |. 


Let us consider the system of differential equations 


(i (1) 


which describes an automatic control process. Here x, (t), x,(t) are 
parameters of the object, u,(t), oeee u(t) are positions of the con- 
trolling elements. 


It is assumed that the functions f; are continuous and bounded for all 
their arguments, and that they have continuous partial derivatives of the 
first order with respect to sees It is also assumed 
that Uj, «++, UW, are continuous and satisfy the inequalities 


We shall refer to them in the sequel as “admissible controls". Suppose 
that the system (1) has the initial conditions 


(to) 


where the z° are given quantities. 


In[2] it was shown that the problem of optimum control can be re- 
duced to the consideration of the system (1) (we shall assume that the 
new variable has already been introduced into (1)) for which it is re- 


quired to select Uys sees UL from the admissible controls so that they 
will transform the system (1), at the point % (to) = x in the phase 
space, so that the sum 


const) 


Vol. 
on 
(i= 4,...,0) (3) 
S= qe, (7) (4) 
tel 
1420 


Sufficient conditions for an optinus 


will take on a maximum (or minimum) value at the given instant of time 


Let us consider the case when no restrictions are imposed on Eps +s 
a, at t= T. In[3] there is given a formula for the increment of the 
value of the functional S when the control is changed: 


\S (T) = (7) 


r n 


. ’ « 
de; S A 
/ Ou — 


k=1)=1 


Here the A (t) are multipliers, and the ; are infinitesimals of 
higher order than the first. Under the given conditions we have 


where the 7; are infinitesimals of order higher than the first. 


Let us introduce the function H of the variables *), 


n’ Ay. 
> 


Then Expression (6) will have the form 


LAM + N' AN, 


where L, is an operator. 


Obviously, LH is a quadratic form in the variations Ox; (j= 1, 
n) and Ou, (k= 1, ..., 


We shall now pass to the consideration of the conditions for an 
optimum of the control Uy, see Op Por the sake of definiteness, let us 


assume that uw), ..., a. yields a maximum of the functional S(T). Then 


for an arbitrary change du, (k = 1, ..., r) we have 
AS (T) < 0 
We shall denote the linear part of the increment AS(T) by 5S(T). 


Since 5S(T) = 0, it follows from[3 ] that a necessary condition for 
an optimum is given by 
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rel tel 


provided that 
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oH 


4, (T) = 


(10) 


Under the conditions (9) and (10) it follows from (5) and (8) that the 
sign of AS(T) is completely determined by the sign of the quadratic form 
L,H. Therefore, if L,H > 0, the condition that 5S(T) < 0 will be satis- 
fied. It is not difficult to state the necessary and sufficient conditions 
for the positive-definiteness of the quadratic form L,H# when t <ts we 


Oxy 
OF OU Or, 


| du? Ou,du, * 
(11) 
CH fH | CH 
Vol. 2 
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These are sufficient conditions for an optimum under the conditions 
(9) and (10). 


If the first r conditions of (11) are satisfied then 


4 eH 
&k=1 
On the other hand, the increment AH of the function H due to a change 
in the control will have the form 


Au k oH du, 0 


au 


AH = 6H + &H +, OH 


Here 7 is an infinitesimal of higher order. This shows that the sign 
of A# is completely determined by the sign of 57H Here 52H > 0. There- 
fore, AH > 0. This means that the optimum control corresponding to the 
maximum value of the functional S(T) yields a minimum value of the func- 
tion H. This fact constitutes the principle of Pontriagin. 


In this manner it can be seen that in the given case, when the control 
lies entirely inside the region (2), the condition of the principle of 
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(9) 
|_| 
A ome — 1, seg | 
— 
Dy = CH >0, 
fH 
du 
| #@H 
q | 
= > > 
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Pontriagin is a part of the conditions (9) and (10). 
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1. A servo-system is considered which is described by a linear differ- 
ential equation L(y) = f(t) of order n. In regard to the given external 
force f(t) it is assumed only that it belongs to the class F of p-times 
differentiable functions such that | f°?)(t)| <M. The restriction of 
boundedness in modulus may also be imposed on other derivatives of f(t) 
and on the function f(t) itself. 


1961 


As an indicator of the quality of the servo we shall use the modulus 
(absolute value) of the difference y(t) — f(t) on the interval [0, T Be 


Sometimes it is possible to measure the values of the first k deriva- 
tives of the function f(t). 


It is assumed that the high-frequency noises and interferences have 
been filtered out when the function f(t) enters the servo-system, In 

this case, in order to improve the quality of work of the servo, one can 
feed into the system, together with f(t), also a linear combination 


er (t) f(t) + (H+... + ey (Of (2) 


where the ce; (t) belong to the class of A,-functions. The classes of A;- 
functions are determined by technical considerations. 


Thus, the described system has the form 


= ayy" + any = f(t) + 
-er() f () + cy (t) (1.1) 
(MEF, E=1,...,8, 10,7) (1.2) 


OH... O=0 3) 


: 
Vol. 2 
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Its solution is 
y Y (t, f ¢ (1.4) 
where c(t) is a vector function, with coordinates C,(t), wee, c,(t), and 
can be treated as a functional. 


Let us now formulate the problem under consideration. It is required 
to find such functions e;(t) (i= 1, oes, k) for which we have 


= min max | Y (¢t, f, c) — f (0! 


= min max (7, f, ¢) f(T)! 
c 


Here t, c(t), amd f(t) are chosen from (1.2); one deals here with 
absolute maxima and minima. In general I is less than £&. Therefore, it 
is sometimes necessary to create a system which realizes (1.6) and not 
(1.5). We note that the measuring of the derivative functions of f(t) in- 
volves technical difficulties, and these difficulties increase with the 
ol. 25 order of the derivatives. It is, therefore, desirable to obtain accept- 
961 able values of E£ or I with the aid of the smallest possible number of 
derivatives of f(t). This can be accomplished to a certain extent through 
the enlargement of the classes A; within, of course, certain technical 
limitations. 


Similar problems arise in the creation of systems which are invariant 
relative to disturbances on a finite time interval, or at a fixed instant 
of time. 


In the next sections we shall consider the problems stated above, 
together with certain other ones for the classes A; and F, 


2. In this section we shall assume that 


Taking into account the first equation of (1.3), we can express the 
solution of Equation (1.1) in the form 
t k 
y¥@M=Y(tf,0 = \K (¢— + >) ef? \dt 
i=l 


From the second group of equations in (1.3) we obtain 


=( fu) du (i= 0,1,...,0, = min (k, p—1) (2.3) 
0 
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Substituting (2.3) into (2.2), and changing the limits of integration 
in the repeated integrals obtained, we find 


t k 
el 


0 =! 


du - 


(p— 1)! 
K (t —u) (u — *" 


t 
t 
t 


If k= p, then K,(t-1) = K(t-1). Since satisfies (2.1) we 
have [1 ] 


t 


A (c, t) = max | (t, —/(0|=M, ¢k,(t—vldt (2.4) 


0 


It follows from this that A(c, to) > Ale, t)) when to > ty, and hence 


r 
A* (c) = max A t) = M,,\ | (T — lat 
t | — 


0 t=1 


Thus, E = J in the given case, and in order to find the Cy» 
for which E£ is realized, one must minimize the expression 


7 k 1 

\ (T—v| dt =\ lar 

0 

The quantity E can be attained either at interior points of the k- 
dimensional parallelepiped V in the space with coordinates es 
determined by the relations (2.1), or at points belonging to its bound- 
ary. A necessary condition for the existence of a minimum inside the 
region V is given by the equations 
OA*  OA* 0A* 


One can show that 
T k 
= M,\ K, (T—» sign | Ke (T—) + | at 


0 


)A*® 


Oc; 
1 
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Thus, in order that (1.5) may be realized at an interior point 
e(e), +++» ¢,) Of the parallelepiped V, it is necessary that the follow- 
ing equations in the unknowns Cy, «++, Cp be satisfied: 
T k 
K, sign | Ke (T—)+ >) dt=0 (i=1,...,8 (2.7) 

If the point c is located on the boundary V; of the parallelepiped 
V where the coordinates with the indices bye cee i, take on their limit- 
ing values, then one has to cross out in the system (2.7) the equations 
with the corresponding indices, and in the remaining equations one must 
write in place of %, cece ‘i, their values on this boundary. The con- 
dition (1.5) may be attained on any one of the vertices of V. Since in 
the problem under consideration k cannot be large, the computation of 2* 
values of A*(c) can be performed with the aid of a digital computing 
machine. 


3. Let us consider the equation 


L (y) Mi, (3.1) 


It is required to find c(t) such that (1.6) may be realized. Repre- 
senting the solution of Equation (3.1) in integral form, and making a 
few transformations similar to those performed in Section 2, we obtain 


1 


{Ko (7 + (T t)] at 


7 
Ke(T —*) \ KT t) dt —1 


From this it follows immediately 


el (e) max | Y (7, f,c) — Mi\ Ao 


0 


It is obvious that for the minimizing of A(c) it is necessary and 
sufficient to minimize the value of the integrand function for any value 
of r from[0, T]. Hence, the c(t) for which IJ is realized must have the 
form 

Ay (T 
K (T —t) 


Ko(T 
A(T 
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If the first inequality is satisfied for every r&[0, T ], then 
I= 0, i.e. for all f(t) satisfying (3.1), the difference Y(T, f, c) - 


f(T) = 0 at the instant of time T. 
4. Let 


L(y) = {@ 
(t) = ¢;; when [t;, 


It is required to find c(t) for which I is realized. We shall show 
that this problem can be reduced to the one considered in Section 2. 
Making use of (4.1) and (4.2), one can obtain 


Y (T, f, c) > | (1 


We note that 


+1 
\ K (T — 1) dt \ K,.(u) (u) du, min (A. p 


, i—1 
K (T — ( —_—dt whenu 


(p—i— 1)! 


K (T — 
—dt when u & (t;, 


Ki; (u) =0 when u ays 


Let us set 


_K (7 Tt) (t —u) ax 


and if k= p, 
‘pj = K(T—u) whenu [t;, 


t 
i=1 
t= = < m; (4.2) 
4 
tray 
k 
(t) | (t) dt \ 
(p—1)! J 
+7 Vol. 4 
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T r 
¥ (0) = \ | Ko (u) + SS @ de 
j=0 
T k of 
A (c) = max (7, —f(T)(|=M,\ | Kw 


K;; (u) | du 


The problem is thus reduced to the one treated in Section 2. In the 
analyses of servo-systems there frequently arises the case when k= p= 1. 
In this case 


T r r 
A (c) = M, \ | Ko (u) + 5%); (u) du = \ | Ko (u) + K (T — u)\du 
i 


Here the c, must be chosen so as to minimize 


| Ko (u) K (T — u)! du 
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are monotone, then this problem can be solved quite simply. 


5. The actual evaluation of the derivatives of the function f(t) is 
connected with considerable difficulties. Usually, when the differentia- 
tion is performed with the aid of electric systems, the output is a 
function a(t) satisfying the equation 


T dm , , 
Pri 
3 at 


For small values of the constant time 7, it is assumed that a(t) 
f(t). Prom (5.1) it follows that 


m (t) f(t) dt 


In place of f(t) we obtain Expression (5.2) for the problem con- 
sidered in Section 4. We have the equation 


t 


Ly) +e \" tT) 


Thus 


Y (T, {(T)= \ {x (T tT) + ce; \u(t—u)/ (u) du | — f (v) lar 
j 


} 
t; 
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Interchanging the limits of integration of the repeated integrals, we 
obtain 


K (7 — 2) (u) dudt= K; (u) ff (u) du 


tj 0 


fer 
“ore 


K; (u) = \ K (T — t) p(t —u) dt when & 1, 


ts: 


K ; (u) = ( K (T —t)p(t—ujdtwhenue [f;, 


K;(u) = 0 whenu ,, T] 


Therefore 


T r 
A(e) = max |¥ f, — = (u) +S) 
j=0 
Ko (u) \ K (T — u) du —1 


. 
u 


From this it follows that one can state the problem on the minimiza- 
tion of | ¥(T, f, ¢) — f(T | also with the aid of signals which reproduce 
the derivatives of f(T) only approximately. 


6. Let us consider the following problem. It is required to find a 
function c(t) for which J is realized in the case that 


tEl0,T) 


Just as in the preceding sections, we write 


T T 
Therefore r 
= min A (c) min ms \ | Ky (1) 


0 


We note that K, (1) = 0 for any bounded function c(u). From the form 
of the function K,(r) it follows at once that if min A(c) is to be 
attained, then it is necessary and sufficient that | Ky (r) — 1| be as 
small as possible for any arbitrary value of r from[0, T]. Hence, I 
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will be realized for the following function: 


= M sign K(T—- u) when we [ to, Tl; (4) = 0 when uw ty 
where ty is the root nearest to T of the equation forr 


We have considered above problems for the most simple, but also more 
important classes A; and F. The problems on the determination of (1.5) 
for the problems of Sections 3 and 6 are more difficult. We call attention 
to the fact that no algorithm has been given for the solution of the 
system (2.7) even though the solution is relatively simple in many special 
cases, 


7. AS an example let us consider the equation 
yty= Fi 
As is known, for this equation K(T-—r) = sin (T-Tr). 
1. Let 
Fi) = f (0) + ef (0, if <m 


In this case 


A (c, t) = max | Y (7, f, — f(T) | |. cos (T — t) + csin (7 — +) | dt 


7 
A’ (ec, )) = \ sin (7 — t) sign (— cos (T t) -+ ¢ sin (T t)) dt 


0 


Let T= 7/2. It is not difficult to show that A’({c, 7/2) = 0 only when 
ce = ¥ 3/3, and that A(c, 7/2) has a minimum at this point 


dt 0.73 my 


If one does not introduce a signal proportional to f(t), i.e. if 
ec = 0, then 
2/3 
m, \|cos dt =m, 
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c(@)= for te[0,n), for T) If 


From the relations obtained in Section 4, it follows that 


A (e, t) m4 cos (T — t) + sin (T tT) 


I 
\ cos (7 + ce sin — t) | dt = Ay (e1, + Az T) 


Let t,; = 7/4, T= 7/2. In order to find ec, and c, for which I is 
realized, we set the derivatives of the functions A, (¢,7/2) and Ag ( ¢9t/2) 
equal to zero. It is not difficult to show that 


a \ 


Ai’ (a, tor = 0.377, As (cx 0 for co = 1.64 


These are the only extremal values of these functions. 
realized, and I = 0.49 mM). 


At them I is 
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Note 7.1. We call attention to the fact that all the above-considered 


methods for finding I apply also to the case when L(y) has variable co- 
efficients, 


Note 7.2. The results obtained can be generalized to the case when 
L(y) is a linear difference operator. This can be done with a trans- 
formation given in[2]. 


BIBLIOGRAPHY 


1. Bulgakov, B.V. and Kuzovkov, N.T., O nakoplenii vozmushchenii v 
lineinykh sistemakh s peremennymi parametrami (On the accumulation 
of disturbances in linear systems with variable parameters). PMM 
Vol. 14, No. 1, 1950. 


Gnoenskii, L.S., O nakoplenii vozmushchenii v nestatsionarnykh linei- 
nykh impul’snykh sistemakh (On accumulation of disturbances in non- 
stationary linear impulsive systems). PMM Vol. 23, No. 6, 1959. 


Translated by H.P.T. 


1432 
where 
2 
: 


PERIODIC SOLUTIONS OF QUASILINEAR AUTONOMOUS 
SYSTEMS WITH ONE DEGREE OF FREEDOM 
IN THE FORM OF INFINITE SERIES 
WITH FRACTIONAL POWERS OF THE PARAMETER 


(PERIODICHESKIE RESHENIIA KVAZILINEINYKH AVTONOMNYKH 
SISTEM S ODNOI STEPEN’ IU SVOBODY V VIDE RIADOV 
PO DROBNYM STEPENIAM PARAMETRA) 


PMM Vol.25, No.5, 1961, pp. 954-960 


A.P. PROSKURIAKOV 
(Moscow) 


(Received June 8, 1961) 


The periodic solutions of quasilinear systems are usually represented as 
ol. 25 infinite series with integer powers of a small parameter [1,2]. The pre- 
961 sent work also deals with solutions in series, but the powers of the 
parameter are fractional. 


1. Let us consider a quasilinear oscillating system of the form 


- = 1.1 


The function f(z, x, ~) is assumed to be analytic in all of its argu- 
ments in some region. The parameter » is assumed to be small. 


Since the system is autonomous, the solution of the generating equa- 
tion (with » = 0) will be 


xo (t) = Ao cos kt 


We assume that the initial conditions for the system (1.1) are given 
in the form 


x (0) = Ao + B, x (0) (1.2) 


where 8 is a function of p» that vanishes when p = 0. 


Let us assume that the region of analiticity of the function f(x,z,:) 
contains the generating solution *)(t). On the basis of known theorems 
[3], the solution x(t, 8, m) of Equation (1.1) will be analytic in ¢, 
and for small enough values of the parameter yp, also in » and 8, Let us 
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express this solution in the form 


x (t, B, (Ao+f) cos kt (t) + 3 32 


2 0. 19° 
n=1 


We next introduce the notation 


IT, (t) (St 
(n— 1)! }, 


0 


where H(t) = f(x9, x9, 0). The formulas for the next three quantities 
are given in[2]. 


It is not difficult to see that the coefficients C,(t) are determined 


by the equation 
t 
1 


= sin (t — th) dty (1.4) 


The oscillation period of an autonomous system depends on the para- 
meter and can be expressed in the form T= 7, +a, where T) = 27/k, 
and a is some function of » which vanishes when p = 0. 


The condition for periodicity of the function z(t, 8, mw), and of its 
first derivative with respect to t can be written as 


x (To + = Ao+B, = 0 (1.5) 


The second one of these equations can be considered as an equation 
that determines a as an implicit function of £ and p. Since 


x (To, 0, 0) = — k*Ao 
there exists a single-valued analytic function a(f, m) if Ay # 0. 
Bearing in mind that all partial derivatives of a with respect to fh 
vanish when » = 0, we can express the function a(f, yw) in the form 
a (6, >) a, 6+ — T (1.6) 


OAg 
The calculation yields 


Vi my C1 (To), Ne [C2 (To) 


N3=- {Cs (T'9) N2C A (T'9) 
Ag 
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Substituting the value of a from (1.6) into the first equation of 
(1.5), we obtain 


eM 


n 1 
The quantities M, are given by the equations 

M, C1 (To), Ve C2 (To) - Nit (T») 

My = Cs (To) + No€1 (To) (To) 


My = Cy (To) + Ns€1 (To) 4 


} 
Ni (To) + (To) (To) | etc. 


2. Equations (1.8) determine an implicit function 8 = f(y). Dividing 
out p, and taking into account that §£(0) = 0, we obtain 


M, = C1 (To) 0 


Let us suppose that C,(T)) is not identically zero. Then Equation 
(2.1) will be the equation for the amplitudes Ay of the generating solu- 
tion, 


If C,(T)) = 0, then all the derivatives of C,(T)) with respect to Ao 
will also be equal to zero. The equation for the amplitudes would then 
be given by M, = 0 under the condition that Mo be not identically zero, 
and so on. 


Let us write out (1.8) in its expanded form by grouping its terms as 
homogeneous polynomials in and yp: 


Cy 


6 dA, 


When = 0, we have 
@ (8, 0) = 1 1 

According to a theorem of Weierstrass on implicit functions [3,4], 
the number of roots of Equation (2.2), i.e. the number of implicit func- 
tions f(z) determined by this equation, is equal to the lowest exponent 
of the expansion of ©(3, 0) in powers of (. 


Hence, in the given case, the mentioned number of roots S(z) is equal 
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to the multiplicity of the root of the amplitudal equation (2.1). 


Suppose that the multiplicity of the considered root Ay is a. Then, 
under the assumptions made, all the m roots of Equation (2.2) can be ex- 
panded into convergent series of the form 


’ k 


n 
* 


(2.3) 


where k can be equal to any integer from 1 to a inclusive. Hereby, there 
may exist simultaneously an expansion A(m) in terms of fractional powers 
of the parameter yp, but the sum of the various k cannot exceed the 
number a. 


Let us consider some of the more simple cases. 


1. The quantity Ay is a simple root of Equation (2.1). In this case, 
as is known, there exists a unique expansion of the form (2.3) when k=1. 


Let us introduce the notation 


4 ' - 
n! @Ag" 1)! 


1 P, n Ps 


dn (Aa) n! 9A," (n — 1)! 0A," 


The coefficients A, are determined by means of an infinite system of 
linear equations 


Oc, Oc; 


Py (A) dA, Ai + Me 0, A>» Pp, 


OC, OP, 
OAg* oT OA, 
OC, OP, ! POC; 
- Ay + As +> 
OAg OA, 


2. The quantity Ay is a double root of Equation (2.1). Then 


Oc, PC, 
3A, = % 9 

Equation (2.2) has two roots 8 = S(z) in this case. The sum of the 
denominators of the exponents of » in the various types of expansions in 
each of the cases considered cannot exceed 2. Hence, we can have two 
types of expansions: either in integer powers of p or in powers of pi/?, 


2.1. If M, # 0, then the expansion of f will have the form (2.3) with 
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k = 2. Let us introduce the notation 


2M, 
Sn (Aya) = = 


— 
n! aA,” 1/2 in 2)! 2 


We now obtain the following equations for the determination of the co- 
efficients Ans2: 


| PC, 


2 0. ~ 


Se (A, 2) 


ete. 


If the roots of the first one of these equations are real, then we 
have two expansions for B, whereby the remaining coefficients Any? are 
determined successively by means of an infinite system of linear equa- 
tions. 


2.2. If M, = 0, then A,,. = 0, and the coefficient A, is determined 
1961 by means of a quadratic equation 


1 PC; OM, 
2 


P(A) 4, + Ms = (2.7) 
For the further analysis we transform Equation (2.2) with the aid of 


the substitution 
= (y + Ai) (2.8) 


Taking into account (2.7), we obtain, after division by u?, the 
following equation: 


OP, 1 aPs 1 OP, P.u? 
OA, * Paps 2 OA, é OA, 2.9) 


a) The roots of Equation (2.7) are simple. In this case we have the 
expansion (2.3) with k= 1. The coefficients A, are found from the 
system of equations (2.5). 


b) The roots of Equation (2.7) are multiple roots, but P, # 0. We now 
have an expansion of the type (2.3) with k = 2. The equations for the 
determination of the coefficients Any? take the form 


1 PC, 
2 @Ag?**3’2 
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12 aA #31 i) 
\ aA Ay . ! PSs 
2 dA, } Ay, > AA. A? 
1/2 
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PC, OP; \ 
a 1,2 A» a 1, 


» 
v= 


1 
2 A, <2 etc. 


0 Ag? 8/2 
c) The roots of Equation (2.7) are multiple roots, and P, = 0. Then 
A3/2 = 0, and the coefficient Ay is determined by means of the quadratic 

equation 
PC, 


2 OA,’ 


(Az) is + 2.10) 


The following analysis is connected with the multiplicity of the roots 
of Equation (2.10), and is entirely analogous to the preceding one. If 
the roots are simple, then one has the expansion (2.3) with k= 1. If the 
roots are multiple roots, but Q, # 0, then we obtain expansion (2.3) with 
k= 2. In case of multiple roots with Q, = 0, the analysis can be re- 
duced to the consideration of the roots of a quadratic equation for A,, 
and so on. 


The formulas are considerably simpler if some of the terms in Equa- 
tion (2.2) happen to be zero. For example, if M, = 0, and OM, /0 Ao = 0, 
Equation (2.7) has a double root A, = 90, and so on. 


3. The quantity Ay is a triple root of Equation (2.1) 


aC, MC, 
dA, 

In this case, Equation (2.2) has three roots 8 = A(z). It is possible 
to have three expansions for f in powers of p, p 1/2 | and pi/s, Taking 
into account the fact that the sum of the denominators in the exponents 
of w cannot exceed three in each case, one can show that there can exist 
simultaneously expansions in powers of mw and of pi/?, 


3.1. If M, #0, then the expansion for f will have the form (2.3) 
with k= 3. 


Let us introduce the notation 


1 a"c, 3M, 
nigan’ * (n—3)l (2.11) 


For the determination of the coefficients Ans? we have the following 
equations 


Us (A, 
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Since the first of these equations determines only one real value of 
Ais» and since the equations for the remaining coefficients are all 
linear, there exists only one expansion for § with real coefficients. 
This will always be the case in the sequel when one of the coefficients 
is determined from a binomial cubic equation. 


3.2. Let M, = 0, but OM, /9A, # 0. We shall look for an expansion of 
B of the type (2.3) with k= 2. We obtain a system of equations for the 
coefficients Any? 


The first equation has two distinct roots and one zero root. To the 
first two roots there corresponds an expansion of § of the form (2.3) 
with k= 2. To the root Ais = 0 there corresponds an expansion of the 
type (2.3) with k= 1, while the coefficients A, are determined by the 
system of equations (2.5). 


3.3. Let M, = 0, oM,/0 A, = 0, but M, # 0. In this case the expansion 
of # will have the form (2.3) with k = 3, but it will start with the 
term containing p?/s, The equations for the coefficients Any3 are 


1 PC, PC, 
2/3 7 M, Ay ) A, 3 0 
1 PC, OP, 1 
( 2 FAP “2/3413 + FA, etc. 


3.4. Let M, = 0, dM, /o Ay = 9 and M, = 0. In this case the coeffi- 
cient Ay is determined by the cubic equation 


PC, 1 Vv, OM; 
6 dA? 2 * 


Ps (Ai) M,=0 


Let us transform Equation (2.2) with the aid of the substitution 
(2.8). After division by p*, we obtain 
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1 #Ps 

aA, ab 2 GA! 
1 OPP, 1 PP, 


If the roots of (2.12) are simple, then the expansion for f will have 
the form (2.3) with k= 1. The equations for the remaining coefficients 
will be 


OP; 
9A, 4? 


is + Qs 


{ y 
Ps yy OA, 


Depending upon the number of real roots of Equation (2.12), there will 
exist in the given case either one or three expansions for £ with real 
coefficients. 


3.5. a) Suppose that among the roots of Equation (2.12) there is a 
double root 


For this root the expansion of # will have the form (2.3) with k= 2. 
The equations for the determination of the coefficients Ans? will be 
| O*Ps 


2} = 0 etc. 


OP, 1 PC, 
A 24 0 3°2 


3/29 A? “* 0A, 6 


If the first one of these equations has a real root, then there will 
exist three expansions for § of the type (2.3); one with k= 1, and two 
with k= 2. 


b) If in the preceding case P, = 0, then the coefficient Ay is deter- 
mined by the quadratic equation 


Qs (A2) = + 5A, Az - 5 = (2.14) 


The form of the expansion of ( will depend on the multiplicity of the 
roots of this equation. The analysis of the various possible cases is 
analogous to the analysis for the case 2. 


3.6. a) Suppose, finally, that the roots of Equation (2.12) are triple 
roots, 
OP, 
OA, Pe ° 
The expansion for § will have the form (2.3) with k = 3. The equations 
for the coefficients Ans3 will be 
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1 PC, 
A,,~+-P 0 
6 0A? *4 
2 **4/3°°S/3 © OA, 
l Pt OP, FP, 


:= 0 etc. 


b) If in the preceding case P, = 0, but 0 P/O A, # 0, then there will 
exist an expansion for § of the type (2.3) with k= 2. The equation for 
the coefficient A3/2 will be 


\6 dA? “3/2 © = 0 
For the nonzero real roots of this equation ve have the following re- 
lations: 
‘1 PC, OP, PP, 
For the zero root A, 2° 0, we obtain an expansion of the form (2.3) 
with k= 1. The equations for the coefficients A, will be 


OP, 


c) Let the roots be triple roots. P, = 0, OP,/dA, 0, but P, #0. 
Then we have an expansion for £ of the form (2.3) with 3. Hereby 
Agys = 0. The remaining equations for the coefficients will be 


d) We have triple roots, P 


= 0, dP,/d A, = 0, and P, = 0. In this 
case the coefficient A, is determined by means of the cubic equation 


4 


1 Ps | OP, a OP; 

Qs(A2) = 6 A? 2 A; (2.15) 
The further analysis is connected with the multiplicity of the roots 

of this equation, and is entirely analogous to the preceding discussion. 


The cases when the quantity Ay is a multiple root of Equation (2.1) 
with a multiplicity higher than three, will not be considered in this 
work, 


From what has been said it follows that the multiplicity of a root of 
the amplitudal equation (2.1) corresponds to the phenomenon of 


0p, 
dA, Att Ast a= 0 
OP, O24 
aA, A, -- + = 0 ete, 
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bifurcation of the generating solution. This bifurcation will not exist 
if only one root B= B(m) is real, or if all the roots are equal. In the 
latter case, the expansion A(z) will have the form (2.3) with k= 1. 


3. It is easily seen that the form of the expansion of the period of 
the solution of Equation (1.1), and also of the solution itself, corre- 
sponds to the form of the expansion of P(z). 


Let us first consider the case when the expansion for § has the form 
(2.3) with k = 2. Then 


a T'o h,, oh" 
n=1 
For the coefficients Ans? we have the formulas 
1 ON, 
“1/2 


ete. (3.2) 


For the construction of the periodic solution of Equation (1.1) with 
a constant period we make the following change of variables: 


T , 
(f + hype + hg, hop? +- .) 
Then we obtain the solution in the form of a series in powers of pil? 
w(t) = x(t) + (t) + prs + + (3.3) 


whose coefficients have the constant period 27. These coefficients are 
given by the formulas 


(T) = Aocos Tt, (tT) = COST, 2% (T) = Ay cost + Cy (t)—hyAgtsin t (3.4) 


hg »»Ao sin T 
, 


AC, (t) 


| 
3/2419 + t sin t — hy’ Aot? cos etc. 


— (hgAo +-h 


In these formulas it is first assumed that C,(r /k) = C* (r), but the 
asterisk is then dropped. For the case when the expansion of (yz) has 
the form (2.3), with k = 3, we obtain 


N, 
0 


2/3 
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Lg = Ag COST + A, ( 
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(= wet A, + 41 N,) etc. 


In this case the expansion of the solution takes the following form 
after a change of variables: 


x(t) = zo (t) +p! (t) +p? + pra 4 
The first few coefficients of this expansion are given by 


xo (t) = Ao cos TF, 2,3 = A, ©OS T, (7) 


(t) = A, cos t + Cy (t) — tTsint 
OC, (Tt) 


= Ay), COS T+ A, 3 04, (hy; + hiA,,,) tsin t 
OC,(t) 1 PC, (t) 
(t) = COS T+ Ay yy 0A, Gaz 
ol. 25 — (hy + hy) Ay), + iA, ,,) Sin 


1961 
dC, (t) (t) OC, (t) 
(t) = Ag cos t+ Ca (0) + Ar Gq + + 


(haAo + hy +- sin tT — COs T (3.7) 


For the case of the expansion of § in terms of integer powers of yp, 
the corresponding formulas are obtained by equating to zero all the co- 
efficients An/k’ and An /b? whose subscripts are not integers, in one of 
the formulas of one of the preceding cases. 


The problem of the determination of the radius of convergence of the 
obtained series is not considered here. 
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CONDITIONS FOR THE EXISTENCE OF A PERIODIC 
SOLUTION OF A THIRD-ORDER DIFFERENTIAL 
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(Received June 5, 1961) 
Let us consider the third-order differential equation 


ol. 25 z+ ak Bi -+ sin x e 
1961 


Here a and B are positive constants, e(t) is a square-integrable 
periodic function of period 27. This equation is encountered, in particu- 
lar, in the investigation of synchronous elements in television [1]. 


In this note the author derives, on the basis of a theorem proved by 
Barbashin [2], a criterion for the existence of a periodic (in t) solu- 
tion of Equation (1). 


Equation (1) is equivalent to the system of differential equations 
i= y, y = 3, az — By — sin x + e (2) 


We introduce the notation 
@ (zx) sin z 
Then the system of first approximation takes the form 
r y =z, — py —az (3) 


Let us assume that the origin is a stable singular point of the system 
(3) of the type of a "generalized focus", i.e. we assume that the charac- 
teristic equation 


(1) 
(2) 
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of the system (3) has one real root A < 0, and two complex roots a + bi, 
where a and 6 are real numbers, a< 0, 6> 0. From the hypothesis that 
the origin is a stable point for the system (3), it follows that af > 1. 


Let p = max (a, A), i.e. w is the larger one of the numbers a and A. 
We consider the number 


where 


A = b [(a — A)? + b?), M = b [(a— 1)? +7] = (i+ V—A+ 


Suppose that the following conditions are satisfied in a region D of 
the x, y, z-space: 


t>0, max 8, 


Barbashin’s [2] theorem, which establishes the existence of a 
periodic solution, is applicable to a system of differential equations Vol. 2 
if a number of conditions are satisfied by that system. For the system 1961 
(2), in addition to the conditions already indicated, one such restric- 
tion is the existence of a fundamental matrix W(t, 7) = || w,,(t, 7) || 
(i, k= 1, 2, 3) for the system (3) satisfying the conditions 


Here E is a unit matrix, B is a positive constant, pu < 0. 


The evaluation of the fundamental matrix of the solution of system (3) 
which becomes the unit matrix when t =r, does not present any diffi- 
culties. Its elements are, obviously, given by 


1 
Wye = cos b(t — 1) + Ay, sin — 


Ws. 


= 


Aa = bA (A — 2a), As: = 4 (a? — b*) — A*a 
= 2ab, As: ah all a? + + 22 
= Aas «= b, Ass =g¢g— 


In order to obtain an estimate of the norm || w(t, r) || of a matrix, 
we define the norm of an arbitrary vector X= (x, y, 2) and that of a 
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Au 
Aiz 
Ais 
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matrix as 


3 


It is easy to show that in the region D the following inequalities are 
satisfied: 


3 

k=1 

3 


’ 
| 2x (t, 
A 


k=1 

3 

= A 


For the constant B, which estimates the norm || W(t, r)e and 


which occurs in the condition (4), one should select the number deter- 
mined by the equation 


24. 
ol. 25 MtN when ot +89 <1, M +- (0? + b*) N 


961 A 
The next restriction on the system (2), which is required for the 
validity of the application of Barbashin’s theorem, is the existence of 
a Lipschitz constant for the function ¢(x) which satisfies the relation 
(— p — LB) > 0. 


when a® + 


In the considered region D, the Lipschitz constant for the function 
= x sin x is the number 
It is easily seen that it satisfies Equation (5). From here on we 
shall denote the left-hand side of Equation (5) by r. Then 
Be — BL 
From what has been said we may conclude that the conditions of the 
theorem of Barbashin are satisfied [1]. Thus, we may state the follow- 
ing result for Equation (1). 


Theores. Suppose that conditions (4), (5) and 


(A) sup je 
O<t<on 2B 


| 
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1 


are satisfied for the system (2). 
Let 5 = «/2B. Then the following statements are true. 


1) Every solution X(t) of the system (2) is such that || X(t,) || <4 
does not leave the region D if t > ty. 


2) There exists a number T> t, such that || X(t) || <6 if || X(t9)|| < 6 
and ¢t > 7. 


3) In the region D there exists an asymptotically stable periodic tra- 
jectory which attracts all other trajectories issuing from the region 
|| X || <6 when t= tp. 


The numbers ¢, B and y are given above. Vol. 2 
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ON A PROBLEM OF THE THEORY OF 
NONLINEAR OSCILLATIONS 


(OB ODNOI ZADACHE TEORIIT NELINEINYKE KOLESANIT) 
PMM Vol.25, No.5, 1961, pp. 963-964 


G. N. PUCHENKIN 
(Leningrad) 


(Received April 18, 1961) 


1. The equation for oscillation of a real point under the actions of a 
sinusoidal force and of a nonlinear restoring force has the form 


ef (x) e£ sin vi (1.1) 


Here f(x) is a nonlinear or piecewise linear 
ol. 25 function of x, and «¢ is a small parameter. 


1961 
In{1], Equation (1.1) is solved by an 
asymptotic method, and the first approximation 
solution is found in the form 


a cos vi +0 


The values of a and @ are determined by means of the following system 
of equations: 


la @, (4) ek @» (a) 
dt 2 mi@4-v) 7 


where 


@ (a) e\ f(acos sin (a) & \ f(acos p)cosydy, | 


If f(x) is a polynomial or a piecewise linear function with a graph 
that is symmetric with respect to the origin, then @,(a) = 0. Equation 
(1.3) becomes in this case 


fa) 


ds 
+ cc = 
di- 
F 
| c 
(1.2) 
ek 

(1.3) 

Vv) 

Z 
da ek diy ef? 
di m (wo v) dt mao v) 
1449 
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The system of equations (1.5) is solved in[1] for the stationary 
synchronous operating conditions with constant amplitude a and with a 
frequency equal to that of the disturbing force. In this case the deriva- 
tives da/dt and d@/dt are set equal to zero In this manner one can de- 
termine, by means of (1.5), the amplitude of the stationary synchronous 
oscillations. We shall show that Equations (1.5) make it possible to 
solve the problem in the general case by finding the solutions a= a(t) 
and 0 = @(t). By Equations (1.5) we have 


da | (a) ef ek 
@—Vv—; — sin § - ———. €0s 
dt 2n@am ma (@ V) m (@ —- V) 


Hence, integrating, we obtain 


1 — v) — 


\ ws (a) da + i C (1.6) 


m(@ 


In this equation, as well as in all following ones, we select only 
one value of the indefinite integral without the arbitrary constant. 


Eliminating 9 from the first one of Equation (1.5) by means of (1.6), 
we find 


2 2 
a ‘| a* v) a® - \ @2 (a) da - c| (1.7) 


m (w+ V) | 


After integration of the last equation, we obtain a= a(t), and after 
that we find-by means of (1.6) the function @ = @(t). Equation (1.7) 
shows that in the general case the amplitude does not tend towards a con- 
stant value as t > ~, 


2. Let us consider an example. Suppose that we are given a system with 
a characteristic restoring force consisting of straight line segments 
(see figure). For this system 


ef (x) | — for m< 


for 


Evaluating @ (a) by means of the second formula of (1.4), we divide 
the interval of integration into three parts. The limits of integration 
are chosen in each interval in accordance with the first equation (1.2). 
Making use of a known result [1 | 


(e) 2 asin? + 1-(2) | 
| 


we obtain 


Vol. 
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{ 
ow 
4 
4 
a4 
« 
co 
- 
a 
(2.1) 
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\o: (a) da = — 2 (c’ — e) a*) sine} (2.2) 


. 


In particular, if = 0, c’ =, and ce’ = Fo, we obtain 


Jos (a) da= — 4Foa 2.3) 


Integrating Equation (1.7) for this particular case, we obtain elliptic 
integrals in the left part. In accordance with existing solutions [1,2], 
the resonance (w= v) in the system under consideration leads to an un- 
bounded increase of the amplitude of the oscillations. This, however, is 
always the case. Indeed, under resonance Equation (1.7), in accordance 
with Expression (2.2), takes on the form 

\2 
If the condition 


9 
& (9 c’—c| 


ek >4 (2.5) 


is satisfied, then Expression (2.4) will be positive when a+ +, and 
resonance within the system leads to an unbounded increase of the 
amplitude of oscillations. If certain inequalities, which are the reverse 
of (2.5), are satisfied, then the expression in braces of (2.4) will be 
negative when a+ + «, and the resonance in the system under considera- 
tion will not lead to an unbounded increase of the amplitude of the 
oscillations, 


The largest absolute value of the amplitude in this case is found as 
the largest absolute value of the real roots of the equation 


amv 2 


2mv 


Por a system with an initial stretching (x, = 0, c° = ~, e” 2 = Fy), 
Equation (2.4) can be solved in terms of elementary functions, and the 
condition of boundedness of the amplitude of oscillations under resonance 
will be 


eE < 4Fo/nx (2.7) 
In this case, Equation (2.6) takes on the form 


eE \2 2F 
2mv/ 
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From this we obtain extremal values of the amplitude of oscillations 
under resonance for a system with initial stretching subjected to the 
condition (2.7) 

2Cmv 2Cmv 


&& 
, a, = ————_,, , C= a + —— asin® 
4F,/na+ek 2mv 


(Here C is the same as in (1.6) and (2.3); the amplitude of oscillations 
changes from a, to a, and back.) 


Making use of the second equation in (1.5), of (2.1) and of (2.8), we 
obtain the cyclical frequency of the oscillations in this case: 


dwp d§ 


dt dt 
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THE SOLUTION OF SEVERAL BOUNDARY PROBLEMS 
IN MAGNETOHYDRODYNAMICS 


(K RESHENIIU NEKOTORYKH KRAEVYKH ZADACH 
MAGNITOGIDRODINAMIKI) 
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The problems dealt with involve the flow of an electroconductive medium 
through a plane channel or duct in the presence of a magnetic field with 
various boundary conditions. The walls of the central part of the duct 
are electrodes and the rest of the walls are insulating. Solutions are 
obtained both for the case of a constant magnetic field and an arbitrary 
law of transverse variation in velocity, and also for a constant velocity 
of flow with arbitrary variation of magnetic field along the electrodes. 


1. Fluid of constant electrical conductivity o flows through a channel 
(Fig. 1) with plane walls y = + 5, one section of which, 1, is insulated; 
other sections, 2, symmetrical with respect to the channel axis, are 
electrodes y= +5, a, ¢ x < b,, each vth pair of which is connected 
through external load R,(v = 1, ... m). Let the external magnetic field 
be B= (0,0, — B(x)), B(x) 2 0 perpen- 
dicular to the plane of flow, and de- 


pending only on the coordinate axis x. ’ y 

The interaction of the fluid flow and Sp R 

the magnetic field involves an 
| 


electric power load WN, = where 
J, is the total load current. If the = ne, 
magnetic Reynolds numbers are small 


7 
(as is the case in many applications), \ ; t 
the effect of the induced magnetic $f $f... 
field on the flow may be neglected 

and the distribution of current Pig. 1. 

density j and potential ¢ can be obtained from Ohm’s Law and the equa- 
tions of continuity 


j= -V@ + rx div j 0 
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in which the magnetic field is assumed to be known. 


To a first approximation, the stream.velocity v may be considered a 
known quantity from hydrodynamic considerations. Equations (1.1), then, 
represent a closed system for determining the currents and potential. 
Assuming the velocity to have only a longitudinal component V, we can 
write down system (1.1) as follows: 


The function @ should satisfy the following boundary conditions: 


- on the electrodes 


oy on the insulators 


The constants d, must be obtained by applying Ohm’s Law to the ex- 
ternal load 
by 
R,\ = 29, (1.5) 


ay 


2. We will now deal with gas flow through a channel with a constant 
magnetic field. Assume the velocity to be some arbitrary even function 
of y. Then, introducing the function u(x, y) through formula 


B\ Vay 


0 


we obtain from the relations (1.2) 


ou 


Jy ay 
First of all we assume that the upper and the lower walls are insulat- 
ing. The system (2.1) has a solution 
= B\ Vay 
In that case a separation of the electric charges takes place in the 
channel, with the result that a potential builds up between the upper 
and lower walls 
+8 
+ 8) —@(z,— = 1B \ Vdy = % 


Now suppose that the wall sections y = + 6, a, < « < b, become 


196 
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electrodes. 


Because the walls are insulating at infinity the previous solution 
may be used. Thus 


@ (x, + 4) +1/,@, u (x, + 0 


for +c 


Introduce the analytic function w(z) = u+ iv. At the electrodes the 
real part of this function is constant u(x +5) = #(1/2¢ - &) = 
Fu, (u, > 0, for the potential drops with internal load). On the insu- 
lators the imaginary part v(x, y) is constant. The jumps v, = v(b,, 5) 


- v(a,, 5) in the function v(x, y) at the electrodes follow from Expres- 
sion (1.5): 


(2.3) 


Thus the problem can be solved by conformal mapping of the regions 
-— 5 < Im z < & onto the inside of a polygon in the w»-plane whose sides 
are parallel to the coordinate axes, and the lengths of the sides are 
connected by relations (2.3); when v > 2, such a representation generally 
yields a definite relationship between the loads R,. 


As an example we study the problem of flow through a channel with two 
central electrodes* of length 2A connected through a load AR. The cor- 
responding regions in the z-,w- and t-planes are illustrated in Figs. 2 
and 3. The solution to the problem is given by the formulas 


* The problem of the spreading of the current in such a channel due to 


an applied external potential difference in the absence of a magnetic 
field is dealt with in[1]. 
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é \ dt 
Iisa) K (k) 4 —ke) 
j A 


1 
yi k?, « K(k’) 


1 exp exp 
20 6 


The potential of the upper electrode oy, and total current across the 
load J are 


ERs 
2.5 
2(2+ Rsa) 2-+ Roa 


The current density in the channel and the Joule dissipation q(z, y) 
per unit volume can be expressed thus: 
— Ix f(x,y) sin| + B2— —j, = (x, y) cos | (Br+ Bs 


3 L2 


By arg (1 cos (16-'y) exp ad~! (x + A), sin exp (x (2.6) 
2 V 26(2 + Kaa) K (k) Vol. 2 
‘cosh (a i) cos q (x, y) = f* y) 1961 


In Formulas (2.4) to (2.6) the quantity K(k) is a complete elliptic 
integral of the first type. Function a(A) increases monotonically with 
increase in the argument, whilst a(0) = 0, a(w) = ~ It is easy to de- 
monstrate the following: 


1. The function j,(*, y) is odd, the function jy(*, y) is even in its 
arguments. 


2. for ¥ 
for !/ 
for !/ 
for 


3. Within the region > 0, 0 < y <8 the currents jy >% J, <0 
Severel streamlines are shown diagrammatically in Pig. 2. 


4. At the points y= + 5, x= +A, the function w(z) is no longer 
analytic. Therefore, for instance, the dissipation q(x, y) at those points 
is infinite. However, the overall characteristics, namely the current 
leaving through the electrode section adjacent to one of these points, 
and the dissipation in the neighborhood of these points when the dimen- 
sion of the corresponding electrode section and the radius of the region 
considered vanish, both tend to zero. The total dissipation in the channel 
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is finite. 


It is evident from Formulas (2.5) that the magnitude J of the current 
increases with increase in the electrode dimension, while the electrical 
conductivity decreases when the ex- 
ternal resistance increases (Fig.4). 


In the case where A + ~, i.e. 
when the channel walls are electrodes 
all along their length, the potential 
on the upper (lower) electrode, and 
the current, are respectively 


@ (x, +4) = €, 


” 


In this case there is no Joule 
loss in the channel. 


When A + 0, i.e. when the walls 
are insulating all along their length 
and have point conducting terminals 
(exits) at x= 0, y= + 5, the potential at the terminals and the current 
obtained are zero. Over the rest of the wall surface the potential is 


Pig. 4. 


@ (x, + 4) 


- 


The current in the channel is zero, and the electric charge is 
separated. 


3. Now suppose that the magnetic field for ye scos 
may be expressed as an arbitrary function B= B,(z), B,(a,) = B,(b,) = 0 
and vanishes outside the electrodes. We assume that the velocity of the 
medium is constant everywhere. The function @(z, y), therefore, will be 
harmonic and it is possible to construct an analytic function » = d+ iv, 
As the potential (d(x + 4) + &,) is constant over the electrodes, while 
because of the condition B= 0 the imaginary part of the function » is 
constant on the insulation, the problem can again be solved by conformal 
representation of the regions on the inside of a polygon in the w-plane 
with sides parallel to the coordinates, as in Section 2. The change, 

uw, = wa, 5) — w(b,, 5) in the function W(x, y) on the electrodes, is 
related to the quantity ¢, by condition (1.5) 


\ B(x) da 


ay 


The potential vanishes at infinity. 
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Let us now deal with a channel with central electrodes of length 2A 
(Fig. 5). The corresponding region in the w-plane is shown in Fig. 6. 
The solution is given by the formulas 


'RsG . dt 
\- Ga —-V \ Bar (3.1 
Rsa) \ Vil t?) (i— k20?) ) 
0 
The potential at the upper electrode dy and the resulting current J 
are 


23G 
i= ~ 9+ Raa (3.4) 


and the currents J, and Jy are expressible as 


amt (x, y) sin ls (Bi + Bo — | 


t (x, y) cos (Bi + Bs — nd-y) | + = VB (3.3) 
2V25(2 + Rsa) K (k) P 2% 


<{Lcosh 25" (x + 4) + cos [cosh — A) + cos 
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In Formulas (3.1) to (3.3) the quantities 8,, B,, a, k, K(k) and t 
are expressed in the same way as in Section 2. Assume the function B(x) 
to be even and B(x) < B(0); it is easy to check the following: 


1) the function J,(*, y) is odd, whilst Jy(*, y) is even; 


2) when x >A, O y <5, the current jy <0 forxs>0, 0<y<5; 
current Jy > 0; 


3) on the axis x = 0 the current Jy > 0. 


It follows that for any value 0< y, < 5 a point P(x,, yy) *, < A 
can be found for which jy = 0 while the streamlines have a horizontal 
tangent. The appearance of several streamlines is shown on Fig. 5. 


T2R 


Fig. 5. Fig. 6. 


It is evident from Formulas (3.2) that the current across the external 


1458 
ag 2 2 2 
J2R 
| 


1961 


Boundary problems in magnetohydrodynanics 


load increases with increase in the conductivity of the medium and the 
magnitude of the field, but decreases when the resistance of the external 
load is increased. When the length of the electrodes is increased, keep- 
ing 0, G, R constant, the current output is reduced, and, finally, when 
A + « no current appears in the external circuit. For high values of A, 
from (3.3) we have approximately 
= 0, iy = VB (x) \ Bada 


—A 


At positions where the magnetic field is relatively strong, currents 
flow from the lower electrode to the upper one; they then flow along the 
electrodes and close the circuit through the remaining portion of the 
channel where the magnetic field is almost zero. 


In the other limiting case A + 0 the current and the potential at the 
terminals are 


On the remaining parts of the walls the potential is zero. In this 
case the magnetic field B(x) = Gd (x) (where 5(x) is a delta function). 
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ON SYSTEMS WITH FRICTION 
(0 SISTEMAKH S TRENIEM) 
PMM Vol.25, No.6, 1961, pp. 969-977 


V.V. RUMIANTSEV 
(Moscow) 


(Received May 25, 1961) 


Mechanical systems with friction constraints are usually reduced to 
systems with ideal constraints by supplementing the given forces by 
frictional forces and by adding certain relations obtained from empirical 
laws of friction. These laws can have various forms, depending on the 
nature of the constraints within the system, but they always have certain 
features in common, A general theory of motion of systems with friction 
was developed by Painlevé-[1 ]. 


A direct application of Lagrange’s method makes it possible to 
establish a general principle, even for systems with friction, that does 
not involve explicitly the constraint reactions. This so-called Euler- 
Lagrange principle was established by Appell [2] for displacements 


admissible by frictionless constraints which are orthogonal to the re- 
actions of surfaces with friction. Chetaev [3] formulated this princi- 
ple for admissible displacements that are orthogonal to the actual velo- 
cities of the points of the system. 


Of special interest is the problem on the extension of another basic 
principle of mechanics, the principle of least constraint of Gauss, to 
systems with friction. The work [4] of Pozharitskii is devoted to this 
problem. By considering a system in which certain points are constrained 
to slide with Coulomb friction along given surfaces, and by assuming the 
knowledge of the normal components of the reactions of the latter, 
Pozharitskii proved that for the actual motion of such a system it is 
sufficient that a certain expression involving the forces of friction 
has to attain a minimum with respect to accelerations. It should be 
noted that the problems in which the normal reactions do not depend on 
friction must be considered as the more restricted ones and as the more 
simple ones [2]; in the more general cases, the normal reactions de- 
pend on the coefficient of sliding friction. Besides that, the experi- 
mental laws of friction can differ from Coulomb’s law. There exist also 
large classes of systems with non-ideal constraints which fall into the 
general definition of systems with friction according to Painlevé[1 ]. 
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It seems that the question on the extension of the principle of Gauss to 
general systems with friction has not yet been considered, even though 
the solution of this problem is of certain interest. 


In this paper it is assumed that Painlevé’s definition of systems with 
friction is applicable under any experimental laws of friction. An ex- 
tension of Painlevé’s results to nonholonomic systems is given. Further- 
more, Gauss’s principle is established for such systems in two forms: 
with explicit inclusion of the friction forces, and, what is more 
interesting, without the explicit involvement of the forces of friction. 
The equations of motion of the system with friction are derived from 
Gauss’ s principle. 


1. Let us consider a system of n material points P, with masses a,, 
whose positions relative to a fixed coordinate system are given by the 
Cartesian coordinates 


Suppose that the given forces F,(X,, Y,, Z,) act on the points P,, 
and that there exist certain geometric constraints 
fa y, 2,0) = 0 (a=1,.... Pa) (1.1) 
and also kinematic (in general, nonlinear) relations 
Ps y, 2, 2, y’, 2, t) = 0 P2) (1.2) 


where x,°, y,°s z,,’- denote the projection vectors of the velocity of the 
point P|. The connections (1.1) and (1.2) are assumed to be independent 


of the given forces, and of each other. 


Differentiating (1.1) with respect to time twice, and Equations (1.2) 
once, we obtain 


+ + + = 0 (s=1,...,P,P= Pit Ps) (1.3) 
where oy bays Coy» @, are known functions of the coordinates x,, y,, 2, 


and the velocities y,’, of the point P, (v= 1, ..., m), and 
of the time t. 


The possible displacements 5r,(5x,, 5y,, 5z,) of the points P, are 
determined by p independent relations 


(au, Baty + byy + Cy = 0 (1.4) 


Thus, among the 3n changes of the coordinates of the points of the 
system there will be k = 3n — p independent and p dependent ones. Equa- 
tion (1.4) makes it possible to express the dependent variations in 
terms of the independent ones. 
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Suppose that by relations (1.1) the state of the system is determined 
by means of | = 3n— p independent Lagrangean coordinates q,, ..., 4; 


(1.5) 


whose variations are, in view of the constraints (1.2), connected by p, 
equations 


or, oy, 


l 
> (ar 04; + br aq: 
j=1 v 


Expressing, by means of the last equations, the p, variations 
5q1-p,+ 1» «++» 8g, in the form of linear homogeneous functions of the 


k remaining independent variations 5q,, ..., 5q, and substituting the 
found expressions into the relations 


Oz, | a: 1.6) 
> 0"; bq, dy, > dg : 
j= jat 


oq 


we can express the latter in the form 


k k 
br, > by, = 82, = VC Ww (1.7) 
1 


i i«t 


Here ALi B, Gj are functions of the coordinates of 
their derivatives er I 3 and of time t; the variations 5q,, ... 
5q, are arbitrary. 


The constraints imposed on the system depend on the physical nature 
of the system. Hence the characteristic features of the constraints can 
be reduced to certain axioms which express the experimentally determined 
relations. In case of ideal constraints, such an axiom is given by the 
equation 

+ Ry dy, = 0 


i.e. the sum of the elementary work of the constraint reactions R,(R,,, 
Ry R, ,) is equal to zero for every possible displacement of the system, 
whatever the position, the velocities, and the given forces F, may be at 
the given moment. If, however, the sum of the elementary work of the con- 
straint reactions for all possible displacements of the system is not 
always equal to zero, then the given system is a system with friction 


(1). 


Painlevé- has studied holonomic system with friction, but many of his 
results can easily be extended to the case of nonholonomic systems with 


"9; 
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friction. We shall derive some of these extensions with their con- 
sequences. 


It is easily seen that if the sum of the elementary work of a system 
of forces F,,, F,,, F,, for every possible displacement of a system is 
to be zero, then it is sufficient and necessary that the following equa- 
tions hold: 

Pp 

s-1 s=1 s=1 
where A. are coefficients that are the same for all points of the system. 
Let us prove this assertion. 


Sufficiency. If Equations (1.8) hold, then 


in view of Equation (1.4). 
Necessity. Suppose the last relation holds. Then for every possible 
displacement it is true that 


Fox — 82, (Fey — by, + (For — 


with still undetermined A,. By determining them in such a way that the 
coefficients of p dependent variations 5x, 5y, 5z vanish in this equa- 
tion, we obtain a sum which contains only k independent variations. Thus 
we obtain the 3n equations (1.8). 


We next consider the constraint reactions R, (v= 1, ..., n) whose 
sum of elementary work for all possible displacements is r ¢ 0. 


Obviously, there exists an infinite number of systems of forces 
R’(R, *, Ry R,*) which have the property that for all possible dis- 


placements 


In order that this may be true it is necessary and sufficient, on the 
basis of our proof, that 


Rie = Ry = Ry t+ Roz = Roz +>) 
8 


Among these systems of forces R,’ there exists one, and only one, 
Pi (PL. Pry P,,) such that the vectors pdt determine some possible dis- 
placement of the system 5r,(v = 1, ..., n). 


Let us note first that if for every possible displacement 
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= dtS'p? = 0 
then all p, = (v= 1, ..., nm). Furthermore, suppose that for every 
possible displacement 
S) + pvdy + pvz5z,) +R, dy, + R,,2,) 


Substituting into this equation 5x,, Sy,, 5z, from (1.7) we obtain, 
because of the independence of the 5q; (i= 1, ..., k), the following k 
equations: 


+pwB vt + pul vi) i + RB, + RC, vi) k) 


which we combine with the p equations 


We thus obtain 3n linear nonhomogeneous equations for the 3n unknowns 
Pug Puy Pug The determinant of this system of equations is not equal 
to zero. because in the opposite case the system of the corresponding 
homogeneous equations would have a nontrivial solution; in other words, 
there would exist a system of forces p, # 0 for which 


por, = 0, 
which, as was pointed out above, is impossible. Hence, there exists one 
and only one system of quantities p,(v = 1, ..., mn) which has the 
specified properties. On the basis of what has been said it is clear 
that the force of reaction R, acting at the point P, can be decomposed 
uniquely into two forces N, and p, having the following properties: 


1) for every possible displacement dr, 
= 0 
— 


2) the vectors pdt are among the possible displacements, and 
Spor, = 1 


The force N, is called the constraint force, the force p, is the 
friction force; their projections on the coordinate axes have the 
following forms: 


Nux = Nw Asbs., = = 
(1.10) 


1467 


V.V. Rumiantsev 


k k k 
Pux = Pvy = Py: = vi 
i=1 i 


i=1 i=] 


with the same coefficients A, and »; for all points of the system. We 
call attention to the fact that the constraint force is, in general, not 
equal to the normal reaction [1 ]. 


If at a given time instant t we know the positions and velocities of 
the points of the system, and also the given forces F,(x,, y,, z,), then 
the constraint forces N, are determined and will be the same whether 
there be friction in the system or not. 


Indeed, the equations of motion of the points can be written in the 
form 


= X, + + 


my,” = As bs, + 


m,2," = Z, + + vi 


Substituting the accelerations x”, y”, z” given by these equations 
into the constraint equations (1.3), we obtain a system of p equations 
which do not contain the forces of friction, and which determine the co- 
efficients A, (s = 1, ..., p) as functions of time, of the coordinates 
and the velocities of the points, and also of the given forces X,, Y,, 


Therefore, for a frictionless system, a knowledge of the given forces 
F,, with given initial conditions is completely sufficient for the deter- 
mination of the motion of the system and of the forces of constraint re- 
actions N. 


For the determination of the motion of a system with friction, it is 
necessary to know, in addition to the given forces, also the friction 
forces or, at least, the sum of the elementary work of the reactions for 
possible displacements. 


The friction forces are determined experimentally. Therefore, in the 
study of the motion of a system with friction one must know, in addition 
to the given forces, in general also the expressions for the coefficients 
in terms of the A,, q,°, t°. The form of these k functions is 
determined empirical fy (1). 


For the initial conditions q,°, q,°; t° which correspond to static 
friction and satisfy certain relations of the form 
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hy (q;; q; i) = 0 m) (1.12) 


the functions mentioned are not sufficiently determined. For such initial 
conditions, the coefficients #,; are continuous functions of X,, Y,, Z, 
which may have various forms, depending upon whether or not the func- 
tions X,, Y,, Z, satisfy certain inequalities [1 ] that depend on the 
particular values qj under consideration 


One says [1] that the law of friction is known if the experimental 
data determine the coefficients »,; in the functions A, for arbitrary 
initial conditions, and in the functions X,, Y,, Z, for special initial 
conditions satisfying the relations (1.12). 


If one has the given expressions for the wy; (i= 1, ..., k), one can 
replace the A, (s = 1, ..., p) im them by values obtained by the above- 
indicated method, and represent the coefficients of »; in the form of 
some functions of time, of the coordinates and velocities of the points 
of the system, and also of the given forces. It follows that the fric- 
tion forces will also become known. They will be determined by Formulas 
(1.10) as functions of the indicated quantities. 


Thus, if the law of friction is known, we have 3n equations (1.11) 
for the description of the motion of the system. To these equations we 
must attach the p constraint equations (1.11), (1.12) and k auxiliary 
relations obtained from the law of friction. 


2. Let us suppose that the law of friction for a given system is 
known. According to D’Alembert’s principle there exists at every instant 
of time t an equilibrium between the given forces F,, the constraint re- 
actions R, = N, + p,, and the inertia forces m,w,, 


F, Ny Py — MyWy = 0 (v 1,...,M) 


Here w, (x, is the acceleration vector of the point P, in the 
actual motion of the system. 


If the system undergoes an arbitrary displacement, then the sum of 
the elementary work of all forces will be equal to zero. From this and 
the condition (1.9) we obtain the equation 


> ((X, + Pux m,x,") bz, + (Y, + Poy m,y,") dy, + 


+ (Z, + — myz,”) bz,} = 0 


which states that in the motion of a system with friction the sum of the 
elementary work of the given forces, the frictional forces, and the 
forces of inertia for every possible displacement, is equal to zero at 
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any instant of time. Conversely, if for some motion of a constrained 
system Equation (2.2) is satisfied, then one can deduce Equation (2.1) 
by adding the equations (2.2) and (1.9), and by making use of the axiom 
of a free body. 


One can, therefore, consider Equation (2.2) as the general equation 
of dynamics for systems with friction, i.e. as the equation which yields 
the necessary and sufficient condition for a motion of the system that 
is compatible with the constraints and the given forces acting under a 
known law of friction within the given system. 


Comparing Equation (2.2) with the Euler-Lagrange principle for a 
system without friction (2.3) 


(X, — dz, + — dy, + — m,z,") = 0 


v=1 


we see that a system with friction can be treated as a frictionless 
system if one adds to the given forces F,(X,, Y,, Z,) new active forces 
which are geometrically equal to the friction forces p,(p,,, Pry Py): 


Starting with Equation (2.2), it is not difficult to obtain by the 
usual method [2] another basic principle of mechanics, the principle of 
least constraint of Gauss for a system with friction. This principle can 
be formulated in the following manner. 


The motion of a system of material points with friction constraints 
and subjected to arbitrary forces takes place with the smallest possible 
constraint [ curvature ].at any instant of time if one takes as the 
measure of constraint, applied during an infinitesimal time interval, 
the sum of the products of the mass of each point by the square of its 
displacement from the position which it would occupy if it were free and 
acted upon by the given forces and by forces geometrically equal to the 
frictional forces. 


Let Yuu» Yuy Yv ) be the acceleration vector of the point P, of a 
system that moves” in the sense of Gauss, i.e. it has a motion that. 
satisfies the conditions imposed on a constrained system, and the condi- 
tions of the constancy of the coordinates x,, y,, z, and the velocities 
x", Y,’» 2,°-of the system’s points for the given instant of time t. 


It is easy to see that the vectors w,, y; are among the possible dis- 
placements 5r, of the system[5], i.e. they satisfy 


[asy — Yox) + Dev — + Cov — =O = 14,..., p) (2-4) 


According to Gauss’s principle, the actual accelerations of the 
points of a system with friction yield a minimum of the function 
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m, 


and, conversely, the conditions that A be a minimum for accelerations 
satisfying (1.3) lead to the equations of motion of the system. Indeed, 
from Equation (2.5) we obtain 


= (X, + — ma,") dx.” + + — mys’) dy.” + 
+ (Z, — m,2,”) 62,"} = 0 
Here 
2" — = W Tw 82," = 4" 


Multiplying Equation (2.4) by the undetermined factors A,, adding the 
results for s from 1 to p, and combining the sum with the last equation, 
we obtain the equations of motion of the system 


= X, + + vx» Y. +>) + Pw 


myz," =Z, + Pvz 


These equations should be augmented by the p constraint equations (1.1) 
and (1.2), and the k auxiliary relations given earlier. 


The equations of motion of a system with friction can also be given 
in the form of Appell’s equations. 


Differentiating (1.5) twice with respect to time ¢t, and replacing the 
1» +++» on the right-hand sides by their expressions in terms 


of q,”, .--, Q,” obtained from Equations (1.2), we obtain 


k a 
i=1 i=1 


=>) 


i=1 
Here, and in the sequel, the dots indicate independent terms that do 
not involve q,”, ..., 


Making use of the last formulas, we can express (2.5) in the form 


k 
i=1 i=1 
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where S denotes the energy of acceleration 


S m, + + 2,7) 


given in the indicated way as a function of q,”, ..., q,”-and 
= D(XAu + YBu + ZC.) 


(p vx Avi +p +p vel i) 


denote generalized given forces and frictional forces. 


From the condition that the function A attain its minimum for the 
accelerations q,”, ..., q,°; we obtain Appell’s equation 


0, (i= 14, ... ,k) 


for a system with friction. 


3. Expression (2.5) for the deviation of A contains explicitly the 
frictional forces, i.e. the components of the constraint forces. However, 
what is more interesting is the establishment of Gauss’s principle for a 
system with friction without the explicit appearance of the frictional 
forces in the constraint function. 


The possible displacements of a given system with friction are deter- 
mined by Equations (1.4). In many cases it is possible to select from 
the family of possible displacements certain ones for which the 
frictional forces perform no work. 


Indeed, adhering to the hypothesis that we know the law of friction, 
let us assume that among the possible displacements there is one which 
satisfies the conditions 


+ pw dy, + pvz6z, = 0 (3.1) 


For the existence of such not identically vanishing displacements it 
is necessary and sufficient that the rank of the matrix of the coeffi- 
cients of the p + n equations (1.4) and (3.1) be less than the number 3n 
of the variations 5x,, d5y,, 5z, (v= 1, ..., nm), or, what is the same 
thing, that k > n. 


It is obvious that for these displacements 
+ Rydy, + 2,.62,) = 0 (3.2) 


The set of the possible displacements, satisfying the conditions 
(3.1) will be called, for the sake of brevity, (c)-displacements [3]. 
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For arbitrary (c)-displacements Equation (2.2) takes on the form 
> {((X, — m,z,’’) dz, + (Y, — dy,+ (Z, — m, bz, = 0 (3.3) 


The constraint reactions do not enter into this equation, and it 
plays the role of a principle for a system with friction, analogous to 


the Euler-Lagrange principle. 


Let us now proceed to the establishment of a principle of Gauss’s 
type by starting with Equation (3.3). Among the acceleration vectors y, 
of the point P, we select vectors y,° such that the vectors w, — y,* are 
among the (c)-displacements, i.e. satisfy the conditions 


prydy,” +- py2b2,” = 0 (v=1,..., a) (3.4) 
where 


For such possible [virtual ] (c)-motions Equation (3.3) takes on the 
form 


x Y 
{( — — 18) + — 


x 4 (2,” = ) = 0 


which can easily be expressed in the form 


+ y A,,°= 0 
where 


a Y 


denotes the degree of deviation (the constraint) of the actual motion of 
the system with friction from the actual motion of the system freed from 
all connections: in an analogous manner one can determine A,‘ and A,,*. 


From this equation we obtain two inequalities 
Aw <= (3.5) 
Thus, we have proved the following theorems. 


1. The deviation of the actual motion (w,) of the system with 
friction from a possible (c)-motion is less than the deviation of the 
latter from the motion of the system freed from all connections. 


2. The deviation of the actual motion of the system with friction 
freed from all constraints is less than the deviation of the latter from 
the possible [ virtual ] (c)-motion. 
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It follows from this that at every instant of time the actual accele- 
rations of the points of a system with friction cause the first varia- 
tion of the constraint 


x, 
A, = 5mm, ) 


to vanish if 5x,”, 5z,”(v = 1, ..., satisfy the conditions 
(2.4) and (3.4). 


In other words, Gauss’s principle for a system with friction can be 
formulated in the same way as for a frictionless system if one takes 
into consideration only possible (c)-motions. 


The equations of motion of a system with friction can be derived from 
Gauss’s principle in the new form in the usual manner [2 ]. 
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ON SOME OPTIMUM ROCKET TRAJECTORIES 
(0B OPTIMAL’ NYKH TRAEKTORIIAKH RAKETY) 
PMM Vol.25, No.6, 1961, pp. 978-982 


G. LEITMANN 
(Berkeley, California) 


(Received April 24, 1961) 


In @ recently published paper [1] two problems dealing with the optimi- 
zation of rocket trajectories were treated by variational methods. These 
problems concern the determination of the optimum thrust program — 
magnitude and direction — resulting in minimum flight time or minimum 
fuel consumption for a rocket transferring between specified velocities 
in the horizontal and vertical planes, respectively. 


The following assumptions were made in {1 ] and are retained here: 


a) The rocket is a particle of variable mass, i.e. the moments of 
inertia are negligible; 


b) The thrust direction is ideally controllable, i.e. can be changed 
instantaneously; 


c) the acceleration of gravity is constant; 
d) the aerodynamic forces are negligible; 
e) thrust is proportional to mass flow rate [2]. 


Since the conclusions reached in[1] are not in agreement with those 
published earlier for one of the problems (Flight in Vertical Plane), 
another analysis is presented here. The method of solution employed here 
is based on the classical Calculus of Variations [3] with the inclusion 
of inequality constraints on control variables as described in [4a]. 


Flight in Horizontal Plane 


Equations of motion and statement of problem. For flight re- 
stricted to the horizontal plane Figs. 1 and 2 portray the geometry of 
the flight path and the force system, respectively. The flight path is 
described with respect to an inertial coordinate system Oxyz with Oxy in 
the horizontal plane and Oz vertical upward. 
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Fig. 1. 


Upon decomposition of forces in the tangential, normal and binormal 
directions, respectively, one has 


mV =T cos 8cosq, mVy = T cos Osing, 0=T7 sin mg (1) 


where ; 
T=ch, c=const, (2) 


Since all possible control of the thrust direction can be effected 
with 


(3) 


one may write from (1), 


27, 


mg 
cos [1 — (8) | (4) 
Furthermore, to insure a real solution one must impose the constraint 


mg ‘ 
ry <8 <Bimax (9) 


where 


wax 2S prescribed. 


It is required to minimize a functional 
G = G (mi, Vi, Yi, ti, mj, Vy, ty) 
subject to constraints 
V — [(cB / m)* — = 0 
— / m)? — sing = 0 
m+B=0 
(Bmax — 6) (B — mg/c) — =0 


and to appropriate end conditions. Equation (7), arises from adjoining 
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inequality constraint (5), where 7 is a real variable [5]. If either V; 
or Vy is zero, a limiting process described in [6] must be employed. 


Equations (7) contain the six dependent variables V, y, m, 8, ¢ and 
yn. Since there are four constraint equations, two variables can be varied 
freely. These are the control variables f and ¢. 


First variation. Necessary conditions for the existence of an 
extremal value of G, arising from the vanishing of the first variation, 
are the Euler-Lagrange equations 


sing =0 (8) 
A, =0 
+ (= "(av + A, +sing ) (Bmax =0 
(= (Av sing — A, cos@) = 0 
cosp + dy y-sing) — dm + ( 28 — Bmax — =0 
= 0 


and the transversality condition 


dG + [hy dV + A, dy + — Cadt)if = 0 (9) 
where the first integral 
C = AW + + Amm = const (10) 


The Ay, Z= V, y, m, 9, are undetermined multipliers. 


Corner conditions. Since the control variables § and ¢ may have 
finite discontinuities at isolated points of the interval t; < t < ty, 
the extremal arc may possess corners. At such corners the Weierstrass- 
Erdmann Corner Conditions apply. For the problem under consideration 
these are 


Azg_ =Az,, Z=Vi y, m (11) 


C=C, (12) 


Composition of the extremal arc. Since the control variables 
B and ¢ may be discontinuous, there arises the question of composing the 
subarcs into the total extremal arc. 


From Equations (7), and (8), it follows that when 
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m 
< p< Bmax for 0 
y=0 


mg 


= 


8= Bmax for he 0, n=O (13) 


bearing out the contention that the thrust magnitude is bounded. Unfor- 
tunately, conditions (13) yield no answer to the question of choosing the 
optimum thrust regime. 


A similar dilemma arises with respect to the optimum choice of thrust 
direction angle ¢, since Equation (8), is satisfied by 
(sing = +4, [A + 


m =C or 
cos @ +ViA, [A,? + 


(14) 


To resolve these questions one must turn to a stronger condition than 
that arising from the first weak variation. 


Weierstrass E-function. For the minimum flight time problem 


(15) 
with 


t=4=0, V= 


t = t; (unspecified), V = (16) 


so that Equations (9) and (10) yield 
C=1 (17) 
For the minimum fuel problem, or any other, with unspecified flight 
time 
C=0 (18) 
Consequently, from Equations (10) and (7) one has then 


4] (Ay cosp + sin — > (19) 


Along a programmed intermediate thrust arc conditions (13) require 


A, =0 
whence Equation (8), becomes (20) 


|" (Ay + @) (21) 


In order that functional G have a minimum the Weierstrass E£-Function 
must be non-negative. This condition requires that 


A= (= — (Ay cos@ + sin@ )— Amp (22) 


m 
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be maximum with respect to the control variables § and ¢. 


With respect to thrust direction angle ¢ this requirement results in 
Equation (8.4) and the choice of the + sign in Equations (14), i.e. 


Ay cos@ + hy = + 0 (23) 


In effect, only the inequality sign applies in inequality (23) lest 
all multipliers vanish. Consequently, Equation (21) contradicts inequal- 
ity (19). Thus, there can be no arc of intermediate thrust, i.e. 


Ane 0, and = or B = Bmax (24) 
With respect to the bounded control variable £ 


= — + [( — (26) 


In view of Equations (8),, (24), and (25) 


1961 Also from Equation (25) 


3A | OB as ch mg (28) 
and from Equation (26) 
PA / OB? <0 (29) 


Figure 3 then shows A as a function of f at any instant of time. 


A 


Pig. 3. 


It follows from Fig. 3 that only maximum thrust is permissible, i.e. 


= Bmax (30) 
Furthermore, at that point 
A=C (31) 


If 
Bmax = 00 (32) 
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which is the case treated in[1], the final velocity is obtained by 
means of an impulse. 


If the flight time is specified, Equations (17) and (18) no longer 
hold. In particular, the first integral need no longer be non-negative 
and programmed intermediate thrust may be called for. Since A is not a 
linear function of 8, the optimum thrust program must vary continuously 
to satisfy the maximality of A. When the maximum value of A, Equation 
(22), lies in the interval mg/c < B< B the optimum program is given 


by max’ 
aA / =0 (33) 


that is, Equation (8). with Equation (20). When the value of A corre- 
(33) lies to the right of B = B 


An +9, B = Bmax (34) 
where A, is given by Equation (8)<. 


sponding to Equation in Fig. 3, then 


Solution. For finite thrust the equations of motion and the vari- 
ational equations must be solved together to provide the optimum thrust 
direction program. 


For minimum flight time and end conditions (16) one may proceed by 
assuming initial values for A, and Ay. Equations (7),_, and (8),_, 
together with Equations (14) and (30) are then integrated until m= my. 
At that point the end values of V and y must be matched. If the final 
mass Mm, is not specified, the integration must be terminated when 

Am = Ams =.0 (35) 

The multiplier A, may be computed from the first integral, Equations 

(10) and (17). 


For minimum fuel consumption 
G = (36) 


and 
V = Vi, Y= % m = m; 


t= t;(unspecified)V (37) 


it follows from Equation (9) that 
Amys 1 (38) 


The integration is terminated when A, reaches unity. Again, A, may be 
found from the first integral, Equations (10) and (18). 


In either case a two-parameter iteration is required for the solution 
of the mixed end value problem. 
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Flight in Vertical Plane 


The problem of optimal flight in the vertical plane has been solved 
earlier [7]. Here again it can be shown that flight at maximum thrust 
is optimum for the problems considered. 


Note. The results obtained in this paper do not agree with those of 
[1], where the solution calls for flight with programmed intermediate 
thrust. 


BIBLIOGRAPHY 


Gorelov, Iu.A., O dvukh klassakh ploskikh ekstremal’nykh, dvizhenia 
rakety v pustate (On two classes of plane extremal motions of a 
rocket in vacuum). PMM Vol. 24, No. 2, 1960, 


Leitmann, G., On the equation of rocket motion. J. Brit. Interplan. 
Soc. 16, 141-147, 1957. 


Bliss, G.A., Lectures on the Calculus of Variations. University of 
‘ol. 25 Chicago Press, 1946. 


Leitmann, G., Optimization Techniques, Chapt. 5 (Ed. Leitmann, G.). 
Academic Press, New York (in press). 


Valentine, F.A., The problem of Lagrange with differential inequal- 
ities as added side conditions. Dissertation, Department of Mathe- 
matics, University of Chicago, 1937. 


Leitmann, G., Trajectory programming for maximum range. J. Franklin 
Inst. 264, 443-452, 1957. 


Leitmann, G., On a class of variational problems in rocket flight. 
J. Aero. Space Sci. 26, 586-591, 1959. 


(Author’s original) 


1481 
1961 


ON THE STABILITY OF MOTION OF A GYROFRAME 


(0B USTOICHIVOSTI DVIZHENIA GIRORAMY) 


PMM Vol.25, No.6, 1961, pp. 938-991 


D.R. Merkin 
(Leningrad) 


(Received June 27, 1961) 


We consider here the motion of a gyroframe (a rigid body carrying gyro- 
scopes), whose point of suspension is being displaced with respect to an 
inertial frame of reference in an arbitrarily prescribed manner. Using 
methods shown in[1], we derive the equations of precessional motion 
for the whole system. We demonstrate that under certain conditions the 
equations of motion yield the first integral, which is used to construct 
the Liapunov function and determine in turn the necessary conditions for 
the stability of motion. As an example we derive the equations of pre- 
cessional motion of a horizontal gyrocompass and prove that these equa- 
tions are equivalent to the equations obtained originally by Ishlinskii 


{3}. 


We determine the conditions for the stability of motion of a hori- 
zontal gyrocompass (when the velocity of the suspension point v and the 
angular rotational velocity w of the trihedron of Darboux are constant). 


1. Let us introduce two coordinate systems, the inertial system with 
the origin at the point O, and the system Ox,*x,*x,* in translatory 
motion with respect to the inertial system. We shall investigate the 
motion of a system of mass points with respect to these two coordinate 
systems. Let us denote by K the principal vector of the angular momentum 
of our system of mass points about the origin of the inertial reference 
frame O,, and by K,’ the principal vector of the angular momentum of our 
system about the origin of the translated frame Ox,*x,*x,*. 


The equation of the angular momentum of our mass points system 
dK/dt = M® can be easily transformed into 


e , 
— M,°-+ M, (1.4) 


Here M° and M, ¢ are the principal moments about the points 0, and 0, 
respectively, of the external forces acting on the system; M,“ is the 
principal moment about the point O of the inertia forces caused by the 
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transport acceleration. All the inertia forces are replaced by a single 
effective resultant mw applied at the center of mass of the system (m is 
the mass of the whole system, w is the acceleration of the point 0). 


The kinetic energy of our system can be written in the form 
T =T' + + mv-v,' (1.2) 


In the above equation v is the velocity of the point 0, v.” is the 
velocity of the center of mass of the whole system with respect to the 
moving axes Ox,*x,°x,*; T’ is the kinetic energy of the system. 


We shall consider now the motion of a gyroframe when the motion of 
its suspension point O is prescribed. The precessional, or the so-called 
elementary theory of the motion of a gyroframe can be derived by using 
two different methods. The first method (see papers by Ishlinskii [2-5] ) 
consists of using the angular-momentum equation in the form (1.1). The 
precessional theory assumes that at sufficiently high rotational velo- 
cities of the gyroscopes the angular momentum _ of the whole system 
(gyroframe with gyroscopes and other bodies) about the moving axes 
Ox, *x,*x,* equals the geometric sum of the angular momenta of the gyro- 


scopes 


k 
K,’ =H = ps H; (k is the number of gyroscopes) 
j=1 


Substituting the approximate value of the angular momentum K,” in 
Equation (1.1), we obtain the equation of precessional motion of the 
gyroframe 


(1.3) 


To the above vector equation we must add the equations determining 
the motion of the gyroscopes with respect to the frame. 


In the second method of deriving the precessional equations of motion 
of a gyroframe instead of the angular-momentum equation, we simplify the 
expression for the kinetic energy. The essence of the second method con- 
sists of replacing the kinetic energy of the system with respect to the 
moving axes Ox,*x,*x,* by the kinetic energy of the gyroscopes rotating 
about their axes, when the rotational velocities of the gyroscopes are 
sufficiently high (see, for example, [2 ]). 


2. Let us examine the second method in some detail. Beside the moving 
axes we introduce in addition two more coordinate systems Ox,°x,°x,° and 
Ox,x,x,. The origins of both systems coincide with the suspension point 
O, the system Ox,x,x, is fixed in the frame and the system Ox ,°x,°x,° 
rotates with the prescribed angular velocity w, = @,(t) with respect to 
the trihedron Ox,*x,*x,*. Let us denote by Wj the components of the 


=M,' +," 
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angular velocity vector w, along the axes x.; by q,, q, 93 the Eulerian 
angles determining the orientation of the gyroframe (the Ox,x,x,-coordi- 
nate system) with respect to the trihedron Ox,°x,°x,°; by qy, ---» I, 
the angles determining the orientation of the gyroscopes’ axes with re- 
spect to the gyroframe; by aig the cosine of the angle between the 
vector q. and the axis of the sth gyroscope; by 6;, the cosine of the 
angle between the axis x.° and the axis of the oth gyroscope; by d, the 
rotational angular velocity of a gyroscope; by C, the moment of inertia 
of a gyroscope about its axis of symmetry. 


When the second method is being used, the kinetic energy (1.2) of the 
precessional motion of the system consisting of a gyroframe and gyro- 
scopes is replaced by the = 


k 
= 26.(9,+ + + (2.1) 


In the above equation as, and bis are the known functions of the 
generalized coordinates q,;, and w,° are the prescribed functions of the 
time. We shall denote by w, the rotational angular velocity of the gyro- 
frame with respect to the trihedron Ox,°x,°x,°. The velocity of the 


center of mass Vv.” with respect to the system Ox,*x,*x,* equals 


Here r.” is the radius vector OC of the center of mass. Expression 
(2.1) can be put in the form 


k n 
j=1 


s=1 


T, = mv: (w, X Ty = mv (wm, re’) + (2.3) 


Let us mention that T, is the linear form of the generalized velo- 
cities q), 4, 93, and T, depends only on the generalized coordinates 
q,; and on the time ¢. 


Taking into consideration that the torques caused by the gyro-motors 
are equilibrated by the resistance forces, we obtain the k first inte- 
grals corresponding to the cyclic coordinates ¢, 


(9, + > 2559; bj@ej ) = H, 
Vs j=1 j=! 


When constructing the equations of motion of the system it is con- 
venient to eliminate the cyclic coordinates ¢, by using the first inte- 
grals (2.4). To achieve that we construct the "Routh function within an 


| 
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additive constant, in our case 


R = R, + R, + T; T T, (2.9) 
where 


a 3 
> H, 2 ag;, (2.6) 
=1 s=1 j=1 


The equations of the precessional motion of the whole system (gyro- 
frame and the gyroscopes) are 


where Q. is the generalized force. By (2.5) Equations (2.7) can be put 


in the form 


d 


Before going any further, let us make two observations. When con- 
structing the sum Xa. qj in the expression for the kinetic energy (2.1), 
we consider only those angular velocities q, which are transferred to the 
sth gyroscope, and when we calculate the generalized forces Q, we neglect 
to consider the inertia force caused by the transport acceleration, be- 
cause the kinetic energy (1.2) or (2.2) refers to the absolute motion. 


3. Assuming that the forces acting on the system are derived from a 
potential, we have 


(3.1) 


where [I is the potential energy. Let also R,, 7, and T, be explicitly 
independent of time. With these assumptions Equation (2.8) yields the 
first integral 

V = Il — T, — R, = const (3.2) 


easily obtained by multiplying each equation in (2.8) by qj , Summing up 
the products and taking into consideration that R, and 7, are homogene- 
ous linear functions of the generalized velocities, and that ll, T, and 
Ry do not depend on the velocities q,. 


We shall assume that the displacements of the coordinate system 
Ox 1%" x,° and that the forces acting on the system are such that the 
motion described by the equations q, = 0 (j = 1, 2, ..., ) is possible, 
For such a motion Equations (2.8) become applicable for the perturba- 
tions, and if the function 


W=V—V(@) (3.3) 
is sign-definite, then the unperturbed precessional motion q; = 0 is 


SCC 1485 
d OR OR 97 
— = Q; (j = 1,2,..., a) (2.7) 
dt aq; 09; 
d OR, OR, OR, oT, 28 
dt aq; 0g; Q; (<.8) 
all 
Qj 0q; 
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stable by the Liapunov criterion. 


4. Let us consider as an example the derivation of the equations of 
motion for a horizontal gyrocompass and of the conditions of its sta- 
bility. The basic scheme of the gyrocompass system can be found in [2 ], 
where the author derives the equations of motion using the equations of 
moments. In our derivations we are using essentially the same method as 


in[{2]. 


The earth is assumed to be a perfect sphere and the suspension point 
O of the gyroframe moves on the earth’s surface. Let us introduce a co- 
ordinate system Ox*y*z* which is in translatory motion and whose axes are 
oriented on distant stars, and a geographically oriented system O&n ¢. 
Let U be the earth’s angular velocity, ¢ be the geographical latitude of 
the gyrocompass, V, and Vy be respectively the known eastern and northern 
components of the velocity of the suspension point with respect to the 
earth’s surface. The angular velocity of the latitude variation ¢ and of 
the longitude variation A equal 


V 

A 

Reos¢ 

where R is the earth’s radius. The angular velocity vector of the lati- 
tude variation is directed west, and the angular velocity vector of the 


longitude variation is parallel to the earth’s axis. 


The angular velocity vector of the rotation of On ¢ with respect to 
the star-oriented system is the resultant of the earth’s rotation angular 
velocity vector and of the angular velocity vectors of the latitude vari- 
ation and longitude variation. Its €, 7 and ¢ components equal 


uz, =(U +A)sing (4.2) 

The velocity v of the suspension point O with respect to the inertial 

reference frame whose origin is at the earth’s center (the acceleration 
of the earth’s center is neglected) is the resultant of the transport 
velocity RU cos ¢, directed east along the tangent to a meridian, and 


of the relative velocity whose components are V,, Vy, O. Consequently, 
the velocity v equals (Fig. 1) 


v= VVy? + (Ve+ RU cos@)? (4.3) 

Following [2 ], we introduce a new coordinate system Ox°y°z° whose z- 
axis (Fig. 1) coincides with the €-axis, and the x°-axis is along the 

velocity vector v. The y°-axis must then be directed along the resultant 


of uz and uy. The angle between the axes & and x° is given by the 
formula 


(U + i) COS @ Vet U cos q (4.4) 
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Using Fig. 1 and Formulas (4.1) to (4.4), we calculate the x°-, y°-, 
and z°-components of the rotational angular velocity @, of the system 
x°y°z° with respect to x*y*z* 


= 0, (4.5) 
where 


‘ V 
o = (U + d)sing + tang +Using +6 (4.6) 


We introduce finally the coordinate system xyz fixed in the gyroframe, 
whose z-axis is parallel to the rotation axes of the gyroscopes’ casings 
(inner gimbal rings), the y-axis makes equal angles with both gyroscopes’ 
axes, consequently the direction of the x-axis is uniquely determined 
(Fig. 2). (Figure 2 is given without explanations, which can be found 
for example in[2].) The orientation of the gyroframe with respect to 
Ox°y°z° is determined by the three angles a, f and y (Fig. 3). The 
direction ¢osines of the angles between Oxyz and Ox°y°z® are listed in 
the following table: 


| | 


cosa cosy—sina sin8 siny | sina cosy-+-cosa sin Ssiny —cos8 siny 


(4.7) 


y | —sinacos8 cosacos8 | sin8 


z |cosa siny-+-sina sin3 cosy | sina siny—cosa cosy | cosB cosy 


The x-, y-, and z-components of the angular velocity vector w, and 
of the angular velocity vector w, of the gyroframe in rotation with 


1487 
y 
y 47 
(U+4) cos 4 
4(U+4) cos 
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respect to Ox°y°z° are 
Wex = (sin cos y + cosasin sin 7) —@ sin 
Wey = cos acosf + wsinf (4.8) 


= (sin asin — cos asin cos y) + @ cos cos 


= —acosBsiny+fcosy, wn, =asinb+ (4.9) 


= + Bsin x 


We need also the y-component of the angular velocity vector of the 
gyroframe’s rotation with respect to the inertial system (the remaining 
components are not needed). 


and by (4.8) and (4.9) 


We have the relation @, = Wy + @y, 


@, = asin + 1+ cos a cos + @ (4.10) 


In order to obtain in the Routh function the expression for R, + Ry 
(see, for example, [1 ] and also Formula (2.6)) we mst: (1) calculate 
the sums of the projections of 
angular velocities on the axes of 
each gyroscope (excluding the velo- 
city of spin); (2) multiply these 
sums by the angular momenta of the 
corresponding gyroscopes and add 
together these products. 


Applying the above procedure to 
the system which is shown in Fig. 2, 
we obtain 


(@, sine+ cose) 
+ He (— sin + @, cos e) 

Assuming that angular momenta of 
Pig. 3. the two gyroscopes equal each other 

(H, = H, = H; an angular momentum 

in [2] is denoted by B), and by (4.10), we obtain 
Ri + Ro = 2H cos e(a sinf + x + Fp cos a cosh +o sinB } 
Hence 


Ri = 2H cos e (asinB + 7), Ro= 2H cose (Fe cosacosp + @ sin f ) (4.11) 
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We are going to calculate now 7, and 7, by Formulas (2.3). The 2°-, 
y°- and z°-components of the velocity vector v of the suspension point 
equal 

vy, = 0, v, =0 


The x-, y-, and z-components of the vector v are found by Table (4.7) 
and equal 


v, = v(cos a cos y — sin a sinfsin 7), vy = — vsin acosp 
v, = v (cos a sin y+ sin a sin (4.12) 
The center of gravity of the whole system is on the x-axis at the 


distance | below the suspension point. Therefore, the x-, y-, and z- 
components of the vector Fr.” are 


zr=0, y=9, (4.13 


Performing multiplications as shown previously in (2.3), and by (4.8), 
(4.9), (4.12), and (4.13), we obtain 


T, = mlv{(sin @ sin y — cos a sin Bcos ya — sina cos Bcos — 

— (cos a cos y — sin a sinfsin 7) 7! (4.14) 
2 


To mv* + (sin a sin — cosasinB cosy) — ml 


cos Bcos 


We shall calculate now the generalized forces. The gyroframe is under 
the action of the gravity force F directed toward the earth’s center 
along the earth’s radius. The potential energy due to F equals [{I, = F¢, 
where € is the coordinate of the center of gravity of the gyroframe with 
all the bodies attached to it. By Equation (4.13) and by Table (4.7) we 
obtain 


Ili = — Ficos§ cos y (4.15) 


A gyroframe has an internal device which generates the moment N(c ) 
about the rotation axes of the gyroscopes’ casings. If we neglect all 
other forces except the ones under consideration, we obtain the follow- 
ing generalized forces for our system: 


all ei 
— = — Flsin feos y (4.16) 


= — Ficos6 sin y, Q, = — N (e) 


Using Expressions (2.8) for the angles a, B, y, ande, and by (4.11), 
(4.14), and (4.16), we obtain the equations of motion for our system 
(the right members of the first three equations can be obtained as the 
sum of the moments of the gravity force F and of the resultant of 
inertia forces mv about the z,-, x°- and y-axes (Fig. 3)): 


Q, = — 
0, = 
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(4.17) 


v 


R 


=— mi (sin a sin y — cos a-sinB cos y) + ml@v (cos a sin y + 


(2H cos e) sinfB + 2H cos e-cosBp + 2H cos e—-sin acosp = 


+ sin a sinB cos 7) 


v 
R 


— mlwv cos a cosp cos y —(F — m R ) l sin B cos y 


dv .. 
— 2H cos — cos + @ cosh ) = ml — sin acos§ cos y — 


2H cos = ml —- (cos a cos y — sin asin sin y) + 


»2 
+. mlwv (sin a cos y + cos asinB sin y) —( F — m ) cos® sin ¥ 


2H sin e(asinB + 7 + cos +o sinf) = — N (e) 


Equations (4.17) are equivalent to the equations (40) in [2] which 
were obtained by a different procedure. Indeed, the second and the 
fourth equations of the system (40) in [2] coincide with the third and 
the fourth equations of (4.17). In order to obtain the first equation of 
(40), we reduce the first equation of (4.17) by the third equation of 
(4.17) to the form 


2H cos e(p 4 sina) = — sin acosB sin 7 + 


+ cos acos sin y +(F — m sin B sin 


then we multiply this equation by sin y and multiply the second equation 
(4.17) by cos y and add the two products. The third equation of (40) can 
be easily obtained by some other linear combinations of equations in 

(4.17). 


5. Our gyroframe becomes a horizontal gyrocompass if we select the 
moment N(e) permitting the motion determined by a = 8 = y = 0, that is 
such a motion when the equatorial plane of the gyroframe Oxyz remains 
all the time horizontal (gyrohorizon), and the y-axis points north with- 
in a course correction angle ( (gyrocompass). Substituting the above 
values for the angles a, B and y in Equations (4.17), we obtain 


2H cos = mlwr, 2H sin - N (e) 
(em. 
2H cos = mlv = mlV Vy* + (Vy + RU cos (5.4) 


Al 2 


If the above conditions are satisfied and if at the initial instant 


i 1490 

a4 
‘> 
4 Vol. 2 
4 


ol. 25 


Stability of motion of a gyrofrane 1491 


of time a = 8 = y = 0, then the gyroframe will be in equilibrium rela- 
tive to Ox°y°z° showing all the time both north and the local vertical. 


6. We shall investigate now the stability of motion, assuming that 
the functions R,, T, and T, do not depend explicitly on the time (this 
is equivalent to the assumption that v and w are constants). Let ¢,4 be 
the value of the angle « at which the first condition (5.1) is exactly 


satisfied: 
2H cos to = mie (6.4) 


Let us introduce through the equation 


&o 
the new angle 5. The generalized force — N(«) will be conservative and 
its potential energy will be 


\ N (e) de os (6.2) 


Using the potential energy of the force F (4.15), we find the 
potential energy I] of the whole system 


Il = — Ficospeos + cos 2¢ (6.3) 
Under these assumptions the first integral (3.2) exists and in our 
case (see (4.11), (4.14) and (6.3)) it has the form 
2 


2 


miqv — (sina siny — cosasin8cos 2// cos(eo + d) » 
x (+ cosacospB + sin fh (6.4) 


We consider the difference V — V(0) and expand it in power series of 
a, B, y and 8. By Equation (6.1) and after certain transformations we 
find 


r—_v@o=- 


5 an | (6.5) 
+ 2mwv tan eo8d) 


The dots which follow the last term indicate higher-order terms which 
were neglected. 


Let us take the quadratic form inside the brackets and apply to it 
the criterion of Sylvester. We find that if the condition 


F —m = — mRo* > 0 (6.6) 


is satisfied, then for sufficiently small values of «, (, y and 5 
the function # = V — V(0) is positive-definite. Its derivative, on the 
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strength of the perturbed equations, equals zero (W = constant), hence, 
by Liapunov’s theorem, the unperturbed motion of the horizontal gyro- 
compass a = 8 = y = 6 = 0 is stable. 


Let us examine quickly the condition (6.6). If we assume, following 
[2], that 


F — = mg 


is approximately satisfied, then the inequality will take the form 


o<v = (6.7) 


where v is the frequency corresponding to a period of Schuler [6 ]. 


7. We shall now take into account the resistance forces. If we do 
that we have instead of the integral (6.5) 


d 
dt 


(V —V,) = — (aa? + + + 


where a, b, c and d are arbitrarily small constants which characterize 
the dissipative forces. 


When w < v, then the unperturbed motion a = 8 = y = 5 = O is asymp- 
totically stable, and when w > v then the function V - V, can take on 
negative values, and the motion is unstable. If we take into account re- 
sistance forces in every part of the system, then, with all other 
assumptions, the inequality w < v is not only sufficient but also the 
necessary condition of stability of motion of a horizontal gyrocompass. 
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ON STABILITY OF QUASIHARMONIC SYSTEMS 
WITH RETARDATION 


(OB USTOICHIVOSTI KVAZIGARMONICHESKIKH 
SISTEM S ZAPAZDYVANIEM) 


PMM Vol.25, No.6, 1961, pp.992-1002 


S.N. SHIMANOV 
(Sverdlovsk) 


(Received August 5, 1961) 


A method of calculation of characteristic indices is presented for 
systems of linear differential equations with time lag and with periodic 
coefficients close to constants. The criterion of stability of the un- 
perturbed motion is established for these systems. 


1. Formulation of the problem. We shall consider the stability Vol. 2 
of motion x = 0 of quasiharmonic systems of the type 1961 


SO (a+pg (ty) 


Here x(t) is an n-dimensional vector; a = ||a,,|| and b = || b,,|| are 
square matrices of the order n with constant elements; g(t, pn) = 
(t, #) || and h(t, w) = ||h,,(t, || are square matrices of the 
order n whose elements are analytic functions of the parameter yp in the 
region |y| < u* (u* being a positive number) and continuous functions of 
time t with the period 27; r is the constant retardation time. 


The problem of stability in first approximation of periodic vibrations 
of quasilinear systems with retardation is reduced to a problem of this 


type. 
Let us consider the characteristic equation 
A (A) = |a + be-** — EA| = 0 (1.2) 


where E is the unit matrix. 


If |u| is sufficiently small, the following propositions for the 
system (1.1) are valid, independently of the forms of the coefficients 
g and h. If all the roots of the characteristic equation (1.2) have 
negative real parts, then the motion x = 0 of the system (1.1) is 
asymptotically stable and any solution of (1.1) decreases exponentially 
[1,2]. If at least one root of Equation (1.2) has a positive real part, 
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then x = 0 is unstable [3]. 


In case some of the roots of Equation (1.2) have real parts equal to 
zero (the remaining roots having negative real parts), the stability of 
motion is essentially influenced by the functions g(t, mu) and A(t, yu). 


This paper deals with a method of solution of the problem of sta- 
bility of the motion x = 0 of the system (1.1) in the indicated case. 


It is shown that, as in the case of ordinary differential equations 
with periodic coefficients, for every root A, of Equation (1.2) a 
particular solution can always be constructed in the form 


x, (t) = e**u, (t) (a (0) = Ay) (1.3) 


where a(uz) is a constant with respect to t, and u(t, u) are periodic 
functions with the period 27. The constant a(z) will be called the 
characteristic index. 


Unlike the ordinary differential equations, the system (1.1) has a 
countable number of characteristic exponents: as many as the number of 
roots of the characteristic equation (1.2). However, as in the case of 
ordinary differential equations with periodic coefficients close to con- 
stant, it is not necessary to determine all the characteristic indices 
in order to clarify the question of stability or instability of the 
motion x = 0 of the system (1.1). It is sufficient to determine only 
those characteristic indices which correspond to the roots of Equation 
(1.2) with zero real parts. Assume that all the characteristic indices 
corresponding to pure imaginary roots of Equation (1.2) are determined 
and suppose their real parts are negative. Then the motion x = 0 of the 
system (1.1) is asymptotically stable for sufficiently small ||, and 
all solutions of the system (1.1) will decrease exponentially. If at 
least one of the characteristic indices will have a positive real part, 
then the motion x = 0 is unstable, because there exists one particular 
solution of the system (1.1) in the form (1.3) which increases exponent- 
ially. 


This paper is concerned with the proof of this last proposition and 
with the problem of calculation of characteristic indices. 


In the following, a method of calculation of characteristic indices 
and particular solution of the type (1.3) will be presented for the 
system (1.1). This method is a generalization for the system (1.1) of a 
known method of calculation of characteristic indices of systems of 
ordinary linear differential equations with periodic coefficients close 
to constants [5,6,7 ]. 


2. The method of calculation of characteristic indices. 
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Let us consider an arbitrary root A, of Equation (1.2). The root A, 
is simple with respect to i = ¥ - 1 if all the differences A, - A ,(j = 
2, 3, ...) are not equal to zero or a number of the type + Ni, N holes 
a positive integer. This property will be briefly denoted by: 

A, # A ; (mod i) (j = 2, 3, ...). 


The roots Ay, . are equal to each other in the modulus i and 
are different in the pa ra i from the remaining roots A,, ,, 
the characteristic equation (1.2) ifA, =A, =... =A,, A,# 
for k<m, j >m+ 1, where k and j one iabeenes. 


In the calculation of the characteristic index a,(z) corresponding to 
the root A,, two cases may exist, depending on whether the root A, is 
simple with respect to the modulus i or is a multiple of certain multi- 
plicity m (m is finite for systems with retardation). 


Assume that A, is a simple root in the modulus i of the characteristic 
equation (1.2). The corresponding characteristic index a,(m) will be an 
analytical function of the parameter yp in a certain, sufficiently small, 
surrounding of the point » = 0. In order to calculate the characteristic 
index a,(z), we shall seek the particular solution in the form (1.3), 
where 


ai (u) = Ar + wor + +..., vs (t, p) = uy? + pu, () 
(2.1) 
@,, ... are unknown constants, and u.‘9), are unknown non- 
periodic coefficients. Substituting (1. 3) inte Waites (1.1) and 
taking into account (2.1), we obtain the equations 


du 


au(t) + bul(t — — A, (2) (2.2) 
(t) ) 4 
bu (t — t) e~** — Aru (t) + 0) u™ 

~h (t, — t) — (t) — bu™ — t) em (2.3) 


Let us investigate the system of equations (2.2). Since the character- 
istic equation of this system has one root equal to zero and the remain- 
ing roots A. - A,(j = 2, 3, ...) are different from zero and numbers of 
she type 2 Hi, 1, 2, 3, ..., the enly periodic the 
— 27 is Fe constant vector x = ¢, = |¢,,} = const. We denote by 

(A,) the algebraic complement of the element of the kth row and jth 
cate “a the determinant A(A,), (1.2). Without limiting the generality, 
we shall consider that A, ,(A,) “ie not equal to zero. Thus we obtain 


1 = {cAn (An), . ., CAyn (A1)} (2.4) 


where c is an arbitrary constant. 
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Consider now the system conjugate to (2.2) 


dy(t) 
dt 


where a’ and 6” are the transposes of the matrices a and b. The charac- 
teristic equation of the system (2.5) 


= — a’y (t) — b’e~*y (¢ + 1) + Ary (2.5) 


D (A) = |— — — E (A — = 0 (2.6) 


has one root equal to zero while the remaining roots — A, + A,(j = 
2, 3, ...) are different from zero. The single periodic solution of the 
system (2.5) is 


i = {An (Aa), . Any Arr (Ax) (2.7) 


We shall substitute - = ¢, into the system (2.3), and we shall seek 
its periodic solution u‘!)(¢t) with the period 27. In order that this 
solution may exist, the following condition should be satisfied: 

2x 
ar \ (qic -- (¢ — 1) qu at 


+ (6, 0) cops +h (t, 0) qr (2) dt = 0 


It is easy to show that 


Qn 


\ + p, dt = — Ay, (Aa) — ‘a! 0) (2.9) 


Therefore, the coefficient of a, in Equation (2.8) is not equal to 
zero. Considering (2.9), we find 


lg (¢, O) qr + h(t, O)qilypide (2.10) 


@1 = chu Qu) Un) | 


Using the method of ne: coefficients, we find the periodic 
solution u‘!)(t) of the system (2.3) in the form 


ul) (t) = + UW (0) (2.11) 


The periodic center will be completely determined if we require that 
the condition v, (1)(9) = 0 be satisfied. All the following unknown co- 
otticiente 3) uf?) uf) will be found in the same order 
asa,, u’. All we will be fully determined if the condition 


u,((0) = 0 (A,,(0) 0) is added. 


With this additional condition imposed on the initial values of the 
functions u, (R)(Q), the series u ,(t, #) will converge for sufficiently 
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small ||, while the series for the characteristic index always converge 
for sufficiently small |p|. 


We shall consider now the case of a root A, of Equation (1.2) which 
is multiple in the modulus i. We shall again seek the solution of the 
system (1.1) in the form (1.3), where a,(yz) and u(t, mw) are represented 
as the series (2.1) with unknown coefficients. Substituting (1.3) into 
the system (1.1) and comparing the coefficients of equal powers of p, we 
obtain the equations (2.2), (2.3), ... 


Consider the system of equations (2.2). The characteristic equation 
of this system has m roots equal to zero in the modulus i. Assume that am 
periodic solutions ¢, (j = 1, ..., m) of the period 27 correspond to 
these roots. Thus, also the conjugate system (2.5) admits m periodic so- 
lutions ; (j = 1, ..., m) with the period 27. 


We assume 
UO = Mg, +... + Mn Gm (0) (2.12) 
where sods are arbitrary constants. 


Substituting u‘®) into Equations (2.3), we obtain the equations for 
the determination of the periodic vector function v‘!) with the period 
27. In order that this system of equations may admit periodic solutions 
of the period 27, the following conditions should be satisfied: 


—ai\ [Migr +... + + 6 (Magi — 1) +... 


\ (4, 0) (0) + 


h (t, O) (M,q, (t — t) +... + (¢ — 1)) dt 


(2.13) 
— + + dimM + +... + = 0 


The necessary and sufficient condition for the system (2.13) to admit 
nontrivial solution is that its determinant equal to zero 


aid = 0 (2.14) 


We shall show first that (2.14) is an equation of the order m ina,, 
since |d.,| # 0. Let us assume that |d,,| = 0. Then, such constants A,, 
J J 
«++, A, may be found that 


196] 


‘ 
‘ 
4 
o, 
Vol. 2 
+s 
ta 4 
= 
0 
o- 
or 
# 
= 


ol. 25 
1961 


Stability of quasiharmonic systens 


Aidy, +... + Amdjm = 0 i..., 


But then the system (2.1) admits solutions with the secular term 
(A\d, + ... + Ad.) t + A(t). This last case is excluded by the assump- 
tion, because to m roots being equal in the modulus i correspond m in- 
dependent periodic solutions (2.1); in particular, if the roots A,, ... 
A, are equal in the modulus i, but all are different, then 


dA | 


dh Ay, #0 


Thus, Equation (2.14) is of the order m and admits m roots o**, 
_ a,‘®. In the case when e,** are all different, the m character- 
istic indices correspond to them: 


Aj + pa, +... (2.15) 


In the case when multiple roots are among the roots e,**,, sans a,°** 


the quantities A. + ay (j = 1, ..., m) represent first approxima- 
tions of the characteristic indices corresponding to m roots A,, ..., A, 
being equal in the modulus i. 


We shall discuss in more detail the calculation of the characteristic 
indices corresponding to the simple roots a, of Equation (2.14). We de- 
note by D, (a,) the algebraic complement of the element of the kth row 
and the jth column of the determinant (2.14). Since 


dD (a) 
da a 


for = % 
then, without impairing the generality, we may assume that 


Dm (a1) 0 


Solving the system (2.12) with respect to u,°°, we find 


(a) 
c 
Drm (2) 


(0 
Myo 


8) 
where c is an arbitrary constant. 


Since the conditions of existence of periodic solutions of the system 
(2.3) are thus satisfied, a periodic solution with the period 27 exists 
and it can be determined using the method of undetermined coefficients 


= +... + + (0 (2.16) 


where ®t) = {®.(t)} are periodic functions, and M,“2) are arbitrary con- 
stants. Substituting u‘!)(¢) into the equations for u‘*’, we obtain the 
conditions of existence of periodic solution in the form 
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— a2 (dj,M, + ... + dimMm) + +... + — (2.17) 


Here A) are certain constants, Qi; are defined in (2.13). 


The system (2.17) represents m equations with respect to m+ 1 un- 
knowns. We write the determinant of the system (2.17) with respect to 
the unknowns M,, M,, ..., My_4, 


Qu—dna. — 
= cD (a,) #0 


The system (2.17) can be solved with respect to a,**?, coon Mia's 
a, which will be thus expressed in terms of the parameter c and the con- 
stant a. In this, a, proves to be independent from as" and c, and 
it is given by the formla 


Qu — | A,,™ Vol. 2 
196! 


We find u‘??, uf}? ... in a similar way as we did u'"). In this, the 
constants k) satisfy a system which differs 
only in free terms from the system (2.17). Later on, in Section 3, the 
analyticity of the characteristic index a,(y) will be shown in the 
vicinity of the point » = 0 for any simple root a, of Equation (2.14). 
Therefore, from the uniqueness of the series presentation a(u) = A, + 
pa, + ..., we conclude that the series for the characteristic index 
converges for sufficiently small || and it represents the characteristic 
index being sought. 


Without limiting the generality of discussion, we may assume that, 
for instance, 


m 


j=1 


Thus, the selection of the constants gis will not be arbitrary if 
we require that the condition u,(0, ») = 1 be satisfied at the initial 
instant of time. 


This will be true if the following conditions are fulfilled: 
u, (0) = 4, (0) = 0 (j = 1, 2, 3,...)° 
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The first condition is fulfilled by assuming 


m | 
D_. 
(> mj (a) 


j=] 
The other conditions will be satisfied if the constants M_‘*) are 
chosen in a proper way with regard to the condition u‘J)(0) = 0. 


mm (2) 


With such constants c, gS, m2), ... the series for the particu- 
lar solution (1.3) corresponding to the roots A, and a, will converge 
for sufficiently small |p|. 


3. Om the construction of particular solutions of the type 
(1.3) im a gemeral case. We shall find particular solutions of the 
system (1.1) in the form (1.3). For this purpose, we replace the variable 
vector x in the system (1.1) by the vector u, according to the relation 


xz = (3.1) 
With the new variables the system (1.1) has the form 


du (t) 


pth (t, wp) (¢ — t) + bu (t — 1) 1) 
+ ph u(t — 1) — au (t) (3.2) 


= au (t) + bu (t — — Ayu + wg 


where a is an undetermined constant. 


Instead of looking for particular solutions (1.3) of the system (1.1), 
we shall find periodic solutions with the period 27 of the system (3.2). 
Then a will be determined from the condition of existence of periodic 
solution of the system (3.2), which for » = 0 and a = 0 becomes the 
periodic solution (2.12) of the system (2.2). 


Let us consider the system of integro-differential equations 


du(t) 
dt 


au (t)+bu (¢ — — g(t pa (d 


+ ph (t, pp) (¢ — u(t — 1) — I) 
+ ph (t, u (t— e~** — 1M) (@; + be" 1@; (¢ — t)) 
\ lpg (¢, (t) + ph (t,p) u(t — t) + bu (t — — 1) - 
— au (t) + ph (t, (¢ — 1) (em — 1)] (0 =0 
(3.4) 
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The discussion of the last system is based on the same assumption 
concerning the root A, as in the second case of Section 2. The notations 
w(t) and d., are explained in Section 2. The constants W are deter- 
mined by Equations (3.4). The following lemma is true. 


Lemma 1. The system of integro-differential equations (3.3) and (3.4) 
admits periodic solution with the period 27, depending on the arbitrary 
constants M,, ..., M,, and the parameters » and a, in the vicinity of 
the point » = a = 0, which for » = a = 0 becomes the periodic solution 
(2.12) of the system (2.2). This solution is linear and homogeneous with 
respect to the constants M,, ..., M,, the coefficients being analytical 
with respect to p and a in the vicinity of p = a = 0. 


Proof. We shall use the method of successive approximations. Let us 
assume that the periodic solution of the auxilliary system has been 
found. It is of the form 


M, Mu @) (¢, u, a) M, Om(t, p, a) M,, (3.5) 


where Vi, «++, VU, are analytic in » and a. The constants W * are then 
uniquely determined by Equations (3.4). 


Consider the system of equations 


W May, hy a) = Pj, (p, a) (p, a) M,, () 
(3.6) 


Lemma 2. In order that the system (3.2) may admit a periodic solution 
of the period 27, it is necessary and sufficient that the system of 


equations (3.6) have nontrivial solution for M,, ..., M,. 


Proof. If M,*, cows M,° satisfy the system of equations (3.6), then 
substituting them into (3.5) we obtain the periodic solution of the 
system (3.2). Hence follows the sufficiency of the conditions of the 
lemma. To prove the necessity of the conditions of the lemma, we note 
that all the periodic solutions with the period 27 of the auxilliary 
system are included in Formula (3.5). We assume that the system (3.2) 
has a periodic solution A(t, pw, a) with the period 27 at certain fixed 
values of a and p. Since this solution is also a periodic solution of 
the auxilliary system of integro-differential equations (3.3) and (3.4), 
the constants M,, ..., M,| a, m may be found such that, if they are sub- 
stituted into (3.5), the identities 


exist and, therefore, M,(u, a), ..., Mj(u, a) satisfy the system of 
equations (3.6). 


= 
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The system of equations (3.6) admits a nontrivial solution if its de- 
terminant is equal to zero: 


| a) | = 0 (3.7) 


This last equation has, in the vicinity of the point » = 0, a solu- 
tions a,(z), ..., @,(u) which satisfy the conditions a ;(0) =O (j= 1, 
eooe Be 


Adding the root A, to a ;(H) (j = 1, ..., a), we obtain a» character- 
istic indices corresponding to the roots Ai. eese A. equal to each other 
in the modulus i. We note that the characteristic indices of the system 
(1.1) are determined up to a constant term + Ni (N being an integer or 
zero). 


Performing the necessary calculations, we find that 


| ant) | = p™ | —d,;a| + OF pa) = 0 (a = pra) (3.8) 


Here ®*(u, a) is an analytic function of the arguments p and a in the 
vicinity of the point » = 0. Hence, on the basis of the theorem of 
implicit functions, we conclude that to each simple root of Equation 
(2.14) there corresponds a characteristic index, analytic in the 
vicinity of the point p = 0. It follows also from the form of (3.8) that 
the quantities A. + pa“) (j = 1, ..-, #) represent approximate ex- 


pressions for the sought characteristic index. With Equation (3.7) 
established, the problem of determination of characteristic indices cor- 
responding to the root Ay reduces to the solution of Equation (3.7) in 
the vicinity of the point p= a= 0. 


4. On the stability of motion x=0 of the system (1.1). 
We assume that m roots of the characteristic equation (1.2) have real 
parts equal to zero, while the remaining roots have negative real parts. 
We shall calculate the corresponding characteristic indices in the de- 
scribed manner. If at least one characteristic index has its real part 
positive, the motion is unstable, because the system (1.1) has a particu- 
lar solution of the type (1.3) which increases exponentially. If all m 
characteristic indices have negative real parts, the motion x = 0 of the 
system (1.1) will be asymptotically stable, because any solution of the 
system (1.1) will decrease like an exponential function whose exponent 
is equal to the largest real part of the characteristic indices. The 
validity of this last proposition will be shown in this section. 


Let x(t) be the solution of the system (1.1). As an element of the 
solution we shall consider segments of the trajectories of the system 
(1.1) in the interval [t, t - 1]. In the functional space of continuous 
functions the motion of the system (1.1) is determined by the vector 
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functions of time x,(0) = x(t +0), -r< § <0. In the functional 
space x(), to the linear system (1.1) there corresponds the linear 
system of "ordinary" differential equations with the operator right-hand 
side 


_ Ax, (0) + wR (2; (0) (4.1) 


dz (0) 
Az (0) 
(0) + ba (—*) = 0) 


R (z, (8) = 19 (—t<0<9 4.3 
(4.3) 


(4.2) 


We assume that to each of m roots of Equation (1.2) with zero real 
part there corresponds a periodic solution $; (t) with the period 27/a,, 
where = A; cing 


Let us consider the conjugate system 


dy (% 
= A* y, (4) 


0<% 
At y (8) = (4.5) 
(0) —b*y(r) = 0) 


a* and b* being the transposed matrices of a and b. The system (4.4) has 
also m periodic solutions w(t) 


For arbitrary two solutions x ,( 0) of the system (4.1), with yf 0) of 
the system (4.4), the following condition holds: 
(4.6) 
(2, (8) y.(8)) = ater (B) = const 


j=1 j=1, 


Let d +0)). With the assumptions made for the 
roots A ‘U 1, ..., m) of the characteristic equation (1.2), it is 
ld; ’0. 


a divide the space z() into m-dimensional space | : ly;} , and a 
functional subspace L with the index m, by assuming 


x (0) =z (6) +1 (¢ + th) + T Om (¢ + ¥m 


(4.7) 
(2 (8) (¢+%)) =O (=1,...,m) 


where 

Vol. 
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In this, the variables y,, ..., y, are uniquely determined from the 
system of equations 


(x (8) pj (¢ + + dim Ym (j= 1,...,m) (4.8) 


Since L and L do not contain common elements, with the exception of 
the point x(#) = 0, (4.7) and (4.8) assure the uniqueness of the pre- 
sentation (4.7). 


In the variables y,, ..., y,, and z(), the system of equations (4.1) 
has the form 


= (R (2; (0), Hi + 
j=1 
=Az, (0) + S qr (t+ (R, (t + (4.10) 


j=1 


where A = lay ili A; is the algebraic complement of the element d,. of 
the kth row and jth column; on the right-hand sides of (4.9) and (4.10), 
x,(0) should be assumed as given by Formulas (4.7). 


We assume now that to the roots A,, ..., A, of Equation (1.2) corre- 
spond different characteristic indices a (mz) and particular solutions of 
the system (1.1) in the form (1.3) (j = 1, ..., m). Thus, the system 
(4.9) and (4.10) admits m independent particular solutions 


(t) = ere y (t, (0) = ete & (4% (6, p) 
(e=mi,..., m) (j=1,...,m) (4.11) 
Let us consider an arbitrary particular solution of the system (1.1) 
or (4.1), to which corresponds the particular solution Ly,(2), z,(0)} 
of the system (4.9) and (4.10). The functions y,(t) can be represented 


as linear combinations of m functions yfO(t) entering into m particu- 
lar solutions (4.11) 


() = cays (0) + Hem (0 


where Cy, «++, Cy are certain constants. Therefore, the functions y(t) 
in an arbitrary particular solution of the system (4.9), (4.10) decrease 
as the exponential function with the exponent equal to the real part of 
one of the characteristic indices a.(z). Substituting the y(t) found into 
the system (4.10), we obtain the equation determining z,( i). 


The particular solution of the nonhomogeneous system 


45, (0) + F(t, 0) 


(4.12) 
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where F(t, 0) is a piecewise continuous function of ¢ with discontinu- 
ities of the first kind, F(t,®)< L for any t > 0, and is determined by 
Cauchy’s formula 


Z,* (0) = \ T (t — ts)F (ts, 8) dt, (4.14) 


0 


Here, T(t) determines the solution z,(%) = T(t)Z)( 0) of the homo- 
geneous system (4.13) for F = 0. If z,(@) GL, then T(t)z)() decreases 
exponentially: 


T (0) (0) (6) 


We replace the differential and operator equation (4.10) by the inte- 
gral equation 
t 


z, (0) = T Z, (0) + T (t — ti) Ri (y (ts), Z,, (8) dtr (4.15) 


0 


in which R,(yz) is known, and y(t) decreases exponentially for t + + ~. 
Applying the method of successive approximations, we find that, for 
sufficiently small |y|,Z,( 0) also decreases exponentially. Thus, any 
solution x,() = x(t +) for the system (1.1) decreases exponentially 
for sufficiently small ||,» 4 0. This was to be proved. 


Note. Let us assume that the system (1.1) is the system of first 
approximation for a system of nonlinear equations with retardation 


dx (t) 


ax (t) +- ba (t — t) + pg (t, (t) + ph (t, —t)+-¥ (t, (0), (¢ —T)) (4.16) 


where X(t, x(t), x(t-—17)) is a nonlinear function of the variables x(t) 
and x(t —%), whose series expansion does not contain terms of the order 
smaller than two, while the coefficients are uniformly bounded functions 
of time t. If all the characteristic indices of the system (1.1) have 
negative real parts, then the motion x = 0 of the system (4.16) is 
asymptotically stable for sufficiently small |u| (wu A 0). If at least 
one of the characteristic indices of the system has a positive real part, 
then the motion x = 0 of the system (4.6) is unstable [3 ]. 
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Considered is an automatic control system with nonlinear characteristics 
of the control object and with an essentially nonlinear characteristic 
of the controlling element. 


With the aid of Liapunov’s method [1] an investigation is made of the 
stability of the undisturbed motion of the system for the case when the 
characteristic equation of the system has two zero roots, and when all 
its other roots have negative real parts. Use is made of certain results 
obtained earlier by Kamenkov [ 2,3 ]. 


l. The equations of the disturbed motion of the system are assumed to 
have the form 
n+1 
dz 
beatae + (& = if...,n+ 14) 


n+1 
> Pala + Pn+2In+2 (1.1) 


Here the x, are generalized coordinates of the control object; z,, , 
is the coordinate of the controlling element; o is the control signal, 
and bia» Par 2 are known constant parameters. 


We shall assume that f(o) can be approximated by a function of the 
form 


f (0) = Ko’ + Ky%t1 +... (N > 2) (1.2) 


Let us suppose that the characteristic equation of the object of con- 
trol has one zero root and n roots with negative real parts. This corre- 
sponds to the neutrality of the object with respect to one of its n+ 1 
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coordinates and stability with respect to the n remaining coordinates. 
Therefore, the characteristic equation of the entire system will have 
two zero roots; for example, let Ano) =A = 0. The remaining roots 
Ay, «++, A, will have negative real parts. 


n+2 


The problem considered in this note is the determination of the con- 
ditions of stability of the undisturbed motion of the system (1.1) under 
the above-made assumptions. 


2. Let us assume that the roots of the characteristic equation of the 
system (1.1) are known. We reduce the system (1.1) to the canonical form 
of Lur’e [4 ] 


dz, 


>) Bots + Baga — Pf (5) (2.1) 


Here, Aye sees A, are nonzero roots of the characteristic equation of 
the object of control. The parameters of the transformation 
ol. 25 
‘ 
= 2) + 1) (2.2) 


a=1 
and also the quantities | Bay , are determined by the method 
given in[4]. 


It is obvious that the characteristic equation of the system (2.1) 
has two zero roots, while the remaining n roots have by hypothesis 
negative real parts. 


Let us set = 0, + A,z, Then 


n n 


+ > (6. — Agha) Za — > r| 


a~l a=1 


Next we set A, = 8./A, and introduce the notation o, = x: 


— Bf (0) = y, 
The system (2.1) can then be represented in the form 


dz dy 


dz, . 
a + X, (2, +» Zn) 


Here 
= (Zz, y, 21, . 
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Y = f (0) — + ote +f (0)} +. 


The expansions of the functions Y and X, in power series will not con- 
tain any terms of degree less than two. 


Following [2], we can write the functions Y and X, in the form 


Y (2, y, Si, . Sa) = (xz, + Va (a, Za) 


(L,Y, By Se) = (Z, y) + (Z, Y, Sn) 
re 


(z, y, O,...,0) = 0, (z, 9, 0,...,.9 =O 


and the functions Y)(x, y) and X,o(x, y), im accordance with[2], are 
expressed in the form 


Y, (2, y) = fy (2) + YPo (x) + Po (z) + .. 
(x, y) = fa (x) + yPs (x) + ye (z) +... 
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fo (x) ond Ay Po (x) = by 


Is (x) == +... Ps (x) = 


We thus obtain the following equations for the system under consider- 
ation: 

fa(2) =K2x™, =the (2) =... =0, fo (2) = — BRAN 


Go (2) = — (2) =... =0 
Therefore 
ay = N, = — BKN,B, = N —1 


Next, in order to simplify the construction of the Liapunov-Chetaev 
function, we introduce the transformation 


Zs = Ys + Us + (2) (2.6) 


The functions u(x) and v(x) have to be determined in such a way 
that the degree of the lowest-degree term in the expansion of the func- 
tion f(x) be not higher than the degree of the lowest term of the ex- 
pansion of f,(x). 


By retaining the notion (2.5) in the transformed system, we obtain 
the following equations for the determination of the functions u,(x) and 
v(x): 
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A, Us (x) + (x) + Xai (z, 9, = 0 (2.7) 
Vs (XZ) Py (Z) + Pe (x) = 0 (2.8) 


It is important to note that the lowest-degree term in x of the func- 
tion u.(x) and v(x) are equal to N and N- 1, respectively. For such a 
choice of the functions u_(x) and v(x), the validity of the equations 
f (x) = - v(x) fy(x), and = - v will be guaranteed, and 
hence the made assumptions will also be fulfilled. The quantities ap, 
by, @), By will hereby not be changed, but in the transformed system we 
have 


a>a+N—1, Be>d>a+N—2 (2.9) 
We can represent the transformed system in the form 


co 
d 
ki+k,=0 


dy, co co 
k=1 ky 0 


The conditions (2.9) exclude the effect of the nonlinear terms of the 
right-hand side of the third equation of (2.10) on the stability of the 


system. It remains to transform the system (2.10) in such a way as to 
exclude the effect on the stability of the terms contained within the 
braces of the second equation of (2.10). It was shown in[3], that such 
a transformation, which does not change the stability problem, does 
exist and can be found. The summation on the right-hand side of the 
second equation of (2.10) can thus start with the indices k, and k, 
satisfying the condition k, + k, > a, + N- 1. This transformation does 
not change the first a, + N - 1 terms of the expansion of the function 
fy(x) in powers of x, and the first a, + N - 2 terms of the expansion of 
the function ¢)(x) in powers of x. Thus, having established the existence 
of such a transformation it may still be impossible to perform this 
transformation because the a,, 6,, a), and 8, may not change. 


After the performed transformations, the criterion of stability can 
be obtained by the method of [2]. For the stability of the undisturbed 
motion of the system (1.1) it is necessary and sufficient that the 
following conditions be fulfilled for odd N: 


Brisk <0, BKN > 0 (2.44) 


The requirement that N be odd can be reduced to the requirement that 
the characteristic of the controlling element be odd. The condition 
(2.11) makes it possible to construct the region of admissible values of 
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the parameters of the control system by starting with the stability of 
the undisturbed motion of the system (1.1). 


3. Let us consider the case when the roots of the characteristic equa- 
tion of the system (1.1) are not known. One can determine the indicated 
properties of the roots of the characteristic equation of the system in 
this case directly on the basis of the coefficients of the equation by 
the Hurwitz-Routh criterion without solving the equation. 


Let us consider Equation (1.1). We introduce the following trans- 
formations: 
n+2 n-+2 
i= = y= > (3.1) 
k=1 k=1 


The coefficients A, and B, are determined by means of the equations 
d d 

Here Y(x,, over Bay 2) is a holomorphic function of its variables 


which does not contain any terms of degree less than two. Vol. 7 
ol. 


For the determination of A, and B, we obtain identities which give the 196] 
required number of equations 


n+2 n+1 n+2 
> Ax ( > + = > Bete 
k=1 a=1 k=1 
(3.2) 
k=1 a=l 
Finding A, and B,, one can, by means of (3.1), express x, , and 
9 in terms of x, y, Bp and substitute them in the system 
(Ly. Then the system (1.1) will take the form 


dz 
a4 
dz, 


Ysa Ta + Pot + 
a=l 


dy 


Here 


d 
Pa‘ La + Pxt + Y= Busof (a) + Ante 


a=1 


Introducing the transformation y,+ Cx + Dy; and determining 
C, and D, by means of the equations 


= 
(3.3) 
> 
i 
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Ps = 0, YsxD + &— C, =0 


a=1 a=l 
we obtain in place of (3.3) the following system: 


dz dy _ 

n 


Pa’ta +( pa'Ca + pe) + ( + 
Y= (s) + { > 92898) — 
B=1 


n 
=) 


df () 


— (0) + Ansa + Pe)y + 
a=l 


a=1 
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We retain the representations (2.4) and (2.5) for the functions Y and 
X,. Expanding the expression for Y, we find the following lowest-degree 
terms of the expansions of the functions f,(x) and (x): 


n N 
a = ( > 
N—1 n N 


a=1 


a=1 


The system (3.5) has to be subjected to transformations which make it 
possible to judge the stability of the motion just on the basis of the 
terms with f,(x) and ¢)(x). Omitting the discussion and derivations, 
which are analogous to the earlier ones, we shall write down immediately 
the necessary and sufficient conditions for the stability of the undis- 
turbed motion of the system (1.1). 


N has to be an odd number, and 
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n N 
+ px) <0 
NKBn+2( + Px) ( + pv) +NKAnt2( + Px) <0 
a=1 
(3.6) 


Just as in the preceding case, the requirement that N be odd can be 
reduced to the requirement that the characteristic of the control ele- 
ment be odd, and the conditions (3.6) make it possible to construct the 
region of admissible values of the parameters of the control system by 
starting with the stability of the undisturbed motion of the system 

(1.1). 


4. Let us consider the case when the condition a, > By is violated, 
i.e. when 8) > ay. It is obvious that in this case the problem on sta- 
bility cannot be solved on the basis of the lowest-degree terms of the 
expansion of the functions f(x) and ¢)(x), and that it is necessary to 
take into consideration higher-degree terms. 


Suppose that a, < 0, a, is an odd number, and A, > (a, - 1)/2, or 
By > m where ay = 2m+ 1. 


Without changing the problem on stability, let us introduce the trans- 
formation 


x =rcos 0, y = — r™tlsin 6 (r > 0) 


In place of (2.10) and (3.5) we then obtain the system 


1 co 


=r Qy (0)-+r™+1 Qe (0) +... (0, yr, (4-4) 


k=0 
dy, 
= T PsnYn raetN > (6) + (8, Yl, «+ Yn) 
k=0 k=0 
(oe == 1, 8) 
Here 


(m +1) sin? + cos?™+26 
Qo (9) 1 m sin? § 


Ry (6,0,...,0) = 90, Q, (9,0, ...,0) = 0, Ly (8, 0, .. ., 0) = 0 


Following Liapunov [1 ], we define 
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We next introduce the notation 
R 
G (0) a9 
0 


We note that G(@) is a bounded periodic function of @ of period 27. 


Assuming that g, 4 0, we introduce the substitution 
p= (p> 0) 
We now pass from the system (4.1) to the following system: 


= p™t1g,P; (6) + (6) +... 4+ > p*P, (8, ya, Yn) (4.2) 


k=0 


co 
™F, (0) (0) +... + ptet¥—1—m (6, yn, Yn) 
k=0 


dy, 


k=0 k=0 
(eo = 1, .... 8) 


We take Liapunov’s function in the form 


where 
aV 
It is clear that if g, > 0, the form V, will be negative-definite, 
and if g, < 0, the form V, will be positive-definite. 


Taking into account (4.2), we obtain 
dV 
= (0) + (ys? +... + yn?) + p™ (8) +. 


+ p%tN—m > p*P, (6, « « Yn) 
k-0 


4 av 
+> | (0) + (0, yr, yn) | 
ke 


oy, 


s=1 0 k=0 
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Analysing the expression for dV/dt, we find that the sign of dV/dt is 
determined by the sign of g, for small enough values of p, y;, «++, Yq: 


If g, < 0, we have stability of motion; if g, > 0, we have instability 
of motion. 


Determining R,(0) and Q,(@) for the given system, we find that a con- 
dition of stability of the undisturbed motion of the systems (2.10) and 
(3.5), with a, < 0, By > (a, - 1)/2, is given by the inequality 

(N +1) sin?§— ao cos 


The number N has to be odd. The condition (4.4) connects the para- 
meters of the controlling element with the parameters of the object of 
control. 


In case g, = 0, one has to pass to the next higher element, define 
0 
and carry out the investigation from here on as before. If, however, g, 
is also zero, then one has to find the first number g, distinct from 
zero. If it is impossible to find such a number k that g, 4 0, while 
&, = -+» = Bp, = 0, then the problem on the stability of the given 
system remains unsolved. 


5. Let us consider the case when the right-hand side terms of the 
first n+ 1 equations of the system (1.1) contain nonlinear terms. 


Suppose that in place of the system (1.1) we are given the system 


n+1 
_* 


a=] 


+1 


d n 


Pata Pnietn+e (5.1) 


dt 


a=1 
The variable coefficients have here the same meaning as before; the 
function f(a) has the form (1.2), and the expansion of the function ®, 
in powers of its variables contains no terms of degree less than two; 
the roots of the characteristic equation of the system (5.1) are assumed 
to have the properties specified earlier. 


Let 


~ 
q 
: 
¥ 
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n+2 n+2 
= > + >) (k 
a=l 
Applying the transformations considered above to the system (5.1), we 
obtain a system of the type (3.5) where 


= +( pa'Ca + px) t+ ( Pa'Da + Py)y 
al a~=l 


nel n+l 


dt 


k=1 
X,= -D,Y+9, (e=1,...,a) 


For the functions Y and X, we again use the representations (2.4) and 
(2.5). 


For the system under consideration we find that a, = 2, 8, = 1, and 
that the quantities @), by, a, and 6, depend on d,, and m,, while 


= Ay (da), by = be (dea), 41 (dys, Mea), b1 (dea, mys) 


If a, #4 0 and by 4 0, then the lowest-degree term of the expansion of 
the function f,(x) has an even degree, equal to two. In this case we 
have instability of motion. 


For stability of motion it is necessary to make sure that the degree 
a, of the lowest-degree term of the function f,(x) be odd, and that the 
degree 8, of the lowest-degree term of the expansion of ¢,(x) be even, 
while at the same time B, > ap. 


Taking into account the results obtained earlier, we obtain the 
following necessary and sufficient conditions for the stability of the 
undisturbed motion of the system (5.1): 


Qo = Q, by 0 (5.2) 
a1 < 0, bi Mex) O (5.3) 


We call attention to the fact that it is impossible to fulfill the 
condition (5.2) when d,, # 0, and N> 2 in Expression (1.2). Hence, in 
order to guarantee stability in this case it is necessary to have N = 2 
in Expression (1.2). 


The conditions (5.3) and (5.2) connect the parameters of the con- 
trolling element with the coefficients of the equations of the object of 
control and among them with the coefficients of the nonlinear terms. 
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INVESTIGATION OF A PIECEWISE LINEAR DYNAMICAL 
SYSTEM WITH THREE PARAMETERS 


(ISSLEDOVANIE ODNOIT KUSOCHNO-LINEINOI DINAMICHESKOI 
SISTEMY S TREMIA PARAMETRAMI) 


PMM Vol.25, No.6, 1961, pp. 1011-1023 


N.A. GUBAR’ 
(Gor’ kii) 


(Received May 18, 1961) 


A qualitative investigation was carried out of a cylindrical phase space 
for one piecewise linear system which is of interest in applications, In 
particular, an existence of a semistable limit cycle encompassing the 
cylinder was established. Obtained are analytic expressions for all bi- 
furcate surfaces dividing the parameter space into regions of equal 
qualitative structure. 


1. Statement of problem. The equation 


z +a li — BF’ (2)) +F (2) = 


where F(x) is a periodic function with period 27, results from a con- 
sideration of a number of electromechanical and mechanical systems 
(alternating current synchronous machines, automatic control systems, 
pendulum theory, etc.). This equation has been considered with various 
approximations of the function F(x). The conditions for generation of a 
limit cycle from a separatrix passing from a saddle to saddle for piece- 
wise linear approximation of F(x) and a > 0, 8 < 1 are found in[1 }. 
Reference [2] gives, for sinusoidal approximation of F(x) and a >0 

B >0, a qualitative investigation of the equation and evaluates loca- 
tions of the bifurcate surface for the separatrix passing from a saddle 
to saddle in the parameter space. Voluminous literature is devoted to 
the particular case 8 = 0 (see for example [ 3-8 ]). 


A qualitative investigation and analytic expressions for all bifur- 
cate surfaces are given in the proposed work for piecewise linear 
approximation of the function F(x) and arbitrary values of a and f. 
Assuming 
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and introducing new variables and parameters we obtain a system of the 


We will consider a cylindrical phase surface of the joint system 
(1.1)-(1.2) developed on part of a surface corresponding to the inequal- 
ities - 7/2 < x <3a/2. The straight line x = 7/2 divides the considered 
surface into regions (1) and (2) in each of which the phase trajectories 
are determined by the linear systems (1.1) and (1.2), respectively. The 
lines x = — 7/2 and x = 37/2 are identified in Fig. 1. The joint system 
(1.1)-(1.2) has two states of equilibrium 0,(a, 0) and O,(m7 - a, 0). The 
point 0, is a simple critical point of the system (1.1). Obviously, 0, 
will be a stable focus for 0 < h, < 1, an unstable one for - 1 < h, < 0, 
and a center for h, = 0. Furthermore, the critical point 0, is a stable 
node for h, > 1, an unstable node for h, < - 1 and a dicritical node for 
|h,| = 1. Point O, is a simple critical point of the system (1.2). For 
all values of the parameter h,, the point 0, is a saddle whose separa- 
trices are defined by the equations 


y = (—he + + 1) (x — (a — a)) 


The existence of limit cycles for the 
system (1.1)-(1.2) can be established by 
considering the corresponding point trans- 
formations. Indeed, if a limit cycle exists 
which does not encompass the cylinder, then 
it must contain within itself the point 0, 
and either intersect one line x = 2/2 or 
intersect both lines x = 2/2 and x = 3n/2. 
Thus, in order to determine limit cycles 
not encompassing the cylinder it is neces- 
Fig. 1. sary to consider the point transformation 

of the line x = m/2 into itself, as well as 
a more complicated transformation for the case when the limit cycle in- 
tersects two straight lines. In order to determine limit cycles encom- 
passing the cylinder it is necessary to consider point transformations 
of the lines x = - 2/2, x = m/2 and x = 37/2 into each other. 


Let us denote by S,, S,, S, (R,, R,, R,) the lines x = - a/2, x = 2/2, 
x = 37/2 corresponding to y > 0 (y < 0). Phase trajectories of the 
system (1.1) effect the point transformations of S, into S,, R, into R, 
and R, into S,. Let us denote these transformations, respectively, by 
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LL] and n°. Phase trajectories of the system (1.2) effect the 
point transformations of S, into S,, R, into R,, S, into R, and R, into 
S,. These transformations will be denoted, respectively, by L{?) pf?) | 
11, ‘?) and (Fig. 1). 


Subsequently we will use the following notation: 


— 


Let Ss), S5, $3, Ty, Tp, T3 be the ordinates of the respective straight 
line points; r/w,, r’/w,, 0° 1 ,/w@,, 9,/@,, 9,/w. duration times 
for the describing point (Fig. 1) to pass through the regsens correspond- 
Quantities s,, ..., r3, as well asr,r’, ..., 0; assume positive or zero 
values. 


Let us derive the equations in parametric form of correspondence func- 
tions (see for example [4, Chapt. 3]) for each of the indicated trans- 
formations 


Transformations L‘") and 
(t, Au, a) (> a) + + a) cot tT + 
$2 (t, Ai, a) = s(t, — i, — a) (1.3) 


dso 


ds, sin x. 


(1.4) 


In case |h,| > 1, the expressions for s,(r, h,, a), s,(r, hy, a) and 
derivatives are obtained if on the right-hand sides of the equalities 
(1.3) and (1.5) one substitutes sinh r and coth (r) for sinr and cot r. 
The equality (1.4) remains unchanged. 


In cases h, = + 1, one needs to replace r by wr in the equalities 
(1.3) to (1.5) and pass to the limit for h, + + 1. 


It follows from Expression (1.3) and the corresponding phase plot 
that for |h,| < 1 the following cases are possible. 


1) If (w/2 - ade ” > (7/2 + a), then in order to obtain all possible 
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values of s, and s, the parameter r should be varied from zero to some 
value r = r* <a for which s,(r*) = 0, s,(r*) > 0. 


2) If (7/2 - aoe = (7/2 + a), then 0<1< and s,(m) = s,(7)=0. 


k 
3) If (7/2 - ade < (7/2 + a), then 0<r < <7 and 9) = 0, 
> 0. 


In case when the point O, is a node, i.e. for |h,| > 1, the parameter 
r should be varied from zero to some value r = r* > 0 for which 
s,(r*) = 0, s,(r*) > 0 if h, > 0; the parameter r is varied from zero to 
some value r, for which s,(r,) = 0, s,(r,) > 0 if h, < 0. 


Fig. 2. 


Equations (1.3) and the corresponding equations for |h,| > 1 define 
for the transformation L‘!) the correspondence function $s, = 8,(s,). For, 
all values of the parameters a and h, the curve s, = s,(s,) has the 
asymptote 


Si = S2 + (1.6) 
The equalities (1.3) to (1.6) allow one to determine the form of the 
curve s, = s,(s,). It is shown in Fig. 2 where 


»>m>1 or O<cm <i, (= -+- a) (Pig. 2a) 


a = 0 (Fig. 26) 

<i, (1/2 —a)e™* +a) (Pig. 2c) 

2, <0 (Pig. 2d) 

The equations for the correspondence function of L®) transformation 
are obtained if in the equalities (1.3) and the corresponding equalities 
for |h,| > 1 one assumes s, < 0, s, < 0, r < 0 and subsequently replace 


S;, 8, andr by-r,,-1r,, respectively. It is easy to see that 
the following equalities are satisfied: 


ri (t’, Air) = si (t’, re (t’, Ai) = 82 (t’, —hi) (1.7) 
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Transformations L‘?) and L‘?? 


ss (0, he, a) = (+ 4. + a)(w2:cothO — he) 


a ) 
$2 (0, he, a) = 33 (6, —he, —a) (1.8) 


(1.9) 


It follows from Expressions (1.8) and the corresponding phase plot 
that the parameter 9 should be varied from zero to infinity. Then s, and 

s, tend to ~ for 0 + 0 and 


lim ss = (a/2 a) (—he 2), lim = (a/2— a) + @2) for § +0 


Equations (1.8) define the correspondence function s, = s,(s,) for 
the transformation L‘?), It is easy to see that this function has the 
asymptote 

(1.11) 


The point A[ (h, + @,) - a), (- hy + + on the curve 
S, = 83(s,) corresponds to 0 = «. The form of this curve, determined 
with the aid of the equalities (1.8) to (1.11), is shown in Fig. 2: 


0O<a 2, he >0O = Q, h, >OUO (Pig. 2e) 
U, he <0 (Pig. 2f) 
0<a<a/ he < (Pig. 2g) 


By similar reasoning as in the case for ps) transformation we get 
that for the correspondence function of L‘?) transformation, which is 
defined by the equalities r, = r,(0°) and r, = r,(@°), the following re- 
lations are satisfied: 


rg (0’, he) = ss (0', —ha), re (0°, he) = se (0°, —he) (1.12) 


Trans formation fi,‘ 1) 


\ ‘ 
$2 (T2, di) = (— eit: 4. @ cot T2 — ki} (a 2 — a) 


re (t2, 1) $2 (tz, (1.13) 


rs 


drs 


dso 
2 


Here |h,| < 1. The parameter r, should be varied from to some value 
=1,° < for which 
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(1.14) 


$2 (t2°)=0, >O, if 
re (t2?) = s(t.°) >0 if <0 
re(t2°) = 0, se(t2) =O, ag m=O 


In order to obtain the corresponding formulas for transformations 
and we introduce the notation 


u (0, he) = —coth} + he, v (6, he) = u (0, (1.15) 


It is easy to see that u and v tend to zero for @ + 0 and lim 
u = (h, + @,), lim v = (- h, + @,) for 0 + o, Furthermore 


du 29 dv — p—k,9 
du 2k, 
=€ (1.17) 
It is easy to show that for h, > 0 and h, < 0 the following inequal- 
ities are satisfied respectively: 


u (0, he) —v (0, he) >0, he) — v (0, he) < 0 (1.18) 


One can show also that for all positive values of the quantities h,, 
h, and @ the inequality 


[v® (6) + 2v (0) dr + 1) ce? > [u? (6) — 2u (6) ms + 1) (1.19) 


is satisfied. 


Trans format tons and 


$2 (82) = u (02) (a / 2 — a), re (62) = v (02) (a / 2 — a) (1.20) 
83 (83) = v (63) (a / 2 +a), rs (63) = u (63) (a / 2 + a) (1.21) 


All conclusions about correspondence functions and their derivatives 
for transformations /1,‘*) and [1,‘?? follow from Formulas (1.15) to 
(1.18), (1.20) to (1.21). 


2. Limit cycles encompassing the cylinder. Let us consider 
the complex transformation L = L‘!)L‘*), To the immovable points of this 
transformation correspond the limit cycles encompassing the cylinder 
which are located in the upper part of the phase surface y > 0. In order 
to find these immovable points it is necessary to find the intersections 
of the curves s, = s,(s,) and s, = s,(s,). 


Utilizing the relations (1.4) to (1.6), (1.9) to (1.11), one can 
establish the presence and quantity of the intersections of the curves and the 
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character of the corresponding limit cycles based on the following easi- 
ly proved propositions. 


1. If at all points of intersection the inequality d(s, - s,)/ds, < 
0 (© 0) is satisfied, then there can be no more than one intersection 
which, on the strength of a Koenings theorem ([ 4, Chapt. 5 ]), corre- 
sponds to a stable (respectively unstable) limit cycle. 


2. If d*(s, - s,)/ds,” < 0 (> 0) for all values of s, and the differ- 
ence s, — s, < 0 (> 0) for sufficiently large values of s,, then there 
can be no more than one point of intersection and this point corresponds 
to the stable (unstable) limit cycle. 


It is easy to see that bifurcations take place for which the points 
of intersection for s, = s,(s,) and s, = s,(s,) appear or disappear: 


a) if point A of curve s, = s,(s,) lies on the curve s, = s,(s,); 
b) if the asymptotes of the considered curves coincide; 
c) if the considered curves are touching. 
Case (a). The equalities 
8: (t) = (—he + (4/2 +a), S2 (t) = (he + (a / 2 — a) 


must be satisfied where s,(r) and s,(r) are defined by the equalities 
(1.3) for | h,| < 1 and the corresponding equalities for |h,| > 1. 
Eliminating the parameter + and introducing the notation 


b = (2.4) 


we obtain the following relationship between the parameters a, h, and h, 
for which Case (a) is realized: 


| (@, +- hy) (@, + hy) 
= in — fa) — + D (hi, he) (2.2) 


{ ky for 0< hy a hz >0 
—hyh, 
‘tanh! for [0, [hy > 1 


| * tan” for <0, <t 


D (hy, hy) = 


W) 


The values of the parameters a, h, and h,, satisfying the equalities 
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(2.2) to (2.3), will be bifurcate. For these values the separatrix 
passes from saddle to saddle in the upper phase half-plane encompassing 
the cylinder (Fig. 3). Considering the behavior of the curves s, = s,(s,) 
and s, = s,(s,) one may conclude that 

for h, > 0 (h, < 0) and with increase 
(decrease) of parameter a or with de- 
crease (increase) of parameter h, in the 
upper phase half-plane the separatrix 
passing from a saddle to saddle generates 
one stable (unstable) limit cycle. 


Case (b). This case is characterized 
by the equality 
+he =0 


In this case the limit cycle appears 
from infinity on the phase plane. Namely, 
for values of the parameters a > 0, h, < 0 and a> 0, h, > 0 (a= 0, 

h, > 0) and in passing from the inequality h, + h, < 0 (h, + h, > 0) to 
inequality h, + h, > 0 (h, + h, < 0) there appears from infinity one 
stable (unstable) limit cycle encompassing the cylinder in the upper 
phase half-plane. 


Pig. 3. 


Case (c). It can be shown that this case is realized only for values 
of the parameters h, and h, satisfying the inequalities 


hi > 0, he < hy hz > 0, hy? — < 1 (2.5) 


On the strength of the relations (1.4) and (1.9) Case (c) is charac- 
terized by the equalities ang s,(r) = s,(0), where s,(r) 
is defined in the same way as in Case (a), while s,(@) is defined by the 
equality (1.8). 


Eliminating parameters r and @ and utilizing the notation (2.1), we 
obtain the relationship between the parameters a, h, and h,: 


b = kito — + 1n g2 (to) (2.6) 


where r, > 0 is the root of equation 


exp (—hkit / ke) = qu (1) (2.7) 
If h, < 1, then 


__ sint + sint cos (Tt — T2) — 


(1 (hy + ha) 
tan) 
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If h, > 1, then 


- 


e 


while the expressions for ¢(r), r, andr, will be obtained if in the 
corresponding expressions for the case h, < 1 one substitutes the hyper- 
bolic cosine and arc tangent for the cosine and the arc tangent of the 
same arguments. 
For h, = 1 we get 
b = to — In @2 (To) (2.8) 


Here r, > 0 is the root of equation exp(-r/k,) = ¢,(r) and 


_ —kyt +1 —hat — (1 + hg) 
(t) = +1+ ket ’ + (1 + hg) (2.9) 


One may show that Equation (2.7) possesses one, and only one, nonzero 
root for the values of the parameters h, and h, satisfying conditions 
(2.5) and for these values ¢,(r) < 1. 


Values of the parameters a, hy and A 
satisfying the equalities (2.6) to (2.9) 
will be bifurcate. For these values there 
is a double semistable limit cycle in the 
upper phase half-plane encompassing the 
cylinder (Fig. 4). It is easy to see, con- 
sidering the behavior of the curves s, = 
s,(s,) and s, = s,(s,), that with the in- 
crease of parameter a or decrease of para- 
meter h, the semistable limit cycle breaks 
down into two limit cycles of different 
stability and disappears for reverse vari- 
ation of the parameters. 


On the strength of the equalities (1.7) Pig. 4. 


and (1.13) the conclusions regarding the 

quantity of limit cycles for the half-plane y > 0 and for the values of 
the parameters h, and h, will be valid for the half-plane y < 0 for 
values of the parameters - h, and - h,. It is easy to see that the sta- 
bility of the limit cycles in such a case will interchange. Bifurcate 
values of the parameters will be determined by the equalities (2.2) to 
(2.9) upon reversing the signs of h, and h, in these equalities. 


3. Limit cycles not encompassing the cylinder. Let us con- 
sider the complex transformation [l, = [1, eae It is defined for the 
case |h,| < 1. To the immovable points of this transformation correspond 
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the limit cycles not encompassing the cylinder and intersecting only the 
line x = 7/2. On the strength of the 
relations (1.18) and (1.20) we con- 
clude that the transformation Il, can 
have immovable points only for differ- 
ent signs of the parameters h, and hy. 
In order to find the immovable points 
it is necessary to solve the system 


re (t2) = re (02), se (t2) = sz (62) (3.4) 


(See (1.13) and (1.20)). Utilizing 

the relations (1.13) to (1.17), (1.20), 
as well as the inequality (1.19) and 
the Koenings theorem, it is not 
difficult to prove that the system 
(3.1) can have no more than one solu- 
tion to which-corresponds a stable 
(unstable) limit cycle for h, < 0 (h, > 0). The values of parameters 
satisfying the equality 


(We + hg) (We +- hy) 
(W2 — he) (@2 — hy) 


W1@2 


+h tan’ — 


+ha=0 (3.2) 


F (hi, he) = In 


and the inequality 


S2 (To) > (he + (a / 2 — a), (to’) > (—he + @2) (a /2—a) (3.3) 
will be bifurcate. 


Here s,(r,) and r,(r,”) are determined from the equations of corre- 
spondence functions for transformations L‘!) and L‘?), while r, andr,” 
are values of the parameters r andr” for which s,(r,) = r,(r,°) = 0. 


When conditions (3.2) and (3.3) are satisfied on the phase plane, the 
separatrix passes from saddle to saddle not encompassing the cylinder 
and intersecting only the line x = 7/2 (Fig. 5). One can prove that for 
h, > 0 (h, < 0) the system (3.1) has no solutions if the expression 
F(h,, h,) > 0 (F(h,, h,) < 0). Consequently, there are no such limit 
cycles on the phase plane in these cases. If, however, for h, > 0 
(h, < 0) the expression F(h,, h,) < 0 (F(h,, h,) > 0) and either one or 
both inequalities (3.3) are satisfied, then there is on the phase plane 
a limit cycle of the type considered. 


Such limit cycles may not exist when both conditions of (3.3) are 
violated; however, then there will exist a limit cycle not encompassing 
the cylinder and which intersects both lines x = 7/2 and x = — 7/2. Such 
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limit cycles evidently are determined the immovable points of the 
complex transformation [I = L“On, (29701 Il, (2) and exist only when h, and 
hy have different signs (see nad 18), (1. 20), (1.21)). In order to find 
them it is necessary to solve a system of four equations with four un- 


knowns (Fig. 1) 
$i (t) = 83 (93), $2 (t) = Se (62), re (t’) = re (92), t1 (t’) = ry (03) 


(see (1.3), (1.7), (1.15), (1.20) and (1.21)). 


Let point O, be a focus, i.e. |h,| <1, then the last system in both 
cases when h, < 0, h, > 0 and h, > 0, A, < 0 is reduced after trans- 
formations to the following system of two equations with two unknowns: 


b= [u? (62) + 2u (02) + 4] —iln [v? (0s) — 2v (0s) + 1) + 
+ kit (62, 63) = Fi (62, 43) (3.4) 


b= + In [v* (82) — 2v( Ar + 1) —iln (03) + 2u (03) ma +1] — 
— kit’ (62, 03) = Fe (62, 63) 


Here in the case h, < 0, h, > 0 (h, > 0, A, < 0) the first equation 
corresponds to the upper (lower) phase half-plane, while the second one 
corresponds to the lower (upper) phase half-plane; quantities b, u and v 
are determined from (2.1) and (1.15), while the functions r(@,, @,) and 
r°(0,, have the following sense: 


(02, 0s) = =: (02,93) forg>0 (3.5) 


t (62, 63) =a — tan rs el =z (02, for (3.6) 


t’ (G2, 03) = qi (03, 62) for g (03, 82) > 0 (3.7) 


t’ 03) = (63, 82) for g (83, 62) < O (3.8) 
q (82, 03) = u (82) v (63) — Aa [wu (62) — v (63)) — 1 (3.9) 


Utilizing Expressions (1.4), (1.7), (1.17), (1.20) and (1.21) as well 
as the inequality (1.19), one can prove that the system (3.4) possesses 
no more than one solution to which corresponds a stable (unstable) limit 
cycle for values of the parameters h, < 0, h, > 0 (h, > 0, hy < 0). 


Let us establish the conditions for which the system (3.4) has a 
solution. Consider the equations 


z = F, (02, 9s), z = Fe (82, 4s) (3.10) 
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where the functions F,(0,, and F,(0,, are determined by the 
equalities (3.4) as equations of two families of curves dependent on the 
parameter The satisfaction of the equality F,(~,0,) F,(~,6,) > 0 
is a necessary condition for intersection of curves (3.10) corresponding 
to the same value of the parameter 0,. In satisfying the above conditions 
the sufficient condition for the intersection of the curves is the ful- 
fillment of the equality F,(0, 6,) — F,(0, 8,) < 0. It is not difficult 
to check the validity of these statements by considering partial deriva- 
tives of the function (3.10) and keeping in mind that in view of (1.19) 
the inequalities OF ,/00, > OF ,/00,, OF ,/00, > OF ,/00, are satisfied for 
all values of 0, and @,. 


From the above one can conclude: the system (3.10) has no solution if 
the expression F,(,«) < 0 for h, < 0, h, > 0 (respectively F,(%, »)>0 
for h, > 0, h, < 0); if, however 


F, (oc, co) = In +- ky tan 0 (3.11) 


then the system (3.4) has a unique solution 0, = 8, = ~ only for a= 0. 
On the phase plane the separatrix passes from saddle to saddle encompass- 
ing the cylinder in the lower as well as the upper phase half-plane 

(Fig. 6). Furthermore, if for h, < 0, h, > 0 


F; (co, cc) > 0 


2 — @2 — hy) hyhe 


3.12 
and for h, > 0, h, < 0 ( ) 


F, (co, oc) < 0, F, (co, 0) — Fe (co, 0) > O 


then there exists a bifurcate value of the parameter 0, = 0,* defined by 
the equality 
(co, 03*) = Fe (co, (3.13) 


such that for all values of the parameter a for which b < F,(~,0,*) the 
system (3.4) has a solution (the uniqueness of this solution was shown 
above). For values of a satisfying b > F,(~,0,*) the system (3.4) has 
no solution. Let 


b = Fi (co, (3.14) 


Values of the parameters satisfying (3.13) and (3.14) are bifurcate. 
Indeed, when the values of the parameters satisfy conditions (3.12) to 
(3.14), the separatrix on the phase plane passes from saddle to saddle 
not encompassing the cylinder and intersects both lines x = 7/2, 

x =-a/2 (Fig. 7). From this it follows that the limit cycle is gene- 
rated in this case from the separatrix passing from a saddle to saddle 
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Fig. 6. 


with decreasing parameter a. 


Finally, it is not difficult to show that when the following condi- 
tions are satisfied 


F; (co, 0) — F2 (co, 0) > 0 for 
(co, 0) — F2 (00,0) << 0 for 


there exists in the phase plane a limit cycle not encompassing the 
cylinder and intersecting both lines x = 7/2 and x = — 7/2 if parameter 
a fulfills the condition 6 < F,(@,*, 0) in which 0, = @,* is determined 
from F,(0,*, 0) = F,(0,*, @). 


When the equality 6 = F,(0,*, 0) is fulfilled, there exists in the 
phase plane a limit cycle not encompassing the cylinder and touching the 
line x = —- 7/2. If, however, b > F,(0,*, 0), then there exists in the 
phase plane a limit cycle intersecting only the line x = 7/2 (see 


p. 1528). Under the conditions (see (3.12)) 
F: (00, 0) — Fa (co, 0) = 0 (3.45) 


= 1 (os + ha) (o2 +h) + hit (3.16) 


hz) 
T= tan 
— hy (@z + ha) —1 


for — hy + 


he) 


ten hy (@2 + fy) + 1 


for —h;(@3+ hs) <1 
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the separatrix passes from saddle to saddle in the phase plane and does 
not encompass the cylinder but touches the line x = — m/2 (Fig. 8). 

In the case |h,| > 1 the system (3.4) 
can have a solution only for values of 
the parameters 0, > 0°, 0, > 0°, where ty 
6° is determined from the equality 
u(@°) = h, + @,. At the same time the i 
expressions q(9,, 9,) and q(0;, 0,) (see 
(3.9)) are positive and the functions 
r(0,, 0,) and r’(@,, im (3.4) are 
determined, respectively, by Formulas 
(3.5) and (3.6) if for |h,| > 1 on the 
right-hand side of these formulas one 
substitutes tanh! for tan ~! and for 
|h,| = 1 the sign of tan! is dropped. Pig. 8. 


It can be shown that in the case 
|h,| > 1, the system (3.4) has no solution of the left part of the 
equality 


(@2 he) (@2 hy) 
— he) (@2 — hy) 


+ kytann-* — Taha 


1 
= in =0 (3.17) 


is positive (negative) for values h, < 0, h, > 0 (h, > 0, h, < 0). If, 
however, the left part of the equality is negative (positive) for h,<0, 
h, > 0 (h, > 0, hy < 0), then the system (3.4) has a solution when the 
parameter a satisfies the inequality b < F,(~,6,*) (see (3.13)) and has 
no solution in the opposite case. The bifurcate values of the parameters 
a, h,, h,, for which the separatrix passes from saddle not encompassing 
the cylinder and intersecting both lines x = 7/2 and x = — m/2 satisfy, 
as well as for |h,| < 1, the equalities (3.13) and (3.14) which have 
been changed as stated above for cases |h,| > 1 and |h,| = 1. 


4. Division of phase space. We will consider division of b,, h,, 
h, parameter space, into rough regions by bifurcate surfaces where 6 is 


defined by (2.1). 


From the presented investigation if follows that it is sufficient to 
consider division of space for h, > 0. Reflecting the obtained division 
symmetrically with respect to the axis 6, we will obtain the division 
of space for values of h, < 0. At the same time all cycles of the system 
corresponding to the reflected point of space will attain opposite sta- 
bility and, if to the point (h,°, h,°, &°) there corresponds a system 
having a limit cycle encompassing the cylinder in the upper (lower) 
phase half-plane, then to the reflected point (- h,° - h,° - &) there 
will correspond a system having a limit cycle encompassing the cylinder 
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in the lower (respectively upper) phase half-plane. 


Part of the space h, > 0 is divided into rough regions by the bi- 
furcate surfaces 1, 1°, 2, 3, 4. 


The surfaces 1 and 1° correspond to the appearance of limit cycles 
from a separatrix passing from saddle to saddle and encompassing the 
cylinder in the upper, respectively, lower phase half-planes. 


The surfaces 2, 3 and 4 correspond to the appearance of limit cycles, 
respectively, from infinity, from compression of trajectories, and from 
the separatrix passing from saddle to saddle and not encompassing the 
cylinder. 


The surface 1 is defined by the equalities (2,2), (2.3) and is inter- 
sected by the planes h, = 0 and h, = 0 along the lines I’, and I’, and the 


plane 6 = 0 along K. The equation of this line is given by the equal- 
ities (3.11) and (3.17). 


The surface 1° is symmetric to the surface 1 with respect to the axis 
b and intersects with it along the line K, while it intersects the plane 
h, = 0 along I,” symmetric tol’), with respect to the axis b. 


The surface 2 is a bisectional surface (see (2.4)). 


The surface 3 is defined by the equalities (2.6) to (2.9). To its 
points correspond the systems having a double semistable limit cycle. It 
is not difficult to show that the surface 3 intersects the plane 6 = 0 
along the bisectrix h, + h, = 0, that it is located below the surface 1 
and contacts the surface / along the line I’,, which is its intersection 
with surface h, = 0. It can be shown also that the value of 6, deter- 
mined from the equations for surfaces 1 and 3, tends to infinity on the 
hyperbola h,? h,? = 1, 


The surface 4 consists of two parts which are in contact with each 
other along the line C,, defined by the equalities (3.15), (3.16). One 
part of the surface 4 is projected into the region of plane 6 = 0, 
bounded between the line K and the line C which is a projection of line 
C, on the plane b = 0. The second part is located above the line C, and 
is projected into the line C, i.e. it coincides with the cylindrical 
surface F(h,, h,) = 0 (see (3.2) and (3.15)). To the points of the first 
(second) part of surface 4 correspond systems whose separatrices are 
shown located in Fig. 7 (Fig. 5). 


The location of separatrices of systems corresponding to points on 
line C, is shown in Fig. 8. 


The surface 4 intersects with the surfaces 1 and 1° and the plane 
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b = 0 along the line K. To the points of this line correspond systems 
the location of whose separatrices is shown in Fig. 6. 


The above-considered surfaces divide part of the space h, > 0 into 
seven regions. We will indicate the boundaries of each region, the 
number and the character of system cycles corresponding to the points of 
a given region. 


Region (1) is bounded by part of plane h, = 0 below line I’), by part 
of plane b = 0 located between axis h, = 0 and line h, + h, = 0, and by 
the planes 1 and 3 (there are no limit cycles). 


Region (2) is bounded by part of plane h, = 0 above line I’, and by 
the surfaces 1 and 2 (one stable limit cycle encompassing the cylinder 
in the upper half-plane). 


Region (3) is bounded by the surfaces 1, 2 and 3 (two limit cycles of 
different stability encompassing the cylinder in the upper phase hal f- 
plane). 


Region (4) is bounded by the surfaces 1, 2 and part of the plane b=0 Vol. ; 
located between the line h, + h, = 0 and line K (one unstable limit 196 
cycle encompassing the cylinder in the upper phase half-plane, and one 
unstable limit cycle encompassing the cylinder in the lower phase hal f- 


plane). 


Region (5) is bounded by the surfaces 1, 2 and 4 (one unstable limit 
cycle encompassing the cylinder in the lower phase half-plane). 


Region (6) is bounded by the surfaces 1°, 4 and by a part of plane 
h, = 0 above line I',’ (one unstable limit cycle encompassing the cylinder 
in the lower phase half-plane, and one unstable limit cycle not encom- 
passing the cylinder). 


Region (7) is bounded by a 
part of the plane h, = 0 below 
line [',”, by part of plane b=0 
located between the axis h, = 0 
and line K, and by the surface 
1” (one unstable limit cycle not 
encompassing the cylinder). 


hal 


Schematic location of the Pig. 9. 
above-enumerated regions is 
shown in Fig. 9a (0 < h, < const < 1) and in Fig. 9b (h, = const > 1). 
I am indebted to L.N. Beliustina for bringing to my attention the problem 
of phase automatic frequency control. 


‘ 
2 nel = 
a) 
(5) 
(5) (6) 
(7) 
4 h “h h 
4 
(2) 


Piecewise linear dynamical systen 
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196) 
1. As was pointed out by Shercliff[{1], if the external magnetic 
field H° is uniform, and the velocity field and induced electric and 
magnetic fields do not depend on the coordinate z measured along the 
axis of the tube, there exists a solution of the equations of steady 
motion of a conducting viscous incompressible fluid along a tube such 
that 
v=vi, H= H° + d.i, (1.1) 


where 


E= grad H, xi, xv, j=qeradH. xi, (1.2) 


4n3 


Here E and j are the electric field and current density in the fluid, 
go its conductivity and » its magnetic permeability. 


We choose the x-axis in the direction of the field H°. Assuming that 
— dp/dz = P = const, and supposing that external volume forces are 
absent, we obtain for H, and v the following equations: 


Here 7 is the coefficient of viscosity of the fluid. 


4nusH? dv 
Hy,»9H, = a a 
1536 
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The boundary conditions for H, on the walls (contour) S of the tube 
(assuming them fixed) are written as: 


on the nonconducting parts of the wall 


0H,/dS=0 ons (1.5) 


on the ideally conducting parts (where n is the normal to the wall) 


0H,/dn=0 ons (1.6) 
To these is clearly added the condition 
v=0 on 5 (1.7) 


The case of nonconducting walls was considered in [1], and the case 
of ideally conducting walls in [2]. In both cases the solution is re- 
presented by trigonometric series obtained by use of the method of 
particular solutions. It is possible in the same way to solve the prob- 
lem of a rectangular tube whose walls perpendicular to the external 
magnetic field are ideally conducting, and those parallel to it are non- 
conducting*. It appears much more difficult to consider the question for 
a tube with ideally conducting walls parallel to H° and nonconducting 
ones perpendicular to H°. Since an exact solution of this problem does 
not, to the best of our knowledge, exist in the literature at the pre- 
sent time, we give here some considerations related to finding such a 
solution and its investigation. In particular, the problem is reduced to 
an integral equation of the first kind, which is easily solved by 
numerical means for. small and moderate values of the Hartmann number, 
and admits of asymptotic investigation in the case when this number is 
large. 


* It should be noted that such a form of the solution appears to be 
very disadvantageous in the case of large values of the Hartmann 
number, because the convergence of the series deteriorates rapidly 
as that number increases. The situation here is analogous to that 
occurring in the theory of the diffraction of waves by a body of 
finite dimensions, where the convergence of the series obtained by 
the method of particular solutions rapidly deteriorates with increase 
of the ratio of a characteristic dimension of the body to the wave- 
length (for a cylinder, sphere, etc.). In the present case, as in 
that of diffraction, one may attempt to find a practically useful 
solution by summing the resulting badly convergent series, turning it 
into a complex integral and then transforming this by one means or 
another to obtain a new form of the solution that is useful even for 
large values of the Hartmann number. 


= = 
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2. We proceed to the solution of the stated problem. Choosing the x, 
y-axes as shown in Fig. 1, setting OA = l = 2a, 

and OB = d, and denoting by J the total current Ww 
flowing in through the ideally conducting wall 8 
OA and flowing out through BC (per unit axial 
length of the tube), we obtain the following 
boundary conditions for the field H_: , 


Q 


Pig. 1. 
H,=2nI/c et e=0, at (2.1) 
0H,/dy=0 at y=0, OH,/ dy=0 at y=a (2.2) 


Furthermore 


Introducing the functions 
(2.4) 


a= (2.5) 


and setting 


we obtain from (1.3) and (1.4) the equations 


Au +272 = 0, 


Av +27 * =0 (2.6) 


with the boundary conditions on the walls OB and AC 


For the combinations p = u + v and q = u— v we find 


Ap + 21 dp / dx = 0, Aq — 2y0q/ dx = 0 (2.8) 


We set finally 
p = §, q = eva) (2.10) 


and introduce the unknown stream function 


Ov Ov | 
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Then for S and t we obtain the equations 
AS — 5S =0, At — = 0 
with boundary conditions 


as 


=z (x—a) 
ev fo (x) 


y 


=e’ (x—a) ha (x) 


at 


—¥(x—a) 
ay e fo (2) 


y=0 


— —a) ha (x) 
y=-d 


For the determination of the functions S and t under the boundary 
conditions (2.13) and (2.14) one may use the Green’s function G(é, 7, 
x, y) for the rectangular region under consideration, given by the 
equation 

2G (KolyV(em— 8)? + Yn — + 


N= 


+ K, ly V (2m 5)? T = K, lx V (2m E)? + (Yn 


— Ky ly V — 
where K,(z) is the Macdonald function, and* 


, 


Im =2ml +2, Im = 2ml—z (m=0, +1, 
Yn=2nd+y, Yn =2nrd—y (n=0, +1, (2.16) 


and satisfying Equation (2.12) and boundary conditions of the form** 


* We note that 


®_im—1) — = » — 2 = — 4). 


** It is easily obtained by the method of images from the basic solution 
Ky(yR) of Equation (2.12), where R= V[(x- €)? + (y-9)?] is the 
distance from the fixed point (é, n) to the variable point (x, y). 

We note that for small y! and yd Expression (2.15) for the function 
G(é, n, x, y) is advantageously transformed for practical use into 
another form on which we will not dwell here. 
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7,y)=0, =0, 2) (2.17) 
Nin=d 


=o 


By use of Green’s formula we obtain the following expressions: 


S (x,y) = (E, d, x, y) fa(E) — G (E, 0, x, y) fy dE — 


0 
d 


— a\ (1, 2, y) Gy’ (0, y) dy (2.18) 


0 


Consequently 
Pp (x, y) = (z, y) = 


q(x, y) (a, y) = (2.19) 


\ {G(E, d, x, y) fa(E) — G (E, 0, x, y) fy (&)} dE — 


d 


—a\ (I, ny 2, y) Ge! (0, ny 2, y) dy 
0 


Thus 
v(z,y) = (2.20) 


=| {G(E,d, fal®) — 0, y) fo (8) cosh &) — 
d d 
—afsinn — (I, y) dy — sinh \ Ge’ (0,n, x, dn} 


u(z,y)=>(p+9)= (2.21) 
=| y) fa(&) — G (G0, 2, y) fy sinh 4 — 2) — 
d d 
—a!cosh 2) \ Gz’ (1, n, y) dyn + cosh 12 (0, n, z, y) dn} 


0 


The last equation can be greatly simplified, because the integrals 
with respect to 7 appearing in its right-hand side do not, as will 


1540 
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d 

— a \ (1, m, 2, y) —*) + (0, n, 2, y) dy 
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appear immediately, depend upon y and d, and are thus functions only of 
x. Consequently we obtain according to (2.15) 


Ki V2z,2+,— 
{2m | + (y, 1+ 


, for example 


> 


Ki (1 V 2m? + — 
+\ 3 2 d 
g +o, — 
d 
Vz,,? + — 1)* 


(2.22) 


Setting in the first integral on the right y,- 7 = 2nd+y-n=t 
and in the second y_,"- = -(2nd + y + 7) = — t and combining the re- 


sulting integrals with respect to t, we find 
d 

Ky + (Yq — 0)*) Ki (t Vim? + — 1) 
Vin? + — 1) 


Vin? + — 1) 


n 
Ki(yVz,2+ 


end+y+d Ky + 1?) 
n= —oo 2nd+y—d +# —oo 


Here we have used the known formula 


Ki(yVa+ 
Ve+e 


valid for arbitrary real values of az 0 
Substituting into (2.22) the result obtained and its analog corre- 
sponding to the replacement of x, by x,” in Equation (2.23), we arrive 


at the relation 
d 
Gz’ (0, n, 2, y)dq = 
sinh (1 — x) 
where it is taken into account that x,” = - x, = —(2ml + x). Analogously 


we find 
(2.26) 


d 
\ Ge y) dy xl 


d co 
\ Gr (0, un z, y) dy > 
0 
+ (Y_, — 
n} 
2s — (0.23) 
| 
0 
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Substitution of the results obtained into (2.20) and (2.21) gives 


v y) \(G z, y) fa (&) — 0, y) (&)} cosh — + 


20 (/ — 7) 
4 sinh {/ 


(2.27) 
l 
u(z, y) \ {G(E, d, x, y) fa (&) —G 0, y) sinh x) d— — 
sinh 


(2.28) 


The condition v(x, 0) = v(x, d) = 0 is now reduced to the form 


(G(&,d, x, 0) fa(&) —G(E, 0, x, 0) cosh (x — = 


_ 2a (2.29) 


\ (G (&, d, x, d) —G(E, 0, 2, d) cosh — 8) = 
0 
sinh 
From (2.15) it follows immediately that 


G (&, d, x, d) = G (§, 0, z, 0), G (§, d, x, 0) = G (E, 0, z, d) 


Therefore, subtracting (2.29) from (2.30), we obtain 


\ 0, x, 0) —G(&, 0, x, d)} [fa(&) + fo cosh (x — = 0 


(2.31) 
Thus it must be true that* 
fa (&) = —fo (6) (2.32) 
and Equations (2.29) and (2.30) are reduced to one, namely 


(§,d, x, 0) + G(E, 0, x, 0)} 1,(§) cosh (a — E)dE = (!— 2) 
‘ aay! (2.33) 


This follows immediately from the symmetry character of the solution 
being sought. 


0 
: 
Vol. 2 
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This is an integral equation for the function f,(¢). If the function 
f,(€) is determined from this equation, then from it by means of Equa- 
tions (2.27), (2.28) and (2.32) u and v can be determined, that is, the 
complete solution of the problem be found. 


For this, Equations (2.27) and (2.28) acquire the form 


u=\ d, x, y) + 0, x, fo — §) — a — (2.34) 


(2.35) 
sinh sinhy (1 — x) 


v =—\IG(d, y) 0, fo (E)coshy (x 5) 2a sinh 


If [dv/dy ] =o = 9, only the terms outside the integrals remain in 
the right-hand sides of Equations (2.34) and (2.35), and these equations 
are the (known) exact solution of the one-dimensional problem for Equa- 
tions (2.6) and (2.7), obtained under the assumption that the entire 
process depends upon x and not upon y. In other words, these terms give 
the exact solution of the problem of the corresponding flow of fluid not 
in a tube of rectangular cross-section but between two parallel plates 
of infinite extent in the direction of the y-axis. 


We note also that for a = 0 the right-hand side of Equation (2.33) 
vanishes, so that fy) = 0, and consequently u = v = 0 according to 
(2.34) and (2.35). From Equation (2.4) it then follows that 

(2 
and from the condition a = 0 it follows that P/H°yv= I/2ac, so that 


H,= (1 — =) (2.37) 


a 


Hence for the current density j we obtain the expression 
c a « 
grad H, x i, = — (2.38) 


that is, the current flows parallel to the y-axis, with its density con- 
stant in the x-direction. Thus we have a static regime, the fluid being 
at rest, so that the variation of pressure is balanced by the electro- 
magnetic forces exerted on the current j by the field H°. 


From Equation (2.33) it is evident that 


fo (5) = a@ (6) (2.39) 
where the function ®(€) does not depend upon a. 


Equations of an analogous type are obtained, according to (2.34) and 
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(2.35), for v and u. For ®(€) we obtain the equation 


|G (E, 0, 2,0) + d, 2, 0)) cosh (x dg = —*) (2.40) 
0 

From Expression (2.15) for G(é, 7, x, y) it is evident, in particu- 
lar, that for yd >> 1 the term G(é, d, x, 0) in the left-hand side of 
Equation (2.40) is very small in comparison with G(é, 0, x, 0). 


Since this term reflects the effect of finite dimension of the tube 
section in the direction of the y-axis upon the distribution of the 
function f,(€) = [dv/dy i along the wall y = 0, that is, the effect 
upon this distribution of the wall at y = d, it follows from what has 
been said that for yd >> 1 this influence can be neglected, and with 
greater accuracy the greater is the parameter yd. For d = ~, which cor- 
responds to the case of a section in the form of a half-strip rather 
than a rectangle, it disappears completely. Equation (2.40) then takes 


the form 
\ cE, 0, x, 0) (E) cosh (x — =) dé 2 sinh’ Zsinh (l—z) (2.41) 


sinh 


where d(€) is the corresponding solution and g(é, 0, x, 0) the Green’s 
function for the half-strip, obtained from (2.15) by passing to the 
limiting case d = «, and equal to 


g = V @m + (y—0)*) + 


m=—oo 


+ K, V (am (y+ n)*) Ky V — §)* + (y— n)*) — 


— Ky V (tm' + (y + n)*)} 


since in (2.15) all terms with n # 0 vanish. 


Introducing the dimensionless variables z = x/l, ¢ = &/l and setting 
yl = M and 1d(zl) = Wz), we obtain finally* 


l 


\s (It, 0, lz, 0) wp (t) cosh M (2 —t) dt = 


0 


2sinhM zsinh M (1 — =) 
sinh M 


(2.43) 


where 


* There is clearly no danger of confusing this z = x/l with the co- 
ordinate z in the direction of the axis of the tube. 
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g(it,0,l2,0)= [Ky (2.44) 


This is a one-parameter equation for the unknown function W(¢), M 
being the Hartmann number. 


In what follows, certain consequences resulting from this equation 
are considered. 


3. For small and moderate values of M, Equation (2.43) can be solved 
numerically, reducing it to a system of coupled linear equations, where 
one must take account of the fact* that ¥(0) = y(1) = 0. For large 
values of its argument the function K,(u) is asymptotically equal to 
e~ ™ V(w/2u); consequently in the case of large values of M the series 
(2.44) for the function g(l¢, 0, lz, 0) converges very rapidly. For 
sufficiently large M, Equation (2.44) may be limited to three terms, 


namely (3.4) 
g (If, 0, {Ky(M|2—b |) — Ko (Mz + 0)] —Ko [M(2—2—O)} 


according to which Equation (2.43) takes the following form: 


1 
\ Ko (M | — —Ko(M|z + |) —KyIM (2—2—O)} x 


2 sinhM zsinh M (1 — 2) 
sinh M 


x cosh M = (3.2) 

In numerical solution of this equation account must be taken of the 
fact that its kernel becomes infinite at ¢ = z. We divide the full 
interval of integration (0, 1) into sufficiently smal] subintervals (¢c;, 
¢i4) and take advantage of the approximate equality 


(it, 0, lz, 0) cosh M (z— db x 
Si 
Sita 
x \ g (It, 0, lz, 0) cosh Mj 
Si 


where ¢,° is some average intermediate value of ¢, for example 


* Because f,(€) = [dv/dy 4 ae 9 Vanishes at € = 0 and = 1, the velo- 
city v is equal to zero on these walls. 
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€° = 1/2(¢; + ¢;,,). Here it is essential that the integral appearing 
in this formula can be found as an indefinite one in terms of known 
functions, if use is made of the formla* 


\ ex! K, (t) dt = tet'[K,(t) + Ki (0)] (3.4) 


and taking into account Expression (3.1) for g(l¢, 0, lz, 0) and the 
fact that** 
cosh M (z — =- 


2 


4. We consider the asymptotic form of Equation (2.43) obtained for 
M + «.In so doing we proceed from the fact that for M+ « over almost 
all of the interval of integration the asymptotic equality is valid 


K, (M\z—&|) cosh M (z — 


and analogously 


—2M* 
tor z>¢ 


K,[M (2 + cosh M (2 —t)> 


4.2 
forz:<€ 


= * (4.3) 


K, |M (2—z—f)] cosh M (z > => Vargo e2M(l—2) gor z >t 


where (4.2) is valid under the condition M(z + ¢) >> 1 and (4.3) under 
the condition M| 2 - (z + ¢)| >> 1. 


Equation (3.2) can be put into the form 


1 1 z 
(C) —2Mz (C) dt —2M(1—z) p (C) dt 
Tea \ Wert 
ZsinhM z sinh (1 — z 


or, if we put = 2 V(27M) yx in the form 


* This formula, easily verified by differentiation, is a special case 
of a very general one given by us in[3] and repeated in[4], 
p. 696, 


** The integral in Equation (3.3) obviously reduces simply to the sum of 
integrals of the form (3.4) with constant multipliers. 


ia/ 
~ (4.1) 
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2sinn. Mz sinnM (1 — 2) 
sinh V/ 


— 6(z) + R(z) 


1 


{KoiM (= + thom M —)— vO) 


{Ky (M (= + t)lemM — 


Nee UN 


z 


—\{k, [M (2 — 2 (z — t) — em — 


0 


1 


0 
On the right-hand side of Equation (4.4) the first term can be 


written as 


2 sinhM zsinnM (1 (1—2)__ ,-2M 
sinh M 


i—e 


that is, for very large M it is practically equal to unity over almost 
the entire interval (0 < z < 1), but vanishes at its ends. As for 5(z), 
it vanishes in the whole interval as M increases, because the integrands 
in each of the integrals appearing in it are significantly different 
from zero only within a region whose width is of the order 0(M~*) in 
the vicinity of the point z. 


Thus, for example, at a point z sufficiently removed from the edges 
(0, 1) of the interval, where the function ¥(C) changes relatively little 


within a width of order 0(M~ ly. we have the approximation 
! 


\ | Koa |= (z—f) = 


= ay Ky | dt 


et 
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Hence it is evident that this integral has in any case the order 
ocm~ +), However, the integral on the right is equal to zero, which is 
easily found using Equation (3.4), which gives 


oo —_ 
Ja \ Ko (the at = 
0 


0 


er. 
— Jar = 0 
0 
From this it is evident that in regions where the function W(2) 
changes sufficiently smoothly, the integral under consideration will 


have a very high degree of smallness. 


The remaining integrals appearing in 5(z) can be estimated in analo- 
gous fashion, 


Therefore in seeking an asymptotic solution we will in the first 
approximation disregard the value of 5(z). Similarly we neglect also the 
terms 


\ 
1 


where account is taken of the fact that ¥(1 - ¢) = WC). As for the 
second and third terms in curly brackets on the left in Equation (4.4), 
they must be retained, because although the factors e ~ 2M2 ond e ~ 2M(1=2) 
appearing in them also decrease, extremely rapidly with distance from the 
end points z = 0 and z = 1 of the interval, they just bring about the 
vanishing of the left-hand side of Equation (4.4) at z = 0 and z = 1, as 
occurs in the right-hand side of the same equation with 5(z) neglected; 
and without them the right- and léft-hand sides of the equation could 
not be equal to each other at the end points. 


Equation (4.5) now acquires (approximately) the form 


sinh = (4.9) 


0 


If the right-hand side of Equation (4.5) or (4.9) is known, then y(z) 
can be found in quadratures, using the known solution of the singular 
integral equation of the form 


(4.10) 
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where the function w(z) is regarded as known [5,6]. 


We use henceforth the form of the. solution of this equation given in 
[6], namely 


da 

Note. Substituting into (4.11) for w(z) the right-hand side of Equa- 
tion (4.5), we obtain a new (exact) form of the integral equation for 
the unknown function y(z), and substituting the right-hand side of Equa- 
tion (4.9) we obtain an approximate integral equation for y(z). 


In [6], Equation (4.11) is given in a rather different form, because 
the equation to be solved is written in the form 


a 
dy 


0 


where a= const, p= const, 0< p< 1. 


Formula (4.10) is obtained from the solution of Equation (4.12) given 
in[6] with p = 1/2 and corresponding change of variables. 
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The problem of the stability of equilibrium of fluid in an infinite 
cylinder heated from below has already been solved by one of the present 
authors [1]. Only those plane disturbances from equilibrium were con- 
sidered in which the velocity vector has no component along the axis of 
the cylinder, all quantities representing the disturbance being inde- 
pendent of the coordinate in the direction of the axis. Shaidurov [ 2 ] 
pointed out that in experiments one also observes disturbances from 
equilibrium which show a cellular pattern, The object of this paper is 
to study the stability of equilibrium in terms of spatial disturbances 
periodic along the cylinder axis. Galerkin’s method is used in solving 
this problem, 


1. Equations of the problem. The fluid is considered to fill a 
horizontal cylindrical cavity within an infinite homogeneous solid mass. 
A steady temperature gradient A is maintained in the solid for a con- 
siderable distance from the cavity, and is directed vertically downwards 
(the fluid is heated from below). If the magnitude of the gradient is 
less than the least critical value [3], the fluid will remain in equi- 
librium. In this case the velocity of the fluid V, = 0; the temperature 
gradient in the fluid VT, and the pressure gradient Vp,, in equi- 
librium, are given by 


e 


In these expressions A” is the equilibrium temperature gradient in 
the fluid; y is the unit vector directed vertically upwards; «x and x, 
are the conductivity coefficients of fluid and solid. The small disturb- 
ances which arise vary in time according to e~°* where o is real [3]. 
At the bourtdary of stability o = 0. The equations for the characteristic 
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motions take the following form: 


Av + RTx, div v= 0 (1.4) 
AT = — vy, AT, = 0 (1.2) 


Here v, T, p, T, are dimensionless disturbances in velocity, tempera- 
ture, pressure and solid temperature. 


Units of distance, velocity, pressure and temperature are, respect- 
ively: a (radius of cylinder), y/a, pvy/a’*, A’a. The Rayleigh number 
R= gBA’a‘*/vy is determined from the equilibrium temperature gradient 
in the fluid. 


The boundary conditions for the dimensionless disturbances are as 
follows: 


v, 7 —are finite when r=0 


oT oT, 
wh n = 1 
or Or 


7.—0 when r — co 


(1.3) 


The problem is to look for the characteristic values of the parameter 
R which determine the critical equilibrium, and the corresponding 
critical motions of the fluid. 


2. Approximation for velocity. Bearing in mind that we solve 
the problem by Galerkin’s method, we approximate the velocity thus: 


= Cigi+...+en@y (2.4) 


All the functions ¢; satisfy the equation of continuity and the bound- 
ary conditions of the problem. 


Let us introduce Cartesian coordinates, z being along the axis of the 
cylinder, the axes x and y being in the plane of a section (the x-axis 
is vertically upwards). Considering periodic disturbances along the z- 
axis we put 


vs = fi(z,y) kcoskz, vy = fe(z,y)kcoskz, v, = fs (x, y) sin kz (2.2) 


Here k is the wave number of the disturbance. We will look for the 
functions f; in polynomial form, subject to vanishing at the surface of 
the cylinder [4]. 


fy = (1 —?’) > Cunt", fe = (1 — > 


m,n mn 


fs = (1 — Cmn 
mn 
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It follows from the equation of continuity 


Os; 


Ofs 
- Ts +fs=0 


therefore coefficients a b,, and c,, satisfy the expressions 


an’ 
(m 1) — T + (n + 1) [bm Om, n+1 + 


+ Cm—e,n T Cm, Cmn = (2.4) 


Let us confine ourselves to m+ n«< 2. Formulas (2.3) will then con- 
tain eighteen unknown coefficients. In view of (2.4) these coefficients 
will be connected through thirteen relations. There are therefore five 
unknown coefficients, which allows a system of five basic vectorial 
functions ¢, to be constructed. The choice of such functions is evident- 
ly not single-valued. If, however, we consider symmetry, the following 
system of functions appears to be convenient: 


(1 — r®) yk cos kz, (14 — r®) (4 — x? — 5y*) k cos kz 
—(i— r?) rk cos kz, Fe r?) ryk cos ke 
0 0 
— r*) ryk cos kz 
0 Fa (1 — r®) (1 — — y*) k cos kz 
laa — r*)zsin kz, 0 
0 
= (Ui — k cos kz 
4(1—r*) y sin kz 


The basic motions are illustrated in Fig. 1. The critical motions of 
the fluid will thus be the superposition of these five basic motions 


Vv = cigi + Cope + CQ + capa + Cops (2.5) 


3. Solution of the problem. Let us find the temperature in the 
fluid and in the solid. To do this we must substitute the velocity (2.5) 
into the conductivity equation (1.2) and solve with boundary conditions 
(1.3). The temperature in the fluid is 


T = —k cos kz{{A, + Aar® + Aar* + al, (kr)] + [Bar Bar? + bli (kr) 1+ 
+ 2 [Der* + Dyr* + dle (kr)| (cs cos 29 + ca sin 2@)} (3.1) 


in which 


Ay = — py I(k* — 8k* + 64) c2 + 
+ (k# — + 192) cs] 


G.Z. Gershuni and E.M. Zhukhovitskii 


As = — 8) c2 + (2k* — 24) es] 


(cz + 3es) 


= — — 8), B= 


Da = — — 12) 


= 42 [(k? + 8) Ky’ — 4akK] co + 
[(8k? + 48) Kg’ — a + 24k) Ky) 
2 


— [— 6kK2' + + 12) Ka] 
= — al 


In these formulas /; and K; are Bessel functions 
of imaginary argument; in the definition of the co- 

efficients (3.2) the wave number k is the argument. 

In Formula (3.1) the coefficients c; are as yet un- 

determined. The temperature T, in the solid is no 

longer required for the calculations, and it is therefore not introduced 
here. 


In order to determine the coefficients c; we multiply the first of 
Equations (1.1) by @; and integrate over the volume of one "nucleus" or 
"cell" (i.e. over a section of the cylinder along z between the limits 
0 to A = 27/k). We then get a system of five equations 


\ Ave, Vv + R\ Tye, av = 0 (3.3) 


The integral containing Vp is equal to zero, a point which is evident 
if we integrate by parts. 


If we substitute the velocity (2.5) and the temperature (3.1) into 
(3.3) we arrive at a system of five homogeneous linear equations for de- 
termining the coefficients c;. The determinant of this system has the 
following elements which are nonzero: = 
455, 4,4, = a4. The elements of the determinant are very cumbersome 
functions of the Rayleigh number R, the wave number of the disturbance k 
and the conductivity ratio a. If we equate the determinant to zero we 
find five critical Rayleigh numbers and five sets of coefficients c; 
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which determine the critical motions. 


4. Critical gradients and critical motions. One of the roots 
is determined from the equation a,, = 0. From it we find the critical 
Rayleigh number (as will be evident from what follows, it is convenient 
to call it the second critical R) 


(16 + wy 4 


The critical motion corresponding to it is 
V2 = (4.2) 
This function represents a motion with circular trajectories lying in 


planes perpendicular to the cylinder axis. A displacement of A/2 = m/k 
along the axis results in reversal of motion (Fig. 1). When k = 0 (plane 


disturbances A = ]*) 


960 (1 + a) 


When k increases (the wavelength decreases) the Rayleigh number in- 
creases monotonically; R, =~ 2k* for k >> 1. 

The following two critical Rayleigh numbers are found as roots of the 
quadratic 


— = O (4.3) 
Here 


= + + — k*) + [8 (A* + 6) Ai + 


' 


+ ak, 24k)) + + (2 + 124) || 


We 
as = (3k* + + 160) — (Ks 154 (A? + 36K) Is + 
+ (3k + 19642 + 32) + aK’, [12 (34% + 28K) Ia + (3K4 52K? — 160) Js ]} 
aes = = + [18 (3? + 88K) Js +(3K* + 17642 + 192) + 


+ aK, [12 (34% + 8h) Ia + (3h* + 324? — 960) J5)} 


* In[1] the Rayleigh number R is expressed through the temperature 
gradient within the solid, and not in the fluid (R= Ry) as in the 
present work. The connection between them is 
2 
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The expressions for the roots of Equation (4.3) R, and R, (R, < R;) 
are very cumbersome and are not given here. When k = 0 


23040 (1 + a) 


34 + 41a 


R, = 


On increasing the wave number, R, first of all gets less, goes through 
a minimum at some value of k and then rises; R, ~ 0.75 k* when k >> 1. 


Root R, tends to infinity for k + 0 by the following law: 


23040 1 — 0,5ak? In (k / 2) 


R; = 73 — 120a In (k / 2) 


When k is increased the root R, goes kh 7. 
through a minimum, increases and R, 


R, ~ 2.35 k* when k >> 1. ‘= 


Critical motions corresponding to 
Rayleigh numbers R, and R, result from baad 
the superposition of basic motions ¢, 
and 


Vi = Cope Cage, v3 = C2’ C3’ 


Because of the homogeneity of the 
problem coefficients, c, and c,” can be 
considered arbitrary; the weighting 


ratios c,/c, and c,’/c,” depend on k. at 

In the region of k of the order of 

unity the critical motion v, contains, ; 

in the main, basic function ¢, with a —_ | 
smal] admixture of ¢,. When k + 0, how- | « 
ever, the weighting ratio changes 0 
sharply and v, + co$,. Fig. 2. 


Motion v, on the other hand consists mainly of ¢, with an admixture 
of ¢,, but when k + 0 it transforms into pure motion ¢, (when k = 0 
horizéntal trajectories correspond to motion ¢, and thus R, + ~). When k 
is great the basic functions ¢, and ¢, enter the critical motions v, and 
v, with approximately equal weight, whilst c,/c, > 0, and c,’/c,’ < 0. 


The remaining two critical values R, and R, are found from equation 
244% 55 — = 0; calculation gives 


R. - (k® 40k4 +- 320k? 1600) 
3k* 30k? + 160 
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we 


* Ry (161, + (+ 18h) Ip] — akg 82k) 1, + (10K + 36) 


(4.5) 


When k = 0 


When k is increased root R, increases monotonically and R, =~ 4 k* 
when k >> 1. 


The critical motion v, is indeed a combination of ¢, and ¢, with de- 
finite weighting ratios: 
20k? 


V,= + — 
3k* + 30k? + 160 


From this it is evident that when k + 0 v, + c,¢,. 


The critical motion v, contains only the basic function ¢,, so that 
Vv, = ¢..; the trajectories of this motion are horizontal and the cor- 
responding critical Rayleigh number is infinite. 


In our approximation, therefore, it has been possible to find five 
critical motions and the critical temperature gradients corresponding to 
them. As an example, in Fig. 2, critical Rayleigh numbers are shown as 
functions of wave number of disturbance for a = 3. The character of the 
spectrum does not alter with variation in a. Shifts in the stability 
curves with changes in a can be assessed from the limiting values of 
Rayleigh numbers when k = 0 and when k >> 1, derived above. It is evident 
from Fig. 2 that the motions which are most dangerous from the point of 
view of upsetting stability are vy; and V5; the two lower level spectra 
correspond to these. On the stability curve R,(k) the minimum is attained 
when k = 0, i.e. when A = ~ (plane disturbances). On the curve R,(k) the 
minimum is attained at some finite value of k, i.e. to the minimum R, | 
there corresponds a subdivision into nucleus cells of given length; i.e. 
the picture is similar to what happens in the Rayleigh case of insta- 
bility in a plane horizontal layer (Benard cells). We give below minimum 
values of Rayleigh numbers R,, and R,, for several values of a. 


a 100 
Ry, 102 
Ry, 138 


It is evident that R,, < R,, over the whole range of a, and the 
values do not differ greatly en each other. The simultaneous appear- 
ance, therefore, of both critical motions is quite likely to occur in an 
experiment. It would appear that a superposition of these critical 
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motions was indeed observed in Shaidurov’s tests. 
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It is well known that the equations of gasdynamics and magnetohydro- 
dynamics admit discontinuous solutions if the coefficients of viscosity 
and thermal conductivity are assumed to be zero (7 = 0, X= 0), and the 
electrical conductivity is assumed to be infinitely large (o = ~). The 
discontinuities in these solutions satisfy definite algebraic relations. 


On the other hand, for more exactly formulated equations, the discon- 
tinuous solutions are replaced by continuous ones. If such a continuous 
solution tends to a discontinuous one as 7 + 0, y+ 0 ando +o, then it 
is called a shock wave. For sufficiently small values of 7, yx, and e~, 
the shock wave may be replaced by a jump discontinuity. However, not 
every jump discontinuity satisfying the indicated algebraic relations is 
necessarily the limit of a shock wave. Therefore, neglecting the dissi- 
pative coefficients 7, x, and o~, we shall consider only those discon- 
tinuous solutions which are the limits of continuous solutions. The 
jumps in such discontinuous solutions will be termed admissible. 


In order to distinguish admissible jumps from inadmissible ones, two 
methods exist at the present time. In the first method, the admissibility 
of a given jump is established after proving the existence of the corre- 
sponding shock wave [1,2], or even after calculating the shock wave 
[3-6 ]. The second method [7-11 ] is based on the fact that certain jump 
discontinuities, when subjected to infinitesimal disturbances, split 
into several propagating jump discontinuities. Such (non-evolutionary) 
jumps, which are unstable with respect to splitting, will be considered 
inadmissible. All other jumps will be assumed admissible*. From the 


Let < be the phase velocities of small disturbances 
in the region left of the shock front, and Vi < <... < be the 
same quantities to the right. Let n_(n,) denote the number of phase 
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actual solutions of some problems (cf., for example, [12-16 ]), it is 
shown that these remaining jumps are sufficient for the Cauchy problem 
to possess a unique solution, 


So far, there exists only fragmentary evidence that the two points of 
view indicated above must yield the same result [1,2]. 


In the present paper, this question is considered in connection with 
the so-called dissipative system of equations, of which the ordinary and 
magnetohydrodynamic equations are special cases. It will be shown that 
the condition of stability (with respect to splitting) is a necessary 
condition in order that the jump correspond to a unique shock wave (with- 
in translation). 


We shall also clarify in which cases the profile of the shock wave 
contains jumps. This phenomenon was discovered by Marshall [4] and was 
studied in Whitham’s paper [5], with which the present work has many 
points in agreement. 

1. Dissipative systems. Let us consider the system of quasi- 
linear equations of the form 

Ou 
Aj (u) (u) 9 @ n) (1.1) 


where A.(u) = Aj(u,, Uy, --., u,) and w.(u) are differentiable functions 


of the same arguments; moreover, w ;(u) = 0 for j < m(m<n). 


The equality u= & (u° being a constant vector) defines a constant 
and uniform solution of system (1.1) if w,(u°) = 0 (j = m+ 1, ..., an). 
The set of all such vectors u° will be denoted by M. 


Starting from the system (1.1), let us consider the system obtained 
from (1.1) by linearizing around the point u = u° <M 
Ov; 


n n 
oy 
at A jx (u’) > Up, vj uj — (1.2) 
k=1 k=1 


P 0A; (u°) OW, (u°) 
Aj, (u’) Pix 


velocities VF (Vt) smaller than (greater than) the shock speed U. 
For the jump to bo stable with respect to splitting, it is necessary 


that n_ +n 1, 
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The system (1.1) will be called dissipative if for any arbitrary 
u° © M the following conditions hold: 


1) In system (1.2) all particular solutions of the form 
v; (2, t) _ (— co <k < 00) 


are bounded for t > 0, for whatever non-negative numbers oj =m+l, 


2) If all the numbers o = m+ 1, ..., nm) are positive and finite, 
then these particular solutions tend to zero for t + « (except the solu- 
tion with k= 0, w= 0). 


In what follows, we shall consider the system (1.1) to be dissipative. 
This implies, as is easily seen, that none of the roots w = @, (s = 1, 
2, ..., m) of the equation 


D (@, k) = det | iw@d;, — ikA;, (u°) — (u”)| = 0 (1.3) 


lies in the lower half-plane; moreover, if all the coefficients o,(j = 
m+ 1, ..., m) are positive and finite, then the real axis is free from 
these roots also. 


2. Shock waves. We shall be interested in those solutions of 
system (1.1) which are shock waves moving with some constant velocity U 
without changes in their forms. These solutions depend only on the vari- 
able € = x — Ut, they satisfy the system of ordinary differential equa- 
tions 

, du; d 
—l + A; (u) = (u) 2.1) 


and they tend to some limits u*@M and u~ <M as & + ~. Furthermore, 
lim du/d&é = 0 as & + to. For brevity we shall call these solutions 
transitional solutions. 


Evidently the vectors u~ and u* are connected by the relations 
—Uu; + A; (u-) = — Uu;* + A; (u*) — 
(u-) = (ut) = 0 (j= m+i,..., 


These are the conditions which must be satisfied by the jump u*—- u~ 


Let us obtain a simple condition necessary for the existence of a 
transitional solution. For sufficiently large absolute values of 
&(E < 0), system (2.1) may be linearized into 
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n 


— U (u;—uj) + >) Ajs(u-) (us—us) =0 =1,..., m) 


n 
3; >) (us — (j=m-+i,..., a) 
s=1 


The linearized system has particular solutions of the form 
ul”) — = aMexpv,— (2.3) 


where (r= 1, 2, ..., m— m) are the roots of the equation 


— A;, (u°) 
Di(v, UJ) = det | 
= Aj, (u )v— (u°) 
If Re v> > 0, then the difference u‘”) — u~tends to zero as £ + — 0, 
Obviously the transitional solution u(&) in the domain considered may be 
represented as a linear combination thus: 


u—u- = (2.5) 
rel 
where the summation is extended over all values of r for which Re v7 > 0. 
In a similar way, in the domain of large positive & the function u(€) 
may be represented thus: 
e+ 
‘u—ut = C, bMexp v,- (2.6) 


where the summation is extended over all r with Re vi> 0. 


The solutions (2.5) and (2.6) obtained in this fashion may be extend- 
ed, at least in principle, to the point € = 0 with the aid of the exact 
equations (2.1). At this point, both solutions must have identical com- 
ponents. Moreover, one of the components, say u,, may be required to 
assume the prescribed value u,(0) (u,(0) < (uj, uj); this is permissible, 
because if there exists one transitional solution u(é), (u(-—) = 
u(+cc) = u*), then there must exist an infinite set of such solutions, 
namely, u(€ — a) (-«< a< o), By choosing the parameter a we may re- 
quire u,(0) to be any prescribed value in the interval (uy, u;*). 


Thus there are n+ 1) conditions to be satisfied at & = 0: 


ul (—0) u, (0) Us ( = Us (+ (s 


To satisfy these conditions we have at our disposal p * parameters ct 
and p~ parameters If the number of these parameters (p++ is 
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less than the number of conditions (n + 1), then a continuous transi- 
tional solution, generally speaking, cannot be constructed. If p*+ p~> 
n+ 1, then evidently there exists an entire family of different transi- 
tional solutions with the same component u,(0). Therefore for the 
existence of a unique transitional solution (except for translation), we 
must have 


n+ 1 (2.7) 


Our aim is to establish the connection between these conditions and 
the n~+ n*= n- 1 conditions of stability relative to splitting (cf. 
footnote, p. 1559). To solve this purely algebraic problem, we shall 
utilize some specific properties of the dissipative systems. 


3. Ideal systems. Instead of the system (1.1) let us consider a 
sequence of auxiliary systems obtained in the following manner. We set 
some of the coefficients 0. to zero and the remaining to infinity. We 
number the components u; such that 0. = 0 for j = 1, 2, ..., m, > m and 


o;=% for j = m, +1, ..., m. System (1.1) assumes the form 


ou 
j 


at 


3.1 
The number m, (m < m, <n) may be called the rank of system (3.1). 
Evidently there exists one system of rank m or n, (n — m) systems of 
rank m+ 1 or n— 1, etc. 


Corresponding to the system (3.1), the dispersion equation (1.3) 
assumes the form 
| i@d - ikA;, (u*) | 
Am, (i@, ik) = det Vi. (u’) 0 


We easily see that 
Am, (i@, tk) = (ih) An, ( 1) == (V), V = (3.3) 


Thus the phase velocity V = @/k corresponding to the system (3.1) 
satisfies the equation 4) = 0 and does not depend on k. Moreover, it 


is always real; since, if it were not the case, as k varies, w would 
pass from the upper half-plane to the lower half-plane (or vice versa), 
and this is inconsistent with a dissipative system (1.1). A real phase 
velocity means that a plane wave of the form u = a exp [ i(wt - kx) ] 

will be undamped. Therefore, all systems of type (3.1) are ideal systems. 
If some of the dissipative coefficients are small and the remaining co- 
efficients very large, then to a high degree of accuracy we may replace 


1564 G.Ia. Liubarskii 


the original system (1.1) with the corresponding system (3.1). Thus the 
system (3.1) is of definite interest. 


Let us consider a system (C), which is obtained from the system (3.1) 
by replacing one of the equations ¥,(u) = 0 (a = m, +1, ..., n) with 
the equation 


Ou, 


We shall call this system of equations an adjacent system. 


The following theorem holds. 


Theorem (Whitham [5 ]). The system (3.1) of rank m, has exactly m, 
phase velocities V, < V, < .-. < V, each velocity being counted the 


same number of times as the multiplicity of the root in the equation 

A, = 0. The phase velocities V,’< V,’< ...< Vast , of an arbi- 
trary adjacent system will alternate with the phase velocities of the 
system (3.1) thus: 
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Proof. In system (1.1) we set 


= Sm+e Sm, 0, 0 < Sm,+1 < ox, Sm, +2 = = Gy = 


Equation (1.3) thereby assumes the following form: 


js js 
det, | yn, 418 — — Fm, | = 
(u°) 


which may be written as 


Am,+1 (iw, ik) Sm,i14m, (io, ik) 0 


or, using (3.3), we may yet rewrite it as 


w (V) = Amir (V) + Am, (V) = 0 (3.4) 


Let us consider this dispersion relation for positive values of k. 
Since the system (1.1) is dissipative, all the roots V of Equation (3.4) 
lie in the upper half-plane or on the real axis. 


From this, according to the theorem of Hermite and Biler, we immedi- 
ately conclude the alternation of the phase velocities. Without citing 
the formulation of this theorem, we reproduce the essential steps of 
the proof. To begin with, we assume that the polynomials A+) and 
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A, (V) have no zeros in common; consequently, all the zeros of poly- 


nomial w(V) have positive imaginary parts. When the point V runs along 
the entire real axis from left to right, the point w describes some 
curve in the complex plane; this curve does not pass through the origin, 
and the argument of the point w increases monotonically. The point w 
alternately crosses the real and the imaginary axes. Therefore, the 
zeros of its real and imaginary parts alternate. This proof also remains 
valid when the functions A+ , and 4, have one or more common zeros. 


From the alternation of the zeros of the polynomials Aa + ,(V) and 
A), it follows that the orders of the two polynomials cannot differ 


by more than one. The order of the polynomial A,(V) is evidently equal 
to n, while that of A,_ ,(V) cannot exceed n—- 1 and thus must equal 
n-— 1. Extending this argument, we see that the order of the polynomial 
4M equals m,(m, = m, ..., n). The theorem is thus proved. 


denote the coefficient of 


2+ ,(V). The point w(V)/a, 


moves in such a way that its argument increases with increasing V. As V 
tends to + «, the argument of WV)/a, 4 , tends to zero, and consequently, 


We make a further observation. Let + 


the highest term in polynomials w(V) and A 


for sufficiently large V, it is negative. This shows that 
1 


mri 


Im = w(V)=s 


for sufficiently large V. From this it follows that the coefficient a, 
of the highest term of the polynomial 4) has a sign opposite to that 
of 

Considering this fact, and recalling the alternation of the phase 
velocities of the adjacent systems, we conclude that 


Am+1 Am, (V5) < 0 (j =1,..., m+ 4) 
Am,+1 (Vj) A’m, (Vj) > 0 (j= 1,..., mm) 
4. Motion of the root v of Equation (2.4). We shall clarify 


how the root v of Equation (2.4) moves in the complex plane as the para- 
meter U moves along the real axis. 


(3.5) 


From the definitions of the functions D(w, k) and D,(v, u), the 
following relation results: 


D — iv) = v" Di(v, (4.1) 


If we assume that for any arbitrary U(-«< U < ~) one of the roots v 
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of Equation (2.4) is purely imaginary (v = ik, 4 0), then we conclude 
that the equation D(w, k,) = 0 possesses a real solution w= — k,U. 
Since this is impossible for a dissipative system, then as U moves along 
the real axis none of the roots v of Equation (2.4) may cross the imagi- 
nary axis at any point, except v = 0. 


We shall clarify for which values of U one of the roots may vanish. 
From the definition (2.4) of the function D,(v, U), it follows that 


Div, U) = A,,(U) |] (—¢)) (4.2) 


j=m-1 


Therefore, the point v = 0 is a root of the equation D,(v, U) = 0 
when and only when U coincides with one of the phase velocities 


(4.3) 
of the system (C°) of the lowest rank am. 


Let us consider in greater detail that root v(U) of Equation (2.4), 
which vanishes for U = V,° (a being one of the numbers 1, 2, ..., m). 


To begin with, we assume that V.° is not the phase velocity of at 
least one of the systems (C) of rank m+ 1. Then U= V,° is a simple 
zero of the function A,(U), and consequently 

On the other hand, it follows from the form of the function D,(v, U) 

that 


n 


Here A.,, , (s= m+ 1, ..., are the determinants corresponding 
to all the possible systems (C) of rank m+ 1. 


From the inequalities (3.5) it follows that none of the terms in the 
last sum may possess a sign opposite to that of A.’(V,°). Since by our 
assumption these terms cannot all vanish, then the derivatives 


au 


D0, U)\y Di lv, ; 

have the same sign. Thus v’(V,°) < 0. It is possible to show that this 
derivation remains valid if V,° is the phase velocity of all systems of 
rank m+ 1, 


Therefore each time the parameter U (monotonically increasing) 
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crosses one of the phase velocities (4.3) of the system (C°), one of the 
zeros v of the equation D,(v, U) = 0 crosses over from the right hal f- 
plane to the left half-plane along the real axis. 


It does not follow, however, that when the parameter V moves in an 
interval not containing any phase velocity V.° (a= 1, ..., m), then the 
number of roots v of the equation D,(v, U) = 0 remains constant in each 
half-plane. 


In fact, a root v(U) may pass from one half-plane to the other 
through infinity without crossing the imaginary axis. 


Such a passage actually occurs each time the coefficient of the 
highest term in v in the polynomial D,(v, U) vanishes. This coefficient, 
evidently, equals (~1)"A(U). It vanishes when U = 
V;* being the phase velocities of the systems (C) of rank n. 


Using reasoning similar to that above, one easily shows that each 
time the monotonically-increasing parameter U crosses one of the phase 
velocities V.*(j = 1, ..., m) of the systems (C*) of the highest rank, 
one of the zeros v of the equation D,(v, U) = 0 crosses from the left 
half-plane to the right, tending to infinity when U = V.*. In this 
manner, the number of roots v(U) lying on one or the other side of the 
imaginary axis changes only when the parameter U crosses a phase velo- 
city of the system (C°) or (C*), i.e. system of the highest or lowest 
rank. 


Let us now fix the parameter U and vary the point u° <M, thus 
changing the phase velocities V.° = V°(u°) (j = 1, ..., m) and 
v;* = V.*(u°) (j = 1, ..., m). If im this process none of the phase 
velocities intersects the quantity U, then the number /(U, u°) of roots 
v(U) in the left half-plane will not change. Thus, the number 


= lim / (U, 
as U + — « is the same for all u®° <M. 
The three conclusions drawn at this point may be unified by the 
following formula: 

1(U, = + n° (U, uw’) — n* (U, u°) (4.4) 
where n°(U, u°) and n*(U, u°) are the number of phase velocities Vi? (u°) 
and V.*(u°), respectively, smaller than U. Using this relation, we may 
calculate the sum p +p* (cf. Section 2) knowing only the relative 


positions of the points V.°(u), (ur), V.*(u), V.*(u*), and U on the 
real axis. In fact, it fol lows immediately from (4.45 that 
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p + p* = n+ bn° — bn* (4.5) 
where 


= n° (U, ut) — n° (U, uw), bn * = n* (U, ut) — n* (U, 


5. Continuous profile of a shock wave and profile with a 
jump. We shall clarify how to determine from the relative positions of 
the phase velocities Vj ° and V.* and the shock speed U on the real line 
whether a transitional ’ solution exists, whether it is unique (within 
translation), and whether it is continuous. 


Let us assume that some transitional solution u(x) exists. 


Let us first consider the simplest case, in which each of the differ- 
ences V.*-U(j=1, ..., n, = u(x)]) have the same sign at 
all points — « < x < «, Then Sn’* ant by virtue of (4.5) the sta- 
bility condition of the jump cdaeme to splitting) 5n° = 1 implies con- 
dition (2.7) p~+ p*= n+ 1. Therefore, in this case, to an evolution- 
ary wave there corresponds a unique continuous profile (within transla- 
tion), and to a non-evolutionary wave there corresponds either no transi- 
tional solution (5n° < 1) or an infinite set of them (5n° > 1). 


We now let some of the differences V.*(x) — U change sign. Let x = a 


be the point, in the neighborhood of which one of the differences changes 
sign, decreasing monotonically. The point a cannot be a point of dis- 
continuity, since such a discontinuity would be non-evolutionary. Thus, 
the functions u ;(x) (j = 1, ..., m) are continuous at this point. 


It is possible to show that at the point x = a there either coincide 
at least two of the phase velocities of the system (C*), or that all of 
the derivatives du/dé are finite. In either case, at the point x = a 
besides the condition of continuity we must satisfy one further condi- 
tion: the condition of solvability of system (2.1) with respect to the 
derivative du/d& (remembering that the determinant of the system 
vanishes at x = a), or the condition of two phase velocities coinciding 
(assuming for simplicity that the phase velocities do not coincide 
identically). Thus, the presence of p points of this type implies the 
existence of p additional conditions. 


Let us now consider the point x = b, in the neighborhood of which the 
difference v,° — U changes sign, monotonically increasing. At this point 
an evolutionary discontinuity may exist. We observe that the location of 
the point x = b may vary within known limits. Therefore, the presence of 
q points of this type implies the existence of q additional free para- 
meters. Condition (2.7), valid in the absence of points of type a or b, 
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may be rewritten as 
=n-+i T (5.1) 


Taking into account that 5n* = q — p, we write the last relation with 
the aid of (4.5) in the form 


= 1 
Thus, the necessary condition for the existence of a unique shock 


wave corresponding to a given discontinuity will be the evolutionary con- 
dition (5.2). 


If, in addition, 5n* > 0, then the profile of the wave will contain 
discontinuities, the number of which will be not less than 5n*. 


In conclusion, we observe without proof that al] the eigenvalues of 
the matrix 


ue M, 0 <6, < a=m+i,...,R 
m+1 


6; 
| Ou, 


are positive if the system (1.1) is fully dissipative. 


The author is grateful to A.I. Akhiezer and R.V. Polovin for dis- 
cussions on some problems mentioned in this paper, and to L.I. Sedov for 
critical remarks. 
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THE LAW OF SIMILITUDE FOR VISCOUS HYPERSONIC 
FLOWS AROUND BLUNTED SLENDER BODIES 


(ZAKON PODOBIA DLIA GIPERZVUKOVYKH OBTEKANII TONKIKH 
PRITUPLENNYKH TEL VIAZKIM GAZOM) 


PMM Vol.25, No.6, 1961, pp. 1050-1059 


vV.V. LUNIEV 
(Moscow) 


(Received August 3, 1961) 


Chernyi [1] developed the laws of hypersonic similarity for flows of 
ideal (inviscid) gases around blunted slender bodies. In[2], similar- 
ity laws were established for hypersonic flows of viscous heat-conduct- 
ing gases around sharp slender bodies. Analogous results for this case 
were obtained by Cheng[3], and Hayes and Probstein [4]. In the pre- 
sent paper, general similarity laws for laminar hypersonic flows around 
blunted slender two-dimensional (v = 0) and axisymmetric (v = 1) bodies 
of viscous heat-conducting gases are developed. The laws of [ 1-4 ] 
follow from the present laws as special limiting cases. One also obtains 
laws of similitude for flows in inviscid high-entropy layers and for 
boundary-layer flows with variable entropy at the outer edge of the 
layer. 


l. The characteristic feature of hypersonic flows around slender 
bodies in viscous heat-conducting gases is the separation of the dis- 
turbed field into two regions in which the governing parameters differ 
by an order of magnitude. The first region consists of the neighborhood 
of the strong oblique shock wave; there the temperature of the gas, which 
is weakly deflected, remains low in comparison with the stagnation 
temperature. 


The second region comprises the high-temperature, or high-entropy, 
low-density layers brought about either by viscous dissipation or by 
compression through a (nearly) normal detached shock wave ahead of the 
blunted nose, or by both mechanisms. 


At high Reynolds numbers R, = p,_U1/p,,, where p,,, »,,, U represent the 
density, viscosity and velocity of the free stream, and | the character- 
istic length of the slender body, the inviscid high-entropy region 
arises first. The usual boundary-layer, brought about by the no-slip 
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condition, develops at first within the high-entropy layer, gradually 
fills it and emerges from it only some distance from the nose. This dis- 
tance decreases as the Reynolds number R, (based on the diameter d of 
the section where blunting stops) decreases. When R, decreases further 
(and the Mach number M of the free stream increases) the flow between 
the blunted nose and the detached shock wave becomes fully viscous [5 ], 
and the high-entropy layer is viscous throughout. Furthermore, for low 
R, values, viscosity and heat conductivity can influence the motion of 
the gas in the high-entropy layer, which has acquired large vorticity in 
the passage through the curved strong shock, quite apart from the no- 
slip condition [6 ]. Under these conditions, the distinction between the 
essentially viscous region induced by the no-slip requirement at the 
wall, and the rest of the high-entropy layer becomes impossible. How- 
ever, high-entropy layers possess many general properties, which allow a 
common approach to the problem. 


Let xl and rl represent coordinates along and across the axis of the 
body, with the origin at its nose; ul and vU, velocity components in 
this coordinate system; pp and U*i, the pressure and the specific 
enthalpy; a, the inclination of the shock wave; and 8, the relative 
thickness of the body. Then, obviously, we shall have u~ 1, p ~a’, 
v~a, r~a, and x ~1 inside the complete disturbed flow region, and 
u~ 1 and i ~a? in the shock layer. We note that in high-entropy layers 
with high temperatures we may have* (1 — u) ~ u and the proposition u~l 
will not hold [7]. 


Henceforth, let us assume that the equation of state of the gas, the 
variation of viscosity wp and of Prandtl] number o in the high-entropy 
regions have the form 


Here the subscript 0 indicates stagnation conditions downstream of a 
normal shock. We obtain estimates for the pressure rise across the high- 
entropy layer from the r-component of the momentum equation and for the 
ratio A between the flux across the high-entropy layer and the flux 
across the full disturbed region from the continuity equation: 

A ad ad i & 


Here 5 stands for the thickness of the high-entropy layer. In viscous 
high-entropy layers the enthalpy is on the order of stagnation enthalpy 


* Translator’s Note. See second paragraph in Section 3: Added in proof. 
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even in presence of high cooling at the wall. In the inviscid case let 
us introduce an effective adiabatic exponent y,, useful for the assess- 
ment of magnitudes at high temperatures (y, takes values from 1.1 to 1.3 
for dissociated air). Then in the special cases of the viscous and of 
the inviscid high-entropy layers we obtain*, respectively 


Po ’ P~ Yo (1 3) 


From the first equation (1.2) and from (1.3), it follows that for 
a << 1 the pressure may be considered constant across the high-entropy 
layer with an accuracy no less than poa?/%0, From the second equation 
(1.2), when @ << 1, we have \ << 1, and consequently a ~ M~ 1+ B+ 8/l. 
Therefore, most of the mass of the disturbed gas passes outside of the 
high entropy layer. It is clear that a is small when the magnitudes M~ . 
B and 6/1 are small. 


The order of magnitude of the thickness of the fully viscous high- 
entropy layer is estimated by standard boundary-layer methods. This 
thickness has a maximal order of magnitude when a ~ 5/l. In such a case 


1 Ho [to 
The thickness of the fully inviscid high-entropy layer is determined 


by the constancy of mass flux across it. This flux has the order of 
magni tude n”p,Ud\'*+™), so that we have, for the same case, a ~ 5/l 


Hence, for M~! and B small, the order of a will be small if 


1 


\* d 
4 <i, (+ (1.6) 
2. Let us assume that the adiabatic exponent y of the gas in the 


shock layer is the same as in the undisturbed free stream. Let us intro- 
duce the quantities 


P 
a?’ 


1+v) 


Here ry = r(x) is the equation of the shock surface. Then the equa- 
tions of motion in the shock layer and the various ratios across the 


In many cases the order of magnitudes in the high-entropy layer is 
the same for the viscous and inviscid cases; the smallness of (y,)—- 1) 
allows the assessment a?‘%0- D/Yo~4, unless a is infinitesimally 
small, 
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shock take on the respective forms 


(Py) + =0, 


2 1 
(a= Ma) 


The general case of motion of the gas in the high-entropy region 
calls for the usage of the Navier-Stokes equations. Should the role of 
viscosity turn out to be unessential, the viscous terms will automatic- 
ally cancel in the equations. However, for small a, with accuracy up to 
a’, a group of the viscous terms in these equations can be neglected in 
the usual manner. With the pressure across the high-entropy layer con- 
stant, the equations of motion in this layer can then be reduced to the 
customary boundary-layer equations: 

P /. Ow Ou dP , / du 
+ 


ky? 
(«=F Noth, 


At the body we impose the requirements 


u=V=0, i=ie(2) or (2) (2.4) 
Since in the disturbed regions y ~ 1 it is permissible to drop the 
last term in the equation for the solid boundary r = Br, (x) + d/2l, 
when at sufficiently large distance from the nose, and to satisfy the 
conditions (2.4) on the surface 


r= Bry (2) (r (0) = 0) tor (2.5) 


In the shock layer i ~ a”, but according to (1.3) simultaneously 
i st, a?‘Yo-1)/%0 in the high-entropy layer. Therefore at the edge of 
the high-entropy layer, r = rs(x), one can take, as in {2] 


~=l. for y= (2.6) 


Here V, and V_ represent the limiting values of the function V as the 
edge yg(x) of the high-entropy layer is approached from within and from 
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without, respectively. 


In the case of the fully viscous high-entropy layer its boundary with 
the shock layer is rather well defined [2,4].In the inviscid case this 
boundary requires a somewhat more arbitrary definition; it can be identi- 
fied with a streamline issuing from an arbitrary point of the transition 
section of the shock wave, which divides the regions with a ~ 1 from 
those with a << 1. Clearly, this transition section cannot extend far 
and is limited to the neighborhood of the blunted nose so that for bodies 
with d/l << 1 it can be assumed that the separation of the shock wave 
from the high-entropy layer takes place at the initial station x = 0. 

The whole disturbed region near x ~ 0 should be identified with the high- 
entropy layer, even though conditions 5 << | and A << 1 will not be 
satisfied here and Equations (2.3) may not be applicable. 


3. In taking account of the small but finite blunt nose, we shall 
follow Chernyi [1 ] in the supposition that adequate solutions can be 
obtained by satisfying the conservation laws near x = 0 in their integral 
formulation and that the influence of the specific initial geometry on 
the important features of the flow damps out some distance from the nose. 
The parameters characterizing the role of the init factors are then 
to be determined from the integral form of the equations. For the high- 
entropy layer these equations read 


U= Vy 


0 


Vw 


Ly 
0 


(6**)'F” — \ pur’ (1 — u) dr, Ott" = \ pur” (ig — i,) dr 


Tw 


Here 5** and | # represent the momentum and the stagnation-enthalpy 
thickness of the boundary-layer theory. In the derivation of the first 
equation (3.1) we neglected a small quantity (of order a’) correspond- 
ing to the momentum lost in the shock layer of the gas which enters the 
high-entropy layer. The constants K, and L, are determined from conserv- 
ation of momentum and energy in the region D, which is bounded by the 
station x = 0 and by the front part of the shock wave. They are ex- 
pressible in the form 
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faye 
K. = — 


C: = Cz + Cr, 


Here C., c, and c, stand for the coefficients of the complete drag, 
the wave drag and the friction drag of the nose, respectively. Q is the 
amount of heat lost by the gas per unit time in the region D, and €_ the 
mean Stanton number for the nose. In the preceding we neglected the 
pressure in the free stream in comparison with the pressure over the 
nose. 


Let 5, and u,U designate the viscous boundary-layer thickness over 
the blunted region and a characteristic gas speed at its outer edge, 
respectively, and # a characteristic angle between the free-stream direc- 
tion and the blunted surface. Then with o ~ 1 we shall obtain 


Poo Dolo A 


Should all the flow between the blunted surface and the shock wave be 
viscous, i.e. 5, ~ A, then u,U would correspond to the tangential com- 
ponent of the velocity behind the shock wave at a point which is on the 
order of d/2 away from the axis. The quantity A has then the same order 
of magnitude as in the inviscid case* [5]. In agreement with Serbin 
[8], for Po >> 1 we shall then have**, depending on the magnitude of @ 


ug~ 1, pA~i, (po/ for cosé ~ 1 
for <1 (3. 4) 


In such a case then C_~ 1, and when cos 6 ~ 1, the quantity c, ~ l, 
i.e. the viscous drag of the nose can be of the same order as the wave 
drag when 5, ~ A. 


The relative contributions of the blunted and lateral surfaces to 
heat transfer and frictional drag can be characterized by the parameters 
@, and w,, which according to (1.4) and (3.3) have the order 


* At least as long as the thickness of the shock itself remains 
negligibly small in comparison with A. 


** The case cos @ ~ 1 corresponds to sphere-like bodies and the case 
cos @ << 1 to disk-like bodies with the flattened face perpendicular 
to free-stream direction, 
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d \'* oe 
~ (1 + > ~ Uy @,cos (3.5) 

The relative contributions to the drag due to the blunted nose and 
due to friction over the lateral surfaces are characterized by the para- 
meter 


The motion of the gas in the high-entropy region is fully described 

by Equations (2.3) or (3.1) so that the momentum balance in the direction 

normal to the body axis appears unessential. The ratio between the 

momenta normal to the axis integrated over the high-energy layer and 

over the shock layer, respectively, is of the same order as the ratio of 

the corresponding fluxes, A << 1. Consequently, if the impulse in that 

direction imparted to the gas by the blunted region* (designated by 

1(1/2 d)'*” / per unit width in a direction normal to the free-stream 

direction, or per unit angle between meridional planes in the axisym- 

metric case) has an influence on the motion in the large, then this im- 

pulse must enter into the corresponding integral equation for the shock Vol. 2 

layer, namely 1961 


Ue Vo 


\ Vydy = Ja +\|P ug + \ Pay] dex =o (a (3.6) 


UR 0 V5 
The parameters K, and J, are analogous to those used by Chernyi [1 ]. 


In this manner, the influence of viscosity does not introduce new 
(relative to the inviscid case) parameters characterizing the blunting. 
The heat transfer between the nose surface and the stream brings about a 
new determining parameter L,. When the nose is insulated L, reduces to 
zero, if in the region D other sources or sinks of energy are absent 
(radiation from the gas cap, transpiration cooling, etc.). 


4. The derived equations and the boundary conditions contain the para- 
meters 


% k, K,, Le, Je (4.1) 


The parameter B/a is determined in the process of solution and 
appears as a function of parameters (4.1), which can therefore be re- 
duced to 


* Translator’s Note. See pp. 205 and 219 of English edition of [1 ]. 
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Under the stipulated assumptions, the parameters (4.2) form the com- 
plete system of similarity parameters for hypersonic flows of a viscous 
heat-conducting gas around bodies which have the same shape r(x), obey 
the same heat-transfer conditions (2.4), but are blunted in different 
manner. 


For bodies with negligibly small blunting, i.e. for K, =~ L, = J, = 0, 
the parameters K, L and J fall out of the system (4.2). In that case, 
the conditions of similitude (4.2) differ from those of [2] only be- 
cause of the more general specification of the gas (1.1), which leads to 
a modification of the parameter y and to the appearance of the new para- 
meter k (whereas in[2], k = k(y)). 


The system (4.1) contains three parameters K,, L, and J,, or the 
equivalent group K,, Ia/C, and C_/C,, which characterize the influence 
of the nose blunting. The quantities c_ and I depend on the parameter k 
and on the form of the blunting, while c, and C, depend also on the para- 
meter (u)/R )1/2. One can therefore conclude that when the first five 
parameters (4.1) or (4.2) are kept constant, there are essentially no 
degrees of freedom left, except for the form of the blunting, with which 
to satisfy the remaining criteria of similitude, Ja/C, = const and 


c/c, = const. 


However, if the class of admissible cases is restricted by the re- 
quirement 
K,2a-™ (m > 0) (4.3) 
and in the viscous axisymmetric problem by the requirement a” ~ BSd/I, 
then, with C, ~ 1, we shall have* 


(m _ 1—m-+(3—2m)v 
2(4+ ¥) 


* The condition (4.3), K,2a~ ", automatically leads to the inequality 
d/al Z ®)/ (itv) << 1, so that, generally speaking, (4.3) repre- 
sents a more stringent constraint on the realm of applicability of 


the similitude than the earlier adopted condition d < al, 
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Therefore, J and L can be excluded from the system of similarity 
criteria (4.2). We note that the remaining parameters essentially do not 
contain any which were not introduced in the earlier studies [1,2] of 
special limiting cases of the law of similitude. 


From general expressions for the heat-transfer coefficient and for 
the friction coefficient it follows easily that when the similarity con- 
ditions are satisfied, the quantities c /a® and c,/a* remain invariant. 
Here c_ and c, designate local heat flux and Sandl 
dimensionalized with and p,U*, respectively. 


surface shear non- 


5. The scheme of satisfying equations and boundary conditions in the 
nose region of a viscous high-entropy layer in an integrated form can be 
justified on the basis of the general behavior of viscous and heat-con- 
ducting flows. Viscosity and heat-conduction smooth out differences in- 
curred in the initial distribution of the parameters in the high-entropy 
layer so that some distance downstream the decisive role will be played 
by the integrated characteristics of the initial conditions. At high 
Reynolds numbers, when the high-entropy layer is partly nonviscous, the 
differential distribution of entropy across its streamlines is preserved 
outside the boundary layer for longer distances from the nose (until the 
boundary layer fills the high-entropy layer entirely). Also, the condi- 
tions i = 0 and u= | are no longer satisfied at the edge of the bound- 
ary layer. In fact, the characteristics of the boundary layer depend on 
the distribution of entropy along its outer edge. 
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In this connection, let us examine more closely the similarity condi- 
tions for the distribution of parameters in a partly or fully inviscid 
high-entropy layer. Ultimately, for cases of similitude, we expect co- 
incidence of the profiles i(x, y) and u(x, y). In the boundary layer, the 
influence of conditions near x =~ 0 can clearly be disregarded. Then it 
follows from (2.3) that similitude in the boundary layer takes place 
when the same functions i = i,(x) and u = u,(x) are prescribed at its 
outside edge y= y,(x). In the inviscid region, where the flow is isen- 
tropic, the functions i(x, y) and u= (1 — 2i)!/? will be identical for 
the cases of similitude if the entropy and pressure fields s(x, y) and 
p(x, y) are the same, respectively. In general, the coincidence of the 
pressure fields p(x, y) will not occur, but that can be disregarded be- 
cause of the weak dependence of enthalpy on pressure. In fact, we have 
conditions 


where ¢ is the angle of the shock wave at the point of intersection with 
a given streamline. Since the difference y, —- 1 is small, especially for 
high-temperature air, the function i depends on p very weakly and for 
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Yo * 1 becomes altogether independent. Thus, if we accept the condition 

Yo — 1 << 1 as an additional constraint, we can assert that the enthalpy 
and the velocity in the high-entropy layer depend only on the entropy*. 

Henceforth, we shall take s = sin? «. 


Let wp,U(1/2 d)'*” designate the mass flux between the body and the 
given point of interest. Then 


T T 


Vw 


: \ — oh/d=05 
0 | ah/a 


If, for fixed values of 
the similitude parameters, 
the functions u(x, y) and 
i(x, y) should be universal 
functions of its variables, 
then x(x, y) and, according 
to (5.1), d(x, y) would also Pig. 1. 
be universal function. How- 
ever, for different nose shapes, the functions s(y) = s(C,d) will gener- 
ally be different. Hence, if s{x, y) and @(x, y) in the inviscid part of 
the high-entropy layer are to be universal, then we must require that 
for the cases of similitude, the functions s(¢) be identical. 


P 


Conversely, if for cases of similitude in the inviscid part of a 
high-entropy layer the functions s(¢) are identical (and consequently 
also the functions i(¢) and u(d), then clearly the functions i(x, @) and 
u(x, ¢) in the boundary layers will be identical and so will be the 
edges** of the boundary layers ¢ = ¢,(x). Consequently, in accordance 
with (5.1), the functions i(x, y) and u(x, y) in the high-entropy layer 
will be universal functions of its variables for all the cases of 


More exactly, we should require (a,/a,)?‘%0~ ')/% = 1 if there is 
to be similitude in the high-entropy layer for different cases a = a, 
and a = a,. The condition y, —- 1 << 1 will not be necessary for 

a, = 4, (for instance for flows around identical bodies which differ 
only in nose shape). 


This edge is determined from the condition of smoothness of the pro- 
files i and u. 


| 
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similitude. 


In this manner, the developed law of similitude remains valid in the 
complete disturbed region of flow (with the possible exception of a very 
thin region between the high-entropy layer and the shock layer) if y, 

1 << 1 and the function s(¢) is identical for the cases of similitude. 


For high Reynolds numbers the quantity C, and the shape of the shock 
wave depend only on the parameter k, because when the blunted shape is 
invariant the functions s(¢) will be identical for the cases of simili- 
tude. We can suppose that for equal values of k, the functions s(¢) for 
different blunted noses (in the vicinity of the detached shock wave of 
for ¢ +1) will not materially differ among themselves. Justification 
for the supposition can be found in Fig. 1, which displays the values of 
[ s(¢)] 1/” for different blunt bodies at M = 6, y = 1.4. The experimental 
values were collected from different sources while the theoretical values 
correspond to a sphere (solid line) and to a cone-cylinder (hal f-angle 
of 50°-dotted line). It can be seen that the functional values are 
sufficiently close to each other in spite of the large differences in 
the shapes of the bodies. This universal character of the function s(¢) 
should be, of course, verified for smaller values of k before under- 
taking further deductions concerning the limits of applicability of the 
laws of similitude*. 


We can expect that any differences between the functions s(¢) and any 
dependence of 1 on the pres- 
sure will not particularly 
influence the similitude of 
the essential features of the 
boundary layer (c_, cy, dis- 
placement thickness 5%). Of 
this we may easily be con- 
vinced if we make the assump- 
tion that such features de- 
pend only on local condi- 
tions, which is fully accept- 
able for qualitative deductions. Setting f, = f, and, for the evaluation 
of 5*, pu= const, and o = 1, we have 


p? 


* For k+ 0, the front part of the shock wave follows the shape of the 
body. However, the difference between the actual shape of the shock 
wave and this limiting shape disappears only as pi/2 (especially for 
bodies with cos ¢ << 1) and can therefore be substantial for the 
regime k 0.05 of practical interest. Thus, it is rather likely that 
the function s($) will be nearly universal for these conditions as 
well as for d= 1. 
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.p\' 2 2 
(kKP) (kKP) (5.2) 


(i, + 0.78 — 0.65%») @, — 


Here A,, A, and A, are coefficients*. It is easy to see that Expres- 
sions (5.2) depend relatively weakly on i, when t,/i, is not too close 
to unity, so that differences in s(¢) and p indeed make little imprint 
on the features of the boundary layer. We note that the function i, de- 
creases as y,) grows, and thus, according to (5.2), the similitude of the 
boundary-layer characteristics depends less and less on (y, ~ 1) and on 
the universality of the function s(¢). 


As to the effect of differences in the functions s(¢) on the pressure 
distributions along the body in the inviscid high-entropy layer, it will 
be relatively small. In fact, Expression (5.1) for the thickness of the 
high-entropy layer contains the function s(¢) only under the integral 
sign, a fact which must reduce the net influence of the departures of 
s(d) from the universal values. 


We have ample reasons that because of the effects of viscosity and 
heat-conductivity, which smooth out the differences in the initial condi- 
tions at the nose, and apparently because of the increase in the thin- 
ness of the intermediate zone between the layers, the accuracy of the 
law of similitude will be greater in the case of the viscous high-entropy 
layer. In this connection, some idea of the accuracy of the law of 
similitude can be obtained from Fig. 2, which displays various pressure 
distributions, obtained by exact numerical computations for an inviscid 
gas with y = y, = 1.4 and M = «. The solid curves correspond to differ- 
ent spherically blunted cones of semiangles B, and the dotted curve to a 
cone of semiangle 8, = 10° blunted by another cone of semiangle 50°. In 
these cases, there is not characteristic length | and the distributions 
PC) = p/B,? for all cones should coincide as functions of the abscissa 
(2°/c,) 1/28? The exhibited curves are indeed sufficient- 
ly contiguous even though the magnitude of the pressures and of the 
domain of influence of the nose in the cases 8, = 5 and B, = 15° differ 
ninefold. Some of the differences between the curves for different A, 


* with the help of these coefficients we could account for the "pre- 
history" of the boundary layer, i.e. the distribution of the function 
P(x) on the surface of the body, the shape of the body, etc. 
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can evidently be accounted for by the deviation from similitude in the 
high-entropy layer caused by the insufficient smallness of (y, - 1). 
Here the thickness 5 of the high-entropy layer decreases more slowly as 
a grows then for y, = 1, since 5 = p~ /Y0, which thus leads to an in- 
crease in P%¢). 


The author thanks V.G. Pavlov for his great help in computations. 


Added in proof. Recently, [9 ] was published, where, for a perfect 
gas, 0 = const, and» ~ i”, essentially the same similarity criteria 
were obtained as in Section 4. One difference is that instead of the 
parameters K, yx and 6, the authors used combinations thereof. Also, the 
parameters L and I were not introduced and the conditions under which 
they can be neglected were not investigated. 


In order to avoid difficulties connected with the study of the flow 
in the high-entropy layer, and to reduce the derivation of the law of 
similitude to collation and synthesis of the previously known results 
[1-4], the authors of [9] assume that for an inviscid high-entropy 
layer u= 1. However, this condition is not satisfied in many cases 
(e.g. on the surface of a blunted wedge with § = 10° where the magnitude 
u~ 0.5 to 0.8 for y, = 1.1 to 1.4). 


Furthermore, the condition u= 1 does not erase the dependence upon 
the entropy distribution of the thickness of the high-entropy layer and 
consequently of the magnitude of P and V in thé whole disturbed region. 
(The exceptional case [9] of y = Yo * 1 is not consistent with the 
assumption a= 1, inasmuch as u~ O as Yo? i.) 


In the present paper it is shown that compliance with the criteria of 
similitude, developed in Section 4 and in[9], is insufficient for 
similitude in the inviscid case, for which the universality of the 
entropy distribution s(%) is mandatory. In the framework of the blast- 
wave analogy we have s = const ¢~ ! for flows around blunt cylinders or 
plates. Since this analogy is applicable only at large distances from 
the nose, the fact of the universality of the function s(¢) in the 
neighborhood of the nose (Fig. 1) appears altogether remarkable. 
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The first treatment of the problems of jet flows with consideration of 
the forces of gravity and of surface tension is due to Zhukovskii[1]. 
It turned out that from the mathematical point of view both problems 

were similar. Zhukovskii produced exact solutions of one example for the 
case of a heavy fluid and another example (flow past a gas bubble between 
two walls) for the case with consideration of surface tension. Exact so- 
lutions of the problems of jet flows of a heavy fluid were also obtained 
subsequently to Zhukovskii’s paper by others (for example, N. Bervi, 
Richardson). The only other paper dealing with the problem of jet flow 
with consideration of capillary forces known to me, besides the paper by 
Zhukovskii, is the paper by McLeod [2]. McLeod, evidently, did not know 
about Zhukovskii’s paper [1] and using a new method investigated a 
particular case of the latter’s problem, 


Recently Voronets [3] has suggested the use of a method of perturba- 
tions for the solution of jet problems of a heavy fluid. The work of 
Voronets has been continued by Gurevich and Pykhteev [4]. In this paper 
an attempt is made to apply the method of small perturbations to the 
solution of jet problems with consideration of capillary forces in order 
to reveal more precisely the possibilities of the jet theory. The author 
also discusses the question of the superposition of linearized capillary 
waves upon jet flows. Inasmuch as the work is of an exploratory charac- 
ter, the author has limited himself to the investigation of the above 
problems, using as an example one of the simplest problems in jet theory. 


1. Flow configuration. We shall investigate the plane problem of 
the efflux of a symmetrical jet of a weightless ideal incompressible 

fluid from an opening in a wall. In the derivation of the boundary con- 
ditions we shal] take into account the forces of surface tension. 
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Consider one half of the jet-flow region and substitute a solid wall 
for the axis of symmetry which coincides with the x-axis CA (Fig. 1). 
The total width of the opening equals 21. Let the thickness of the 
entire jet be 25. The most important characteristic of the flow is the 
coefficient of contraction of the jet k = 8/l. 


2. Boundary conditions on the free surface. Let p, and p be 
the pressures in the atmosphere and in the fluid, respectively. We denote 
by R the radius of curvature of the free surface and by a the coefficient 
of surface tension. Then, we have the known relationship 

If @ is the angle between the velocity and the x-axis, w= 6+ id the 
complex potential function, ds the differential arc length, v the velo- 
city vector and v, the velocity vector at infinity at the point A, then 


i 2.2) 

The curvature of the free surface of the jet is directed upward, hence 
R> 0. Bernoulli’s integral yields 


where py is the pressure at infinity at ye 
the point A. If we limit ourselves to the 2 
case when capillary waves are not present, F 
then we have p, = p;, i.e. at infinity c 
R = . From (2.1), (2.2) and (2.3) we ! 4) 
have [1 ] 


6 


2.4 c 
Pig. 1. 


We define the flow in the jet above the x-axis by g = v,5, and shall 
introduce nondimensional quantities V and a defined as follows: 
0-0 vo’ preq p v9 
“ 8 Cc Then from (2.4) we obtain 


d§ 
dq q — 


Pig. 2. V? — 2a 


Since V._, = 1, we have 


df 
V = aq Vi + a*(q (2.6) 
We can try to solve the problem by the method of successive approxi- 
mations, taking a to be a small parameter. In this paper only the first 
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two approximations will be considered. 


3. Solution of the problem in the absence of capillary 
forces (a = 0). To solve the problem to at least the second approxi- 
mation, the problem must be solved first to the first approximation in 
the absence of capillary forces. The solution of the problem is well 
known. It may be found in any book on hydrodynamics which contains even 
a cursory account of the theory of jets. For the sake of brevity in the 
present paper we shall state this solution with derivation in a form 
suitable for subsequent treatment. 


In order to obtain a general solution of the problem it is sufficient 
to map the regions of variation of the complex potential w and the 
Zhukovskii function @ into the upper half-plane of the parametric vari- 
able t (Fig. 2) 
dw 
vo dz 


o = In = InV — 


The region of variation of the complex potential w is represented by 
a stripe of width q. (Let w= q on CBA, then we have w= 0 along the 
wall CA). From the conformal transformation of this strip onto the half- 
plane we readily obtain 


w(t) = — fin (¢ + 1) + ig (3.1) 
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Formula (3.1) may be verified directly. Differentiating (3.1), we 
find 


(3.2) 


If the width of the opening is not varied with transition to subse- 
quent approximations, the flow rate in the jet will necessarily be 
different in different approximations. It is convenient when proceeding 
to the next approximation to keep the flow q fixed and correspondingly 
to vary the width of the opening. Then the quantity q in (3.1) will be 
the same in all approximations. 


The regions of variation of w and z will be different for different 
approximations. We define 


(Z)ano = 2, (@)a9 = @, = In (v, / — if 
1 


On CA (t <- 1) we have Ima, = - 6 = 0; on AB (-1< t< 1) the 
function w, is a pure imaginary quantity, on BC (t > 1) Ima, = - @, = 
n/2. 


The function w,(t) has the form 


1588 

dw q 

dt +2) || 
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Vi-—t+ 
V2 vg dz 


o, = 1 


Equations (3.3) may be verified directly. To do this it is sufficient 
to observe the variation of w, and dw/v,dz, along the real part of the 
t-axis. 


4. Determination of w for a given V. We find w(t), assuming 
that in the interval - 1 < t < 1 of the real axis the dependence of V(t) 
is known. Let us introduce an auxiliary function: 
dw 
Q = — o, = In —In (4.1) 


The function 2 may be found using by the methods of thin-wing theory 
[5]. The boundary conditions on the real t-axis for w, w, and Q are 
presented in tabular form: 


The function (1 - t?)~!/? 
vanishes for t + « and on the 
real t-axis its real part is 
—i<t<1| Reo=InV Rea=0 | ReQ=InV known everywhere. Therefore 

t<—1| Imo=0 Im@=0 | Im2=0 we can determine it by the 
Schwarz formula for the upper 
half-plane, which in accord- 
ance with the table of boundary values of (t) gives 


t>1 | Im @=2/2 Im@=2/2 ImQ=0 


1 
(t) = } (4.2) 


Then separating the imaginary part of (4.2), expressing In V (€) in 
terms of d0/ddé with the help of (2.6) and eliminating then dd (see 
(3.2)), it is easy to obtain for @ the integral-differential equation 


1 

Vite YVi-# In [aq dQ + V1 + (dG / 

i] tan yi-t x Vv. p. \ dé 


The solution of the problem will now be presented in second approxi- 
mation without, however, resorting to the use of this equation. 


5. Solution of the problem in the second approximation. To 
find the Zhukovskii function in the second approximation with the help 
of (4.2) it is first necessary to find V(t) for this case. When neglect- 
ing the quantities of order a* in (2.6), assuming @ = 0, and using (3.2), 
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we find 
= 1+ Brag = 1 + 
From this and from (4.2) we obtain in second approximation 


1 
_ Vi-# ¢ in {t+ ma 
In order to calculate the integral in Equation (5.1) we differentiate 
the latter with respect to the parameter a,. We obtain 


ao Vi-# \ __& 
t) (1 —§) 
Making the substitution (1 + €)'/2(1 - €)~!/? = 9, we can reduce the 
integral to the integral of a rational fraction. The calculation of this 
integral yields 


3 In{a V1 - t| Vol. 2 
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t) = \ 
6. Calculation of the coefficient of contraction of the 
jet. From Figs. 1 and 2 we have 


t=1 
\ dy (6.4) 
tas 

In order to find the contraction coefficient of the jet k = 5/l we 
calculate the integral on the right-hand side of (6.1). From (4.1) it 
follows that 

dw Vi-—t+iyvi+e 
vdz y2 


From this, by the use of (3.2), we find 


dz = — _ge-® 
avy 


Or upon using (5.2) and making simple transformations 


Vi-+t 
Hence 
f (T+ 2 — 
r —V (a, ) 
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dz = — ,t) jdt 6.3 


Separating in (6.3) the real and imaginary parts and neglecting as 
small the quantities in terms of higher orders of a,, we have 
—_ 
+t(ita Vi- 


V1—#6(a,, t) ) |ae (6.4) 


~t/Vi—?) 


Substituting dy from (6.3) into (6.1), we obtain 


: dt 


(6.6) 


t(i+aVi +t/Vi—2) 


The integral J, is not difficult to calculate exactly, when it is re- 
duced to an integral of a rational fraction. After discarding in the ex- 
pression obtained the quantities of higher order in a,, we obtain 


J, =2V2(1 — a,) + O (a,? In a,) (6.7) 


Excluding an infinitely small region about the point t = 1, the 
following approximation is used for the calculation of the integral J,: 


| nay + ny da a, 


(a, t) 
1+a,Vi- 


{In a, — 1 — In2] 


Thus, from ri (6.4) we obtain that 
2a me j Oe 2 
> {i + +2 + in 


and the coefficient k(a) in terms of the new parameter a = 2a,/m is 


In (2/: , 2in2 . 

The factor 7(7 + 2) = k(0) is equal to the shathetali of contraction 
for the case of zero forces of capillarity. The parameter a may be re- 
presented in the form 
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Hence Equation (6.8) may be reduced to the form 


2plv,? 
k (a) = (0) {1 + [2 In te (6.9) 


k (a) ~ 0.641 {1 [2 6.52] (6.10) 


plug? a 


7. Capillary waves on the surface of a flow of finite 
depth. The solution derived above is not unique, because there may 
exist capillary waves on the free surface. It will be shown below how 
the flow with capillary waves of small amplitude may be superimposed on 
a given flow. 


First of all we must investigate the behavior of the complex velocity 
at infinity, i.e. in the vicinity of point A. To this end let us consider 
the problem of capillary waves of smal] amplitude, which move along the 
surface of a fluid flow of finite depth (Fig. 3). The theory of capillary 
waves of small amplitude is a well-investigated part of hydrodynamics 
[6]; nevertheless we shall consider the solution of this problem brief- 
ly in order to reduce it to a form suitable for our purposes. 


Consider sinusoidal waves of small amplitude. Let 5 be an average 
depth of a flow and v, the velocity at some point of inflection D of the 
curved surface of the sinusoidal wave. The rate of flow q equals v,5 to 
within terms of higher order. On a free surface Equations (2.1) and (2.2) 
must be satisfied. Since at the point DR = «, the atmospheric pressure 
p, at this point is equal to the pressure of the fluid, and Equation 
(2.4) may be utilized as a boundary condition on the free surface. 


It is evident that at the bottom, which we shall consider to coincide 
with the x-axis, the vertical y-component of the velocity vanishes. 


Let w be a complex potential. Let 
us look for a solution in the form 


dw 


voli — xA sin (7.1) 


where A, x and ¢, are real constants 
and Z = X + iY. Amplitude of the wave 
A is considered to be a small quantity. 
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The values of w at the bottom are real and on the free surface Im w = 
Y= vgd. It is seen from,(7.1) that for real values of w the complex 
velocity dw/dZ= v°e~*” = vy— ivy, is also real, i.e. the vertical 
velocity component is zero. It remains, therefore, to satisfy the bound- 
ary condition on the free surface y= v,5. 


Let us write the boundary condition (2.4) in a linearized form. When 
replacing 0 by 0° and v= vu, by v®, we obtain 


> 
=e — %) 


Since on the free surface w= ¢+ iv,d 


— vy {1 — *Asin + Po) + ind |} 


= i! — *Asin (@ cosh dx — cos + sinh 


From this, neglecting quantities containing higher orders of the 
small amplitude A, we find 


v = |1 — xA sin (@ + cosh 6° = xA cos + sinh xd 


Substituting these expressions for v° and 6° into (7.2), we obtain 
after obvious cancellations 


tanh = (7.3) 


Equation (7.3) determines the frequency x, at which small sinusoidal 
capillary waves are possible. For relatively small a and sufficient 
depths tanh x5 = 1 and x = pv,’/a » 1. 


The region of variation of the complex potential w wholly coincides 
with the region of variation of the complex potential w considered in 
the foregoing sections. Let us map the region w upon the upper hal f- 
place of the parametric variable t. 


In this case Equation (3.1) may be used. We have 


dw 
= % — xA sin | ~ In (1 t) ind Po (7.4) 


Let us introduce the function 


In In V° — i6° (7.5) 


If we now add w° to the previous Zhukovskii function w = , + © and 


(7.2) 
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take the function @ = wo, +2+ @° as a new Zhukovskii function, then 
this function together with the complex potential w from (3.1) will de- 
termine a certain jet flow with capillary waves on its free surface. 
However, in this case the jet would not emanate from an opening in a 
plane, but from an opening in some curved wall. Let us therefore change 
the Zhukovskii function once more by adding to @, + 2+ w° an additional 
term @,, correcting thereby the boundary conditions without changing the 
capillary waves at infinity. Therefore, let us consider the final 


Zhukovskii function and try to determine «a, . 


o=o, + 2+ +a, nV — (7.6) 


8. Determination of the additional function o, = V, - i@,. 
The function @ is holomorphic in the upper half-plane of the parametric 
variable t. Let us find the boundary conditions for it on the real t- 


axis. 


At the bottom AC the real values of w are valid, where t < — 1 and 
we have 


Im| - in (i + ¢) + iv,d| Im | — In (— 1 — | 0 


Hence, in accordance with Equations (7.4) and (7.5) we have Im w° = 
6° = 0. Since along the bottom necessarily Im w= 0, it follows from 
this and from (7.6), in accordance with the table of the boundary values 
of Section 4, that 


=0 for t<—1 (8.1) 


On the wall BC(t > 1) we have @ = —- Im w= — 7/2. From (7.4) and 
(7.5), neglecting higher orders of the small amplitude, we find 


=xA cos} — win (4 4 t) + 
a 


sinh xd 


This equation together with the values of the imaginary parts of , 
and 1 (see Table in Section 4) gives for 0, the boundary condition 


—Imo, = 6, = —xA cos| - —In (1+ 2 4 | sinh x6 for ¢>1 (8.2) 


Next consider the boundary condition (2.4) on the free surface. In a 
linearized form it may be written as follows (compare with (7.2)): 
dj 


a = V — 1) (8.3) 


It is evident that 


dq dq dq dq 


d 


++ 


: ‘ 
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where d0,/d¢ in accordance with the chosen method of solution is a 
small quantity in comparison with d@,/d¢. 


Condition (7.3) shows that « is large, i.e. that the frequency of the 
capillary waves is large. Therefore, in differentiating with respect to 
@ there appears a new large factor x. 

Let us assume that 0, varies uniformly together with @ and approaches 
zero when ¢ + «~. Therefore, now we may assume that d@./dq@ is small in 
comparison with d@°/d¢. Hence 


d§ dt 
(8.4) 
On the other hand 


InV = nV, + InV, + InV® + InV,, or VF =V,V.VV, 


Consequently, in accordance with the solutions obtained above (see 
Sections 5 and 4) and Equations (7.2), we find 


V=1(1-+ ag += (8.5) 


dq pro 
since according to (2.5) aq = a/pv, and for small V, — 1 we have V, =~ 1+ 
In V,, then from (8.3), (8.4) and (8.5) we find up to higher-order terms 


| Fe + Plo dq dq 1 InV, } 


From this we obtain the boundary conditions on the free surface 
=O gor (8.6) 


Thus, the problem of determination of @ reduces to the known problem 
of finding the function of a complex variable, holomorphic in the upper 
half-plane subject to the condition that Im, of the function (see 
(8.1)) and (8.2) is given along a portion of the boundary, and that 


Re @, (see (8.6)) is given on another portion of the boundary. 


In order to solve this problem we introduce the auxiliary function 
w,/ V(t? -— 1). In the case of this function its imaginary part will be 
given on the real t-axis. The Schwarz equation for the upper-hal f-plane 
gives 


co 
xA cos [(—xd/ x) In (1 + &) + / vo] dé 


In the expression for w and w, there are two unknown constants A and 
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The investigation of periodic solutions of the equations of motion of a 
viscous fluid is of much interest. Such solutions of the Oseen approxi- 
mation have been studied in the work of Lin[6 ]. 


The differential equation 


er 


(0.1) 


dv Ov 
OT + 


was first introduced by Burgers as a simple model for the equations of 
motion of a viscous fluid. In[1] some particular solutions of this 
equation are found. In {2,3 ] the general properties of Equation (0.1) 
are investigated, and it is shown that with the help of a certain sub- 
stitution it can be reduced to the equation of heat conduction; also, 
the proof is given for the existence and uniqueness of the solution of 
the problem with given initial conditions. 


Below we examine the solutions of the nonlinear partial differential 
equation (0.1), periodic with respect to time (period T). 


1. Equation (0.1) may be put in the form 


Ow 
Oy 
The problem is posed in the following form: to find a periodic solu- 
tion of Equation (1.1) in the upper half-plane y > 0, when the values of 
the function w are given on the axis y = 0 in the form of a periodic 
function of time, and the value of w at infinity is equal to some non- 
positive constant 


w (0, t) =» limw (y, t) =w. <0 (1.2) 


We shall assume that y(t) is continuous and can be developed in a 


| 

yoo / 
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Fourier series with coefficients of the order 1/k"(r> 2) 
p(t) = 22+ (Uy cos kt + Vy sin ke) (1.3) 
k=1 
With the help of the substitution 


(1.4) 
Equation (1.1) is reduced to the equation of heat conduction 


Ou 


= (1.5) 


at oy? 


Thus, we have to look for a solution of the equation of heat conduct- 
ion, satisfying the condition 


0, ) =u, (1.6) 


such that the function w(y, t) defined by (1.4) is periodic with period 
27. We require for definiteness that the function u(y, t) for all y > 0 
be essentially positive. 


From the condition of periodicity of the function w(y, t), and making 
use of the relations (1.4) and (1.5), we obtain for the function u(y, t) 
the functional relation (¢ is a real constant) 


u(y, + 2x) = exp (—2n0) u (y, 0) (1.7) 
The solution of the functional relation (1.7) has the form[ 4 ] 
u(y, t) = exp(—f)@(y, (1.8) 
Here w(y, t) is a periodic function of time with period 27. 


2. We write out the solution of the heat-conduction equation (1.5) in 
the form of (1.8) 


u(y, t) = exp(—&) (fy, O+ 


+ >) exp pr y [Ag cos (kt — or y) + By sin (kt — (2) 


k=1 


k 
pe (6) = (t)= Y — 


1 4 
5 Agcos V Cy > Bosin ViwVve for [>0 
Ao + By for 


= 1 
x Aoch 5 tor6<0 
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From Equations (2.1) and (2.2) it is evident that the quantities 
Ay(k= 0, 1, 2, ...) and B,(k = 1, 2, ...) are the coefficients of a 
Fourier-series development of the function o(0, t) = u(0, t) exp (¢t). 
We now introduce the quantities a,(k = 0, 1, 2, ...) and b (k= 1, 2, 

..), satisfying the equalities 


= B,, Ay = — + B, = — — Ox), 


k2 2 
n= ‘ T 
( 2 (k? 0%) + 


Differentiating (2.1) with respect to y, with the notation of (2.2) 
and (2.4), we obtain 


co 


du (y, t Of(y. 
exp (— | + exp pr (0) y [ax cos (kt — wx (8) y) + 
k=1 


+ by sin (kt — (2.5) 
Equations (2.5) and (2.2) show that a,(k= 0, 1, 2, ...) and b,(k = 
1, 2, ...) are Fourier coefficients of the function dw(0, t)/dy. 


It is now possible to write out the expression for the function 
w(y, t) in an obvious form, making use of Equations (1.4), (2.1), and 
(2.5): (2.6) 


fos) 
+ > exp p, [a, cos (kt — (f)y) + b, sin (kt — () y)] 
w(y,t)=—2 = 


oO 
f+ exp p, (C)y [A, cos (kt — w, y) + B, sin (kt—@, (0) y)] 
k=1 


We now show, taking off from Equation (2.6), that condition (1.2) at 
infinity can be satisfied. Letting y go to infinity, we have 
In f(y, (2.7) 


lim w (y, = —2 lim By 


2Vite (VE y—arcetg VE (Ag / Bo)) for ¢>0 


_ J— 2By/ (Ao + Boy) for-¢=0 (2.8) 
oy 
Ag ¥ —t+ Bocth ¥ —ty 
Bo + Ay ¥—icth ty $< 


It is evident that Expression (2.8) gives a stationary solution of 
Equation (1.1) or, in other words, the solution w of the equation 
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Letting y go to infinity, in (2.8) we see that for ¢ > 0 a limit for 
w(y, t) does not exist, and for ¢ < 0 this limit is equal to 


Wo. = (2.10) 

Thus, for every given uw < 0 the quantity ¢ appearing in the solution 
(2.6) is determined from the following formula: 

(2.11) 


It remains to determine the constants a, and b,. Equating the Fourier 
coefficients of the left- and right-hand sides of Expression (1.6) 
(making use here of Equations (2.1) and (2.5) for y = 0), we obtain, 
under the assumption that A, is arbitrary, an infinite system of linear 
equations for a,(k= 0, 1, 2, ...) and b,(k= 1, 2, ...) (from the form 
of w(y, t) in (2.6) it is evident that all these constants are deter- 
mined exactly, up to the multiplier 1/A,) 


a, = (aa, + (k = 1, 2, 3,...) (2.12) 
n=1 


be = (tna, + —LAV,  (k=1,2,3,...) (2.13) 


where the following notation has been introduced: (2.14) 


(k) (Onset + etn (Vnix— (n< k) 
+ U nn) + Vinge + Vn) 


t+ + 1/48, — Ve_n) < k) 


k) 
| 
(Unix t+ Un_y) + 1/43, (V + (n> k) 


(k) 


(Vang — Unix —Un_y) (n> k) 


6” 


| 
| 


Then, when the constants a,, b,(k= 1, 2, ...) have been found, the 
constant a) is determined from the formula 
k=1 


The infinite system of linear equations, (2.12) to (2.13), will be 
completely regular[5] if, for all k= 1, 2, ... 


1600 

196 
n 1 
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(2.16) 


n=1 


From Equation (2.4) it is easy to see that for all k the inequality 
| tel + = t% +0, < V2/k (2.17) 


holds. In view of (2.14) and (2.17), the condition (2.17) is satisfied 


if the series 


| 


converge, so that the inequality 


U+V<V2(1 — 0) (2.19) 


is satisfied. 


We shall assume that condition (2.19) is satisfied for the system of 
equations (2.12) to (2.13). Then the system (2.12) to (2.13) will be 
completely regular, and in order that it have a unique bounded solution 
[5] (the principal solution, i.e. the solution found by the method of 
successive approximations for initial conditions which are zero or arbi- 
trary but bounded in total) it is sufficient that the quantities 
-A\U,/4, -AgV,/4 (k=1, 2, 3, ...) be bounded. But in view of Equation 
(1.3) these quantities will be Fourier coefficients of the function 
—Agy(t)/4, from which their boundedness follows. 


Then with the fulfillment of condition (2.19) it is possible to find 
uniquely from the system (2.12) to (2.13) the system of quantities a,, 
b, which are bounded by a certain constant K. It remains to show that 
these quantities can be Fourier coefficients of some function and to 
show under what conditions the function u(y, t) for all y >0 and t > 0 
remains positive. 


3. We shall solve the system of equations (2.12) to (2.13) by the 
method of successive approximations. We note that the ath approximation 
a‘? b,‘*) is found by putting the m— lth approximation in the right- 
hand side of Equations (2.12) to (2.13): 


co 
ay” = + — 
n=1 


co 
bt ) > (1 1) + » (k = 4, 2, 
n=1 


For the zeroth approximation we take 
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bio = (k == 1, 2, ...) (3.3) 


For the first approximation we find from Equations (3.1), (3.2) and 
(3.3) 


ay) df? = (k = 1,2, ...) (3.4) 


We shall consider that the Fourier coefficients of the function y(t) 
satisfy the relations (with e and f constant) 
|\Unl<e/n’, Val<f/ an’ (r>2 (3.5) 


Making use of Equations (2.4), (2.14), (3.1) to (3.5), it may be 


shown that if the condition 


n=1 


is fulfilled, then the coefficients a, and b, satisfy the inequalities 


|an| Aol On| +2, Ao[Vn| +2 
8 Q—(14+2)(E+ F)—(24+2)U0 + 
and therefore can be Fourier coefficients of some function. 
4. We shall now show under what conditions the function u(y, t) will 
be positive for all non-negative values of y and t. From Equations (2.1) 
and (2.2) it is evident that u(y, t) > 0, if for all y > 0 


> + {Be (4.1) 
kl 


making use of (2.2) it is possible to convince oneself that for ¢ > 0 
the inequality (4.1) cannot be fulfilled, that for ¢ = 0 it holds if 
A, > 0, By > 0 


| + | Be] (4.2) 


and for ¢ < 0 it holds if A, > 0 and, either B, > 0 and (4.2) is satis- 
fied, or the inequalities 
By <0, ]> + [Bel (4.3) 


k=1 


hold. 


It is clear that if B,> 0, then since u(0, t) > 0 a given function 
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v(t) mst be subject to the condition 


ode <0 (4.4) 
0 
Thus, in this case a periodic function y(t) must be either negative 
or change sign in the interval 0 < t < 27 at least once in such a way 


that the inequality (4.4) is fulfilled. 


It is easy to see that if the term cd w/dy is added to the left-hand 
side of Equation (1.1) (c is an arbitrary constant), then the solution 
w + c of this equation with the conditions (1.2), with w,< - c, has the 
form of (2.6), where € = -— (c + w,,)?/4, and U, in (2.12) to (2.15) mst 
be changed to U, + 2c. 


5. Let us now investigate the inverse problem: to find the solution 
w(y, t) of Equation (1.1) when the function 


du (0, 
= exp (ty 


is given on 0 < t < 27, where u(y, t) satisfies the heat-conduction 
equation (1.5), and, in addition, the value of the function w(y, t) at 
infinity is given. Relations (5.1) and (1.8) show that Yt) =da(0, t)/dy, 
and the constant ¢ is determined from Equation (2.11). 


From Equations (1.7) and (5.1) it is clear that the function ¢(t) is 
periodic with period 27. Let us develop it in a Fourier series 


() = 2+ >; (a, cos At + by sin kt) (5.2) 
koa 
Making use of Equations (2.3) to (2.5), (2.1) and (1.4), we find 

wly, t), the solution of Equation (1.1). Here u(y, t) conserves its sign 
if €< 0. For all y > 0 and t > 0, uly, t > 0 if the arbitrary constant 
A, > 0 and either a, = B, > 0, whereupon inequality (4.2) holds, or for 
¢ < 0 condition (4.3) is satisfied. For all y > 0 and t 2 0, uly, t) < 0 
if A, < 0 and either a, = B, < 0, whereupon 


+ | Bell (5.3) 
kat 
or a > 0 and 


Ao 
kot 
The value y(t) of the function w(y, t) on the axis y = 0 is given by 
Equation (1.2). The coefficients of the expansion of y(t) in a Fourier 
series (1.3) can be found by equating Fourier coefficients of the left- 
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cs and right-hand sides of Equation (1.6). Here, as was indicated above, we 
es consider the constant A, to be arbitrary. For finding the quantities U,, 


V, (k= 0, 1, 2, ...) we obtain the infinite system of linear equations 


4 
Ur= — Gade 0,1,2,...) (5.5) 


n=0 
4 
Ve = n+ — de 


Here 


f — + + — (n<k) (5,7) 
| 45" [Sp — Trane tn — (n>k) 
Analogously to this, as was shown in Section 2, it can be shown that 
the system (5.5) to (5.6) will be completely regular if the series 


’ | Ao | 
om 
<5 (1 (0<§<1) (5.9) 


is fulfilled. 


The quantities 4a,A) 1 and 1 being Fourier coefficients of 
some function, are bounded. It follows that the system (5.5) to (5.6) 
determines a unique bounded solution (principal solution). Analogously 
to this, as was done in Section 3, it is possible to show by solving the 
system of equations (5.5) to (5.6) by the method of successive approxi- 
mations that the quantities U,, V, can be Fourier coefficients of some 
function. For this we assume that 


[bn] r>2,n=1,2,... (5.10) 


If the condition 
(1+ 2°) (H + G) + (2 + 2") (A + B) <|A,|/2 (5.11) 
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is fulfilled, where 


A= B: 
n=1 


H 


we obtain estimates for the coefficients of the series development (1.3) 
of the function y(t) 


4 
STAT 
1 +2") | (+ 2") + 6) (9.12) 
| Ao| | Ag | — 2 [(1 2") (H + G) + (2 + 2") (A+ 


|an| + A; Val + 


- 


6. From Equations (3.7) and (5.12) it is clear that when conditions 
(3.6) and (5.11) are fulfilled the solution a,, 6, and U,, V, of the in- 
finite system of equations can be found. However, the majorant which we 
have investigated is rough. For certain specific problems it is possible 
to find much more accurate esti- 
mates. From this it is clear 
that in general it is possible 
to find the corresponding solu- 
tions, which need not neces- 
sarily satisfy conditions (3.6) 
and (5.11). 


From Equations (1.1), (1.4) 
4 and (1.5), it is easy to see 
that condition (3.5), which is 
here assumed to be satisfied 
for the Fourier coefficients of 
Y(t), indicates continuity of 
all derivatives of the function 
w(y, t) appearing in Equation 
(1.1) and, consequently, of the 
continuity of the function 
u(y, t) and its derivatives up to the third, inclusive. 


Pas. 3. 


By way of illustration let us quote the results of some calculations. 
Figure 1 shows the curves for the relation w= w(y) for the case where 


» (.) = —0.6 + O4Asine (6.4) 


In Fig. 1 the curves 1 to 8 correspond to the values t = 0, 7/4, #/2, 
72/8, 7, 52/4, 32/2, 72/4. The constant which determines the value 
of w at infinity is w= - 2, so that ¢ = - 1 in accordance with (2.11). 
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Note that in this example dw/dy < 0 for all values of t when y > 0; the 
derivative 0*w/dy* changes sign at y = 0 in accordance with Equations 
(1.1), (2.6) and (6.1), though 

this is hardly noticeable. 


In Fig. 2 are given the curves 
for the relation w= w(y), when 60— 
(6.2) 

uh. 


<1 3 7 


t—2n 


Two solutions (2.6) for w(y) 
are drawn in Fig. 2 for values of “05 “025 25 as 
the constant A, equal to 17.3307 
and —17.3307. The curves corre- 
spond to pairs of values of t, namely: 


1 (0, 7), 2 40/3), 3 (w/2, 3/2), 4 (20/3, 50/3), 
5 (7, 0), 6 (42/3, 2/3), 7 (32/2, 2/2), 8 (5a /3, 20/3) 


Fig. 2. 


corresponding to the first and second values of A). 


U] In Fig. 3 the relation w = 
w(y) is given for the case 


(6.3) 


B) 


Y 2 Here Ay = 17.3307; the curves 
3 5 correspond to the values t = 0, 


“02. wy Note that in the last two 
cases w= 0, so that ¢ = 0, in 
accordance with (2.11), and the 
function u(y, t) in (1.4) will be a periodic solution of Equation (1.5). 


Fig. 3. 
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The dynamics of multi-component media has an important application in 
the analysis of building foundations, in seismology, in problems of 
sound-proofing, in studies of the motion of pulp, aerated oil, etc. 


This theory was developed by Frenkel’ [1], Leibenzon[2], Biot [3, 
4], Rakhmatulin[5 ], Zwikker and Kosten[6], and others. 


Reference [7] treats the propagation of elastic waves in an iso- 
tropic two-component medium, one component of which is ideally elastic, 
while the other is a viscous compressible fluid. It has been shown that 
in this case the equations of Biot can be considered the most general 
equations of motion. 


On the basis of Biot’s equations, this paper is concerned with the 
solution of the problem of the propagation of plane sound waves in the 
above-mentioned two-component medium with a stratified structure. 
General expressions for the reflection and transmission coefficients are 
obtained for an arbitrary number of strata. The particular case of a 
single stratum is studied in greater detail. 


The two-component medium is further treated as a porous medium with 
an elastic skeleton [matrix ] and pores which are filled with a viscous 
compressible fluid. 


1. Fundamental equations. The relations between the stress and 
strain tensors for isotropic porous media, as established in[3], can 
be written as 


Pin = 108i, + + Qedix, S = Q6+ Re 


(1.4) 


Ou; 
§ = div u, e = divv 


196. 
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Here Pi, is the stress tensor in the elastic skeleton; S is a force 
acting on the fluid referred to a unit cross-sectional area of the 
porous medium; A, uw, Q, and R are moduli characterizing the elasticity 
of the porous medium; u;, is the strain tensor of the skeleton; u and v 
are vectors of the mean displacements of the skeleton and the fluid at a 
given point of the medium; 5,, is the Kronecker delta, equal to unity 
for i = k, and equal to zero for i # k. 


Biot’s equations have the form 


Pu; i 
Pu + Piz +O (Mi — = 


Pu, 


OP, 
Ox, 
as 


Pu =(1—m)p,—pr (1.2) 


Pie P22 Pos = mp, — (b = —) 


Here p,, < 0 is the dynamic coupling coefficient between the skeleton 
and the fluid; p, is the density of the skeleton; Py is the density of 
the fluid; k is the permeability coefficient, proportional to the 
porosity and the square of the pore diameter. Let us break up the dis- 
placement vectors into their irrotational and solenoidal components 

u, + rot = 0, div = 0 
v=v; + vy, rot v; = 0, div v; = 0 

When taking Equation (1.2) into account, (1.1) and (1.3) can be re- 

duced to the following system: 


amu Py 
Pin + Pia +6 — vi) = (A + 2p) + 


(1.3) 


ou, 
Pir + Pie + (Ue — Ve) = PY 
au a 
Pie + Peo + b= (ve — ur) = 0 


In the case of monochromatic waves with a frequency w, the first two 
equations of (1.4), with the aid of the linear transformations 
uy = + v, = Min + Mow (1.5) 
and after the introduction of the notation 


Ya= p = piu + pee + 2ore 


2 
m=%, = 
(M6) 
become 
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V7u, + = 0, V7u, + = 0 


Here Cy and ¢, are the roots of the quadratic equation 


(O11522 — 312”) — + — 20y2%12) + — + 
iB 
+ 8-1) =0 
The transformation coefficients in (1.5) are determined by the 
formulas 


Y22 — 61522 + 


Equations (1.6) describe the propagation of longitudinal waves of the 
first and second type. 


The second two equations of (1.4), which describe the propagation of 
the transverse wave, reduce to the form 


= Mm, 


— + pi + 
= + Pas p2 = paz + pis 


+ = 0 (1.7) 


Under the conditions of y >> 1, which corresponds to the case of a 
low frequency, it can be easily shown [7] that the damping coefficients 
of the first type of the longitudinal and the transverse waves are pro- 
portional to the square of the frequency, while those of the longi- 
tudinal waves of the second type are proportional to the square root of 
the frequency. This implies that the longitudinal wave of the second 
type disappears for all practical purposes. 


If y << 1, one can neglect the effect of viscosity. One should keep 
in mind, however, that » must remain smaller than that frequency at 
which the wavelength is comparable to the dimensions of the pores. 


2. Reflection and transmission coefficients for an arbi- 
trary number of strata. The method of determining the reflection 
and transmission coefficients will be based on the use of recurrence 
formulas, which relate the wave amplitudes in neighboring strata [8,9]. 


Let us consider an arbitrary layer n. We denote its thickness by d 
and choose a coordinate system as shown in Fig. 1. 


Because of the reflections from the boundaries, there will exist in 
the studied layer a system of transverse and both types of longitudinal 
waves, propagating in the positive and negative y-direction. The ex- 

pressions for the potential of the longitudinal and transverse waves in 
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the layer can be then written in the form 


G1 = (@, +. ei(ox—el) 


Here o is the component of the wave vector along 
the x-axis, which is equal for all types of waves 
and all layers. 


The velocity components of the skeleton particles 
du,/dt, du, /dt and of the fluid dv,/dt at any point 
of a layer are found by means of the formulas. 


ou, OF: , , dv, OF) 


Ox dy’ at Oy dy ' a oy 
which follow from (1.3), (1.5), and (1.7). 


The stress tensor components in the skeleton P,., Pay and in the 
fluid S are determined from the relations (1.1). There, one should let 


Let us denote by G(n) a column matrix, whose elements, from top to 
bottom, will be the values of these quantities (2.4) 


Ou y 


a’ a’ 


du, dv, 
S, j=(i—m)z 


1 
Pw RM, 


given at the upper boundary of the nth layer (at y = d). The results of 
the computation of these quantities can be written down in the form of a 
matrix equation 
G(n) = A® (2.2) 
Here ® is a column matrix with the following elements (top to bottom): 
The elements of A, a quadratic matrix of the sixth order, can be, if 


necessary, written out easily. 


If in (2.2) d is replaced by zero, we will obtain the values of the 
quantities (2.1) at the lower boundary of the nth layer. Since all these 
quantities remain unchanged as they cross over a boundary, they will 
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also have the same values at the upper boundary of the (n — 1)st layer. 
Thus, we have 


G (n — 1) = A,®, or @ = A,'G (n — 1) (2.3) 


Substitution of (2.3) into (2.2) yields a recurrence relation which 
relates the values of the quantities of (2.1) in neighboring layers: 


G (n) = CG (n — 1) 
Here C will be the product of matrix A and matrix A> 1 If the 
quantities of (2.1) are given at the boundary between the first and the 


second medium, one can find them also at the boundary between the nth 
and the (n + 1)st layers by means of a successive application of Formula 


(2.4): 
G (n) = IG (4) (2.5) 
Here II is the product of the C-matrices for all layers. 
Assume that the first and the (n + 1)st media are fluid. 


The conditions at the boundary between the nth and the (n+ 1)st 
medium have the form 


ay 
0, =- (2.6) 

(The upper index denotes the number of the layer to which the given 
quantity is referred). The first two conditions consist of the fact that 
the skeleton and the fluid in the pores of the nth layer are under the 
same external pressure P‘"*}). The third condition expresses the ab- 
sence of tangential stresses, while the fourth condition denotes the 
continuity of fluid flow across the boundary. 


After writing out the equations for 7|™ and then 


eliminating from them the derivatives du, fat and consider- 
ing that = = 0, j dv} /dt, we obtain 


av) 
Py =AS™ + AgPyy) + AsS™ + Ay—t 


== ™ BP + B,S™ + B,—* 

Now we find the reflection and transmission coefficients for the 
entire system of layers. We denote the total thickness of all layers by 


H. The origin of the coordinate system is placed at the lower boundary 
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of the first layer. We assume that the sound wave enters at an angle 
6'"*+1) from a fluid medium at (n+ 1). The expression for the total 
sound potential of the incident and the reflected waves in this medium 
has the form 


In the fluid on the other side of the layer system there will be only 
the previous sound wave 


= 1= V (kM)? — 


Using the formulas 


Ory _ 
ot oy’ 


which hold for a fluid medium, and taking into account (2.6), we obtain 


P = ipwg 


Py” = — i (1 — m™) 9"), = — i (1 — pag” 
S™ = — +4"), S = — imag” — (2.8) 
jm = —¢@’), dv / dt = ixg” 


i(oz— ot) 


(the general factor e is omitted for brevity). 


By substituting (2.8) into (2.7) we obtain two equations for the de- 
termination of the reflection and transmission coefficients. From these 
we find 


Z 


2(4 —m™ — m™ A,) ZZ (2.9) 


(1 — m'2)) A, + mAs) Z4 


Here 
= —(1—m™ — m™A,) [(1 — m®) By + — Bs 
(1) (n+1) 
x v 


wale 


Z 


The quantity Z can be treated as an entrance impedance of the layer 
system, Z‘!)and Z'"* !) as the impedances of the fluid in the first and 
the (n + 1)st layers, respectively. 


3. Reflection from a porous layer. Let us study now the re- 
flection of a sound wave from a single porous layer 2, separating two 
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fluid media 1 and 3, Fig. 2. 


We assume, as above, that the 
wave is incident onto the layer from 
7 the upper medium. The reflection and 
transmission coefficients can be 
é found from the general formulas 
] (2.9), where now one should use n= 2. 
In this case, matrix [I coincides 
with matrix C. If we limit ourselves 
to the case of normal wave incidence 
then we find the following values for the coefficients A,, ..., A,, By, 


Fig. 2. 


1 


(Q+ RM.) (K,T,rsin P, — A,. 


(L,.T.rsin P, cos P, — sin P, cos P;) 


1 


N(Q+ RM) or sin P, cos P, sin P, cos P,) 


Na Ky. sin P, sin P,, B, = NiO + RM) (cos P, cos P,) 


: vex + sin P, sin P, — (1 — cos P,cos 


Ky + sin sin Py — 
4 4 
— rT, (K, + (1 — cos P, cos 


B, = A;, N =L,,J .rsin — T,sin r= = 

| 
K,=A+24+QM, Ky = Ky —Ly Kk; 
= — + mM,, = 1 — mM,, P, kd, P, = kad 


Here c, and c, are the velocities of the longitudinal waves of the 
first and second type. 


The entrance impedance of the layer and the transmission coefficient 
take the form 
D- E sin P, 4 sin P| 


6 = sin P, cos P, +- sin P, cos P, Far sin P, sin P, 
§ = -)sin P,sin P, + (1 — cos P, cos P,) +- 


ro (z- sin P, cos P, + + sin P, cos P,) 


ad 
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| 4 mK, 
(i m) Lys + 


The quantities Z, and Z, can be regarded as "effective" impedances of 
the skeleton and the fluid in the pores. If we neglect the viscosity of 
the fluid (y = 0) and the coupling coefficients (y;. = 0, a), = 0), then 
we obtain 
(C19 and c,, are sound velocities in the skeleton and in the fluid), i.e. 
Z, and Z, go over into the wave impedances of the elastic and the fluid 
components for uncoupled vibrations. The expression for the impedance of 
the separation boundary of a fluid and a half-space filled with a porous 
medium can be obtained from (3.1) with the aid of a limiting process, 
which corresponds to an unbounded increase of the thickness of the layer 
in the negative direction of the y-axis (d+ — «). Since 


sin k,d = sin (aid) cosh (bid) + i cos (aid) sinh (bid), 


cos kid = cos (aid) cosh (did) — i sin (aid) sinh (hid), hi = a + thr 


then as d+ — sin P, and cos P, grow without limit, at which time the 
equation cos P, = i sin P, is satisfied, and analogously cos P, = i sinP,. 


Formula (3.1) then yields 
1 


1 1 ‘ 
(3.2) 
i.e. the impedance of the boundary of a half-space filled with a porous 


medium will be the result of a "parallel" connection of the "effective" 
impedances of the elastic and the fluid components of the medium. 


Let us study the case of complete reflection from a porous layer of a 
sound wave with normal incidence. This case takes place under the condi- 
tion D = 0 which, according to (3.1), leads to the equation 


Z, sin Pi + Ze sin P2 = 0 (3.3) 


By neglecting the viscosity of the fluid in the pores and solving 
this equation for the values of the parameters of the medium given in 


[4] 
ou = 0.610, Seg = 0.305, = 0.043, = 0.500, = 0.500, Yn = 0 (3.4) 


we obtain the following values for the thicknesses of the sound-trans- 
mitting layers of different porosity: 


1615 
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m= 0.5 0.6 0.7 0.8 
d = 0.40A, 0.43)4 0.46A4 0.48A, 


Here A, is the length of the longitudinal wave of the first type. 


Assume now that on both sides of the layer there is the same fluid 
From the condition W = 0 we obtain the equation for the 
determination of the thickness of a completely "transparent" layer Z - 
Z')) — 0 which, when (3.1) is considered, reduces to 


1 1 1 ‘ . 2 
[zs + sin P, sin P, + Lh (1—cosP,cosP,)=0 (3.5) 


If Z")) satisfies the equation 


1 1 1 


Equation (3.5) will yield cos (P, - P,) = 1, and consequently 
(mn = 1,2,3,....) 


where A, is the length of the longitudinal wave of the second type. For 
the values of the parameters given in (3.4) we shall have d = 2.3 A,n. 
It is not difficult to see that the reflection and transmission coeffi- 
cients satisfy the obvious equation 


which represents the law of conservation of energy. If the porosity of 
the layer approaches zero and we assume that then Z, + «, we obtain on 
the basis of (3.1) 


(29 — 2) Z, Z) an Py g — 
(ZY 4. 2) Z, 4 i (Z2+Z 2) iZ an Py 
D= Z, sec Py 
(ZY + Z) + i + ZY Z) Py 


1 


which coincides with the known result for the case of a normal incidence 
of a wave onto a continuous elastic medium[9 ]. 


In this limiting case Equation (3.5) takes on the form 
sin Pi = 0 
From this the thickness of the "transparent" one-component layer is 
= Yehin 


i.e. equal to an integral multiple of the half-wave. 
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The author is grateful to V.L. German for his suggestion to study the 
above problems and his interest in the work. 
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AT LARGE DEFORMATIONS 


(RAVNOVESIE BEZMOMENTNOI OBOLOCHKI VRASHCHENIIA 
PRI BOL’ SHIKH DEFORMATSIIAKH) 
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We consider in the following a membrane shell, with one or two rigid 
heads, in the state of equilibrium with large displacements and deforma- 
tions; the shape of the shell in the unloaded state is defined by rota- 
tion of an arbitrary smooth contour, and it is supposed to be loaded by 
internal pressure, varying in axial direction, and by forces applied to 
the heads. The material is considered to be incompressible, and its 
mechanical properties are determined by the mutual dependence between 
the stresses and the true (logarithmic) deformations. In addition to the 
hypotheses, which represent the foundation for the relations connecting 
these quantities with each other (see [1,2]), the conventional assump- 
tions are used, generally accepted in the theory of thin membrane shells. 
Similar problems were studied earlier (see bibliography in[3] and 

[4 ]) with some specific simplified formulations, like the case of in- 
extensible material or the case of “equal strength", etc. We shall de- 
rive below the fundamental systems of equations, to the solution of 
which the problem is reducible, and the case of a shell of originally 
cylindrical shape will be considered in detail. This latter problem was 
discussed earlier for the case of uniform pressure [4]. References [5 ] 
to[7] deal, on the basis of the same fundamental assumptions, with the 
problem of deformation of a membrane loaded by uniform pressure. 


1. Basic conditions and relationships. Two zones are formed 
in a shell in the most general case of equilibrium: a zone of tension 
and a zone of "folding" [3]. The former is characterized by appearance 
of positive principal curvatures and positive principal stresses, while 
in the latter the circumferential stress is to be considered equal to 

zero, the shell shows folds, and there arises some kind of a system of 
filaments under transverse forces and external tension. 
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Consider a shell (Fig. 1), referred to a system of dimensionless 
cylindrical coordinates x@z invariably fixed 
at one of the apexes. Call & and 7 the values 
of x and y, respectively, for the undeformed 
shell. The relations connecting these coordi- 
nates with the corresponding dimensional co- 
ordinates X, Y, r, € shall be stated by means 


of the formulas 


yi” 


(1.1) 


where R, represents some characteristic 
initial dimension of the shell, while A is an 
arbitrary dimensionless parameter. 


The initial shell profile shall be given 


by the formula Pig. 


n = 
The principal "true" extensions and shears are defined by 


e, = In (1 + a1), e2 = In (1 + e2), es = In (1 + es) 


1+ 1 +e: (1.3) 


1 
= in; Te = hi, > Ts = In ita 


where e,, €,, €,; are the usual extension components. The principal shear 
stresses are 


where o, and a, are the meridional and the circumferential stress, 
respectively. 


The diagram of the "true" shear shall be approximated by the curve 


where K and p are constants derived from the conditions for the best 
approximation. Replacing y by the principal shear of maximum magnitude 
and r by the corresponding principal shear stress with o, assumed to be 
zero, we find 
= — > 
Pi (e1 for | Pi|>| 2) (1.6) 
Note that if we assume p = 1 we will have to do with an elastic shell 
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of incompressible material; the difference between the two cases dis- 
appears, p, and p, follow directly from (1.6), and K becomes the shear 
modulus. 


Assuming that the principal shear stresses are proportional to the 
principal true shears, we find that 


=. (1.7) 
P2 — &3 
The condition of incompressibility of the material gives 


e1 + + = 0 (1.8) 


We may use instead of (1.5) an analogously approximated relationship 
between the stress intensity 0, and the intensity ¢ ,; of the "true" de- 
formations 


(1.9) 


where K; and » are constants. Then replacing by p, and p, respectively, 
the quantities 0, and o,, referred to K;, and using (1.7) instead of Vol. 2 
(1.6), we obtain 1961 


Pr = — es), = (en — (1.10) 


Note that, inasmuch as o, = 0 and the material is incompressible 
Vin — 02)? + (o2 — + — = Vor +r — 

(1.11) 

= = V (es — e2)* + (e2 — es)* + (es — e1)? = Vs V + + eves 


In this case we arrive at the relations valid for an elastic shell by 
putting K; equal to the modulus of elasticity and y equal to l. 


Denote by: S, the curvilinear coordinate measured along the arc of 
the meridian after deformation; S,, the same coordinate before deforma- 
tion; H the thickness of the shell after deformation; and H, its value 
in the initial state. Then we will have in the zone of tension 


dS;—dSy dX _ dz cosp 
dy + dv cos @ d& cos@ 


r 
= 


where ¢ is the angle between the tangent to the meridian curve and the 
plane normal to the axis of the shell, while ~ represents the value of 


q 
| 
— 
H—H, 
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the same angle for the initial shape of the shell and A is the latter's 
dimensionless thickness. The formulas for e, and e, can be used also in 
establishing expressions for the deformations in the folded zone. Ulti- 
mately, we obtain for the zone in tension 


In ( dt cos @ 


&= In = =Inh (1.12) 


where, by virtue of (1.2), cos w is a given function of €. 


2. Fundamental systems of equations. The equilibrium equations 
of a shell element in the zone of extension can be written, in the case 
of variable shell thickness and pressure, in terms of dimensionless co- 
ordinates and quantities, in the following manner: 

d d 

The function q(y) represents here the pressure intensity. Taking into 

account that 


dy 
ol. 25 dz 


we can derive from Equations (1.7), (1.8), (1.12), (2.1), taken in con- 
junction with one of the relations (1.6), a system of four differential 
equations of the first order for x, y, ¢ and h considered as functions 
of € at a given Q(y). In the case of p, > p, the system just mentioned 
will be of the form 


=tanp (2.2) 


dE zh cosy’ cos» 


sing 


dp 
EA 


de ~=«s th cos (In 


cos p — In (2*h / cos @ 
[2p + In (zh? / 


The dimensionless expressions for the stresses will be 


P, = (In (In In th (2.4) 


In the case of p, > p, the last two formlas of the system (2.3) are 
to be replaced by the following: 
dg sir 

(In $5) (1 — “ting | 


zheosyp \ zh? 


(2.5) 


dh In —31n h) cos ln —3 — In“ In ) cos @ 


= 


[3In =+(p— In = | eos 
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‘Py =(In In, > (In (2.6) 


Considering the folded zone, we introduce the concept of a certain 
defining surface, the surface which would be generated by a system of 
filaments under pressure, acting in the folded zone of the real shell. 
At one end this system of filaments absorbs the tension corresponding to 
the meridional stresses in the zone under extension at p, = 0, at the 
other end the filaments are attached to the rigid head of a given radius. 


In the following we shall denote, with reference to the folded zone, 
by x and y the coordinates of the determining surface and by ¢ the angle 
between the tangent to its meridian curve and the plane normal to the 
axis of the shell. Disregarding the difference in curvatures of differ- 
ent meridians of the actual middle surface for one and the same y, con- 
sidering the slope angles of their tangents to be equal to ¢ and assum- 
ing that the dimensionless thickness of the shell and the amount of the 
meridional stress do not vary with varying 0, we can obtain the funda- 
mental system of equations for the determination of x, y, ¢ and A in Vol. 2 
terms of €, using the same original equations and relationships as in 196] 
the zone under extension. To this end we have to take 


= 0, — = 0 (2.7) 


The latter relation will be used for determination of ¢, inasmuch as, 
with reference to the folded zone, the second of Formulas (1.12) cannot 
be used any more. 


As a result of the transformations we obtain the system 


dz ___—cos@ dy sing 
de h®cosp’  h® cosy 


Q (y) 
A,h® (— 3 In cos p 


(2.8) 


dp _ 


h? (—3lnh)"— =c 


where c is a constant to be determined from the conditions of continu- 
ity of h at the separation line between the two zones. 


We note that the same system can be obtained also immediately from 
the equilibrium equations of an element of the folded zone in connection 
with the condition (1.8), the first and the last of the relations 
(1.12), the first of Formulas (2.4) and the equalities (2.7), if the 
assumptions and simplifications are taken into account which we have in- 


dicated above. 


In each actual problem, i.e. for a definite law of variation of 


| | 
i 
where 
‘ae? 
\ 
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pressure, for any given material and given initial shape and correspond- 
ing boundary conditions, we obviously can obtain the solution by means 
of numerical integration of the aforementioned fundamental systems and 
thus determine the shape and the thickness of the shell as well as the 
principal stresses. 


The separation line between regions in the zone of extension is de- 
fined as the parallel along which p, = p,, the separation line between 
the zones is determined by the condition p, = 0 applied to Equations 
(2.3). The continuity conditions for x, y, ¢ and h serve as matching 
conditions along the separation lines. 


If the shell has one head only, with the origin of the coordinates 
located at the apex of the head (see Fig. 1), we shall have at this apex 


z=y=q=§=0, h=h, 


Removing the indeterminacy, we find 


(— Inky), 


where h,) must be considered as a parameter. 


We note that if the shell is loaded by uniform pressure only, then 
Q = qR,/2KH, = const, there is no folded zone, and the system (2.3), or 
the one which is its analog for the case p, > p,, undergoes substantial 
simplification: it reduces to three equations for x, y, h, inasmuch as 
the second of Equations (2.1) is integrable by quadratures. On the basis 
of the latter equation we find 
Qr 
Sin = 
where p, is expressed by the first of the two equations (2.4), or if 
P) > P; by the first of the equations (2.6). 


It must be noted that even if the fundamental relationships between 
the stresses and deformations are considered to be valid at arbitrarily 
large deformations, there will always exist some value Q= Q... of the 
characteristic loading parameter which, if surpassed, makes the solution 
that we have suggested invalid, since it is then impossible to realize 
the equilibrium of the shell without violating the original assumptions. 
It is natural to expect that at Q= Q... a localization of the deforma- 
tion will take place with rise of "bubbles", etc. — loss of stability of 
deformation in extension, analogous to the rise of a neck in a specimen 


in tension. Some of the simplest examples of determining Q,,, are 
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discussed in [8,9], without, however, taking into account the change of 
shape of the shell preceding localization of deformation. 


We shall illustrate the considerations just presented with the 
example of a spherical shell acted upon by uniform internal pressure*. 


Denote by p the ratio of the radius R of the shell after deformation 
to the initial radius R,. By virtue of symmetry we must have 


Po=Py 
From these relations we derive on the basis of (1.6), (1.8) in con- 
nection with the last of Formulas (1.12) and Equation (2.9), taken with 
A=1 
2 (3 In p)* 
P; = (3 In 
Using these formulas we can find the radius of the shell, its thick- 
ness and its principal stresses for any given loading. We easily find 
here also the aforementioned greatest possible loading Q. as well as 
the corresponding values p = p, and h= h,; so we obtain 


3. Shell of initially cylindrical shape. The problem under- 
goes here considerable simplification. We shall restrict ourselves to 
the study of the case that there is no folded zone. In this case we 
obviously have yw = 1/2 m and & = A. It is convenient to take A = 1; then 
R, will represent the radius of the initial shape of the cylinder. The 
deformation is defined by the formulas 


dx 1 
= In(F e,;=Inh (3.1) 


The equilibrium equations assume the form 


(chp) = poh, sing) = Q (y) « (3.2) 


where Q(y) is expressed in the same way as in (2.1). Equation (2.2) re- 
mains, of course, valid. We obtain on the basis of (1.8) and (3.1) the 
relation 

dz __—scos@ 

(3.3) 


* We find in [10] an analogous problem treated for the case of linear 
relation between stress and deformation. 
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Passing to the argument In x in the equations for the zone in tension, 
assumed to be solved for the derivative dh/dé, and setting for abbrevi- 
ation In x= a, In h= 8B, we find: 


for > Po 
(3.4) 
with 
Pi = (—a — 26), P2 = (—a — 26)** (a — B) (3.5) 


Noting that «, = 0 and consequently p, = 2p, when x= 1, at the 
attachment of the shell to the head, we write the solution of Equation 
(3.4) in the form 


a+ (6 +p)a+ 6 +p)? = +p) (3.6) 
where 8, = In hy represents the value of In h at x= 1. 


For Pp, > P, we have 


dB _ w (a + 28) — 38 + (a — 8) (2a + 8) (3.7) 
das wp (a + 28) — 3a — (a — 8) (a + 28) 
with 
pi = —(a + 26) — = (2 — (3.8) 
Equation (3.7) can be integrated numerically. 


We see that independently of the law of variation of pressure along 
the height, the fundamental system separates, the dimensionless thick- 
ness of the shell and the dimensionless principal stresses, expressed in 
terms of the radial coordinate, depend only on the parameter yz, which 
characterizes the material, and the parameter h,, which takes care of 
the influence of all other factors (ratio of the dimensions, their abso- 
lute values, the pressure characteristics, etc.). 


Equations (3.4) and (3.7) are equivalent, respectively, to the cor- 
responding equations derived in[4]; the integral curves h(x), derived 
there and plotted for » = 1/3, can therefore be directly used in this 
case even if Q #4 const. 


We note that if use is made of the relationship (1.9), then the 
fundamental system for shells of initially cylindrical shape separates 
too. On the basis of (1.10), (1.8), (1.11), (3.1) and of the first of 
Equations (3.2), we obtain, instead of (3.4) and (3.7), one equation 
(since the relationship between p, and p, is of no significance): 


dB __ (a + 28) (2a + B) — 3a8 + 2 (2a + 8) (a? + a8) 
(a + 28)? + 2 (a + 28) (a? + af) 


> 
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This equation, too, can be integrated numerically, setting 8 = A, = 
In hy at a = 0. 


Having the curves h(x), we can obtain the complete solution in a 


majority of actual problems by means of simple 
operations. 


On the basis of the second of Equations (3.2) 
we obtain 
O.7F 4! 
‘ 

sin @ = ——\ Q (y) «dz (3.9) = \= 


This equation must be treated in conjunction 
with Equation (2.2), and the solution is obtained 05+ 
with the aid of Formulas (3.5) or (3.8) for p,. 
At the same time 7 is determined by means of the 
quadrature 


x 


1 


which follows from (3.3). 


In the case of constant pressure the system 
(3.9) to (2.2) separates too, and y is determined 
by quadrature. Let us consider the case of pres- 
sure linearly varying with Y. Let 


q(Y) = k(B—Y) 


where k and B are given constants. 


Then 
Q (y) = (b — y) 


and on the basis of (3.9), (2.2) and (3.10) we find with the use of the 
argument y, which is more convenient for the computations 

v 

The system (3.11) can be solved numerically very simply. It should be 
noted, however, that as in the problem with q = const, the parameters 

hy, 6 and Q, cannot be prescribed arbitrarily. For each type of problem 
we have first to find limits for possible values of these parameters. 

Reference [4] indicates in a detailed manner the method for determina- 

tion of such limits. 


xh 


(3-11) 
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We give below the results of the solution of the equilibrium problem 
for a shell fixed along the periphery of one of its heads; the shell is 
acted upon by pressure linearly varying along its height. The computa- 
tions were carried out for the cases b = 2 and b = 3 with the selected 
values Q, = 1.12 and hy = 0.8 at » = 1/3. 


Figure 2 shows the shape, assumed by the shell, and its character- 
istic dimensions (referred to R,) in the first case; these dimensions 
are the initial length 1,, the final length |, the radius xp of the 
largest parallel circle and the distance | —- yp of the latter from the 
upper fixed head. 


For the case b = 3, the following values have been computed: 
h = 0.561, 1 = 0.675, z, =.1.069, 1 — y, = 0.375. 


The values of the dimensionless stresses and thickness at the points 
A, B, C (Fig. 2) are given in the following table: 


Pr | Ps h 


| 0.764 | 0.382 | 0.8 


783 0.554 0.761 
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The assumption that the original state of a system is an ideal one lies 
at the basis of the stability analysis of elastic systems. For example, 
in the stability of elastic rods one assumes that the axis is straight, 
that the material is uniform and that the compressive forces are applied 
centrally. In the stability of plates, one assumes that initial deflection 
is absent and that the external forces are applied only at the middle 
surface. 


In actuality, real systems differ from the ideal in one way or an- 
other. In most cases the ‘difference does not lead to serious dis- 
crepancies between theory and experiment. The condition for the critical 
state of an ideal system differs only slightly from the condition for 
the excessive distortion of a real systen. 


Nevertheless, there are problems in which neglect of the differences 
from ideal have led to substantial errors. One such problem is that of 
the stability of a spherical shell loaded by uniformly distributed pres- 
sure (Pig. 1). 


1. We assume that the real shell has a smal] deviation from the 
ideal. Let the deviation of the surface from the spherical form be 
specified for simplicity by a single parameter f. 


Under the action of external pressure the shell acquires a local 
bending w. The nature of the relation p = p(w) is determined by the 
value of f (Fig. 2). 


The ordinate is the pressure p expressed as a nondimensional 
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parameter 


The loss of stability occurs suddenly. 
For example, for f = f, the pressure rises 
only up to the value p°(A) (at the point A), 
after which there occurs a sudden passage 
to a new form of equilibrium (point B). The 
pressure p°(A) increases with a reduction 
in the parameter f. With f = 0 we have 

Pig. 1. 
p? = — 0.606 


2Eh? 


that is, the value of the critical pressure given by the classical 
theory for an ideal system. 


The small but real deviations of the system from the ideal show in 
this case as strong an effect on the equilibrium state as is shown by 
tests on the loss of stability, which indicate that Vol. 2 


pA) = 0.10 to 0.15 
instead of the expected p° = 0.606. The shaded portion of Fig. 2 shows 


the probable zone of the loss of stability. 


, Indeed, the ordinary analysis of an ideal- 
P ized system does not lead to satisfactory re- 
p*a6 sults in this case. To make an exact deter- 
mination of the 
critical pressure 
would require a sta- 
tistical analysis of 
the errors arising 
from the preparation 
and testing of the 
shell. The solution of 
such a problem does 
not appear possible at 
the present time. 
There arises in this 
connection the concept of stability in the large, in accordance with 
which one may attack such problems from a statistical approach, limited 
as before to idealized systems but now in the region of large displace- 
ments. As a result of one such solution the curve p° = p°(w) is deter- 
mined in Fig. 2 for the case f = 0; the so-called lower critical pres- 
sure Peis is found, which is a lower limit to the possible critical 
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pressure. Loss of stability is considered to be probable within the 
interval 


P*min < p° < 


Thus, there arises the problem of the determination of the form of 
equilibrium of a spherical shell in the region of large displacements. 


The first attempt at a solution of this problem was made by von 
Kérmfn and Tsien [1]. The authors made the assumption that the bending 
of the shell was of a local nature and that the dimpled zone was in- 
cluded within small angles @ (Fig. 3). Other authors also found this 
assumption to be convenient. The problem was 
solved by an energy method in [1]. They con- 
sidered that no shell deformation took place 
beyond the limits of the dimple and that with- 
in the dimple the circumferential strain fo 
was zero. Conditions imposed later were un- 


justified and led to false results. ol 


Many attempts to solve this problem were Fig. 3. 
made following von Kérmén and Tsien. Some 
authors (see, for example, [2] and [3 ]) used the variational methods 
of Ritz and Galerkin and invariably obtained values for the lower 
critical pressure of the order of Pose from 0.13 to 0.40, depending upon 
the shape of the function selected and upon the method used. It is clear 
that the pressure Pose = 0.13 is too high, since experiments give pA) 
from 0.10 to 0.15, and Pe. must be still smaller. 


An attempt was made in 1954 to show that the value of Peis must be 
negative and that consequently there must exist forms of equilibrium of 
a dimpled spherical shell in the absence of pressure [4]. The problem 
was solved by the Galerkin method. The dimpled zone resisted the remain- 
ing part of the shell through an intermediate zone of local bending, 
with the geometric and force conditions fully maintained. The calcula- 
tion gave = — 0.13. 

This work was criticized by Mushtari [5], who by a different vari- 
ational method but with the same approximation function obtained = 
+ 0.1. These results were seen as proof of the high degree of sensitiv- 
ity of the solution to the variational method used and to the choice of 
approximation function. It became clear that the use of the variational 
method is exhausted for this problen. 


Thus the problem of the determination of the lower critical pressure 
has acquired not only a practical but also a theoretical interest. 
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The first attempts to apply variational methods to the solution of 
nonlinear equations of equilibrium for a spherical shell were made 
numerically by Keller and Reiss [6] and by Murray and Wright [7]. These 
papers solved the problem of the equilibrium of a shallow cupola clamped 
around the edge. Unjustifiably, the solution was carried over to the 
closed sphere. The force boundary conditions on the contour of the 
dimple do not agree with those in the unbent portion of the shell. The 
calculation provided for a choice of ratios of radius to thickness R/h. 


The solution proposed is a numerical one for the nonlinear equations 
of a spherical cupola, obtained with the aid of high-speed machines. The 
solution is independent of the parameter R/h and is exact within the 
limits of applicability of the equations for shallow shells. 


2. We take the dimple on the sphere to be of relatively small di- 
mensions. It is therefore permissible to consider the shell as shallow 
in the dimpled zone. Such an approach is universally adopted today and 
leads to no contradictions. 


The equations for a shallow spherical shell in the assumed axially- 
symmetric forms of equilibrium have the following form [4,8 ]: 


+) 


P 
(9,0 + + vp? 


2 
A=12(1—p)—, (2.2) 
where T, is the radial tensile force, the angle of rotation of the arc 
meridian, r, amy arbitrarily fixed radius (Fig. 4), and 0, is the angle 
of slope of the shell at this radius. 


+ 


In these equations one may set sin # = tan @ = es 
6, or 0? << 1. 


It is convenient to take for the value of r, be 
the radius R of the sphere. Since 6, = r,/R, 
then 6, = 1. 


The region of applicability of Equations (2.1) 
is evidently determined by the ratio 


In order to be free of the parameter R/h, we introduce new variables 
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x, @ and ¥ in place of p, and 
x 


P= 


The system of equations (2.1) then takes the form 


v 1 


Po = V3 (1 


and in agreement with (2.2) and (2.3) 
y= — mr (1 + 12(4 


Thus, the variable x represents a nondimensional radius, the function @ 
gives a measure of the angle of rotation of a meridian arc on a certain 
scale, and the function ¥ shows that the radial tension 7, differs from 
its value pR/2 in the momentless state. It follows from the first of 
Equations (2.6) that the system (2.4) holds for values 


(2.6) 


We note that the proposed change in the equations is possible also 
for nonsymmetrical forms of equilibrium of spherical and cylindrical 
shells. Generally, it becomes necessary to represent the critical loads 
as a function of the parameter R/h, as is frequently done. 


At the center of the dimple for r = 0 we have @= 0 and Y= 0, and 
outside the limits of the dimple (at infinity) the momentless state must 
be conserved; i.e. @= 0 and Y= 0 (since T, = - pR/2). 


We divide the region of variation of x into two parts: 
O<x<x and xp 


Beyond x, we take a high enough value of x so that the decaying func- 
tion may be considered as negligibly small compared to x. It is clear 
that the choice of x, depends upon the magnitude of the displacements 
assumed for the solution of the problem. 


The system (2.4) is linearized for x > x, and takes the form 
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3. We construct first the solution in the region x > x,. 


Equation (2.8) is satisfied if one takes 
@=CH,(az), Yo=— H, (a2) 


where H,(a x) is the Hankel function of index one and a is an undeter- 
mined parameter. By substitution of 8 and ¥ in Equation (2.9) we get 


The smallest p, for which the parameter a has a real value will be 
Po = 2 
With this the external pressure p, for p = 0.3, takes on the upper 
critical value 


pr? 


P.° = 0.606 


which follows from Expression (2.5). 


We are interested in the forms of equilibrium for p smaller than the 
upper critical value; i.e. for py < 2. Therefore 


Po® 
at = 1 — 


From this we get 


We have, correspondingly, two conjugate Hankel functions; then 


0 =C,H," (az) + CoM” (az) 
= (az) 4-H,” Gz) (3.1) 
a? a 


Here the Hankel functions are taken to be of the first kind, vanish- 
ing at infinity. Let 
(az) = X,+iY,, H, (az) iY, (3.2) 


C,=1(¢-Di), +Di) (3.3) 
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Then 
0 =CX,+ DY, (3.4) 
¥=—c(2x, 1-2£y,) ) (3.5) 
The derivatives of @ and Y will be required. In accordance with the 
rules for differentiation of cylindrical functions we obtain from Ex- 


pressions (3.1) 
= (a2) + (ax) — 


Cc C. 

Here H, ‘(a x) is the Hankel function of the first kind and zero 

order. By making use of the notation in (3.2) and (3.3) we obtain 

de V2+ Pr V2—pPy ¥2+ Py 


d¥ 


in which by analogy with Expressions (3.2) we denote 
H,™ (az) =X,+iY,, 4H, (az) =X,—i¥, (3.8) 


The displacements along the normal to the middle surface of the shell 


are, taking account of (2.3) 
\ Odx (3.9) 


Upon substitution of © from (3.1) we get , 
H, (az) H,” (a2)) (3.10) 


— 


and upon passing to real functions 

Thus, the solution of the problem in the linear region is obtained in 
X,, Y,, Xq. Y, functions, which themselves represent the real and 
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imaginary parts of a Hankel function with a complex argument. These 
functions are not tabulated and computational methods are required. 


We shall assume that the value of x, is large enough not only for non- 
linearity to be neglected but also large enough to permit the use of 
asymptotic expansions. 


The Hankel function of the first kind and of order c has the form in 
an asymptotic expansion 
1 
H(z) = V exp|i (2 — — 
(4e® — 12) (Ac? — 32)... — (2m — 


m!2™ 


(— 1) (c, m) 
(2iz)™ 


((c, m) = 


For calculation of the functions x, and Y,, the function must be 
separated into real and imaginary parts, setting c = 1 and z = ax. For 
the functions X, and Y, one must take c = 0. 


We get after transformation 


x, = [Prcos (az — sin (ax — *)|+ 
sin (ax — =) + Q, cos (ax — >) 


+ Vi—alQ,sin(az—*)—P, cos (ax — ry) | 


xX, = (ax — Q,sin(ar—*)| 


+ + Q,cos(axz—+)]} 
+ Pasin (ae —F)] + 
+Vi=al Q,sin(az (3.11) 


Here 


a V2+ Po, b= >V2—p 


3V2—p, 15p, 105(1+ V2—p, , 4725(1 — 
t+ Br 25623 + 
4 72765 (— 1 + Po + V2— py 2837835 py (3— 
(638425 {1024 
Q, — Po 15 105 (1 — po) V2F 4725 py — pod 
8z 6422 25625 4096x4 
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72765 (1+ po — Po®) V2 + Py 2837835 (1 — 4— 


165842° 


V2—Py 9Po 75 (1 + po) V2 — Po 3675 (1 — Po*) 
8x 642 2562 204824 
59535 (— 1 + py + Po 2401245 py (3 —Po*) 
1638425 1024 1282* 


, 3675p V 4— po 


Qo= 6422 25629 4096x4 


59535 (1 + pp — po”) V2 + 2401245 (1— ¥4— p™ 
+ {658425 1024 1282" ++. (3-12) 


4. We return now to the "nonlinear" part 0 < x < x,. The region of 
variation of x is bounded on the right. In addition, only one parameter 
P, remains, and so there is the possibility of numerical integration of 
the system joining up with the solution at the boundary x = x,. By intro- 
duction of the notation 

de d¥ 


we rewrite the system (2.4) in finite differences 


(4.1) 


(4.2) 


= uAz, AY 


The functions ¥ and @ must be zero at x = 0. The functions u and v 
remain indeterminate at x = 0. By postulating a series of values of uy, 
and vy and integrating from x = 0 to x= x,, we choose uy and v» so that 
the continuity of the functions on the boundary is assured. 


At x= x, there are evidently four conditions to be satisfied 


d6 | 
0, = Ox, ry k = a le (4.3) 


d¥ d¥ 
= Vx, Sh (4.4) 

where on the one hand the functions are found from numerical integration 

of the nonlinear system and on the other hand are determined from Ex- 


pressions (3.4) to (3.7) in the linear system. 


Condition (4.3) determines the equality of angles and moments on the 
boundary, and condition (4.4) determines the equality of meridian forces 
and displacements in the middle surface. 
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Upon returning to Expressions (3.4) to (3.10) and (4.1), we obtain 
the continuity condition in the following form: 


The constants C and D are determined from the first two equations and 
are substituted in the other two. Finally, we obtain the following two 
equations: 


KV, — Up 0, — Op 0 


ad 


— X,,¥q,) — po) V2 4+ Po + + Po)V2— 


= — on) V2F Po + on + on) V2— 
(Xi + V 4— Po 


(XonY “al ox) 24 “Po -+ X + YouY V2 ; Po 


(Xie + V4 — pot 


By making use of the asymptotic expansions (3.11) and (3.12), one may 
express the last equations in the form 
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1— po or,? z,° Sz,* 
__ 27 (1 — V2 — po 1899 (1 — — po® + po®) 
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5. The following numerical examples are presented. 


We specify the value of p, in advance as that pressure for which it 
is necessary to find possible forms of equilibrium for a sphere with an 
elastic dimple. Since we are interested in pressures less than the upper 
critical pressure, py, < 2. 


if 


-2 
Pig. 5. 


In addition we also fix the value of x,. On one hand, this value must 
be large enough for all the nonlinearities of the problem to be contain- 
ed within the interval 0 < x <x,; it must also be large enough for 
application of the conditions of asymptotic expansion. On the other hand 
it is desirable to keep it small 
in order not to increase the 
numerical work unduly. 


The value x, = 10 was taken 
in the calculations. 


In certain cases the choice 
of a large value of x, may lead 
to contradictions with the basic 
assumptions applicable to the 
equations of shallow shells. It 
is easy to take into account the limits of variation in x for correspond- 
ing values of R/h. 
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From the assumed values of p, and x, we calculate the coefficients 
K,, K, and K, from Formlas (4.6). For example, for py = 1 and x, = 10 
we have K, = — 0.01445, K, = 0.9878, K, = — 1.0022. Then, by taking a 
series of values d@/dx = uy, d¥/dx = v, for x = 0, we proceed with the 
numerical integration from x = 0 to x = x, according to (4.2). As a re- 
sult of the integration we find values of u,, Up, ®, and ¥,, which may 
then be substituted in Equations (4.5). To find the decaying solution 
we select those values of uy and v, which satisfy the two equations of 
(4.5) simltaneously. 


An electronic calculating machine was used in this work. 


Tentative trials were made at first. They showed that for a fixed 
value of p, there is a multiplicity of integrals of Equations (4.2) for 
different values of uy (from 
1D to +7) and (from -3 to +2) 

with intervals Au, = Av, = 0.2. 
The integration proceeded with 
steps of Ax = 0.1. 


As a result of the preliminary 
trials u, and v, were determined 
as the values which reduced the 
left-hand sides of Equations 
(4.5) to zero. Two families 
of curves are shown by the 
crosses and the circular 
points of Fig. 5. Their 
intersection determines the 
unknown roots up and Vo: 
These curves are shown in 
Fig. 5 for py = 1 (p® = 
0.303) and the bracketed 
numbers denote roots. Cor- 
responding curves for p, = 
0.1 (p° = 0.0303) are shown 
in Fig. 6. The points of 
intersection of the curves 
(exclusive of the zero point) 
were not observed. 


Next, the interval of variation of u, and v, was contracted as deter- 
mined by the distribution of roots, and the coordinates of the points of 
intersection were obtained more exactly. The calculation of the roots 
must be carried out to the 4th or 5th significant figure. Figure 7 shows 
the distribution of the basic groups of roots. 
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The final integration of Equation (4.2) provides more exact values of 
uy and v» with the functions obtained. Integration of the function 0 


Pig. 9. 


obtained in accordance with (3.9) gives the form of the elastic surface 
and the value of the maximum deflection. Figure 8 shows an example of 
the functions ¥ and w/h for two roots with py = 0.25 (p® = 0.071). 


The solution obtained was subjected to a number of control checks. 


In particular, the numerical integration was carried out beyond the 
limit x,. The functions obtained coincide with the functions found from 
the linear system. 


The calculation was made for values of x, > 10. The solution does not 
depend on the value of x,. This is confirmed by the fact that for x,= 10 
all nonlinearity is within the interval 0< x< x. 


Finally, for improvement in the accuracy of the solution, the inte- 
gration step was reduced to 0.01 with Ax = 0.1, which led to changes in 
the unknown function only in the 3rd figure. Further refinement was not 
necessary. 


Figure 9 shows a summary of the results obtained. The continuous 
curve corresponds to the basic form of equilibrium. Numbers | and 2 show 
the points for which the functions ¥ and w/h were given in Fig. 8. The 
lower critical pressure is p?:, = 0.06 at a value of relative deflection 


w/h = 22 to 23. 


The broken lines in Fig. 9 show the curves corresponding to the 
higher forms of equilibrium. 
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The value of p®. obtained will be as exact in the same measure as 
the applicability of the equations for shallow shells. This does not 
exclude a change in the value when a more exact system of equations is 
used. 
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The paper considers the problem of the elastic equilibrium of a trans- 
versely isotropic cylinder under the action of forces distributed over 
its lateral surface according to an integer polynomial in the distance 
from the end of the cylinder, the forces being independent of the polar 
angle 0. A number of authors have studied various variants of the prob- 
lem of the stress distribution in an isotropic cylinder under the action 
of polynomial loading (Almansi’s problem); the method of solution for 
the axisymmetric case and the appropriate references are indicated in 
Chapter 7 of [1]. The present paper gives a general method of solution 
based on the application of the theory of axisymmetric deformation and 
torsion similar to the method suggested by Lur’e for the solution of the 
problem of an elastic layer; it enables the conditions on the cylindrical 
surfaces to be satisfied exactly, and on the ends approximately, "on the 
average”. 


1. General expressions for stresses and displacements. Let 
us consider an elastic body in the form of a hollow circular cylinder of 
finite length possessing transverse isotropy, i.e. at every point in the 
cylinder there is a plane for which all directions are elastically equi- 
valent; we shall assume that this plane is normal to the axis of the 
cylinder. We shall refer the body to a system of cylindrical co-ordi- 
nates r, 0, z, with axes as shown in the diagram. 


Let us suppose that the cylinder is subjected to pressures p, q, t 
and p’, q’, t’, which act on the external and internal surfaces, 
respectively (in radial, axial and tangential directions), and which are 
independent of the polar angle @. 
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We shall assume that the material follows the generalized Hooke’s law, 
and that the induced strains are small. Using the conventional notations 


for stresses and strains, we write the equations of the generalized 
Hooke’s law as follows [2 ]: 
— - 
= ( — — =— G:, 
1 


“1 
« 
(— V6, 3,) E, Sz, 


plane of isotropy and in a direction normal to this plane; v, v,, vp, 
tropy and for radial planes, so that 


(1.1) 
= 
Here, E, E, are the Young’s moduli for tension-compression in the 
are Poisson’s ratios; G, G, are the shear moduli for the plane of iso- 


Ev, = £2, 


(1.2) 
a =2G 


We introduce the following notations: a, b denote the internal and 
external radii and | the length of the cylinder 


H = Evi + Gi(l — v — 2vive) 
Gy (1 V1V2) Ev, 

7m, =G, 
a, = 2G — + Vv) 


’ 


E, (1 — v) 
3, = G, 


DS 
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a, — B+V (a: — By — 
28; 


id d id 
a 
~~ drt r adr dr r adr 


Here D? is the Laplace operator for a function dependent on r only. 


In all cases when the stresses and displacements are independent of 
@ they can be expressed in terms of two functions F(r, z) and f(r, z); 
i.e. 
oF 


ue = w= +8 


(1.4) 
1 OF 
Or 
6; = 5-(a,D°F + 8, ), tre = 


or 


6, = 2(26 —aDF+855), 


The functions F and ¢ satisfy the equations 
+ s,D*) F =0, (1.6) 

The first function F defines the axisymmetric deformation, the second 
defines the torsion. Evidently, s, is always a real number, and it is 
shown in[2] that s, and s, cannot be purely imaginary. The function F 
differs from that given in (2 ] by a constant multiplier. Hu Hai-chang 
has shown in[3] that in the general case of the deformation of a trans- 
versely isotropic body the stresses and displacements can be expressed 
in terms of two functions F and ¢ which satisfy Equations (1.6), where 


(1.7) 
In the future we shall assume that s, 4 Soi the solutions when the 
values of s are equal can be found by a limiting process. 


In order to derive solutions to the problems set we shall need to 
make use of the expressions 


F = >) Fe(r) 2, @= D9, (7) (1.8) 


k=0 


From the requirement that (1.8) must satisfy Equations (1.6), we 
obtain recurrence differential equations relating F, and ¢, respectively 
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with different suffixes. We can express the final result in a compact 
form by ea the operators used by Lur’e [1 ] : 


J 2 
+ sinszD = sz D 


cos szD = 1 — D? +- (1.9) 


We then obtain 


F = sin s,zD- + cos s,2D.— pa Sin cos - (1.10) 


@ = cos + sin 2D - 
(where, for convenience, operators and functions are separated by dots). 


Here Fig: Foy» %, are unknown functions of the variable 
r; they must be determined in such a way that all conditions on the 
cylindrical surfaces are satisfied. Substituting these results in (1.4) 
and (1.5), we obtain the following expressions for the displacements and 
stresses: Vol. 2 


Fu 1961 


8, (— cos s,2D-F,. + sin s,2D. =p) +t 


+- — cos Fo. +- sin s,zD- = 
3 
w= D*| — 6s,*)(sin s,zD- + cos s,2D- + 
+ (y — 6s,*)(sin s,zD - + s,2D - 


ue = (cos -@ + sin s,2D. * 


= — > Bs,*) D*|(cos $,2D-Fy, — sin s,2D- )+ 

+s s,| 2G + Bs,” )D*| (cos s,2D- Foy — sin 8,2D- 

o, = D* (a, — B,s,?)( cos — sin s,zD- 
+ 8, (a, — B,s,*) 8,2D - — sin s,2D- Pu )| 
== )(sin s,zD.- zD. + 
t+- (a + s,zD. —* + cos 

Tez = SG, (— sin s,2D - De, + cos 
Tre = GD,* (cos 8,2D -@, + sin s,2D- ) 
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The expression for can be obtained froma, by replacing 0/rdr by 
d*/dr*. 


2. Axisymmetric deformation. Suppose that on the cylindrical 
surfaces we are given pressures p and q, which have rotational symmetry 
and which vary according to a law of integer polynomials in z, t being 
zero. It will be sufficient to consider the case when each of the pres- 
sures is proportional to z* where k is an arbitrary integer; we can 
find solutions for loads given in the form of polynomials by means of 
superposition. 


We shall consider first the case when the normal pressure is pro- 
portional to an even power of z, and when the tangential pressure is pro- 
portional to an odd power. The boundary conditions are 


Zz 
AT 


Tre 


Tre = 0 at r=b (2.4) 


Tre = 0 P= 


In Formulas (1.11) and (1.12) we must set ¢ = ¢, = F,, = F,, = 0; 
then ug = = 1,9 = 0. The expressions for andr. in expanded form 
are as follows: 


26+ 19 + S229) — D* [s, (a + Bs,*) + (a + Bs,*) Foo] — 


r 


{26 D* (s,°F + 84°F —D* [8,3 (a + Bs,*) Fig + 


22k 


_ [s,2*+1 (a + Bs,2) + (a + Bs,2) Fol} 


= [s, (a + Bs,?) Fo + 8 (a + Bs,*) F 
= D* [s,° (a + Bs,*) + (a + Bs,*) Fro] +... 
d 


+ (— (Qk — 1)! ar (a Bs,*) F $,**- (a+-Bs,*)F 


From conditions (2.1) the last powers of z in (2.2) will be 2m and 
2m — 1. We must therefore set 


(where A, C are arbitrary constants). Whence, taking into account the 


\2m 

ol. 25 

(2.3) 
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structure of the operator D’, we find successively by integration 


2m Aom+2 r2 
Db m= 4 + Bom, In r + Aem 


Agm Bom m 
= + —™ (in r— 1) + r? + Bom_oln r + 


= pek+2 ek (Inv _ 4 
Agm B ba* 
+ (k — 1)!]? (k — 1)! 
A B 9) 4 
ok—2 1 +. (2.4) 
pip” r (In r— 1) 4 


A 
In + Agm—ar (k =0, 1, 2,..., m) 


Here A,;, B; are arbitrary constants, re" 


are Stirling’s numbers 
[4] 


(2.5) 


For k = m— 1 we obtain DF yo, and for k = am, D°F 55 = Fio- The ex- 
pressions for the operators on the function F,, have, of course, the 
same structure as (2.4), except that A,;, B; are replaced by different 
constants which we shal] denote by C; and D,. 


Setting r = b and r = a in Formulas (2.2), and equating coefficients 
of z*™ and z7"~} to the given quantities (see (2.1)), we obtain the 
equations for the coefficients 


2G m 
1)" (2m)! 


(s,2" om + Do») (— 


(G — a — Bs,*) + (G — — + 


2G 
+ = (— 1)"" (2m m)! Pam 


(2.6) 


yp" 


2m b 
-+- (a 3s,) (— 1)" "(2m 1)! Yom—t1" 


1 


Aan, +2 + (a + Bs,") “Mom + 5 ¥ + Bs,*) Bom 


(a + Bs,*) = (— (2m — 1)! - 
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Setting r = 6 and r = a and equating to zero the coefficients of 
2a-2: . 2a-3 
z in the expression for o, and those of z in the expression 
for r,,» we obtain four equations which contain the constants A,,, C,,, 
B,,— 9 Do, im addition to those already found. Proceeding in this way 
from higher to lower powers of z, we eventually arrive at a term in the 
expression for a, which is independent of z, and in this way we obtain a 


set of two equations for two linear combinations of coefficients 
(G — a — Bs,*) s,A, + (G — a — Bs,*) 8,0, $,B, + 8,Dq 2.7) 
from which the coefficients can be determined uniquel y. 


As a result we can determine u,, 0,, og, r,, accurately, but an arbi- 
trary constant (which we can take as A, or C, or any linear combination 
of these constants) will occur in the expressions for w and o_. The 
arbitrary constant can be found by equating the vector sum of the forces 
on one end of the cylinder to the given value, in particular to zero; it 
is not difficult to show that the forces on the other end of the cylinder 
then balance the given external loading. The end section z = 0 remains 


ol. 25 plane. 

If the normal pressure is proportional to an odd power of z and the 
tangential pressure is proportional to an even number, then we have the 
conditions 

Or = Pom4 


This problem can be solved in a completely analogous way. We equate 
to zero the functions do» d,, Fig Fy and we obtain the same expres- 


sions (2.4) for 


In this case all the coefficients except Ay, Cy can be found from the 
boundary conditions (2.8), and the expressions for the stresses contain 
no arbitrary constants. On the end z = 0 the stress a. is zero, and on 
the other end z = | it balances the external pressure gq. 


It is not difficult to show, by making use of Expressions (1.3), that 
when s, and s, are not equal the determinants of all the sets of equa- 
tions are nonzero. 


For a solid cylinder (a = 0) the above formulas can be simplified 
considerably, since all terms in (2.4) containing logarithms must be 
discarded, since they lead to singularity at r= 0. 


Example. A hollow cylinder subjected to a normal pressure distributed 
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over its external surface according to a parabolic law (see Figure). 


We have: a= 1 


fo = Gi = Fu = Fu =0 


D*F = Aa, D*F = C4 


yy = Bylnr + As, + Dylnr + (2.9) 


Fy = rt (In — 1) + + Ag 


C4 


D. C 
Fo = + + Co 


After finding the constants from the boundary conditions, we finally 
obtain the following expressions for the stresses and displacements: 


ome 2p2 


— ViVe2 


Binb—atina ainb/a 1 
+ 14+ — 
(1+ 5) (5 +a 3r? + = 


Inb—a®ina Inb/a 1 10 
b—a inr—1 )]} 


nb? E 


Inb—a®ina 
| 


0 


i—vv. 4 
252 2 b — a? 


Inb/a 1 ‘ 
x (2. 11) 
P13 ° 


The arbitrary constant C is found from the conditions on the ends; 
there is no externally applied pressure here, we obtain 


C = —0.52 (08 + 2%) =~.) (2. 12) 


1 — vive 


For a solid cylinder we find from (2.10) and (2.11) that 
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(2. 13) 
Avi 


3. Torsion. Suppose that on the surfaces r = 6, r = a of a hollow 
cylinder only the pressures t are applied (see Figure) which are inde- 
pendent of @ and which are distributed according to a polynomial law. 
One end will be assumed to be free from load and the other will be 
assumed to be fixed. 


Here again it is sufficient to consider the case of a load pro- 
portional to some power of z. Let us suppose that this is an even number. 
We have the boundary conditions 

Oo, tr = 0, Tre (3.1) 


t, = 0, Tre 


In Formulas (1.11) and (1.12) we mst set 


i Py = Fo = Fy = Fn =, = 9, 0, = % = 0, = t,= 0 


The expressions for the displacements uy and the stresses r ., in ex- 
panded form can be written as follows: 


2k 2k 


2k 2k 


If we discard powers of z higher than 2m in the expression for ro, 
we obtain the following equation for ¢,: 


Whence DvD*"**q, = 0 (3.4) 
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B "A 
ae (In r — 1) + + Bom—ox ln + Agm—sk 


A 
2m—o2k “*2m+ 
+241 (k-+2)! 


A 
“"2m+2 2k 
— 

(k + 1)! 


B 2k —1 


2m 2k--2 . _ 


B A B 2B 
2m—2k+4 3 2m—2k +4 2m—2k 


If we now satisfy the conditions (3.1) we obtain the equations 


, 


fom 272” fom 3.7 


em 
= 0, =0, ..., Dig, =O at r—bandr—a 


From these equations we determine successively the constants A,,, 4, 
23 Ag, B,; A, By. The coefficient A, does not 
appear in the formlas, and A, appears only in the expression for the 
displacement; we determine A, from the requirement that some circle r=R 
in the plane of the fixed end (for example, the external or internal con- 
tour of the section) is not displaced. On the free end rg, = 0; on the 
fixed end this stress balances the external pressure. 


If the stress t is proportional to an odd power of z the problem can 
be solved in a completely analogous way. In Formulas (1.11) and (1.12) 
we must equate to zero all functions except ¢,. In the expression for 
Tg, there will appear an arbitrary constant which must be found from the 
requirement that the torque on the free end is zero. 


Example. A hollow cylinder subjected to torques applied over the ex- 
ternal surface according to a parabolic law. 


We have a= 1 


= 0 


= r4 r 


Having determined the four constants from Equations (3.7), we can 
find the expressions for the stresses 
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tb (3a? — 


G 


— (0 + a8) + 304 |} (3. 9) 


4 Gy a‘ 2 + a%* 
As we might have expected, this result coincides with that obtained 
by another method [5 ]. 
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ON BRITTLE CRACKS UNDER LONGITUDINAL SHEAR 


(0 KHRUPKIKH TRESHCHINAKH PRODOL’ NOGO SDVIGA) 
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(Moscow) 
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Some interesting problems on traveling cracks under longitudinal shear 
were treated in [1] and [2]. Fracture under longitudinal shear presents 
considerable interest because the mathematical description of this mode 
of cracking is considerably simpler than in the plane theory of elasti- 
city. For fracture under longitudinal shear it is possible to obtain use- 
ful exact solutions of many problems which are inaccessible for cracking 
in normal fracture and cracks under transverse shear, and thereby certain 
qualitative effects common to all types of fracture are clarified. More- 
over, in problems of longitudinal-shear cracks the accuracy of approxi- 
mate methods can be conveniently assessed. 


The general formulation of the problem of fracture under longitudinal 
shear is considered below, along with some particular static and dynamic 
problems. 


1. General relations. 1. We assume that the elastic displace- 
ments in the body under consideration are such that 


u, v=0, w=w(z, y, (1.1) 


where x, y are Cartesian coordinates, t is time, u, v, w are the compo- 
nents of the displacement vector along the axes x, y, z. In view of 
Hooke’s law, the components of the stress tensor are 
tow ow 

= = 6, = Tx, = 0, =p by’ Tas ™ (1.2) 
where » = E/2(1 + v) is the shear modulus, E Young’s modulus and v 
Poisson’s ratio. Substituting (1.1) into the equations of motion we ob- 
tain 

Ow 
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where c is the speed of propagation of transverse waves, p is the 
density, and A is the Laplace operator. In particular, in the static 
problem (1.3) reduces to Laplace’s equation 


Aw=0 (1.4) 


The displacements (1.1) correspond to the case of the so-called “non- 
planar" deformation. By nonplanar deformation we mean that the state of 
stress in a cylindrical body of infinite height arises under the action 
of loads directed along the generators of the cylinder and constant 
along the generators. 


2. From (1.2) and (1.4) it follows that the stresses and displace- 
ments may be represented in terms of a single analytic function f(z) of 
the complex variable z = x + iy; we have 


w = Ref (z), T= + ity: = uf’ (2) (1.5) 


There is an obvious analogy between the problem of nonplanar deforma- 
tion in elasticity theory and the problem of plane hydrodynamics; the 
displacement w corresponds to the velocity potential, and the stress 
vector r corresponds to the velocity vector. This analogy enables one to 
make use of a number of relations of plane hydrodynamics in the theory 
of fracture. 


In particular, it can be said that for a body bounded by an outer 


contour Cc» and inner contours c,, ..., ¢,, the magnitude of the resultant 
force acting on an arbitrary arc AB is equal to 


R =plm [f (zg) — f (24)] 


In this case the analytic function f(z) can be represented in the 


form 


f(z) = > 
k=1 


F,+ ipB 
(2 — ay) + (2), 2 = (1.6) 


where F, is the magnitude of the resultant force acting on the contour 
c,, B, is the intensity of the "screw dislocation” corresponding to the 
contour c,, i.e. the increment in displacement around the contour c,, ¢ 
denotes an analytic function, and a, is a point of the interior contour 
Cy: 

If the body is unbounded, then in the neighborhood of z = « the func- 
tion f(z) can be represented as follows: 


In z + f,2 +4 4 (1.7) 
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n n 


F= F,, B= Bx, fo (ter ity: ) 


k=1 k=1 


pest Vas being the stresses at infinity. 


For the most part we shall consider below the case in which disloca- 
tions are absent (B, = B = 0), which corresponds in the hydrodynamic 
analogy to flow without circulation. 


3. Assuming the correctness of the hypothesis that the end region of 
the crack is small and behaves independently, the authors have previous- 
ly shown [3 ] that at those points on the contour of a crack under longi- 
tudinal shear where the intensity of the cohesive force is a maximum, 
the stress r,_, calculated without taking into account the cohesive 
force, goes to infinity according to the law 


(1.8) 


where s is the distance to a point on the contour, and M is a material 
constant, analogous to the cohesive modulus. 


2. The simplest problems of cracks under longitudinal 
shear. 1. Let an infinite body be in a state of nonplanar deformation 
with shearing stress r. =r Du of constant magnitude at infinity. In 
the body there is a hole of | arbitrary shape but finite dimensions, the 
surface of which is traction-free. Such a problem corresponds to the 
problem in two-dimensional hydrodynamics of the flow of an ideal fluid 
about a contour without circulation. According to well-known relations 
[5] we have in this case 


id 2 


Hg (2) 


1 
(2) = Toe g + 


(2.1) 


where g(z) is the function which maps conformally the exterior of the 
contour in the physical plane z onto the exterior of the circle of 
radius R, such that g’(o) = 1. 


We consider as an example the case where the hole is a circle with 
one or two identical cracks (Fig. 1) perpendicular to the stress vector 
r., at infinity, the direction of which we take to be the y-axis (@=1/2). 


In these cases the mapping functions g(z) are written in the re- 
spective forms 


g(z)= 42-45" + 
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2.3) 
where 


(2.4) 


The conditions determining the dimension | of the dynamically equi- 
librated crack have, in view of (1.5), (1.8), (2.1) to (2.4), the re- 
spective forms 


+ — + (2 + = _ 
Vr 


= 
= 


at. Vr 


In particular, as A + « we obtain the asymptotic formlas 
M? 2M? 
l = Wr,’ l = (2.7) 
corresponding to an isolated crack of length 21 and a crack of length l 
limited at one end in a uniform stress field (the analog of the Griffith 
crack). As A + 0 we obtain in 
both cases the asymptotic formula 
M?2 
which agrees with the formula 
for half the length of a sym- 
metrical dynamically equilibrated 
crack in an infinite body in a 


stress field 2r_, which corresponds to the maximum stress concentration 
near a circular hole. 


The dependence of the length A of the crack on the applied stress r, 
is presented in Fig. 2 as a curve of 


(x, Vr 


= 


Curves 1 and 2 were obtained from Formulas (2.5), (2.6) and the 
dashed curves 1° and 2’ from the asymptotic formulas (2.7). 


The analogous problems for cracks in normal fracture were treated in 
an approximate manner by Bowie [6]; the exact solutions of these prob- 
lems were not obtained, in view of the irrationality of the mapping 


1657 

l 


1658 G.I. Barenblatt and G.P. Cherepanov 


functions (2.2), (2.3). 


‘ 


M 


LEA 
‘ 


1 


é 
Pig. 2. Fig. 3. 


2. As an example of a mixed problem we consider the problem of an 
isolated straight line crack (-—1 < x <1), on some portion of the sur- 
face of which (-—b < x < b) a constant displacement w = t h is pre- 
scribed (the plus and minus signs denote the upper and lower faces of 
the crack). The remainder of the surface of the crack is traction-free. 
This problem for a normal fracture crack corresponds to the problem of 
splitting by a wedge of finite length, which was considered in [7 ]. 
For the determination of the function f(z) we obtain, obviously, the 
following boundary value problem: 


<b, Ref(z)= +h; (2) =0 


Ref (z) =0 (2.9) 


We find 
hl 


(2) = 


(2.40) 


where F(k, 7/2) is the complete elliptic integral of the first kind. 
From the condition (1.8) we obtain the relation 


which determines the crack length 1. In particular, for b + ~ we obtain 
the analog of the solution for a semi-infinite wedge 


(2.12) 
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After transformation the relation (2.11) may be reduced to the form 


i—> 


This relation is presented in Fig. 3. 


3. Some problems on the interaction of cracks in longi- 
tudinal shear. Problems of the interactions of cracks present con- 
siderable mathematical difficulty; for cracks under longitudinal shear, 
in contrast to normal fracture cracks and transverse shear cracks, it is 
possible to obtain useful exact solutions of many interaction problems. 


Typical problems concerning one-row cracks lattices are considered be- 
low. 


b 1. First of all, suppose that in 
y . an infinite body under the action of 


° oo 
@r,, wiform shear stresses at 


— infinity there is an infinite single 
row of identical cracks | + 2nl < 
ol. 25 Orn x< 1+ 2nb (n= 0, +1, £2, 
y = 0 (Fig. 4a), perpendicular to 
961 
the stress vector at infinity, the 
Fig. 4. faces of the cracks being traction- 
free. 


We obtain the following boundary-value problem for the determination 
of the function f*(z): 


lim f’ (2) = — Im f’ (2) = 0, y=0 
yoo 
(3.1) 
Ref’ = 0, y 


for the solution of which we find 


(z) sin (az / 2L) (3 2) 
Ysin® (xz /2L) 


. sin? (zl / 2L) 


From Expressions (3.2) and (1.8) we obtain the relation determining 
the dimension of the cracks for dynamic equilibrium 


2L 
l tan (3.3) 


2. We now treat the case where identical cracks form a one-row 
lattice - lex <l, y=nl, n= 0,+1, +2, ... (Fig. 4b) in an infinite 


body which is subjected to uniform shear stress 'y,* Ty? r., = Oat 
infinity. 


To. ® 
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Solving the corresponding boundary-value problem, we obtain 


(z) sinh (702 / 2L) 


(202/2L) —sinh? (nl 2L) 


(3.4) 


From Expressions (3.4) and (1.8) we obtain the relation determining 
the dimension | of the dynamically equilibrated cracks 


(3.5) 


The dependence of r., on | is represented in Fig. 5 in the form of 


curves of 
Too 
(= Val 


Curve 2 was drawn for an isolated crack, from Formula (2.7); curve 3 
was drawn for a system of colinear cracks, from Formula (3.3); curve 1 
corresponds to a system of parallel cracks, 
according to Formula (3.5). Clearly, the Vir Tow 
interaction of cracks is considerably e 
different for various configurations. The 
presence of colinear cracks diminishes the / 
strength of the body, decreasing the crack 
size for dynamic equilibrium for a given 


the other hand, strengthens the body, in- 
creasing the crack size for dynamic equi- 
librium for a given load. Moreover, for 
the parallel cracks there exists a limit- 
ing load equal to 


load. The presence of parallel cracks, on N 


(3.6) 

VaL Fig. 5. 
so that forr<r*, since there is no 
crack length, they cannot be in dynamic equilibrium. The problem in 
classical elasticity theory of an infinite system of colinear cracks for 
the case of normal fracture was treated by Westergaard [8 ] and inde- 
pendently by Koiter [9]. Koiter [10] treated the problem of an in- 
finite system of parallel cracks in transverse shear by an approximate 


method. 


* 


4. Curvilinear cracks in longitudinal shear. 1. We shall 
consider the region near the end of an arbitrary curvilinear crack (Fig. 
6) in longitudinal shear under the action of an arbitrary stress field 
which causes nonplanar deformation. The analysis of the stress field in 
the neighborhood of the point O shows that the stress r,, does not have 
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a singularity at this point, whereas the stress r , has a singularity of 
the type 2", so that the stress r 
(Fig. 6) for small r is expressed in 
the form 
(4.1) 


008 (0/2), As sin 0 + O (r’*) 


Vr 
Here A, and A, are the real co- 
efficients of the first two terms of 
the expansion of f(z) about z = 0: 


Fig. 6. 


j(2) == 2+ (4.2) 


We make the following hypothesis: The development of a curvilinear 
crack under longitudinal shear occurs along the direction in which a) 
is @ maximum. 


From this hypothesis it follows that the direction tangent to the sur- 
face of a natural crack in longitudinal shear at its end must be the 
direction of the maximum stress r o° 


In view of (4.1), for this it is necessary and sufficient that 
Az = 0 (4.3) 
From (4.1) and (4.3) it follows that the distributions of stress and 
displacement near the point O are symmetric relative to the direction of 
the crack. This property of symmetry in the smal] enables one to make 
the hypothesis of the independence of the end region, in which the 
cohesive forces act; i.e. the hypothesis is that the shape of this 
region and the distribution of cohesive forces in it are independent of 
the load acting. Assuming the correctness of such a hypothesis regarding 
the smallness of the end region, we find that at the ends of a longi- 
tudinal shear crack, at which the cohesive forces have their maximum in- 
tensity, the stresses r,., calculated without including the cohesive 
forces, approach infinity according to the law (1.8), whence 
A, == (4.4) 
Let z = w(¢) be a function which maps the exterior of the contour D 
in the physical plane z = x + iy onto the upper half-plane, and F(¢) = 
fl w(¢) ]. Then the conditions (4.3) and 
(4.4) may be put into the form 
(%) = 0 (4.5) 


(Go) V2M 
4.6 
V | @” (fo) | 
where ¢, is the image of the point z = 0. 
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is maintained by two oppositely directed concentrated forces P, and P, 
acting on different sides of the crack at the point where the crack 
leaves the free surface (Fig. 7). We have in this case 


(t) = — + (4.7) 


i—a 


Solving the boundary-value problem, we find that the expression for 
F’<¢) in this case is 


P P 


The conditions (4.3) and (4.4) give 


Thus the formation of the problem applies only in the case when the 
ratio of the forces P, and P, is constant during the loading process, 
and consequently the growth of the crack occurs in a straight line only 
for proportional loading. 


Considerable interest attaches to the treatment of a somewhat differ- 
ent problem which is formulated in the following manner. Two symmetrical 
rectilinear cracks start from the traction-free boundary of a half-space 
and are held open by concentrated forces applied to the different sides 
of the cracks at the point where the cracks leave the free surface (Fig. 
8a). In this case we have 


—, -(V Py + V 2P,)" 4.10 
Thus for proportional loading the cracks grow along straight lines. 
As is clear, a + 0 for P, + 0, so that the presence of forces P, differ- 


ent from zero and directed 


opposite to the main force R 
P, is essential in order e b a fe 
that straight line cracks Pp > 

propagate into the in- . ’ 

terior of the body. 4 


The above problem for 
cracks under longitudinal 
shear will be the analog 
of the problem of conical cracks in normal fracture, which was treated 
by Roesler and Benbow [11,12 ] for the case of an axisymmetric punch 


Pig. 8 


2. We shall now consider some examples. For the first example we take 
a rectilinear crack which goes out at an angle wa to a free surface and 
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impressed on a brittle body. The representation of the effect of the 
punch by a single concentrated force is insufficient for the correct de- 
scription of this phenomenon, and it is necessary to introduce opposite- 
ly directed concentrated forces (Fig. 8b); otherwise one will not obtain 
a nonzero included angle for the crack. 


3. The formulas given in Section 4.1 in principle enable one to in- 
vestigate the growth of arbitrary curvilinear cracks for an arbitrary 
loading process. However, generally speaking, these formulas are not 
convenient. The effective treatment of the growth of a curvilinear crack 
is possible for cracks which deviate but little from a straight line or 
circle. For simplicity the investigation wil] be restricted to cracks 
which differ only by a small amount from a straight line crack proceed- 
ing at a right angle from a free surface (Fig. 7). 


The problem is set up in the following manner. Let both of the 
applied forces P, and P, depend on a loading parameter A so that 


Py = P + eP, Ps = P 


where ¢ is a small number. On account of continuity it may be assumed 
that the polar coordinate | of the end of the crack and a differ but 
little from the undisturbed values of these coordinates. Applying the 
boundary conditions on the y-axis and using the solution of Section 4.2, 
we find 

(4.11) 


ap’ P 


In particular, for Py = RO(A - Aq), where R is a constant, @ the 
unit step function and A, some value of the parameter A, the coordi- 
nates of the end of the crack experience a jump as the parameter A 
passes through the value A). 


In the case when 
P, = R sin (A — dy) (A — A), P =i, 


the crack, starting with a force equal to A,, oscillates about the y- 
axis in a curve, the amplitude of which increases without bound as the 


force P increases. 


5. The dynamic problem of shearing a body. The problem of 
shearing a body, analogous to the problem of splitting by a normal 
fracture crack, is formulated in the following manner. A straight line 
crack propagates with constant velocity V in an unbounded brittle body. 
The opposite faces of the crack move in opposite directions parallel to 
the edge of the crack, so that there is a state of nonplanar deformation 
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(Fig. 9). If we introduce a moving system of coordinates & = x + Vt, 
7 = y with origin at the end O of the 
crack, then because the process becomes 


a steady one in the moving coordinates, 
ZZ Equation (1.3) takes the form 


v2 ) Ow 


0 (5.4) 


The general solution of (5.1) has the 


form 


w = Reg (t), $= 8+ 2) 


Fig. 9, where ¢(€) is an arbitrary analytic 
function, so that according to (1.2) the 
expressions for the stresses have the form 


te: = pReg’ (2), tye = Img’ (0) (5.3) 


Exactly as in the problem of splitting [13], the boundary conditions Vol. 2 
of the problem may be written in the form 1961 


OCt<l, = 0, < + f (8) (5.4) 


where f(€) is a given function determining the displacement, which is 
assumed to be nondecreasing and to approach a finite limit h as & + ~; 
the plus and minus signs correspond to the upper and lower faces of the 
crack; | is the length of the free portion of the crack. 


Confining ourselves to the case V< c, we obtain the following bound- 
ary-value problem for the determination of the function ¢(¢) in the 
lower half-plane: 


Reg(t)}=0, E<0; Im@’(K)=0, 
Reg (0) = —/(§), 


Using the formla of Keldysh and Sedov [14], we obtain 


where the branch of the function y[¢ (¢ - 1)] is chosen so that 

Vig (¢ - 1) ~ € for large ¢. Integrating (5.6) and using the limiting 
form of the conditions (5.5) for & + «, we obtain C = h. We find for the 
stress r,, at = 0 


Ae 
+ 
we 
in 
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at! (— <§ <9) 


O<t<) (9.7) 


From (5.7) and the condition (1.8), which may be used in the dynamic 
problem as well, keeping in mind the possible dependence of the quantity 
M on the velocity V, we obtain the equation for the determination of the 
free length | of the crack 


h /’ (t) Vy! dt (5.8) 
i 


In the particular case where f() = h, we have 


wth? y2 
(5.9) 
As is clear from (5.9), for longitudinal shear cracks the limiting 
velocity of propagation is the velocity of sound ¢ in contrast to cracks 
in normal fracture and transverse shear, for which the limiting velocity 

is the velocity of propagation of Rayleigh waves. 


The authors are grateful to L.Ia. Semenov for carrying out the calcu- 
lations. 
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Media are considered where elastic properties vary from point to point. 
The variation of elastic properties of the medium may occur continuously 
or abruptly, whereby the continuous variation might be in the form of 
discrete steps. The latter is the case in synthetic laminated materials; 
within each layer there is a continuous variation of elastic properties 
which terminates in an abrupt jump on the boundaries of the layers. 


In the following, one considers merely the continuous nonhomogeneity 
of the medium which corresponds to the classic concept of the medium in 
the conventional theory of elasticity of homogeneous media. 


Continuous nonhomogeneity may be either isotropic or anisotropic. The 
isotropic nonhomogeneity of a medium will be understood to characterize 
a body in which the elastic modulus and the Poisson ratio may vary from 
point to point; however, the number of independent functions determining 
the elastic properties, as always, equals two. Also, if at a selected 
point one chooses an arbitrary direction, the elastic properties are 
equal in all the directions and there are no preferred structural orien- 
tations. 


Anisotropic nonhomogeneity of a body may be of a twofold character. 
Firstly, nonhomogeneity manifested merely by the change of magnitude of 
the elastic properties from point to point irrespective of the orien- 
tation of the coordinate axes. 


The second type of anisotropic nonhomogeneity is such that the orien- 
tation of the principal axes of anisotropy is different at various 
points of the body whereby these orientations vary continuously from 
point to point; the magnitudes of elastic properties of the body also 
vary continuously. This type of anisotropy is the most general one. 
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1, Axisymmetric problem in theory of elasticity of nonhomogeneous 
isotropic media. We shall introduce the following notations: G* is a 
variable shear modulus dependent on the coordinates of the point; £* is 
a variable longitudinal modulus of elasticity; v* is a variable Poisson 
ratio; A* is a variable Lamé modulus; @ is volumetric change. Let & be 
the component of displacement in radial direction and ¢ the component of 
displacement along the axis z, which is assumed to be the axis of sym- 
metry of the problem. The relation between the components of the stress 
and strain tensors retains its ordinary form also in this case of a non- 
homogeneous medium 


0 
0, = 2G* + o, = 2G" +480 (14) 
=2G*= + 00, = (452) 


Substituting Expressions (1.1) into the equilibrium equations 


Vol. 
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ds, , — Se 05, ‘ 
or Oz r 


we obtain a system of differential equations with regard to & and ¢ 


OG*0E 


(AE + 5, Or dz \Or Or + 

G* (Ab + +2 Ge + ae + + = 0 


In order to render the problem considered here meaningful it is 
necessary that two arbitrary elastic characteristics of the non- 

homogeneous medium be given as axisymmetric functions of coordinates. 
Let us assume the following functions: 


G* = Ge*', v* = const = v (1.5) 


where G and a are constants. The quantity a may be positive or negative. 


We introduce an auxiliary function by means of a relation 


= 6x / Or (1.6) 


Eliminating function ¢ from the system (1.4), in view of the assumed 
nonhomogeneity (1.5), we obtain the following equation for the function 
K: 


(«= a? ) 


— aAx + 2057 Ax + = 0 (1.7) 


We may observe that for a = 0 the differential equation (1.7) becomes 


. 

2 
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a biharmonic equation and the function «x becomes in this case the Love 
function. 


In the axisymmetric case the most interesting are two classes of prob- 
lems: 1) semi-infinite space loaded on the limiting surface by a pre- 
scribed set of surface forces;;2) circular cylinder with a prescribed 
set of surface forces. In both cases, in order to satisfy the boundary 
conditions the solution of Equation (1.7) should have the following form: 


(r,z) = (r) (1.8) 


where #2 is as yet an arbitrary complex quantity. Substitution of (1.8) 
into (1.7) gives the following equation for the function Dr): 


ap 240 


1 \ 
at at +( 


t+(> +m) =0 


k? = 2m (m + a) — a, n* = m® (m + a)? 


Equation (1.9) may be put in the forms 


1961 


) ) ) 


dr ) art 


(1.12) 


Differential equation (1.11) splits into two separate equations 


1 dD, 1 dO, 


Each of these equations can be reduced to the equation of the Bessel 
type or a modified Bessel type depending on the signs of a and q°- 


For the problems of the class I, i.e. for a semi-infinite space, it 
is necessary for the solution to be a Bessel function with a real argu- 
ment. 


This circumstance defines the range of the parameter s» entering Ex- 
pression (1.8), through which parameter the quantities a,” and a" are 
determined in accordance with (1.12) and (1.10). 


For the problems of class II there are other requirements resulting 
from the boundary conditions on the side surfaces of the cylinder. These 
limitations will be discussed in greater detail later in the text. 


2. Nonhomogeneous semi-infinite space under a load distributed over a 
circular area. The exponential parameter =» entering into Formula (1.8) 


(1.9 
Here 
(1.10) 
‘ol. 25 
Here 
k2 ke 
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is complex: 
m=t+is 2.1) 


Solution of Equations (1.13) will be in the form of Bessel and Neuman 
functions having a real argument if a” and ~*~, are definite positive 
quantities. We substitute (2.1) into (1.10) and the resulting expression 
into (1.12), then from the aforementioned condition we obtain 


yp at (t +- a) at (t 
s=+ 
From that follows that the range of variable t is 


O<t<o fora>d, —o<t<0 fora< 0 


Substituting Expression (2.2) for m into (1.12), we obtain 


q = (2t + a) 


It is assumed here that a," = “ye inasmuch as these quantities in 
condition (2.2) differ from each other merely by a fixed constant. We 


introduce the notation 
V at (t +- a) 
a + (2t + a)? 


The general integral of Equation (1.7) in terms of Bessel and Neuman 
functions of a real argument has the form 


=\ (0) cos pz + Fs sin pz] Jo (gr) + 
0 


+ [Fs (t) cos pz + Fg (t) sin pz] No (qr)) dt 


where F(t), F,(t), F,(t) and are arbitrary functions. Substitut- 
ing (2.5) into (1.6) and then using differential equation (1.4), we find 
both components of the displacement vector, the expressions for which 
can be given as 
— \ [Fi (t) cos pz + Fz (t) sin Ji (qr) dt 
0 
Q0 (2.6) 
\ e'? [ys (r, ) cos pz + Vs (r, #) sin pz] dt 
0 
In obtaining (2.6) the part of solution containing Neuman functions 
has been neglected since the latter are not relevant for the case of a 
semi-infinite space. Also the following notations have been adopted: 


| 
| (2.3) 
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1 

[p®, (r, t) + (r, 


(r, t) = () — (1 — 2v) V Jo (gr) 


Ms (r,t) = + (1 — 2v) VagF: (0) Jo (gr) (2.7) 


Components of the stress tensor may be found from Expressions (1.1) 
after the substitution therein of Expressions (1.5), (2.6) and the above- 


defined abbreviations (2.7) 


= —— | Je (gr) (2) (— ta cos pz — 2tp sin pz — 


 1—2v 


(1 
— cos pz + 2tpsin pz + p* cos pz) + pz(iq?u + 
+ tq pVa (it — 2v) + g*p* + gp Va u (1 — 2v)) + 


i—v - 
+ pein pz (q? pt + q¥atu (i — 2v) -- pu — qVap* (1 — 2»))| + 
+ Fe(d |v (— ta sin pz + 2tp cos pz — f* sin pz — 2tp cos pz + 
1 — v) 


( 

+ p* sin pz) + ut + cos pz (gq? tp — qa tu (1 2v) + 

sin pz(tq?@u— 


| 
+ q* pu — p*q Va (1 — 2v) + 


— tqp Va (1 — 2v) — g*p* + gp V au (i — aw) dt 


e'*qJx (qr) (t) [eos pt | + 


= 


a P 


+ gp Va(i — 2v)) + t|+ sin pz pp + qu Va (i — 2v)) — || +4. 


1 
+ Fe | cos ps E —qu Va (i — 2v)) +p |+ 
. | 
+ sin pz E (q*u — gpVa (1 — 2v)) + 


fo 9) 
2Ge™? {—\ [Fy (0) cos pz + Fs sin pz) + 
aiqr 


r 
. 
0 
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+ gp ¥ at (1 —2v) + + gp Va (1 — 2v) uw) 


sin pz 


— (1 — 2v) — gp* Va (1 —21|+ 


+ Fao — Va tu (1 — + pa — 2v) — 
1 
— (1 — + sin — + (tatu — ap Vat (1 — 2) — 
+ gp Vau (1 — at} 


co 
0, = 2Ge*? ={ (qr) (t) cos pz + sin p2] dt + 
0 


co 
e'*Jy (qr) {fi (2) [eos ps + gpVat(i—2v) + 


+ q*p* + gpVau (1 —2v))]+ Va tu (1 — 2v) — pa (1 — 2v) — 
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— (1 + Fa (| pt — Va tu (1 — 2v) + 


+ q*pa (1 — 2v) — gp* (1 — 2v)] + sin gt+ 
1 
(tatu — op V at (i —2v) — + gp Vau (1 —2v)]|} dt (2.11) 


Punctions Fi(t) and F,(t) entering into the above expressions are de- 
termined from the boundary conditions. 


Let us consider the following boundary conditions for z = 0: 


— fy (r/R) for R 

fo for "> 

Here R is the radius of the circle at which the load is applied to 

the semi-infinite space (Figure); f is a parameter characterizing the 

intensity of the applied load; y(r/R) is a 

ty (#) function characterizing the distribution of 
the load. 


for 6 = (2.12) 


Expressions for components Con and o. using 
two arbitrary functions equivalent to F,(t) 
and F,(t) can be given in the form of Fourier 
and Bessel integrals as follows: 


oo oo 
= Ge*\ (qr) dq\ st (z, 8) (gs) ds (2.13) 
a 
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Ge* co 
av \ qJo (qr) dq\ so (z, s) Jo (q, s) ds (2.14) 


Here r(z, s) and o(z, s) are arbitrary functions of the argument s, 
to the same extent as the above-mentioned functions are of argument ¢. 
The connection between these two can be readily established. 


Punctions r(z, s) and o(z, s) for z= 0 are determined from boundary 
conditions on the basis of the properties of the Fourier-Bessel integral. 
Determining, then, functions Fi( t) and F,(t) we obtain 


(1 — 2v) f Q (t) 


Fi(t)}= — P() Fi 


(aR) 


(qR) = \ (as) Jo (qs) d (qs) 
0 


(t) = sy aP (a4 
gtu + gp Va (1 — 2v) (u® + p*) 


P(j)= 
g@p—qVa u(i —2v) + p(u* + p*) 


(2.16) 


1 
(u® + p*) + (1 —v) + (1 —v) (1 2v) tpqV a + 


+ (1 —v) + (1 —v) (1 — 2v) gp 


| 
pe —v) — gt Vau (1 —v) (1 — 2v) + (1 —v) (1 — 2v) g*pa — 


— (1 —v) (1 — 2v) gp? Va] 


Having determined functions F(t) and F,(t) in accordance with (2.15), 
and utilizing abbreviations (2.16), it is possible to compute all the 


components of the stress tensor from Expressions (2.8), (2.9), (2.10) 
and (2.11). 


Let us consider a uniformly distributed load applied to a circular 
area of radius R. In that case the function y(r/R) = 1. The integral 
s(qR) = (qR)J,(qR). Substituting into the first of Expressions (2.15), 
we find 


(i — 


2v) (t) 
Fi () = — (GR) 


— POT’ 


All the remaining formulas obtained in the previous section remain 
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unaltered. 


Solution for the case of a load uniformly distributed over a circular 
area is readily obtained from the previous solution if one considers the 
applied circular load as a result of superposition of uniform loads dis- 
tributed over a circular area and oriented in different directions. 


3. Nonhomogeneous cylinder. Let us consider now the class II of prob- 
lems. We consider a nonhomogeneous cylinder extending infinitely from 
one of its ends and also a nonhomogeneous cylinder limited on both ends. 
The cylinder may be assumed to be filled fully with a material, or the 
central coaxial part may be assumed hollow. 


In the case of an infinite cylinder, the solution should be in the 
form of a Fourier integral and in the case of a finite cylinder it should 
be in the form of Fourier series. 


These forms of solutions are compatible with (1.8) if the exponential 
also satisfies other criteria. 


In order to satisfy the boundary conditions on the side wall of the 
cylinder, the exponential term should comprise a varying parameter with 
regard to which one accomplishes the integration or summation in such a 
way that it enters merely under the sign of trigonometric function. It 

is not difficult to see that the solution previously obtained does not 
meet this condition, since this parameter enters not only into the tri- 
gonometric function, but also into the exponential] function. The exponent 
should therefore have the following form: 


m = my + is (3. 1) 

Here By is a constant, s is a varying quantity which in the following 

will constitute a summation or integration parameter. In addition to the 

above condition it is also necessary to subject (3.1) to the requirement 
that q) : be negative. The latter leads to equations 


a a @ 
m=— } (3.2) 


From this it is seen that q for all values of s is a purely imaginary 
quantity and the solution of the differential equation will be given by 
a cylindrical function of imaginary argument. Let us denote 


A general solution for a cylinder extending infinitely from one end 
has the form 
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oo 


x (r, z) = exp| ~F )\ {Io (vr) [Fi (s) cos (sz) + Fe (s) sin (sz)] + 


0 
+ Ko (vr) [Fs (s) cos (sz) + F, (s) sin (sz)]) ds 


A general solution for a cylinder of a limited length / is 


B, sin 


co 
(rz) =exp +) {re [4, cos xk 


. 
+ K, (v,r) Cy cos 2 4+ D,, sin 


Here | is the length of the cylinder. 


(3.6) 


From (3.4) and (3.5) one can find the components of the stress tensor 
and displacement tensor which are suitable for the solution of boundary 
problems on the side surface of the infinite and finite cylinders. 


Translated by B.Z. 
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ON THE CALCULATION OF COMPRESSIBILITY IN THE 
THEORY OF IDEALLY PLASTIC MEDIA ) 


(0B UCHETE SZHIMAEMOSTI V TEORII IDEAL’ NO 
PLASTICHESKIKH SRED) 


PMM Vol.25, No.6, 


1961, pp. 1126-1128 


D.D. IVLEV and T.N. MARTYNOVA 


(Voronezh) 


(Received May 16, 1961) 


Irreversible deformations of a continuous medium may be accompanied by a 
change in volume. Below, we investigate the question of the calculation 
of compressibility in the theory of ideally plastic media. This leads to 
a generalization of the theorem of Mises [1] concerning the associated 
law for plastic flow in compressible media. Vol. 2 


1961 
We remark that questions on the computation of the compressibility of 


ideally plastic media were examined in {2]. 


1. Consider an isotropic ideally plastic body which is acted upon by 
some loads. We denote the components of stress and strain by 95; and ei; 
respectively. 


We assume that the following relations have been established as the 
results of experiments under homogeneous pressure: 


€=9(0)), Ley (1.4) 
We assume further that an irreversible change in the form of the 


medium occurs when the stresses attain a certain combination of values 


= 0 (1.2) 


Here ,. x; are the second and third invariants of the stress deviator. 


An increment in the work of the stresses aT, on increments of the 
strain de 5; will have the form 


dA = de; ; = de; ;' + 3sde (1.3) 


where here and subsequently the upper prime is to be ascribed to the 
components of the stress deviator. 


1676 


961 


Compressibility in the theory of ideally plastic media 1677 


Following Mises [1] we look for an extremum of Expression (1.3), 
assuming that the deformed state is fixed and only the components of the 
stress tensor are varied. Taking into account (1.2), (1.1), we look for 
an extremum of the functional 


dA = de,; — dd, @ (5, 22, Zs) — dhe (3 — f(€)) (1.4) 
From (1.4) we have 


OD ds 
03 


de,;’ + 4; de = dhy 


Prom (1.5) follows 


Eliminating the quantity dA, from (1.5) and (1.6), we obtain 


de,,' = dh, ( SO 
O22 93;; O23 93; ; 
Turning to the strain velocities we have 


= A ) (1.8) 
Hence, the following theorem may be stated. If, following Mises {1 i 
we define the associated law of plastic flow from the representation of 
the extremality of an increment in the work of the stresses under the 
given state of deformation, then, for compressible ideally plastic media 
whose plasticity condition is of the form (1.2), the components of the 
strain velocity deviator are directly proportional to the partial deri- 
vatives with respect to the stress components of that part of the plasti- 
city condition which depends on the second and third invariants of the 
stress deviator; furthermore, the expression for the associated law of 


plastic flow (1.8) does not at all depend on the compressibility law. 


2. We examine, for example, the case of plane strain of an ideally 
plastic material under the plasticity condition 


(s,.— = (c = const) 


In this case let there exist the relation o = 3Ke(K = const). The 
problem is then statically determinate and the compressibility has no 
effect of the stress equations. It is well known that the stress equa- 
tions are of hyperbolic type, with the equations for the characteristics 
having the form 

(2.2) 


Sde = diy + (1.6) 
ds 
(1.7) 
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Along a characteristic there exists the relation 
@ + 29 = const (@ = (s, + ) (2.3) 


Here @ is the angle formed by the first principal stress with the x- 
axis. 


According to (1.7) and (1.8) the plastic flow law can be rewritten in 
the form 


de. = dhy (3, —_ 


y* 


The upper dot denotes differentiation with respect to time. 


If we pass to the components of the velocities of the displacements 
u and vw along the x- and y-axes, then, eliminating the quantity A from 
the relations (2.5), we obtain two equations of hyperbolic type whose 
characteristics coincide with (2.2). Along the characteristics there 
occur the relations 


T 
tas =... — de + = 2.6 

(9 3K cos 28 
or 


dU —V dg + de —0 


cos 26 


2.7) 


25 cos —2/4) 
dV+Ud dy =0 
+t 3K cos 26 


Here U, V are the components of the 
displacement velocities along the a b 
characteristics. 


3. We make a few remarks. First of all we note that if from the out- 
set there are no restrictions on the compressibility, then the associ- 
ated flow law will be of the form 

= 
ij 03; ; (3 1) 

As a consequence of (3.1) there occurs the “associated” compressibil- 

ity of the material 
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(2.5) 
= 
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3e = A (3.2) 
Generally speaking, the shear (deviator) components and the components 

characterizing the volume deformation may be assumed to be independent. 

The results of the simplest experiments are represented in the figure 

(it is clear that the indicated cases are far from all the possible re- 

presentations). Shear stresses and strains are denoted by r, y, respec- 

tively; the mean stress and strain are denoted by o and « respectively. 


The diagrams A, a (Figure) correspond to a linear elastic body; the 
diagrams B, 6b correspond to an incompressible rigidly plastic body when 


A body with limited compressibility [3 ] corresponds to a combination 
of properties A, c. An ideal locking body [4,5 ] corresponds to a combi- 
nation of C, 6 with aw o, 


It is likewise possible to investigate an elastic body which is 
capable of resisting volume deformation only up to a definite limit (conm- 
bination A, 6), etc. 


The authors are grateful to L.M. Kachanov for valuable comments. 
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We examine a system of a large number or interacting particles. We 
assume that the interaction force between two particles can be expressed 
in terms of a potential of pair-wise interaction. In this case the force 
F(t, x) acting on each particle under the action of the given external 
field a(t, x) can be defined in the form[1 ] 


F (t, x) = a(t, x) + \P x, E)grad, Q(ix—E|) de, = 


(Q(r)#O for 0<r<R, Q(r)=0 for r>R) 


Here Q(r) is the potential of pair-wise interaction between two 
particles, p(t, x, é) is the joint density distribution of two particles, 
P(t, x) is the density distribution of a single particle 


P(t, x)=\ pit, x, Bae 


We isolate a certain volume V 
from this system of interacting 
particles. The force F(t, x) acts on 


face forces f,(t, x) are introduced, 
that is, if the particles not lying 
in the volume V are discarded and 
the sum of their action is replaced 
by the mean stress f(t, x)A,(t, x) (A(t, X) is the particle density on 
the surface), then the equations of motion of the volume can, by use of 
the force F(t, x), be represented in the form 


Pig. 1. 


each particle of this volume. If sur- 
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\ F (t, x) P(t, x) dz = \ f, (t, x).A, (t, x) ds (dx = dx, dx, dz) (1) 
V 

The equations of the projections of the principal moment of somentua 
are 


\ P(t, x) (x * F(t, x)|dz A, (t, x) [x * (t, x)] ds (2) 
V 


Making use of the expression of the force F(t, x) in terms of the 
potential of pair-wise interaction Q(r) and, assuming a(t, x) = 0, the 
volume integral in Equation (1) can be transformed to the surface (Pig.1) 


F PC, 3) \ p(t, x, §) grad. Q (|x — dE 
w (x) 
8 
r? grad Q (r) sin § 


Qn 
x \ Plt, hl, — his; (r, 0, 
0 


= |, 


= cos (O<h<R) (3) 


Here ds = ds,ds, is a surface element; #(z) is the volume of a seg- 
ment which a tangent plane introduced at the point x cuts off of a 
sphere of radius R with center at the point z; the volume W is a layer 
of the volume V of the thickness R. 


Hence the mean stress at the point x may be defined in the following 
way by the use of (3): 


R a 
f(t, 2) A, (t, x) =\ ah grad Q (r) dr \ sin x 


R, 
Qn 
x \ Plt, t1 — hg, — Aly; (r, 0, (4) 
0 
It is easy to verify that the stress so defined satisfies the systes 
of equations (2). 


For the complete definition of the stress at the point x it is 


1681 
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necessary to define the surface density A(t, x). This clearly must be a 
certain functional of the volume density P(t, x). This density can be 
defined in the following way: 
R R a 
A, (t, \ dh\ redr \ sin 0 
R, 0 


\ P(t, — Aly, tz — rg — hls; (r, d@ 


In the given definition of the mean stress it was necessary to take 
the volume #(z) that is cut out by the surface = which bounds the volume 
V from the sphere of radius R with center at the point z belonging to 
the volume W. The mean stress is rigorously defined in this case for a 
surface with normal v. 


As is easily seen, if the joint density distribution of the particles 
p(t, x, &) is assumed uniform, then the force F(t, x) = 0 at all points 
of the volume occupied by the system of interacting particles; the mean 
stress will be identical at all points and will be directed along the Vol. 2 
normal to the surface for which it is defined. Hence the force F(t, x) 1961 
and the shear component of the stress in the system of interacting 
particles arise as a consequence of the nonuniformity of the particle 
distribution. 


Cauchy was the first to use central forces for the definition of 
stress [z-3 ]. If the mean stress is defined as suggested by Cauchy, 
then in the example being considered (Fig. 2) we have 
R R 2/2 
f, (t, x) A, (t, x) \ dr; \ grad Q (ry +- re) dre sin § dQ 


0 0 


\ + (ri, 0, @); + (re, O+ 1, @ + dg 


Thus, the definition of the mean stress accord- 
ing to Cauchy differs from the definition of the 
mean stress in the form (4) only by the summation 

Fig. 2. over Z,. In the latter case Z, can change only 
along the normal v; in the case of Cauchy’s de- 
finition Zz changes in the interior of a hemisphere of radius R. 


It can be shown that to obtain the mean pressure in an ideal gas it 
is necessary to compute the sum of the change in the momentum as a re- 
sult of the impact of the particles distributed on the positive side of 
the normal with those lying on the negative side. In this computation 


0 
4 
e on 
A\ 0 
4 
2 
~~ 
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the line of impact must pass through the point x at which the mean pres- 
sure is defined [4]. Im the definition of the mean stress according to 
Cauchy there occurs a similar computation of the change of momentun. 


It is easy to verify that the change of momentum of Cauchy does not 
satisfy the equations of equilibrium (1) and of moment of momentum (2). 


In Cauchy’s work [2,3] the existence of an elastic potential was 
shown. Repeating completely Cauchy’s reasoning, we try next to obtain an 
elastic potential. We shall carry out the reasoning for fictitious 
particles z, and z,. In the case under consideration each of the 
particles moves, therefore the geometric point x must be placed to con- 
form to the physically defined particle. 


We examine some surface at the point x, with the position of the sur- 
face defining the normal v. The stress will be defined according to 
Cauchy. We examine the stationary state of 
particles, defined by the condition dP(t,x)/dt=0. 
We take the stationary state as the initial state 
and we call the mean stress computed for this 
state the mean initial stress 


(x) = £,° (x) A,° (x) (P(x, (7) drs 


pe — _*— 


00 (r 

@ = 20) , 
Fig. 3. 
Let an external field act on the given system 

of interacting particles and let these fictitious particles take on some 
displacements, the displacements having to satisfy the condition that 
the particles lie at all times on a straight line passing through the 
point x. If such fictitious displacements are introduced, then the mean 
stress at the point x and time ¢ for the given surface with direction v 


is defined in the form 


(t, x) =\O(r) x, b° dE dr, dr) p (x, %) (b° + db°) dE dr, . (5) 


Thus, for every direction v at the given point x we obtain three 
equations for the determination of four quantities: dr, 5a,, Sa,, da;, 
where the 5a ; are increments in the direction cosines of the vector b°. 
From the well-known relation for direction cosines 


(at, +- +- (ae + Sarg)? + (a3 + = 1, 


we obtain, under the assumption that the 5a; are all sufficiently small, 
the additional equation 
ay ba; -t- -+- 0 (6) 


< 
a 
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Making the assumption that dr, 5a,, 5a,, da, are sufficiently small, 
Equation (5) can be transformed to the form 


9, (t, x) (x) + \ (r) drb® p(x, §) d& dry + \ (r) p (x,€) dt dr (7) 


Since, as a result of displacements, z, and z, remain on the same line, 
passing through the point x, the introduction of the finite deformation 
tensor €; ijtt x) at the point x makes it is easy to obtain 


3 
= P a,a;e;; (t,x), (t,x) = >> a; (¢, X) (8) 
i, j=1 i, j=1 


3 
du, (t, x) 


—a,e (t, x)— e(t, x) 


Here 
vector. 


x) are the components of the fictitious displacement 


In the case of small deformations, relations (8) change to the rela- 
tions 


Or. Ox, 


(t,x), (t, x) = 1 (= (t, x) du; (¢, (9) 
i, j=1 4 


3 
Ou, (t, x) 
ba, = >) a; —a,e(t, x), e(t, x) = a, (t, x) 
j=1 j=1 


Equation (6), as is easily verified, will be satisfied for small dis- 
placements. 


Using (9), the relation (7) can be transformed to a form analogous to 
the expression for an elastic potential 


3 3 


A, (¢, 2, ¥) = a, (x, vy x) 4 4 b,, x, ») x) x) 
i j i / 


i=1 4, 


A, (t,x, v) = x. P(X, dE dr 
b,; (x, ¥) = \ [ra (r) —@ (r)] a; p(x, dE dry (10) 
Thus from the three equations (10) it is necessary to obtain three 


functions of the displacements u(t, x), u,(t, x), u,(t, x). But since 
the displacements do not have to depend on the normal v, Equations (10) 
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will not always be valid. The question as to what conditions must be 
applied to the potential of pair-wise interaction Q(r), the joint density 
distribution p(x, €), and the external field a(t, x) in order for Equa- 
tions (10) to be valid still remains open. 


We would like to thank A.A. Il’ iushin for posing the problem and for 
critical comments. 
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(Received August 17, 1961) 


Heat exchange in very rarefied gases has been treated in a considerable 
number of papers. In [1,2] and a number of others, the question of de- 
termining the equilibrium temperature of a body (a flat plate or a 
cylinder) moving with constant velocity is considered. The body is 
assumed to be a perfect conductor and the total heat flow across its 
surface is calculated. Then, by virtue of the assumption of perfect con- 
ductivity, we avoid the unresolved questions connected with the unequal 
heating of surface elements which are differently oriented in relation 
to the velocity of motion. Moreover, as a result of it being a steady 
problem, we leave aside consideration of the process of establishing the 
temperature equilibrium, which is well known to be important at great 
heights. 


In the present paper, by making use of the expressions obtained in 
[3] for the heat transfer, we determine the temperature of a thin body 
which has small unsteady motions,* in addition to its forward velocity, 
both in the case of purely convective heat exchange and also in the case 
of radiative heat transfer. The temperature is determined as a function 
of time, local angle of attack, velocity, the characteristics of the 


* A similar study can be carried out for the determination of the 
temperature of the surface of thick convex bodies in steady motion, 
but instead of Expression (1.1) of the present paper we need to use 
the corresponding expression for the heat transfer derived, for 
example, in {1,2 
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surface and the thermodynamic parameters of the medium at the height 
under consideration. We notice the important dependence of the time for 
establishing temperature equilibrium upon the height. For the assumed 
model of the interaction of the gas with the surface we find the tempe- 
rature of the gas in contact with the surface and the temperature of the 
surface, and indicate the dependence of the temperature discontinuity 
between the gas and the wall upon the assumed model of interaction. We 
point out a certain similarity between the gasdynamic stagnation tempe- 
rature and the equilibrium temperature of a plate in free-molecular flow. 
This fact, together with the similarity established in [3 ] between the 
expression for the excess pressure and the "piston theory" formula used 
in gasdynamics, may provide a certain basis for the application of the 
expressions obtained here to the temperature in the field of the 
mechanics of a continuous medium. 


1. Let a body be moving through a highly rarefied gas with a constant 
velocity V relative to a certain reference system fixed in space (the 
unperturbed velocity), and let it perform small unsteady motions rela- 
tive to this unperturbed state. Then, according to the kinetic model of 
a gas assumed in [3], and under the limitations therein prescribed on 
the shape and motion of the body, we know that the heat transfer in time 
dt to the surface element ds is determined by the following expression: 


AQ = —a)\ 44 


n| co — AT. (1 —a) (1 + (14) 


All tensor quantities are considered in coordinates related to the 
unperturbed constant velocity in the conventional manner. The following 
notation has been used: Peo = are the density and temperature of the 
incident medium, c° is the most likely velocity of random motion of the 
molecules, w , w', are covariant derivatives of the components of the 
displacement vector with respect to the coordinates and time, w * =- 1, 
R is the gas constant, a8 is the fundamental metric tensor of the co- 
ordinates under consideration, a is the accommodation coefficient, « is 
the coefficient of diffuse reflection, and Ces is the temperature of the 
surface. 


In determining the heating of the body let us take the following 
thermomechanical model. We shall assume that the layer of the rigid body 
next to ds (henceforth this layer will be called the surface of the 
element or body) has a thickness hf sufficiently small so that we can 
assume that the mass included in the volume A ds has a uniform temperature 
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T. The inner surface of the layer will moreover be assumed to be adi- 
abatically insulated. Then into the volume Ah ds under consideration 
there flows through ds a quantity of heat AQ on account of the impacts 
with the gas molecules. Through the side faces there flows a quantity 
AQ, on account of the heat conduction from the parts of the body 
immediately surrounding h ds. Through ds there is emitted a quantity of 
heat AQ on account of radiation (it is assumed that the surface 
radiates as a perfect black body according to the Stefan-Baltzmann law). 
Accordingly, the quantity of heat AQ, used up in the heating of the sur- 
face element is determined from the condition of heat balance by the 
following expression: 


AQs = hds dT, AQs=AQ AQi— (1.2) 


Here c and pP, are the specific heat capacity and the density of the 
body, respectively. 


Let us express AQ, and AQ, by means of the parameters of the medium 
and the body. It is easy to see that 


AQ: = kT hids dt (1.3) 


where k is the coefficient of thermal conductivity of the rigid body, 
T,/aB gf? is the Laplace operator on the function T, in the coordinates 
under consideration 


AQ; = ds dt (1.4) 
and o is the Stefan-Boltzmann constant*. 


Substituting (1.1), (1.3) and (1.4) into (1.2), we obtain, generally 
speaking, a nonlinear partial differential equation for the determina- 
tion of the temperature o. of the surface as a function of the time t, 
the coordinates s*, the properties of the surface, the characteristics 
of the motion of the body, and the thermodynamic parameters of the 
gaseous medium at the height under consideration: 


kT 2Rc° 2 v7V8 4 
w 


+ —— + Bag) + bap) — + 


2Va 


* In the case when the body is not perfectly black, we have to attach 
to the right-hand side of the equation a factor characterizing the 
degree of blackness. 
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(1.5) 
vey 
+#[sr,—ar, (142 a) — | (w,2 — »}-s 


Questions related to the heat conduction along the surface will nl 
be considered in this paper; as a result, the first term on the right- 
hand side of Equation (1.5) is neglected. Accordingly, we exclude from 
consideration the thermal interaction of the parts of the body with each 
other. Then Equation (1.5) is transformed into an ordinary differential 
equation with respect to the unknown function Ty where the time ¢ is 
the independent variable, and the coordinates zs! are parameters. The 
displacement vector w(x‘, t), characterizing the unsteady motion of the 
surface, is assumed to be a given function of the coordinates and time. 
Equation (1.5) can be put in the form 


By — + By + By— (1.6) 


Here we have introduced the following notation: 


w 


2 


2 Ss? 
by =a [1 — —a (1+ 9], Bs 


Be = 41 S* 1.25—(1—a) (1 + = 

Let us examine in some very simple particular problems the character- 
istic singularities of the phenomena which may arise in the assumed 
models of gas and body (we have in mind the kinetic model of a gas and 
the thermomechanical model of the body). 


2. Let us consider the case of purely convective heat transfer (radi- 
ation absent). Equation (1.6) becomes linear 


aT 
= + Br + B, 


and its general solution is given by the formula 


t = 
= exp( (—{ Bid oo + \(B, + By + By) Bydz) dt 
0 


where Tyo is the dimensionless initial temperature of the element of the 
surface. 


Let the body perform only the unperturbed motion, then the B; do not 
depend on time, and the general solution in this case with B, #0 has the 


f T 
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T = Tw exp (— Bet) + [1 — exp (— B,t)] 


+ Bs + B,) 
By 


or, substituting for the B; their expressions, introducing the local 
angle of attack § and replacing S by its value 


we obtain 
— M2 
T = Tw exp [— ayat (1 + xx/2MB)) + +. (1 — a) (1 = )+ 
V xx /2MB 
4 Vxx/2MB) 
Hence, when t + « we find an asymptotically attained dimensionless 
equilibrium temperature 


} —exp[— aat (i+ V xx / 2M8))) (2.3) 


(2.4) 


On a plate, moving with zero angle of attack, with a = 1 the equi- 
librium temperature becomes 


xM? 
T,=1+ (2.5) 


e 


According to the restrictions postulated in [3] on the shape and 
motion of the body (S, << 1), the singularities in Expressions (2.3), 
(2.4) occur outside the limits of applicability of the expression for 
the heat transfer in the form (1.1) (the appearance of the singularity 
is a result of introducing the linearization in [3 ]). The presence of 
the singularity may serve as a certain indication of the limits of 
applicable values of #8. 


Let us consider the steady temperature as a function of the local 
angle of attack. It is easy to see that the temperature of the parts of 
the surface turned towards the stream are higher than the temperature 


* The case B, = 0, according to the meaning of the quantities determin- 
ing B, (1.7), can occur either when a = 0 or when ¢ = 0. The first 
case corresponds to heat transfer being independent of the tempera- 
ture of the surface, and it leads, as is apparent from (2.2), toa 
linear increase with time of the temperature of the surface. In the 
case « = 0 the heat transfer to the surface is zero and for the whole 
duration of the motion the temperature remains equal to its initial 
value. 
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attained on the flat plate. Let us find the difference in the equilibrium 
temperatures AT, for two elements of the surface inclined at angles 8 
and — 6 with respect to the direction of the velocity of the incident 
strean: 


1 
AT.= 35 V (2.6) 


Calculations carried out for a number of values of # and § show that 
the difference of temperature at the points of the surface under con- 
sideration consists, as a rule, of a small percentage of the correspond- 
ing temperature of the flat plate at zero angle of attack, at least in 
the region of permissible values of M8 (obviously, with increase in # 
the permissible values of the angle of attack § diminish). However, it 
can be shown that allowance for this difference of temperature is im- 
portant in the determination of thermal stresses arising in structures. 


In [1,2] only the equilibrium temperature is determined, which does 
not depend on the height, as is clear from (2.4). It must be remarked, 
however, as calculations from Formula (3) show, that at the greatest 
heights (~ 100 km and higher) the process of establishing the equilibrium 
temperature occurs very slowly. This can be seen in the table and Pig.1, 
where the broken curves show the variation of the temperature T, of the 
body without allowance for radiation, and the full curves show the tempe- 
rature T, of the body with allowance for radiation. So, for example, in 
the motion of a body at zero angle of attack at heights of 150-200 km 
with dimensionless velocity S = 20 for a period of 2 1/2 hours the 
temperature of the surface remains practically equal to the initial 
temperature. Notwithstanding the fact that in the absence of radiation 
the equilibrium temperature does not depend on height, the time taken to 
establish this temperature is considerably influenced by the height. 


Let us consider the expression for the equilibrium temperature set up 
on a flat plate (2.5). From boundary-layer theory it is known [4] that 
in the flow of a steady stream of compressible gas with Prandtl number 
equal to unity past a plate, with the so-called "adiabatic wall” as the 
temperature boundary condition (it is assumed that the temperature of 
the gas at the surface of the plate is equal to the temperature of the 
plate), there exists an integral of the equation of energy, the Stodola- 
Crocco integral, which may be written for dimensionless temperatures in 
the form 


Te (2.7) 


It is not difficult to show the similarity of the equilibrium tempe- 
rature (2.5) obtained in the case under consideration with the Stodola- 
Crocco integral. Comparing (2.5) and (2.7), we can see that when a = 1 
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these expressions differ only by the factor involving x, and they co- 
incide when x = 2. When « < 2 the equilibrium temperature (2.6), es- 
tablished on the flat plate with free-molecular flow, is higher than the 
corresponding stagnation temperature (2.7) of continuous flow, which is 
found in accordance with the results of [2], but not higher than the 
kinetic temperature* T, = 1+ xM?/3 of the free-molecular flow with mass 
velocity V. 


In the general case a # 0 the equilibrium temperature (2.4) 
established on the surface depends upon the magnitude of a; a= 0 isa 
special case, when the body receives heat but does not give it up, as a 
result of which the temperature increases without limit and, as is 
evident from (2.2), there does not exist a steady bounded solution of 
the problem. 


The boundary-layer condition on the surface temperature (equality of 
the temperature of the surface and of the gas in contact with the sur- 
face) is not the only one applicable to the stated problem, and it can- 
not always apply. Thus, the assumed model of interaction of the mole- 
cules of the gas with the surface already determines the value of the 
temperature of the gas in contact with the wall, which is different from 
the equilibrium temperature Fo established on the surface itself (2.4). 
The dimensionless temperature T° of the gas in contact with the surface 
of the body, obtained by means of the boundary value of the distribution 
function ((3], Formula (1.1)), is given by 


(2.8) 


In the case of the commonly accepted value of the accommodation co- 
efficient a = 1, Expression (2.7) has the form 


er +) (1+ mp) | 


Accordingly, the model is such that the temperature of the gas in 
contact with the wall depends upon the kinetic temperature of the gas, 


The kinetic temperature of a gas is found {5 ] from the relation 


> RT = | 


(Q is the region of integration, 0< |e | < «) in the given case f 
is the Maxwell distribution with mass velocity V. 
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the temperature of the wall, its shape and the nature of the interaction 
of the molecules with the surface. 


Let us consider a particular case of the interaction of the molecules 
with the surface. With pure specular reflection (« = 0) the temperature 
of the gas in contact with the wall does not depend on the temperature 
of the wall 


= (1+ (1+ mp) 


and in the case of a flat plate is equal to the kinetic temperature of 
the gas. In the case of pure diffusive reflection (€ = 1) 


(14+ ms) — (2.10) 


and for a flat plate, moving at zero angle of attack, we obtain (with 
a= 1) 


T° = T+ (1+ (2.11) 


From (2.11) we can see that T° < T if the surface possesses a tempe- 
rature higher than the kinetic temperature of the gas, and vice versa. 
Accordingly, generally speaking, at the contact surface of the gas with 
the surface (within the assumptions of the accepted model of the gas, 
the surface and their interaction) there exists a discontinuity of 
temperature, and only in the special case when the flat plate warms up 
to the kinetic temperature of the stream does the temperature of the gas 
in contact with the flat plate equal the temperature of the plate itself. 
Moreover, this temperature is different from the equilibrium temperature, 
set up in the p’ *te as a result of only convective heat transfer. 


Expression (2.8) for the temperature of the gas in contact with the 
wall can be used as a boundary condition in the solution of temperature 
problems in the gas. 


3. Let us consider heat transfer with radiation. In the case of un- 
perturbed motion of the surface the B; do not vary with time, the vari- 
ables in the equation (1.6) are separated, and its solution can be ob- 
tained in quadratures 


B, — + B; + By, — B;T* (3.1) 


oo 


dT 


Calculations which have been carried out show (Fig. 1 and the table) 
that at the greatest heights (150 km and higher) radiation plays a 


= 
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fundamental part in heat transfer from the surface to the medium. If we 
take for the initial temperature the temperature of the surrounding 


Dependence of dimensionless temperature 
on time with a=1, € = 0, S= 20, 
= 0.12 cal.cm 
71.96 cm h= 0.5 cm. 


Too | | Ti 


1.27594 
1.51412 
1.69201 
1.80242 
1.8587 


1.889 


0.87623 
0.80394 
0.75319 
0.71447 
0.68343 
0.65773 
0.6359 

0.61703 
0.60049 
0.58572 
0.57269 
0.56058 
0.55007 
0.54022 


H=100km 
poo =0.829-10-° cm 
T o==237°K 


om 


to 


H=150 ka 
Poo =0.34-107'' cm 
Tao=418°K 


SSSSESES 


0.328 
H=200 km, 0.53505 
=0.166-10-#8 cm 0.49705 
647° K 0.46875 
0.4464 
1.0048 | 0.42303 
1.0058 | 0.41252 
1.0068 | 0.39915 
1.0076 | 0.38745 
1.0086 | 0.35997 
1.0096 | 0.33954 
1.0106 
1.0116 
1.0124 
1.0134 
1.0144 
201} 0.421 


medium, then, as is evident from Fig. 1, the equilibrium temperature in 
the presence of radiation heat transfer, beginning at a height of 150 
km, is lower than the temperature of the surrounding medium and much 
lower than the equilibrium temperature found in a calculation taking 


2s j 20 
30 
100 km 40 
/ 
/ 
/ 
~19 
/ 1 
/ 
1.008 Vv 
2° 2 
1.012 
1.014 
1.0146 
100 1.016 
110 | 1.018 
7 200 120 | 1.02 
= 130 | 1.022 
Be 140 | 1.024 
H=150 150 1.026 | 
H=200 
min 
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account only of purely convective heat transfer. 


And here, as also in the preceding case (Section 2), it is necessary 
to pay attention to the duration of the process of establishing the 
equilibrium temperature. The vari- 
ation of the temperature with time 
for different heights was obtained 
by numerical integration of Equa- 
tion (1.6), the thermodynamic 
characteristics of the medium at 
different heights being obtained 
fron [6,7]. In the calculations the 
surface was taken to have the follow- 
ing characteristics: « = 1, a= 1, 
= 0.12 cal.g! ca? deg™!, 


71.9 ca, h= 0.5 cm. 


4. The results obtained in this 
paper, generally speaking, are valid 
only for great heights in the region 
of free-molecular flow. We have al- 
ready noticed the analogy established Pig. 2. 
in [3] between the pressure in free- 
molecular flow and the flow of an 
ideal compressible fluid. Comparison of Formulas (2.7) and (2.5) of the 
present paper allows us to perceive a similar analogy with regard to 
temperatures. Since in the mechanics of a continuous medium we have still 
not discovered a simple relation between 
the temperature of the surface or the 
heat intake and the local angle of attack 
in unsteady motion, there is some 
interest, in view of the specified 
analogy, in assuming (up to the present 
time, we have failed to obtain the 
rigorously proved dependence of tempera- 
ture and heat intake on the local angle 

Fig. 3. of attack) as a hypothesis for the gas- 

dynamic calculations the expression ob- 

tained in form (1.1) for the heat intake and all the consequences aris- 
ing therefron. 


Computations were carried out for the determination of temperature 
at heights 20-50 km, both in the case of purely conductive heat trans- 
fer, and also for heat transfer with radiation when S = 5, The results 
show that with decrease of height the part played by radiation in the 


1695 

TY ne 

| 


1696 N.T. Pashchenko 


overall heat balance decreases (we must not, however, forget that in 
this problem we have considered only the radiation of the surface itself, 
and have not taken into account the influence of radiation of the gas). 
In Pigs. 2 and 3 are shown the variation with time of the temperature of 
the body T without allowing for radiation, and T, with allowance for 
radiation. Figure 2 shows the process of establishing the equilibrium 
temperature at a height of 20 km, and Fig. 3 at a height of 50 km. Th 
and 7.2 denote the equilibrium temperatures in the absence and presence 
of radiction, respectively. From the graphs it is clear that as the 
height decreases the process of establishing the equilibrium temperature 
proceeds significantly faster. In the graphs we can also see the in- 
fluence of the angle of attack on the process of establishing the equi- 
librium temperature. 
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Attention is called to the fact that the lift force of a broad class of 
bodies (wedges, cones, etc.) at hypersonic speeds and arbitrary values 
of the Knudsen number can be negative for an arbitrary angle of attack a 
in the interval 0 < a < 7/2. Let us take for consideration a very simple 
case: flow past a wedge with semi-vertex angle 5 in free-molecular flow, 
with velocity V >> c, i.e. S= V/ce >> 1, where c is the most probable 
thermal velocity of the molecules impinging on the body. Thus the thermal 
velocities of the impinging molecules may be neglected, and it may be 
assumed that they move parallel to one another with uniform velocity V. 
Then with diffuse reflection all the impulses of the impinging molecules 
are spent on the drag force of the body, whilst the lift force is 
created by the impulses of the reflected molecules, the force of re- 
action to which is directed along the inward normal to the surface ele- 
ment of the body. 


Suppose that the drag force is directed along the axis of x, parallel 
to V, and the lift force along the axis of y, obtained by rotating the 
vector V counter-clockwise through a right-angle. The angle of attack is 
the angle between the x-axis and the axis of symmetry of the wedge. 


The lift force on the lower face of the wedge is 


Y, =sin 2 (6+ a) 


The lift force on the upper face of the wedge is 
Y_=sin2(a — 5) when 5>a, Y_ = Owhend<a 
In other words, the lift force on the wedge is 
Y=sin 2a cos 25 when 5>a, Yosin2 (6+ a) wheni<ca 


Hence it follows that Y <0 when 5 > 7/4 for any angle of attack, and 
Y <0 when 5 < 7/4 and a > 7/2 - 8 (a> 8). 
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In the latter case the aerodynamic forces act only on the lower face. 
If a>w/2-— 85, then its angle of attack is greater than or equal to 7/2, 
and the projection upon the y-axis of the force of reaction to the 
momentum of the reflected particles is negative or equal to zero. It can 
be shown that in the case of the circular cone Y < 0 for any angle of < 
attack if sin 5 > 1/3. This result is easily demonstrated. If the angle 
of attack of a wedge or cone a =~ 7/2, then always Y < 0. 


Let us consider the case of an arbitrary angle of attack. We shall 
increase 5 up to 5 = 7/2. The force of reaction to the momentum of the 
reflected molecules is directed along the inward normal to the flat 
plate thus obtained: moreover, the angle between this normal and the y- 
axis is greater than 7/2. Consequently, the projection on the y-axis of 
the force of reaction to the momentum of the reflected molecules is 
negative. From consideration of continuity it follows that when 5 < 7/2 
there is a certain range of values of 5 such that Y < 0. 


Let us study now the case S << 1. The stream of impulses on all the 
elements of the surface is approximately uniform, and the force acting 
on an element of the surface is directed approximately perpendicular to 
it. Since the projection on the y-axis of the unit vector normal to the 
upper surface of the wedge is greater than the corresponding projection 
in the case of the lower surface, then for any angle of attack of the 
infinite wedge the pressure on the upper surface of the wedge is greater 
than that on the lower, i.e. Y< 0. 


Summarising the results obtained, we arrive at the conclusion that 
for any S there are values of 5 greater than a certain 5 = ¢, for which 
the lift force of an infinite wedge is negative. With S> 2, when the 

base pressure can be neglected, this conclusion carries over to the real 
case of a wedge of finite length. 


Obviously, this conclusion is true for a broad class of bodies. Ex- 
ceptions are bodies of the type of cylinders and flat plates at an angle 
of attack, for which always Y > 0. 


In the general case the values of those geometrical parameters of 
bodies for which Y < 0 depend on the shape of the body, the magnitudes 
of S and the accommodation and reflection coefficients. 


Depending on the shape of the body and the values of the coefficients 
just mentioned, the drag of bodies of the class under consideration may 
either increase along with the angle of attack, or may decrease. 


In the case of hypersonic velocities the conclusions we have obtained 
are especially true for large values of the ratio of the temperature of 
reflected molecules ep to the temperature of the unperturbed stream T. 
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In the figure we show the polars of cones for the case when T/T = $/s 
and S>> 1. The small circles denote 
corresponding values of the aero- c 
dynamic coefficients for a = 0, 20, 9 
40, 70, 90°. Reflection is assumed 0.2 
to be purely diffusive. 


a 


It is easy to show that the con- 
clusions obtained for an important 
class of bodies, the lift force of 
which is negative for any angle of 
attack in the range 0 < a< 7/2, are 
valid also for the case of a body in 
a hypersonic stream of a continuous m4 
medium, when the distribution of 
pressure on the body can be calcu- 
lated by Newtonian theory. In fact, let us consider the very simple case 
of flow of a hypersonic inviscid stream past a wedge. Then 


R 


Y,=sin(d + a)sin 2(5 + a), Y_= sin(a—4d)sin 2(8—a) when d>a 
Y_=0 whenidqca, Y< 0, if aza/2 
Y<Owhendqoa, if a+5>n/2 


When the angle of attack is small, then from the formulas derived 
above it follows that 


Y ~asind (2 — 3sin*5) 


Using these estimates, it can be shown that Y< 0 in the interval 
0 <a<7/2, when sin 5 >y 2/3. It is obvious that the conclusion con- 
cerning the negative lift force of the class of bodies under considera- 
tion is valid for specular reflection in free-molecular flow and in 
general for any type of reflection. 


The results obtained enable us to draw the conclusion that for any 
values of the Knudsen number the lift force of a broad class of bodies 
(wedges, cones, etc.) in a hypersonic stream is negative for any values 
of the angle of attack in the interval 0< a < 7/2. 


Translated by A.H.A. 
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PMM Vol.25, No.6, 1961, pp. 1140-1143 


L.D. MESHALKIN and Ia.G. SINAI 
(Moscow) 
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It is well known that, even in the simplest cases, the study of the sta- 
bility of the laminar flow of an incompressible viscous liquid entails 
great mathematical difficulties. However, there is one particular case 
of hydrodynamic equations in which, under somewhat idealized conditions 
for the flow of liquid, such a study may be carried out to the end with- 
out great difficulty. 


1. Let us examine a system of equations for the plane movement of an 
incompressible viscous liquid in a plane xy 


Ou Op 


Ov 
u,+v,=0 
Here, u and v are the velocity projections on the x- and y-axes; the 
density is everywhere considered as equal to one; it is assumed that an 


external force F per unit mass is acting on the liquid, its components 
along the x- and y-axes being, respectively 


F,=y7siny, F,=0 (y > 9) 


The idealization of conditions will consist in that, instead of the 
no-slip boundary conditions which are usually studied, we will be 
examining solutions of system (1.1) in a class of functions with a 
period of 27 along y. The system (1.1) has the stationary solution 


v=0, p = const (1.2) 
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The velocity curve given by this solution contains an inflexion point. 
It is therefore natural to expect that at high Reynolds’ numbers this 
flow will be unstable. The task of examining the stability of the laminar 
solution (1.2) of system (1.1) was placed before us by A.N. Kolmogorov 
at a seminar conducted by him[1 ]. 


We study the stability of solution (1.2) by the method of small dis- 
turbances. The assumption 


u(z, y)dy=0 


which assures the absence of any systematic displacement, permits us to 
introduce a stream function which will be periodic along y. 


The stream function of infinitely small disturbances d= G(x, y, t) 
satisfies the equation (see, for example, [2], Sections 1,2) 


+S siny (@ + Ag) = (1.3) 


A is a Laplace operator. The periodicity of ¢ along y permits us to 
use Fourier series. Let us seek a solution ¢ of the form 


y, t) =e tow) 
—oo 


We then obtain from (1.3), for coefficients Cn the system of equa- 
tions 
(1.4) 


2v 
ya + [v (a* + c, + [a* —1 + (n — [a* — 1+(n+ 0 


In this paper we examine the sign of the real part of those values of 
o for which there is a nontrivial solution of system (1.4) which tends 
toward zero when | n| + . Prom these further results we may draw the 
following conclusions. 


1) When a> 1, the real part of o is always negative; i.e. the solu- 
tion (1.2) is stable. 


2) The values of o which have a non-negative real part must be real. 
This also confirms the usually proposed principle of stability change 
(see, for example, [2], Section 2,1, p. 27). 


3) It is evident from the graph of the neutral curve that when the 
Reynolds’ number increases, instability sets in at small values of a. 


2. Let us derive the equations for oc. We introduce the following 
notation: 
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2v_(a* + n*) [v (a* + n*) +5] 
a, = 4, (Vv, 9) = a (a? — 1 + n*) 
d,, = d,, (v, 3) =e, (a?—1+ n?) 


System (1.4) may now be rewritten 
=0 (2.1) 


Let us assume that system (2.1) has a solution | d,} which satisfies 
the requirements we have set. It is easily seen that in this case d, 
cannot become zero for any value of k. Indeed, if d, = 0 and k> O, then 
d,” # 0 when k’ = k; otherwise the solution would be trivial. Con- 
sequently, having set Pi = d;/d;_ where i> k+ 1, we obtain from 
(2.1) 


n 


The solution of system (2.2) may be written in the form 


1 


+ 


+ 1 
+_ 1 


Pritt 


Let us assume that o is real and positive. Under these conditions, 
a, > 0 when n> 0 andp,> a,_, + ~, which is impossible. If o is com- 
plex, then we may consider system (2.1) separately for the real and 
imaginary parts of the coefficients a, The same considerations applied 
to the real part of a, lead to the required result. The case d, = 0, 
where k < 0, may be considered analogously. 


Thus, for arbitrary values of n we may set up 


d, ° 
Pn = Py (V¥, 5) = (n> 09), Pn = 3) = (n <0) (2.3) 


The following assertion will be basic for the forthcoming. If 
4+ 1 

a2 + 


6 +° 
then ?,* 0, when n+ o, If equality (2.4) is not satisfied, then 
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lp, | 


In actual fact, it follows from (2.2) that when Re o > 0, if Re P,>®, 
then Re p,,, is also > 0 (when k > 0), or Re Pash? Re a 
which is impossible. 


(n> 


It is thus absolutely necessary that Re P,, be negative at any given 
value of n. For any stipulated o, a number k will be found such that 
Re a, will be greater than 1 for n> k, since Re a, ~*~, where n+ o, 
Por n> k, condition Re p,. , < 0, together with Equation (2.2), means 
that Pr must be placed on a complex plane, within the circle of radius 
1/Re an tangent to the imaginary axis and lying in the left semiplane. 
Repeated use of Equation (2.2) shows that p,_, must be located within a 
certain circle, lying in the left semiplane and having a radius smaller 
than 1/Re a, etc. As a result, Pe also must lie in a certain circle in 
the left semiplane, having a radius smaller than 1/Re a, The inter- 
section of circles constructed for p, at different values of nm cannot 
include more than one point, since the radii of these circles tend toward 
zero when n+, It is easily seen that the value p,, determined by the 
formula 
1 
+ 1 


belongs to all these circles and, consequently, is the only possible 
value for PR Employing once again Equation (2.2), we easily obtain 

Formula (2.4). The assertion stated above is also proved by the same 
process. 


Applying the same considerations to negative values of n, we deter- 
mine that the only value of p — 1 which is 
a reasonable for the above problem is obtained 
by the formula 
1 { 
From Equations (2.1) it follows, when 


n= 0, that 
1 


2 


or, by virtue of (2.4) and (2.5) 
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From this we conclude that in order for system (2.1) to have a solu- 
tion which tends toward zero when |n| + «, it is necessary, and also 
sufficient, that o satisfy Equation (2.6). 


3. An analysis of Equation (2.6) enables us to make immediately cer- 
tain conclusions about stability. 


The following fact pertains: if a > 1, Equation (2.6) will have no 
solutions o for which Re o > 0. 


Indeed, if a> 1, Re(— a)/2) < 0. On the other hand, the expression 


1 
Py x 41 
ay 
at any value of k and with Re o > 0 has a positive real part, and con- 
sequently under these conditions the equality (2.6) is impossible. 


Refinement of this reasoning shows that when a < 1 Equation (2.6) has 
only real solutions when Re o > 0. In actual fact, let us assume for de- 
finiteness that Imo > 0. Then arg a, > arg 6.41" where n >0O, in which 
case the equality is possible only when arg o = 0. However, with any 
value of k 


arg Pp, Sarg a, if argp, 
2x —argp, Sarg a, if argp, ,>x 


The assertion expressed above is thereby proved. 


If y and v are changed in such a way that their relationship remains 
constant, the profile of the laminar flow will be unchanged. The figure 
depicts the approximate variation of the neutral curve for the case 
2v/y = 1. The construction of the graph is based on equalities 


(3.1) 


which demonstrate that the graph differs from the true variation of a 
neutral curve when a < 1/ ¥ 2 by no more than 0.09 along R. It is not 
difficult to show that when a + 1 — 0, the neutral curve tends asymptotic- 
ally toward a straight line a = 1. From inequalities (3.1) we may also 
conclude that at small values of o and rather large values of R, there 
exist positive solutions of Equation (2.6); i.e. solution (1.2) is un- 
stable. 


The authors wish to thank A.N. Kolmogorov for his presentation of the 
problem and his valuable comments on the results. 
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Investigations of the distribution of temperature in a medium and of the 

movement of a phase boundary, when initial and boundary conditions are 

such that a phase transformation takes place, usually assume that the Vol. 2 
density of both phases is the same. However, the majority of substances 196! 
undergo during phase transformation a significant variation in density 

(several orders greater than the density variation resulting from heat 

expansion). As examples we offer the densities of the solid Po and 


liquid p, phases of several substances. 


Fe 
9, 6.88 6.4 2.; 
Disregarding this effect can cause inaccuracy in the solution of 
Stefann’s problem. In a number of cases, however, it is not difficult to 
take into account density variation resulting from phase transformation. 


Below we will calculate the density variation during phase trans- 
formation for Stefann’s problem in its classical presentation (for an 
example, see [1 ]). 


Assume that the area x > 0 is occupied by a solid phase having a con- 
stant temperature Uy = ¢. Beginning with time t = 0, a constant tempera- 
ture c) is maintained on plane x= 0. If the melting temperature of the 
solid phase ¢, is such that ¢, > a > c, then the boundary of the phase 
transition in’ the solid phase will begin to be displaced. We will con- 
sider that both the liquid and the point of application of the constant 
temperature can move during the process of melting. Then, if the density 
of the liquid is less than the density of the solid phase, the area 
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occupied by the liquid will increase with time, not only as a con- 
sequence of shifting of the phase boundary due to heat conductivity, but 
also as a result of expansion. 


From the law of conservation of matter, the liquid phase movement 
velocity caused by the expansion will be equal to (p,/p, — 1) d&/dt; 
here, dé/dt is the velocity of the phase boundary movement. The task of 
finding the temperature distribution in the melting and in the sclid 
phase and of determining the phase boundary movement velocity, taking 
into account the density variation during phase transition, consists in 
the solution of the equations: 


for the liquid phase 
for the solid phase 


Ou, Pus 


(2) 


Here, u) and u, are the temperatures and a,” and ~, the temperature 
conductivity coefficients of the liquid and solid phases. We must fulfil 
conditions 


for —(—1)¢, u=c for t=0 (3) 


and melting front conditions 


Ou, dt : 


Here, ky and ky are the coefficients of the heat conductivity of 
melting and of the solid phase; A is the latest heat of melting. It is 
assumed here that ‘2 0; then c, > 0 and ¢< 0. Obviously, this does 
not decrease the generality of the analysis. 


The system of equations (1) and (2), with conditions (3) and (4), 
permits a selfsimilar solution for x/¥ t, in which case the law of phase- 
boundary movement sust have the form = ay t, where a is a certain con- 
stant. 


The solution of Equation (1) has the form 


zx 


(Ow) = 7 
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The solution of Equation (2) has the form 


=A B 
ug a+ 
Using condition (3), we determine the arbitrary constants 
2a, 


Condition (4) is used to determine the constant a; it assumes the 
form 


=, By =— 


2az 


kycy be Ape kee 
pe | P 20171 


A solution of transcendental equation (5) always exists when ¢) > 0 
or ¢ < 0, since when a changes from 0 to ~ the left-hand part of the 
equation changes from ~ to — «, the right-hand part from 0 to ~, When- 
ever the initial temperature of the solid phase is equal to the melting 
temperature (c = 0), the formulas are simplified. In place of (5) we ob- 
tain, for the determination of a, the equation 


kyey am, \? Va 


The function from a, in the left-hand part of (6), has been tabulated 
in [1], and the constant a may be determined graphically from (6). °Equa- 
tion (6) differs from the equation for the determination of a in the 
classical case [1] by the multiple p,/p,. It is not difficult to show 
that the ratio of the value a, found in (6), to the value found under 
the assumption p, = p, is of the same order as the ratio p,/p). 
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ON ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF 
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A number of problems in mathematical physics (for example, certain 
electrostatic problems [1], problems in the theory of radiation, etc.) 
lead to the solution of singular integral equations of the type 
a(2) (2) = f(z) + | & (=) (y)dy (1) 
0 
where a(x) is a finite sum 


a(x) = Dit atk (ay = const) (2) 
k 


and, if need be, the integral appearing in Equation (1) is to be under- 
stood in the Cauchy principal-value sense. 


Frequently, it is necessary to obtain only the asymptotic behavior of 
the solution for large values of x. Let us suppose that the asymptotic 
expansion is of the form 

co 
e@m= (3) 

If the kernel k(x) does not decrease faster than an arbitrary power 
of x as x approaches infinity, the determination of an asymptotic ex- 
pansion of the type of (3) for ¢(x) does not present any particular 
difficulty. In what follows we shall outline, in a number of cases, a 
method which furnishes readily asymptotic expansions for solutions of 
the integral equation (1). 


By a Mellin transformation, Equation (1) is transformed into (here, 
as well as in the following, the conditions for the applicability of 
the Mellin transform will be supposed to be satisfied, see {2 }) 


‘ol. 25 
1961 
1709 


T.L. Perel’man 


+ =F (8) + K +a) O(s+a+B +1) 


where we have employed the notation 


co 


® (s) = \ (x) | dx (5) 
0 


(and similar notations for the remaining functions). The difference equa- 
tion (4) holds in a certain strip of the complex plane, s, < Re s < So: 
Without loss of generality, we may suppose that 0 < Re s< o, where 

09 = - 8; > 0. 


Let us introduce, instead of the unknown function 2(s), a new unknown 
function P(s), by putting 


® (s + 6) = Q(s) ¥(s) (Re s>0) (6) 


where 5 is the smallest of the numbers Y, and a + B+ 1. Equation (2) be- 
comes 


442 (8 + ty — 8) ¥ (8 + — 9) = F (s) + G(s) (7) 


where we have used the abbreviation 
G (s) = K (s +a)Q(s+a+B—6+1) (8) 


The function 02(s) is to be chosen in such a way that the following 
conditions are satisfied. 


In the first place, the function 2(s), and also the functions 12(s + 
Yeo 5) and G(s), which appear as coefficients in Equation (7), must 
possess inverse Mellin transforms; that is to say, the following integral 
must exist: 


1 4 ds 
Q(s) (O0<¢<¢) 


as well as the corresponding integrals for the functions 0(s + va° 5) 
and G(s). 


In the second place, the inverse Mellin transform of all functions 
occurring in the computation must decrease exponentially as x tends to 
infinity. In order for this requirement to be fulfilled the functions 
Q¢s), Us + Y,- 5), and G(s) must be free of singularities in the half- 
plane Re s > 0. Apparently, the function Y(s) may be sought in the form 
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of an asymptotic expansion of the type (3). Recurrence relations for the 
coefficients cy and also the values of the constants a and 6, in the 
asymptotic expansion for (x) may be obtained from (7). Finally, the un- 
known function (xz) is easily obtained from (6). 


The choice of the function 1(s), satisfying the above-mentioned con- 
ditions, is not uniquely determined, albeit the relation involving 0(s), 
G(s) and Y(s) is such that the final solution ®(x) is uniquely deter- 
mined. In concrete instances of the integral equation (1) it is not 
difficult to construct functions 0(s) which fulfill the desired analytic 
requirements. 


It should be noticed that all that has been said carries over immedi- 
ately to a wide class of equations which contain Equation (1) as a 
special case. In the first place, a(x) may be a linear differential 
operator of the form (see {2 ]) 


n 
d k 
Yk 
a(z)= da 
k a 


that is to say, Equation (1) may be an integro-differential equation. In 
the second place, kernels of the following type are also admissible: 
(v2 > 1) 
th, (x /y) + for r<y 
As an illustrative example, let us consider the integral equation 
x 
= 


for 
\ P (z, (y) dy, P (z, y) 


co 


(9) 


This equation (9) arises in the consideration of the temperature dis- 
tribution in the boundary layer in the flow past a semi-infinite thin 
plate possessing internal heat sources {3 ]. Since the boundary-layer 
equations are strictly applicable only at a large distance from the thin 
plate, that is, in the domain x >> 1 (the variable x is proportional to 
the ratio of the distance from the plate and the thickness of the plate), 
it is only necessary to determjne the asymptotic solution of Equation 
(9) for large values of «x. 


For brevity, in order not to introduce the generalized (half-plane) 
Mellin transformation, let us rewrite the nonhomogeneous term in Equa- 
tion (9), for example in the form 


lim gz *e—*'* 


and let us remember to pass to the limit, as « + 0, after the solution 
has been carried out. 
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After this manner of rewriting, from the rewritten equation (9) we 
obtain 


T (2—s) a s—? 4 4 1 
— 1) = ge TCh—s) + 


(0< Re s < */s) (10) 
where I'(s) is Euler’s gamma function. 


In accordance with (6), let us introduce a new unknown function (s) 
by means of the equation 


(2s) (s +4 
= 5) (Re s > 0) (11) 


Substituting from (11) into (10), we obtain the following equation 
for 


: 4 
Gx (s) ¥ (8) = — lim (s — T — 8) + Ga (s) ¥ (s +2) 
(0< Re s < */s) (12) Vol. 
where the following abbreviations have been employed: 196) 


I (2s) T (s +3 r (2s + 4)T 3 


It is easily verified that the functions 


(2s) (s + 1) / 1 
r(s+ 3), 


Q(s) = (s), Gs (s) 


satisfied the required conditions, namely, that their inverse Mellin 
transforms exist and that the original functions decay exponentially as 
x increases. Indeed, for arbitrary ¢ > 0 we have 


c+ico co 
1 ds ° 1 =a dz 
@ (z) = 555 Q(s) 8\ exp — Jo (2x Th (14) 
c—i0o 0 
where Jo(*) is the Bessel function of the first kind and second order, 


and K,(s) is Macdonald’s function of the second order. The convergence 
of the integrals in question is evident. 


Let us now determine the growth of w(x) as x tends to infinity. Let 
us denote by M the maximum absolute value of Jo(*) on 0 < x < «, From 
(14) we obtain 


foe) 


—1 3 1 . @ 
(2) <8M\ exp (22'/42) = < 8M exp exp ( — Ka (22"2) (15) 
0 0 


| 
ee 
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Since x is large, and small z do not have a large influence in the 
last integral, we may replace K(22'/*,) there by its asymptotic ex- 
pansion. From this it follows that as x + « this integral decays like 


3 
2V2 
which, together with (15), yields the desired behavior for a(x). 


The corresponding considerations for the functions G, (s) and Gy (8) 
can be carried out analogously. 


Let us seek the function (x) in the form of an asymptotic series 
n=0 


From Equation (12) we obtain a= 2, 6 = 8/3, and the following re- 


currence relation for the coefficients cy: 


8 q (*/s) 


where 
D(s)= (16) 


p(s) =(s + 2)(s + 3) (s+ 


Finelly, for the unknown function (x) we obtain from (11) 


foe} 


In conclusion, we remark that for many integral equations of the class 
being considered, which occur in applications, by combining functions of 
the particular form 


(2s) (s + v) 


(s + Ay) (v, A, >0) 


and their products one may construct functions 0(s) (see (6) and (11) 
above) possessing the desired properties. 
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